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Abstract XVi

This thesis deals firstly with the analysis of the dynamics of coupled systems con-
sidered here as a set of self-sustained oscillators (Van der Pol, Grudzinski-Zebrowski,
Hindmarsch-Rose) powering an electrical load (RLC, RL, RC or R). Secondly, to simu-
late the circadian clock in cyanobacteria made up of three proteins under its simplified
structure (monomer) and its basic structure (hexamer). The harmonic balance method,
the Kirchoft’s laws, RK4 method and the criteria of synchronization have been used to

obtain the following results:

e In the case of an array of Van der Pol oscillators coupled to a load, it is found
that after a threshold number of oscillators under which the power is equal to zero,
increase versus number of oscillator. A high order nonlinearity in the damping of

the Van der Pol oscillator increases the power in the load.

e In the case of an array of oscillator Grudzinski-Zebrowski oscillators coupled to
a load, we design an equivalent electrical circuit whose equation is similar to the
self-sustained oscillator model presented by Grudzinski-Zebrowski. It is then demon-
strated that the power in electrical loads (RLC, RL, RC and R) coupled to an array
of such oscillator’s increases with the number of oscillators till a constant values
depending on the types of loads and values of the load parameters. The synchro-
nization domain is seen to depend on the values of the direct coupling, the values

of the indirect coupling and on the number of oscillators in the array.

e In the case of an array of Hindmarsch-Rose oscillators coupled to a load, it is shown
that varying the coupling coefficient leads to the appearance of chaotic dynamics in
the system. It is also found that the voltage amplitudes decrease when the size of

the array of the HR oscillators increases.

e For the hexameric model of the cyanobacterial circadian clock, we propose an in
vivo model of cyanobacterial circadian clock based on the in wvitro model and it is
shown that there is a large range of values where there are oscillations.

Keys words: Grudzinski and Zebrowski oscillator, cyanobacteria, circadian rhythm
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Samenvatting xviii

Dit proefschrift behandelt ten eerste de analyse van de dynamica van gekoppelde
systemen, hier beschouwd als set van self-sustained oscillatoren (Van der Pol, Grudzinski-
Zebrowski, Hindmarsch-Rose) die een elektrische belasting (RLC, RL, RC of R) aandri-
jven. Ten tweede modelleren we de circadiane klok van cyanobacterién en bestuderen we
de koppeling tussen de transcriptionele regulatie en de post-translationele regulatie. De
harmonische balansmethode, de wetten van Kirchoff, de Runge-Kutta RK4-methode en

de synchronisatiecriteria zijn gebruikt in onze verschillende projecten:

e Wij hebben een array van Van der Pol-oscillatoren gekoppeld aan een belasting
beschouwd en vastgesteld dat na een drempelaantal oscillatoren waaronder het ver-
mogen gelijk is aan nul, het vermogen toeneemt met het aantal oscillatoren. Een
niet-lineariteit van hoge orde in de demping van de Van der Pol-oscillator verhoogt

het vermogen in de belasting.

e In het geval van een reeks Grudzinski-Zebrowski-oscillatoren gekoppeld aan een
belasting, ontwerpen wij een equivalent elektrisch circuit waarvan de vergelijking
vergelijkbaar is met het self-sustained oscillator model voorgesteld door Grudzin-
ski en Zebrowski. Vervolgens wordt aangetoond dat het vermogen in elektrische
belastingen (RLC, RL, RC en R) gekoppeld aan een reeks van dergelijke oscilla-
toren toeneemt met het aantal oscillatoren tot een constante waarde die afthangt
van de soorten belastingen en de waarden van de belastingsparameters. Het syn-
chronisatiegebied blijkt af te hangen van de waarden van de directe koppeling, de

waarden van de indirecte koppeling en van het aantal oscillatoren in de array.

e In het geval van een array van Hindmarsch-Rose-oscillatoren gekoppeld aan een
belasting, wordt aangetoond dat het variéren van de koppelingscoéfficiént leidt tot
het ontstaan van een chaotische dynamiek in het systeem. Ook blijkt dat de span-
ningsamplitudes afnemen wanneer de grootte van de array van de HR-oscillatoren

toeneemt.

e Wij stellen een in vivo model voor van de circadiane klok van cyanobacterién,
gebaseerd op het hexamere in vitro model, en er wordt aangetoond dat er een groot
bereik is van waarden die leiden tot een oscillatoir gedrag, zowel voor de wildtype

cyanobacterién als voor de mutanten die de transcriptionele regulatie missen. Dit
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Samenvatting Xix

resultaat suggereert dat, hoewel de transcriptionele feedback de robuustheid van de
klok enigszins verbetert, het effect niet zo sterk is als eerder werd beweerd. Onze
conclusie is in overeenstemming met de experimenten.

trefwoorden: Grudzinski en Zebrowski-oscillator, cyanobacterién, circadian ritme
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Résumé xxi

Cette thése traite tout d’abord de I'analyse de la dynamique des systémes couplés
considérés ici comme un ensemble d’oscillateurs auto-entretenus (Van der Pol, Grudzinski-
Zebrowski, Hindmarsch - Rose) alimentant une charge électrique (RLC, RL, RC ou R).
Deuxiémement, simuler I'horloge circadienne des cyanobactéries composées de trois pro-
téines sous sa structure simplifiée (monomeére) et sa structure de base (hexamere). La
méthode de la balance des harmoniques, les lois des Kirchoff, la méthode de RK4 et le

critere de synchronisation ont été utilisés pour obtenir les résultats suivants:

e Dans le cas d’un réseau d’oscillateurs de Van der Pol couplés & une charge, on con-
state qu’aprés un nombre seuil d’oscillateurs sous lequel la puissance est égale a
zéro, la puissance augmente en fonction du nombre d’oscillateurs. Une non-linéarité
d’ordre élevé dans 'amortissement de l'oscillateur de Van der Pol augmente la puis-

sance de la charge.

e Dans le cas d'un réseau d’oscillateurs de Grudzinski-Zebrowski couplés & une charge,
nous concevons un circuit électrique équivalent. Nous démontrons alors que la puis-
sance dans les charges électriques (RLC, RL, RC et R) couplées a un réseau de tels
oscillateurs augmente avec le nombre d’oscillateurs jusqu’a des valeurs constantes
dépendant des types de charges et des valeurs des parameétres de charge. Le domaine
de synchronisation dépend des valeurs du couplage direct, des valeurs du couplage

indirect et du nombre d’oscillateurs dans le réseau.

e Dans le cas d'un réseau d’oscillateurs de Hindmarsch-Rose couplés a une charge,
on montre que la variation du coefficient de couplage conduit a ’apparition d’une
dynamique chaotique dans le systéme. On constate également que les amplitudes
de la tension électrique diminuent lorsque la taille du réseau des oscillateurs HR

augmente.

e Pour le mode¢le hexameérique de I'horloge circadienne des cyanobactéries, on propose
le modéle in vivo de I’horloge circadienne des cyanobactéries basé sur le modéle in
vitro et on montre qu’il y’a une grande gamme de valeurs ot il y’a des oscillations.

Mots clés : Oscillateur de Grudzinski Zebrowski, cyanobactérie, rythme circadien
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The study of the dynamical behavior of single or coupled mechanical and electrical
systems powered by self-sustained and bio inspired oscillators is a subject that has at-
tracted the attention to various scientists [1-3]. Coupling the self-sustained oscillators of
the electrical nature to a load can be interesting as this can be used as a representative
model to analyze the effects of biological signals on biological organs (e.g an ensemble
of cells constituting the pacemaker acting on the heart or the image of an ensemble of
neurons acting on a muscle).

The modeling, followed by mathematical and numerical studies of the electrical
conduction system models of the heart, has attracted the attention of several researchers
[4-9]. Several models to mimic the rhythm of heartbeat were developed, from the Hodgkin-
Huxley model [10] to the Van der Pol (VdP) model [11]. The VAP model was the pioneer
in providing relaxation oscillations. It was also used to qualitatively model heartbeat [12].
The research deepened and later Kaiser showed in Ref. [13]| that the modified Van der
Pol oscillator seems to be more appropriate to describe oscillatory biological processes
better than the classic Van der Pol oscillator. In 2004, the Grudzinski and Zebrowski
oscillator whose dynamics is close to the physiological behavior of the electric signal of
the heart, was presented [5]. Derived from the classical Van der Pol oscillator, it suitably
presents signals having the shapes of physiological signals such as the resting potential,
refraction time and diastolic period depending on its parameters. Depending on its initial
conditions and the values of its parameters and certain values of external inputs [14,15],
the Grudzinski and Zebrowski oscillator may have periodic or chaotic behaviors. To be
able to use such an oscillator in a system, one possibility is to use its electric model, but
it did not yet exist in the literature. Using discrete electronic components we designed an
equivalent electric model of the Grudzinski and Zebrowski oscillator

The coupling of these self- sustained oscillators (Van der Pol, Grudzinski and Ze-
browski) to an electrical charge made up of one or more conventional electrical components
such as the resistance R, the inductance L and the capacitance C, could be interesting as
it would have a behavior close to that of the pacemaker maintain the rest of the heart or
the rest of the body [16].

The Hindmarsh-Rose oscillator is a self-sustained biological oscillator whose dy-

namics is based on the overall behavior of neurons [17,18]. The Hindmarsh-Rose model
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is commonly used to study the behavior of interacting neurons [19]. Its coupling with an
electrical load made up of resistance R, inductance L and capacitor C' will be studied to
analyze how neurons behave when powering electrical loads.

The dynamics of synchronized oscillators is revelant in several fields such as engi-
neering, medicine, astronomy, etc. [20]. The phenomenon of synchronization is extremely
widespread in nature as well as in the realm of technology. In the study of several nonlinear
dynamical systems, the study of synchronization was made. It was observed its impor-
tant role in problems in various fields such as in biology and physics. Synchronization
in systems of coupled oscillators provides a unifying framework for different phenomena
observed in nature [21,22]. Enjieu et al. [23| coupled a set of VAP oscillators and demon-
strated that full synchronization is observed after critical values of the coupling coefficient
and number of oscillators are reached. Nana and Woafo [24] investigated different states
of synchronization in a ring of four mutually coupled Van der Pol oscillators, both in their
regular and chaotic states. They were able to obtain the boundaries of the synchronization
process when the external force is present. In the case of Grudzinski-Zebrowski oscillators,
a synchronization study considering both the direct coupling and the indirect coupling is
of interest and will be considered in this work.

Rhythms are found at all levels of the biological organization with periods ranging
from fractions of a second to ten years [25]. The circadian rhythms observed in all eukary-
otes and in some prokaryotes allow organisms to adapt and anticipate the alternation of
day and night [26]. They are endogenous due to the fact that they result from internal
mechanisms. The first work on the genetics of circadian rhythms focused on the locomotor
activity cycle in Drosophila, which showed that this behavior is accompanied by circadian
oscillations in the concentration of the protein efficiency ratio (PER) , and its messen-
ger ribonucleic acid (RNA) [27,28]. It was thought before the 1980s that only eukaryotic
cells benefit from an endogenous circadian rhythm. But cyanobacteria (photosynthetic
bacteria of the phylum Eubacteria) have also been shown to have an endogenous biolog-
ical rhythm. Huang and al. [29, 30| were the pioneers in demonstrating the existence of
circadian rhythms in cyanobacteria. From 1986, published articles showed that the three
main characteristics (an endogenous free-running cycle, entrainability and temperature

compensation) of circadian rhythms can be described in the same organism. The first to
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demonstrate the temperature compensation of a daily rhythm in marine cyanobacteria
were Sweeney and Borgese [31]. Cyanobacteria is one of the simplest organism with the
circadian clock that produces stable rhythms close to 24 hours. KaiC'is always hexameric
but the first model did not consider this. Its modeling was done in order to investigate
on the properties of the circadian clock and the extension in the in vivo state will be the
subject of this part study on must remember that this existence of the circadian clock is
based on the phosphorylation of the central component. The objective is to show that the
in vivo PT R (Post translational regulation) of the hexameric model has a wide range of
values where there is oscillation. The cyanobacterial clock is constituted of an ensemble
of monomeric units. Each monomeric unit or form is an oscillator as we presented in the
first part of study on the cyanobacterial circadian clock. This clock can be considered
as an ensemble of oscillators, which act in a synchronized manner to produce the signal.
More importantly, we are also studying a coupling of two oscillators; the coupling of the
transcriptional regulation oscillator (TTR) and the in vitro oscillator (PTR). The TTR
regulation is the typical mechanism leading to oscillations in circadian clocks and con-
sists of a negative feedback of the core protein of the clock on its own production. The
PTR oscillator is the ensemble of monomeric units mentioned above and which can be
reconstituted in vitro.

So this thesis will treat the following questions related to self- sustained oscillators

of biological origin:

e Analyze the response of several heart cells modeled by the Van der Pol oscillator

when they are coupled to a biological organ (load).

e Find an equivalent electrical circuit for the Grudzinski and Zebrowski oscillator and
analyze the response of several heart cells modeled by the Grudzinski and Zebrowski

oscillator when they are coupled to a biological organ (load).

e Analyze the response of several nerve cells modeled by the Hindmarsh-Rose oscillator

when they are coupled to a biological organ (load).

e Propose an in vivo model of the cyanobacterial circadian clock based on the in vitro

model and analyze the existence of ranges of values where there is oscillation.

The thesis is structured as follows:
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e The first chapter presents the literature review and details the problem to solve.

e In chapter 2, we focus on the mathematical formalism, numerical and analytical

methods used to characterize the dynamics of the systems studied.
e Chapter 3 is devoted to the presentation of the results obtained.

e We end this thesis with a conclusion containing the main results and perspectives

for future investigations.
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1.1 Introduction

The purpose of this chapter is to present some known results on the electrical models
modeling the heart cells, the neurons and the circadian cycle and then present the ques-
tions adressed in this thesis. Section 1.2 deals the electrical models of the pacemakers.
Electrical models of nerve cells are presented in section 1.3. Section 1.4 presents the mod-
els of circadian cycle. The problems to be solved are detailed in section 1.5. Section 1.6

concludes the chapter.

1.2 Electrical models of the pacemakers

There are several models describing cardiac electrical activity, classified into two cate-
gories: physiological models and reduced membrane models. Physiological models, which
are models closely related to the techniques of recording experimental data, attempt to
integrate as much information as possible in order to account for the most important and
complicated electro-physiological phenomena. As for the reduced membrane models, they
are subdivided into two sub-groups: ionic and non-ionic models. In non-ionic models, there
are two categories: models from physics and phenomenological models. We will consider
for the rest of the work the models from physics which are characterized by an analogy
with the models of relaxation oscillators. These are electrical circuits capable of moving
alternately between two operating states of different energies without external sources
such as the RLC circuit with nonlinear Van der Pol damping coefficient [32] and the RLC

circuit with Nagumo diode [33].

1.2.1 Basic models

The heart cells are surrounded by a membrane crossed by channels, which, when opened,
allow ions to pass through and generate a certain current. At rest, these cells are polarized:
© inside and @ outside, due to the differences in ion concentrations on either side of the
membrane: -Sodium Na and Calcium Ca on the outside, - Potassium K on the interior.
Excited by a stimulus, these cells respond, with a variation of the membrane potential
with respect to time. A model of the heart cell takes into account the structure of the cell,

the internal and external ionic environment, and the dynamic properties of the membrane.
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So each heart cell is modeled separately depending on where it is located.

Basic electrical models of the heart cells have been improved over the years by vari-
ous researchers. Hodgkin and Huxley published in 1952 their ionic theory of the genesis
of membrane-level action potential for the giant squid axon [10]. It models the action
potential from three ionic currents, mainly due to sodium (incoming current responsible
for depolarization) and potassium (outgoing current responsible for repolarization) and
a low leakage current due to chlorine. Their work established the foundations of current
electrophysiology. Thus, the human atrial cell model is based on a classic Hodgkin and
Huxley formulation coupled with a compartment model to describe changes in concen-
trations in the cytoplasm and RS (Sarcoplasmic Reticulum) [34]. FitzHugh and Nagumo
in 1961 modified the Bonhoeffer-Van der Pol model which has only two state variables
representative of the excitability and inexcitability of the cell. While taking into account
the geometric analysis in the phase plane, this led to a good understanding of the dynam-
ics. We can cite among others Noble who proposed the model of cardiac cells in 1962 [35]
where he studied the Purkinje network cells which seem to be easier to study due to their
large size. This model encounters the drawback of not being able to explain the return of
sodium and potassium concentrations to their initial level. Other models have emerged
in order to seek to remedy these shortcomings. In 1985, Di Francesco and Noble modeled
pumps and exchangers [36], by a model describing depolarization by the rapid sodium
channel and repolarization by three potassium channels and two calcium channels. Two
transporters were modeled: the Na™ /K™ pump and Nat/Ca*" exchanger whose action
allows the sodium, potassium and calcium concentrations to return to their initial states.
Luo and Rudy in 1994 proposed a model of a ventricular cell which took into account the
intracellular mechanisms of calcium regulation [37,38]. These models were derived from
experiments on the ventricles of animals, but Ten Tusscher proposed a model that was

more suited to human ventricles [39).

1.2.2 Van der Pol oscillator

The Van der Pol is considered as a relaxation oscillator. In order to reproduce heart-
beat rhythms, multiple models were proposed over the last hundred years. Most of these

models can be classified into two categories: HH (Hodgkin and Huxley)-type models and
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relaxation oscillator models. One of the pioneering models based on relaxation oscillations
was proposed by Van der Pol and Van der Mark [11]. In 1928, they published an article in
which they presented an electrical model of the heart [40]. The original electrical model

was based on a triode as presented in figure 1.1. It delivered self-sustained oscillations.

b,

Figure 1.1: Original Van der Pol oscillator.

With the advent of modern electronics, the original model can be replaced by the

new model given in figure 1.2 where NLR is the nonlinear part of the resistance with the
3

following 7 — v characteristics is i,; = —a <f/—;> + b(%) where a, b and V) are the positive

parameters.

F
* LLF * Il" I I."EI:--'

L NLR —

(&

Figure 1.2: Electrical circuit for the Van der Pol oscillator.
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By applying the Kirchhoff laws on this circuit, on finds that the electric potential

vy is described in dimensionless form by equation (1.1).
i—d[l1-2*]i+z=0 (1.1)

The Van der Pol oscillator has been studied extensively for several years and is con-
sidered to be the classic prototype of a self-sustaining oscillator [11]. It is used to model
oscillations in several areas such as biological rhythms, heartbeats, electrical circuits and
circadian rhythms [24].

Gois and Savi [41] proposed a mathematical model based on the Van der Pol equations
to emulate the cardiac conduction system composed of a Sino-Atrial node (SA), Atrio-
Ventricular node (AV) and His-Purkinje system (HS). These equations were added to
calculate the response of an oscillator system in the form of electrocardiogram (ECG).
This allowed them to evaluate heart functioning qualitatively and gave an opportunity to
compare the obtained results with the experimental (clinical) data. Bernardo et al. [42]
suggested a model of two coupled Van der Pol oscillators to generate the action potential
by the SA and AV nodes. Santos et al. [43] used a model composed of two coupled
Van der Pol oscillators with unidirectional or bidirectional coupling and subjected to
external driving. The sinus node (AS) and the atrioventricular node (AV) are modeled by
a coupling of Van der Pol oscillators with the aim of being able to explain beat phenomena
such as the Wenckebach periodicity, extra systoles, and pseudo-blocks [44]. Other papers
have used Van der Pol’s model to also model heartbeats [45,46]. Makouo and al. [47]
were able to highlight the pulsed behavior of the Van der Pol oscillator numerically and
experimentally subjected to two types of excitations and showed that the period of the
bursting oscillations diminishes when the excitation frequencies increase. Nana et al. [16]
studied theoretically and experimentally the dynamics of a set of Van der Pol oscillators
coupled to an RLC load and were able to show that the power delivered to the load by
the array of active oscillator increases with the number of oscillators till a limiting value
increasing with the quality factor of the load. In this thesis, we consider the same model

and add a high degree of nonlinearity.
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1.2.3 Grudzinski and Zebrowski oscillator

Since the Van der Pol oscillator does not capture all the signals observed biologically,
the researchers thought about modifying it so that it could reproduce physiologically im-
portant properties, such as the refraction period, phase-sensitivity properties, and modes
of change of the action potential frequency. It is with this in mind that two researchers
Grudzinski and Zebrowski thus added more terms in the Van der Pol equation to obtain

equation (1.2) with the coefficients given in (1.3).

3
i+5(x2—(61+02)x+9102)9‘:+x+wx2+x—:0 (1.2)

o m

1
B =3;61+ 0, = 0;0,6, = —0.6889; — = 0.05; Glll)
R m

The time series of x for different values of the coefficient lead to shape very close to

=05 (1.3)

the physiological voltage delivered by the pacemaker by providing pulsatile shape with
resting period. They discussed the possibility of modeling the properties of the conduction
system of the heart using equation (1.2). Zebrowski et al. [6] also relied on the mathe-
matical model of Grudzinski and Zebrowski and were able to reproduce the decrease of
heart rate variability with an increase in sympathetic activity, several phenomena well
known in cardiology, such as certain properties of the sinus rhythm and heart block.
Behnia et al. [14] used this and showed the chaotic effects on the external stimuli on the
heartbeat dynamics. In addition, they showed that one can be able to discern either nor-
mal or abnormal behavior of the cardiac pacemaker. Ryzhii et al. [48] presented a novel
model of cardiac conduction system including the main pacemakers and heart muscles.
The modified Van der Pol oscillator used to model the sinoatrial node, atrioventricular
node and Purkinje fiber. Their complete model allows to reproduce several well-known
electro-cardiological phenomena, such as tachycardia, complete heart block, atrial flutter,
and ventricular fibrillation. Cardarilli et al. [49] improved the work of Ryzhii and Ryzhii,
by coupling four oscillators and obtained the same results, but also reproduced the com-
munication interruption in the heart electrical conduction system when one of the bundle
branches does not work. Fabi an et al. [50| proposed an approach for modeling cardiac
pulses from electrocardiographic signals (ECG). Therefore they took as a mathematical
model that of Grudzinski and Zebrowski and showed that the model used can resemble

the ideal cardiac rate pulse under optimal parameters.
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Considering the fact that the equivalent electrical circuit of the Grudzinski and Ze-
browski oscillator does not exist, we design one in this thesis. Moreover, we analyze the
response of several heart cells modelled by the Grudzinski and Zebrowski oscillator when
they are coupled to a biological organ (load) to control or excite it. To the best of our

knowledge, this question has not yet be considered.

1.3 Electrical models of nerve cells

Nerve cells, inlike other cells in the body, have a more complex structure. A neuron is
a cell with all the characteristics of a classic octopus-like cell, with arms (which can be
either a dendrite or an axon) that go all over the place. It contains the same organelles
and cytoplasmic elements as other cells in the body.

The most common type of neuron in the brain has several dendrites, but only one
axon (figure 1.3). Its role is to process a nervous message by receiving, treating and
transmitting. The transmission of information within a nerve fiber corresponds to the
propagation along the fiber of potential differences called action potentials. The nerve
fiber, or axon, is a linear outgrowth of the nerve cell that transmits electrical impulses

through the nervous system.

Dendrite

Axon terminal

Node of
Ranvier

Schwann cell

Myelin sheath
Nucleus

Figure 1.3: Schematic of a neuron.

There are different types of electrical modeling of nerve cells: multi-compartment mod-
els, the Hodgkin-Huxley model, the phenomenological model (integrates - and - pulls) and

discharge rate models.
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1.3.1 Hodgkin-Huxley model

Nerve impulse was first modeled by Hodgkin and Huxley in 1952, with the aim to cor-
rectly predict the main characteristics of excitability, like the shape of the action potential,
the speed of conduction. This model is cited as a reference to describe the electrical activ-
ity of the membrane potential of nerve cells. The Hodgkin-Huxley’s work associated with
those of John Carew Eccles on synaptic mechanisms allowed them to share the Nobel
Prize of Medicine in 1963. The equivalent electrical circuit of this model is presented in

figure 1.4.

N (S L
L £ £ i o

E i | &, E

Figure 1.4: Equivalent electrical circuit of the cell membrane

The different branches that make up this electrical circuit are the Cy;gy membrane
capacitance which separates the extra and intracellular media, the sodium (Na) and
potassium (K') current generators which have voltage dependent conductances and finally
a constant conductance leakage channel.

Mathematically, the current flowing through the membrane is written as (1.4)

dVMEM

Io =C 1.4
c MEM ™~ (1.4)
and the current through a given ion channel is the product (1.5)

Ii = 9i Vuem — Vi) (1.5)

where V; is the reversal potential of the ¢ — th ion channel. Thus, for a cell with sodium

and potassium channels, the total current through the membrane is given by:

dVyem
dt

I =Cyem +9nva Varem — V) + 95 (Vaeem — Vi) + Gieak (Vares — Viear)  (1.6)
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where [ is the total membrane current per unit area, Cy;gps is the membrane capacitance
per unit area, gx and gy, are the potassium and sodium conductance per unit area,
respectively, Vx and Vy, are the potassium and sodium reversal potentials, respectively,
and gjeqr and Vieqr are the leak conductance per unit area and leak reversal potential,
respectively. The time dependent elements of this equation are Visgar, gna, and g, where
the last two conductance depend explicitly on voltage as well.

Using a series of voltage clamp experiments and by varying extracellular sodium and
potassium concentrations, Hodgkin and Huxley developed a model in which the properties
of an excitable cell are described by a set of four ordinary differential equations [10].
The Hodgkin-Huxley model, or conductance-based model, is a mathematical model that
describes how action potentials in neurons are initiated and propagated. It is a set of
nonlinear differential equations that approximates the electrical characteristics of excitable
cells such as neurons and cardiac myocytes. It is a continuous-time dynamical system.
Together with the equation for the total current mentioned above, the set of equations is
given in (1.7).

( I = CMEMCMZ% + g Viees — Vi) + Gnamh (Vares — Va) + Grears Viren — Vieak)
ij_? =a, (Vi) (1 =n) = B (Vi) n
b — (Vi) (1 =m) = By (Vi) m

dt

h — oy, (Vi) (1= ) = By (Vi) B

(1.7)
where «; and f3; are rate constants for the ¢ — th ion channel, which depend on voltage
but not time. g,, is the maximal value of the conductance. n , m , and h are dimensionless
quantities between 0 and 1 that are associated with potassium channel activation, sodium
channel activation, and sodium channel inactivation, respectively.

The Hodgkin and Huxley model later formed the basis for many other electrical models
of nerve cells [51-53]. Thus, in 1961 Fitzhugh [54] derived a simplified model of the nerve
cell equation. Subsequently the very first model of Hindmarsh and Rose [55] was presented
in 1982 and improved in 1984. All the modifications that the Fitzhugh-Nagumo model
underwent made it possible to reproduce most of the behaviors observed in neurons, such
as the slow-rapid phenomena of oscillations in bursts or even regular or irregular emissions

of action [56].
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1.3.2 Hindmarsh-Rose model

In 1982, Hindmarsh and Rose (HR) simplified the Hodgkin-Huxley model to a system
of two ordinary differential equations [17,55|. This new oscillator model is capable of
reproducing many of the generic bifurcation scenarios present in more realistic models.
The Hindmarsh and Rose oscillator is adapted for a slow-fast system. It has the advantage
of being simple than the H-H model. There are two models of Hindmarsh and Rose
oscillators: one with two first order differential equations and the other with three first
order differential equations.

The Hindmarsh and Rose two-equation model exhibits neuron signal going from a sta-
ble resting state to stable emissions of action potentials by applying a positive excitation

of short time. This model is defined by the differential equations given in (1.8).

it= -2 +wt+ a1
(1.8)

Ww=1—dz*—w
where a; and d are the positive constants.

The two equations model is not capable of reproducing bursting or trains of action
potentials which are sometimes delivered by the neurons. Because of this limit, Hindmarsh
and Rose proposed in 1984 the three equations model by adding a third equation which
takes into account the slowly changing current. So the three equations model is described

by the following set of equations given in (1.9) where aq is the coordinate of the stable

equilibrium of the two-equation system (1.8) when I =0 .

T=—-24+w+art+1-—=z

w=1—dz?—w (1.9)

Z=7v(s(x—ag) — 2)

where x corresponds to the membrane potential, which measures the potential difference
between the interior and exterior of the neuron, w describes the exchange of ions through
the membrane by fast channels, while z describes the exchange of ions through the mem-
brane by slow channels. a; indicates the qualitative behavior of the oscillator. ag is the
resting potential of the system. I is the external current injected in the oscillator. d is a
positive constant while S and v are constants of small values. The parameter d is not

a crucial parameter for the elaboration of the different characteristics of the oscillations
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that are peculiar to the Hindmarsh-Rose oscillator whereas depending on the values of
parameters (I, v , S ), we can have several kinds of dynamics which correspond to the

different signals delivered by real neurons [57|:

Quiescence: the input to the neuron is below a certain threshold and the output

reaches a stationary regime.

Spiking: the output is made up of a regular series of equally spaced spikes.

Bursting: the output is made up of groups of two or more spikes called bursts sepa-

rated by periods of inactivity. The successive impulses can have different amplitudes

Irregular spiking: the output is made up of an aperiodic series of spikes.

Irregular bursting: the output is made up of an aperiodic series of bursts.

Since the Hindmarsh-Rose works, several researchers have been working on the Hindmarsh-
Rose model in order to be able to better explain nerve cells dynamics. Kazemi et al. [1§]
proposed a digital structure for HR model and performed simulations which showed that
the outputs of proposed circuit can mimic the original model with a high match. Corson
et al. [58] made a numerical study on the Hindmarsh-Rose model and a discussion on
the chaotic dynamics of the HR model was done and they showed that the parameters
such as the time scale difference between the slow dynamics and the rapid dynamics v ,
and the current [ applied to the neuron to stimulate, have been designated as bifurcation
parameters for their biological interest. Moreover, Carson et al. [59] made a study on the
analysis of the asymptotic dynamics of Hindmarsh-Rose model and showed that the slow-
fast motions due to the small parameter v makes the dynamics even more interesting.
Ginoux and al. [60] presented a method that may be able to capture the slow variety of
the Hindmarsh-Rose model. Storace and al. [61] analyzed the bifurcations using the HR
model and were able to conclude that the bifurcation scenario, gives concrete information
about the HR model and its organizing principles that are useful in more biophysically
oriented studies.

All of the above works on HR aimed at better understanding of the nerve cells dy-

namics. But none of them considered the response of several nerve cells modeled by the
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Hindmarsh-Rose oscillator when coupled to a biological organ (load) to control or excite

it. This question will be considered in this thesis.

1.4 Models of the circadian cycle

Humans, animals and plants are all subject to natural rhythms which are a periodic
or cyclical variation of a particular function of a living being. It can be of several types:
either physiological (heartbeat, cerebral electrical activity, etc), biochemical (molecular
synthesis, hormonal, etc) or behavioral (sleep). The notion of rhythm of living beings was
described as far back as the 4th century BC by Androsthenes Thasius [62].

Most organisms possess a circadian clock allowing them to anticipate the day and night
cycle. Most living organisms have their internal clock. The clock plays an important role in
the functioning of the body. It controls the major biological functions such as sleep, body
temperature and the immune system [63]. Thanks to the circadian clock, the secretion of
melatonin begins at the end of the day, and sleep is deep during the night. This clock is
nestled in the brain which imposes the circadian rhythm on the body like a conductor. In
humans, this clock is found in the hypothalamus, which is made up of two suprachiasmatic
nuclei, each containing about 10,000 neurons that exhibit electrical activity oscillating over
about 24 hours. This electrical activity is controlled by the cyclic expression of about 15
clock genes. The internal clock is therefore continuously resynchronized over a 24 hour

cycle by external agents. [64].

1.4.1 Studies on biological clocks

The first publication that can be linked to the existence of the biological clock dates
from 1729 by the French astronomer d“Ortous de Mariam [65|. Thirty years later, other
researchers made the same observation, showing that leaf movements were not due to the
variations in ambient temperature. In 1832, de Candole noticed that the rhythm of leaf
movements had a period a little shorter 24 hours [66]. In the years of 1920-1930, Karl Von
Frish and his student Ingeborg Beling showed that bees only forage on flowers at very
specific times and that the deletion of environmental data such as daily illumination did

not modify the behavior of bees that obeyed internal programming [67]. Subsequently,
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Kramer proved the existence of a biological clock in the 1950s. Pittendrigh demonstrated
in 1952 that unlike most metabolic activities, the biochemical mechanisms of the clock
were not influenced by the body temperature and that the clock period was independent of
temperature (temperature compensation). Subsequently, he resumed the work of Klamus
on the hatching rate of a species of fly Drosoplila pseudoobscura (which concludes that
the period of the hatching rate increased from 24 h to 36 h) and showed that the second
peak hatching was much less late than the first and that the rhythm then resumed with an
almost unchanged period, close to 24 hours, which shows the temperature compensation.
His results thus established the main universal characteristics of the circadian clock. The
locomotive activity cycle in Drosophila made use of the early work on the genetics of
circadian rhythms. This work showed that cyclic behavior is accompanied by circadian
oscillations in the concentration of the PER (Protein Efficiency Ratio) and its RNA
(Ribonucleic acid) messenger [68,69]. The mechanism of the circadian rhythm is based
on the negative feedback regulation exerted on the PER protein on the expression of
its own gene [68] and involves the phosphorylation of the PER protein which leads to its
degradation and entry into the nucleus. In the circadian clock mechanism in mammals |70],
there is a similar set of interlocking positive and negative regulations. This study leads
to several predictions that reveal the possibility of multiple sources of oscillations in the

genetic regulatory network controlling the circadian rhythms.

1.4.2 Models for cyanobacteria

Cyanobacteria are the classes of bacteria (2-8 micrometers in length and 1 micrometer
in width) commonly known as blue algae. They are prokaryotic photosynthetic cells due
to the fact that they use sunlight as an energy source. Due to its photosynthetic activity,
cyanobacteria are responsible for the enrichment of oxygen in the atmosphere. Spherical,
filamentous and rod shaped, they reproduce by binary section. It is one of the simplest
genetically tractable organism known to possess a circadian clock. It is experimentally
tractable because cyanobacteria are easy to grow, fast to reproduce and the state of the
clock is measurable in vivo via yellow fluorescent protein. This biological clock improves
the survival of cyanobacteria by allowing them to easily adapt to daily variations in

the environment. It also controls the division of its cells. The cyanobacteria is a living
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organism, it is much more complicated than 3 proteins. The cyanobacterial circadian clock
is composed of three proteins: KaiA, KaiB and KaiC which put together in the presence
of ATP in a test tube, can generate self-sustained oscillations of 24 hours period [71]|. These
oscillations correspond to the phosphorylation of the KaiC' protein. In the absence of the
KaiA, KaiC completely de-phosphorylates. As for the KaiB protein, it interferes with
the activity of KaiA on KaiC'. The KaiC protein happens to be the main component of
the process. It can self-phosphorylate and self-de-phosphorylate at S (Serine 431) and T’
(Threonine 432) residus which are two of the four forms of phosphorylated KaiC'. The
other two forms are U (unphosphorylated), and ST (doubly phosphorylated at 7" and 5).

So, the modeling of cyanobacterial circadian clock focuses on the structure of the
KaiC protein. The simplest stucture is that of modeling KaiC' as a monomer and the
most complex is that of modeling Ka:C' as a hexamer.

The modeling of cyanobacterial circadian clock has attracted the attention of several
researchers.

A mathematical model of the in vitro clock relying on careful experiments measuring
all kinetic rates and concentrations of proteins involved was proposed in [72]. This simple
model beautifully reproduces oscillations with a period of about 24 hours, without any
parameter space exploration as all parameters have been measured. Shu-Wen Teng et al.
in 2013 |73] proposed an extension to the in vivo case. This model showed that PTR reg-
ulation is sufficient to generate oscillations, as observed in the experiments with mutant
cyanobacteria lacking the TT'R regulation. It also showed that the transcriptional regu-
lation helps maintaining synchrony in a population of growing cyanobacteria. However,
the model requires finely tuned parameters to lead to oscillatory behavior of the mutant
cyanobacteria lacking the transcriptional regulation. The in vitro model it is based on did
not explicitly described the hexameric structure of the KaiC' protein. More recently, a
more realistic model of the in vitro clock has been proposed in |74]. It describes explicitly
the hexameric nature of KaiC and the binding of KaiB to KaiC'. Kitayamal and al. [75]
also studied cyanobacteria as being hexameric assuming that the KaiC' hexameric struc-
ture is critical for regulation of the circadian clock. However, the underlying molecular
mechanism of such regulation remained unclear. They found that local interactions at

subunit interfaces regulate the KaiC activities by coupling the nucleotide-binding states.
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Several researchers have studied cyanobacteria and looked for the phosphorylation of
KaiC which would amplify the existence of the biological clock. In this thesis, we propose

here to build an in vivo model based on this more realistic in vitro model.

1.5 Problems to be solved

As indicated above, in this thesis, we will solve four problems. It is therefore a question

here of recalling the problems which were mentioned in the preceding pages.

1.5.1 Problem 1

Analyze the response of several heart cells modeled by the Van der Pol oscillator when
they are coupled to a biological organ (load). Here the order of the nonlinearity of the Van
der Pol oscillator has been increased to see its influence on the variation of the electric

power in the load.

1.5.2 Problem 2

Find an equivalent electric circuit for the Grudzinski and Zebrowski oscillator making
use of the differential equations of the Grudzinski and Zebrowski oscillator. After finding
this circuit, it will be a question of analyzing the response of several heart cells modeled
by the Grudzinski and Zebrowski oscillator when they are coupled to a biological organ
(charge) to control or excite it and determine the variation of the electrical power in the

load.

1.5.3 Problem 3

Analyze the response of several nerve cells modeled by the Hindmarsh-Rose oscillator
when they are coupled to a biological organ (load) and determine the variation of the

electrical power in the load.
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1.5.4 Problem 4

Investigate the stability of the circadian clock in cyanobacteria taken as a monomer
and to extend in the vivo state of the cyanobacteria taken in a hexamer form. Compare

the robustness of the hexameric model in vivo and in vivo with the monomeric model.

1.6 Conclusion

In this chapter, we provided some background about the electrical models of pacemakers
(Van der Pol oscillator and Grudzinski and Zebrowski oscillator), about the model of
nerves cells (Hodgkin- Huxley model and Hindmarsh-Rose model) and about the models
of the circadian cycle (models for cyanobacteria). The problems that we will have to
solve in the thesis have also been presented. The following chapter will be devoted to the
mathematical formalisms, numerical simulation method used to solve the problems of the

thesis.
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2.1 Introduction

In the previous chapter, we presented some background about the electrical models
pacemakers (Van der Pol oscillator and Grudzinski and Zebrowski oscillator), about the
model of nerves cells (Hodgkin- Huxley model and Hindmarsh-Rose model) and about the
models of the circadian cycle (models for cyanobacteria). The objective of this chapter is
to present the methods used to understand the dynamic behavior of its different models.

The analytical numerical methods used to carry out our study will be listed below.

2.2 Modeling the coupling of a load to arrays of elec-

trical oscillators

2.2.1 Physical modeling of the coupling
a) Coupling one oscillator to a load

In the case of an oscillator coupled to a load, there can only be direct coupling between
the two circuits. Figure 2.1 shows the coupling between the Van der Pol oscillator and

the RLC load through the capacitor Cy.

iy i
vy EL” INLR G

Figure 2.1: Van der Pol oscillator coupled directly with the RLC load.
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b) Coupling many oscillators to a load

Figure 2.2 shows a set of Van der Pol oscillators coupled directly to each other using a
capacitor Cs, this set of oscillators is then indirectly coupled to the RLC load Cj. Figure
2.3 shows a set of Van der Pol oscillators coupled indirectly to each other using a capacitor

Co, this set of oscillators is then indirectly coupled to the RLC load.

Figure 2.2: Array of mutually coupled Van der Pol oscillators indirectly coupled by a RLC
load.

Figure 2.3: An array of Van der Pol oscillators coupled to a RLC oscillator.
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2.2.2 Mathematical modeling

The first electrical model of the heart to be used is that of an array of Van der Pol
oscillators indirectly coupled via capacitors to a resonant RLC load. The Van der Pol
oscillator was the first oscillator to mimic the behavior of the heart, in order to obtain
the differential equations corresponding to the system studied, we use Kirchhoft’s laws
to the system which express the conservation of energy and of the load in an electrical
circuit. They bear the name of the German physicist who established them in 1845 by
Gustav Kirchhoff. In a complex circuit, it is possible to calculate the potential differences
at the terminals of each resistance and the intensity of the direct current in each branch
of circuit by applying the two laws of Kirchhoff: the law of nodes and the law of meshes.

Considering figure 2.3 of the j-th oscillator and using Kirchhoft’s laws, we have the

following equations:

2 .
. v; V; . 1
CU’U]' — [—CL — 3()(7;) vf) + C()Uj + L_Uvj =0 (21)
al 1 1
— C Co

with2 <j <N
Subsequently, to have the characteristic Van der Pol equations coupled to the load,
we will proceed by a change of variables, which induces a normalization of the voltage as

T; = % and y; = % with time which is also normalized in the form ¢,.; = wio . Where

Wy = \/L{TU is the natural frequency of the electric oscillator.

By replacing each term by its normalized value in equations (2.1), (2.2) we obtain the

system of equations (2.3) describing the dynamics of the system

jj+ayj_d[1—x?+bmjf}:i‘j+$j:O;lSjSN

N (2.3)
> (it A0k + pyr) = B (21 — 1)
k=1
__ R ,_LCy g _ LCy . _ C _ _a
where A==, p="z0 = 75r,00 = gtandd =
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2.3 Modeling the protein KaiC kinetics in cyanobacte-
ria

An image of cyanobacteria is presented in figure 2.4. The cyanobacterial clock can be
described based on the monomer structure or based on the hexamer structure. They key
element cyanobacterial clock is the phosphorylation level of its KaiC' protein, which is
a hexameric protein. The simplest mathematical model of this clock did not take into
account the hexameric character of the protein [73]. More recently, a model investigating
the role of the hexameric structure has been proposed [74], they show that when KaiC
hexamers consist of a mixture of differentially phosphorylated subunits, the two phospho-
rylation sites have opposing effects on the ability of each hexamer to bind to the negative
regulator KaiB. They likewise show that the ability of the positive regulator KaiA to
act on KaiC' depends on the phosphorylation state of the hexamer and that KaiA and

KaiB recognize alternative alternative allosteric states of the KaiC' ring.

Figure 2.4: An image of cyanobacteria |76].

2.3.1 A simple model of the cyanobacterial circadian clock

The modeling of cyanobacterial clock focuses on phosphorylation state of the KaiC' pro-
tein which is its central component. The simplest model considers KaiC' as a monomeric
protein. The KaiC protein can be in one of its four phosphoforms: U (not phosphory-
lated); S (phosphorylated to serine); T' (phosphorylated to threonine) and ST (doubly
phosphorylated at serine and threonine). S, T', ST and U are also the concentrations of
S — KaiC ( KaiC phosphorylated only on serine), T'— KaiC' ( KaiC phosphorylated
only on threonine), ST — KaiC (KaiC phosphorylated on both serine and threonine) and
U — KaiC (unphosphorylated KaiC' ) respectively.
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The transformations between different forms are given as in chemical kinetics as pre-

sented in figure 2.5. The concentration of the ST forms will be noted D.

Figure 2.5: Transformations between different forms of the KaiC protein [73].

The resulting equations of kinetics of the interconversions between phosphoforms
are of first order but with the rates depending on S. They are given by the system of
equations (2.4).

( S)*D—kTU(S)*T—]{?TD(S)*T

(

9 — kys (S)* U+ kps (S) * D — ksy (S) % S — ksp (S) * S
(S)*S—kDT (S)*D—]{JDS (S)*D (24)
) kg *A(S)

kxy (S = k‘g{y + %12t A(S)
A(S) = max {0, [kaiA] — 2 S}

\

Equation (2.4.a) indicates that the rate of change of the concentration of the 7" form
is composed of a growth term resulting from the phosphorylation of U at the residue T
with a kyr coefficient, from a growth term resulting from the dephosphorylation of D
to T with a kpr coefficient, an inhibitory effect proportional to T" which arises from the
dephosphorylation of T" into U with a kpy coefficient and the dephosphorylation of T" to
D with a coefficient krp.

The equations for the rate of change other phosphoforms of KaiC' are similar.

The phosphorylation and the dephosphorylation rates from the state x to state y are
denoted kg, with k2, being the rate in the absence of KaiA and kZ, being the maximal

influence of KaiA on that rate. If KaiA promotes the transition, then Kfy = 0; if KaiA
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inhibits the transition, then K ;i < 0 . The explicit effects of KaiB binding to S — KaiC
are not included in the model, as we assume that Ka:B is in excess at all times and that
its binding with S — KaiC' is instantaneous.

The effect of KaiB is therefore indirectly taken into account in the dependence of
ki, in S. Indeed, the form of k., is given in eq.(2.4.d) depend hyperbolically on the
concentration A (S) of KaiA active monomers and is the source of the nonlinearitity in
the model.

For the in vivo model, it is based on the in vitro model given previously. But, one adds
terms for production Kg, dilution V; and degradation term V' . All phosphorylated forms
of KaiC are assumed to have the same linear dilution rate and degradation rate (V, K)
. The terms of degradation of the mRNA is given by (V;,, K,,). The unphosphorylated
form of KaiC now appears with the addition of the term production. So equation (2.5)

describes the in vivo model

_kTU(S)*T—i—kSU(S)*S—kUT(S)*U—kUs(S)*U V*K+U V;l*U—f—Ks
9 = kur ()« U +kpr (S) * D — kyy (S) T — kyp (S) % T =V s 2 — Vg x T
)

dt

dt

S %:kTD(S)*T—Fk?SD(S xS —kpr (S)* D —kps (S)*x D — V*K+D_Vd*D
95 = kys () x U + kps (S) x D — ks (S) % S — ksp (S) xS = Vs 255 — Vg * 8
\ d_M V*Kn_,’_Cn Vi % ]\iM

(2.5)
where C, = Cyx U+ CpxT+Csx S+ Cp* D is a transcriptional regulation knowing that
the coefficients Cyy, Cr, Cs, Cp are these parameters determine how KaiBC' transcription

is repressed by each of the four phosphorylated forms of Ka:C.

2.3.2 Hexameric model of the cyanobacterial circadian clock

In this part, we present the equations of the hexameric form as reported in Ref [77]. The
KaiC hexamers in the KaiB binding competent state undergo a slow process associated
with the CI ATPase activity that will result in the KaiB x KaiC' complex. They assume 6
KaiB molecules bind in a concerted or highly cooperative manner to one KaiC' hexamer.
For each KaiB molecule, they assume that one KaiA dimer can be sequestered. Each
KaiC hexamer has 6 subunits, each containing two sites which can be phosphorylated

or dephosphorylated, can progress to a total of 12 possible reactions which will increase
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or decrease 1, j, k by 1. The equation thus describing the dynamics of our system with as

hexamer is given by the equations below in (2.6).

d|KaiC} ; 6. . . .
% = k'[}]j’wk (7 — (2 + ] + k)) [KCLZCi_Lj’k] +

g (T — (i 4+ 5+ k) [KaiCij_14] +

KSIE (i 4 1) [KaiClig s o) + E2F (i 4+ 1) [KaiCiyy 1] +

Ko (k1) [KaiCy_ jpia] +

ke (k + 1) [KaiCijo1 1] + kg (7 + 1) [KaiC i1 1] +
m § (j+1) [KaiC;jax] —

(6—i—j—k)*kfle’j’kJr(6—i—j—k)*k““k+z*kl s
s kg 7 R KT T R K * [KaiCl )
" k;ng—l,k—f—l +] * kgg—l,k + kon,B % ng,k

+koff,B * [KCLZB * KaiCM’k]
(2.6)

By assuming KaiC' in a complex KaiB * KaiC, the latter can be activated by free KaiA,

therefore an equation similar to the equation (2.6) is given in (2.7).

AeibKeiCuss] _ ik (7 — (i 4 j + k) [KaiB * KaiCiy ] +

Wk (7 (i 4§+ k) [KaiB « KaiCyj_y 4] +
/’{;w G+ 1) [KaiB % KaiCyyq jx-1] + /fz’]’ (i + 1) [KaiB * KaiCiy 1] +

(i

K (k+ 1) [KaiB  KaiCy_y j ] +

(k1) [KaiB * KaiCij 1 ga] + ki (7 + 1) [KaiB % KaiCi jy1 1] +
( 1) [KCLZB x Kaz'C’i,jH,k] —

(6 —i—j— k)% ki (6 —i— j — k) s kG 4w kiR

E+1
E+1

k’L,j k

% k;i_l’j’k + kx ]{;i+1’jvk_1 + k% k;g;l’k_l * [KaiB x KaiC; j ]
—|—j * k ’j Lk+1 +j * k} ’] Lk + koff,B * F;j’k

+kon,B * [KaiC’i,j,k}
(2.7)

The concentration of the KaiC; ;; ( KaiC hexamer) and [KaiB * KaiC; ;| (the complex

of KaiC hexamer with KaiB ) are described by the following set of differential equations
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(2.8).

( d KGZCZ 7, 1.9 . . .
% =k (7= (i+j + k) [KaiCiy ;i) +

k;ﬂgk (T—(i4+7+k) [ KaiC;j_1x] +
Ky (i + 1) [KaiCipy ] + Kgg (i + 1) [KaiCip ju] +
g (k+ 1) [KaiCi_y jre] +
ks (k+ 1) [KaiCijoy ] + kg (7 + 1) [KaiCyjr ] +
]gg{]k (7 + 1) [KaiC; ji1x] —

(6—i—j — K)* Kift 7 4 (6 — i — j — ) = K i ow ki) P4

. /{;ggL“l +j % kg@_l’k + kon,p * F*
+koppp * [KaiB x KaiC; ;]
Aot eiCusk] _ i (7 = i+ 5 + ) [KaiB * KaiCyy 4] +
ki (T — (i 4+ j + k) [KaiB * KaiC;j_1 4] +
kZT‘zjk (i4+1)[KaiB x« KaiCyyq jx-1] + kjél“jUk (i + 1) [KaiB * KaiCi 5] +
kit (k + 1) [KaiB * KaiCy_y jps1] +
kol (k+1) [KaiB % KaiCij_y ji1] + k53 (5 + 1) [KaiB % KaiCi 11 1] +
kohF (54 1) [KaiB % KaiC j14) —

(6 =i —j — k) * iy ™ 4 (6 — i — j — k) kgl i k™

L pi—Lgk i+1,5,k—1 i j+1k—1
vx by Rk kpp +k*x kg *

(
(

+j K T Gk gy ok F

[KQZB * KaiCi7j7k]

"‘kon,B * [KaiCM,k]

with 0 < 7,7,k < 6

(2.8)

The details allowing to arrive at the system of equations (2.8) describing the dynamics

of the hexamer are given in appendix 2.

2.4 Mathematical and numerical methods

Generally non-linear ordinary differential equations do not have exact analytical so-

lutions. The harmonic balance method and other suitable methods allow approximate

solutions to be found. Given the fact that we sometimes encounter difficulties in solving
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these equations analytically with exactitude, numerical simulations appear as complemen-
tary adapted solutions. In this thesis, we will use as numerical scheme the Runge-Kutta
method of order 4 (RK4) to solve numerically the different differential equations which
model our models and the balance of harmonics to analytically solve the less complex
differential equations. The programming language we used are FORTRAN 95, Python
and Matlab.

2.4.1 Harmonic balance method

The principle of balances of harmonics is a method generally used to determine the exact
or approximate periodic solutions of ordinary differential equations (linear or nonlinear)
subjected to sinusoidal periodic excitations [78|. Let us consider the following differential
equation |78, 79|

i+y=9yt) (2.9)

Where the function g satisfies the following condition ¢(y;y,t + T) = g(y;y,t). The

harmonic solution of equation is expressed as follows:
y = Bsin (wit + D) (2.10)

Where B is the amplitude of oscillations, w; the pulsation of the sinusoidal excitation
and ® the phase at the origin. In substituting Eq. (2.10) into Eq. (2.9) and equating
separately the terms in cosine and sine which have the same harmonics, one obtains after
neglecting harmonics order greater than the first harmonic, a system of algebraic equations
which are the amplitude equations. This method is used in chapter 3 to determine the

harmonic solutions.

2.4.2 RK4 method for ordinary differential equations

Developed for the first time in 1894 by Runge and subsequently improved in 1901
by Kutta hence its name the method of Runge Kutta. It has the advantage of being a

numerically stable method [80]. Consider the ordinary first order differential equation:

d);_;t) — F(X(8), ) withX (£) = Xo (2.11)
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Where f = (f1, fa....fn) is the vector function with the unknown vector variable X (t) =
(x1(t), xo(t), ...z (t)). For such an equation, we use the RK4 method for the resolution
given in [81,82] in equation (2.12):

Tig1, = Tij + (LL]' + 2 % L2,j + 2 % L37j + L47j)

t=t+ At

(2.12)

Llyj = At * f] (xi,ja t)
LQ’J‘ = At * fj (xi,j -+ Ll,j; t + %)
L37j = At * fj (l’@j + LQJ, t + %)

L L4y]’ = A{ * fj ([L’iJ’ + L3,ja t+ At)
Where i is counted for the increment of time and j labels the variables related to

Where

Zij, L1, Loj, Lsj and Ly ; are the intermediate coefficients and At is the time step.

2.4.3 Numerical criterion for synchronization
a) Criteria for synchronization

Consider two coupled systems having different initial conditions, we say that the syn-
chronization is reached numerically when the deviation €; obeys to the following synchro-

nization condition given in equation (2.13).
|€1‘ = ’U - Z’| = h7Vt 2 tsynch (213)

Where 5,0, is the time instant at which the two trajectories are close enough to
be considered as synchronized. h is the synchronization precision or tolerance. In the
simulation, we considered h = 1072.

We suppose that complete synchronization is achieved in the network after a certain

time tgyncn, after which one of the following criteria is verified.
|z; (t) —x; (£)| < bV (4,7) YVt = toynen (2.14)

% i) -zi1 (0]
—N '< h,Vt >‘ tsynch (215)

with, zy.11 = 21
Where h = 1072 is the synchronization precision. These two criteria lead to the same

result.
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b)Bifurcation diagram and Lyapunov exponent

The bifurcation diagram and the Lyapunov exponent are drawn in order to look for the
different dynamical states of the system (such as periodic orbit, chaotic attractors, and
fixed points). This diagram also allows us to identify the routes to chaos taken by dynami-
cal systems such as: the period doubling route, the quasi-periodic route and intermittency
route.

Consider the system of equations (2.16)

T =1y

(2.16)
=
The Lyapunov exponents is given by the equation (2.17):
In (\/((dx)2 + (dy)z))
Lya = lim (2.17)
t—00 t

where dx are dy the variations corresponding to x and y respectively.

2.4.4 Simulation softwares

To solve numerically the differential equations, we have used the Fortran and the Python
languages. We used both the Python and FORTRAN language because we faced the diffi-
culty of implementing the hexameric model of the cyanobacteria in FORTRAN. Therefore
we had recourse to the Python language which was able to manage the complexity of the
equations. The Matlab platform has been used to plot the curves which have been obtained

from the numerical simulations.

2.5 Conclusion

This chapter has first provided the methods to model the electronic models and the
cyanobacteria. Then the mathematical and numerical methods as well as the softwares
used in this thesis have been presented. In the next chapter, the results obtained will

presented.
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3.1 Introduction

This chapter is devoted to the presentation of the main results obtained in this thesis.
Section 3.2 deals with the analysis of the dynamics of an array of Van der Pol oscillators
coupled to an electrical load. The electrical power in the load is analyzed as some control
parameters are varied. Some attention is paid on the effect of a high non-linear term in
the damping of the Van der Pol oscillators. Section 3.3 is concerned with a question as in
section 3.2 using the Grudzinski and Zebrowski oscillator. But an interesting point is the
design of an equivalent electric circuit of the Grudzinski and Zebrowski oscillator. The
power generated in a load by an array of Hindmarsh- Rose neuron oscillators is considered
in section 3.4. The analysis of the stability of the cyanobacteria oscillations is conducted

in section 3.5. Section 3.6 concludes the chapter.

3.2 Powering an electrical load by an array of Van der

Pol oscillators

3.2.1 Reminder of the physical system

In chapter 2, we explain how to derive the equations of an array of Van der Pol oscillators
coupled to a RLC load. Now considering a high order nonlinear term in the dissipation

coefficient, one arrives at the following set equations.

jj+ayj—d|:1—$?+b$§:|jfj+$j:O;lSjSN

N . (3.1)
> (Ut Uk + pyr) = B (21 — y1)
k=1

Where z; = %7% = %, A:%,M:_ngv7 = LLWCC(’;) = g_g

In the case of a RL load, the term puyy, is removed from equation (3.1.b) while in the case

of a RC load, the term {j, is removed from equation (3.1.b). But in this case, the coefficients

A, B and p are replaced respectively by 1, \; and Ay defined as:\A = 1; A\ = ﬁw and
1
A2 = Gk -

In this case of a simple R load, the terms ¢, and py, are removed from equation

(3.1.b). But in this last case, the coefficient 5 is replaced by ; defined as £, = m :
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3.2.2 Voltages variations across each oscillator and across the

load

Let us assume that all the Van der Pol oscillators are synchronized, when the nonlinear
coefficient d and the coupling coefficients @ and § are small, the approximate analyt-
ical solution of equations (3.1) can be found using the harmonic balance method which

considers that the solutions are in the form of (3.2).

x = Acos (t+ ¢) (3.2)

y = Becos (t + ¢)

where A and B are voltage amplitudes and, ¢ and ¢ are the phases of the voltages
across the Van der Pol oscillators and the coupling capacitor respectively. Inserting these

expressions in the equations (3.1), one obtains the voltage amplitudes A and B as:

N S I N Ba
4 16 2 dy/(UN—N+B)2+A2N?
A—

7 (3.3)

1

and

A

B = g (3.4)
\/(MN — N + B8)® + A2N2
The voltage amplitude A exists under the following conditions

NG]Nl,NH[U]N227N2[,lf,b>1/8 (3 5)

N e ]O,Nl[U]N2,+OO[;if,O <b< 1/8

where Ny, Ny, N1; and Noy are given below: Ny = %, Ny, = %, Ny =

(OIS and Ny = SHEEIEG with § = 420° (42 +1— 2+ X?) — 4X24° and

Q:dzz‘fi—;m[uul—wrv]—ww
If conditions (3.5) are not satisfied, then A does not exist and there is no oscillation in
the system.

The curves obtained from the analytical calculations are compared to those obtained
from the direct numerical simulation of the set of differential equations (3.1). For small
values of the nonlinear coefficients, there is a good agreement between the curves obtained

from equations (3.3) and (3.4) and those obtained from the direct numerical simulation.

The numerical simulation is therefore used only to present curves related to the case where
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the values of the nonlinear coefficients are not small enough to warrant the validity of the
analytical results.

Figure 3.1 presents the variations of A and B versus the number of the oscillators.
When the number of oscillators is less than 29, there is no generation of voltage in the
system. The Van der Pol oscillators are death because of the indirect coupling. After this
critical value of N, the voltage in the Van der Pol oscillator increases with /N and saturates
at a value equal to 2 for large value of N. In its side, B increases with N and attains a
maximal value (at N=50) after which it decreases with N. This behavior of B versus N
indicates that there is an optimal value of the size of the array leading to a higher voltage

in the load.

25

* b=0

1.5
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0.14

012
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0.02

a 50 100 150 200

Figure 3.1: Variations of the voltages amplitudes versus N: a) Van der Pol oscillator; b)

across the coupling capacitance Cy for a = 0.6, = 10,d = 0.1,A= 2 and p= 0.85
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3.2.3 Effect of the high order non linearity of the damping

As it also appears in Figure 3.1, the quartic nonlinear coefficient b affects the voltages
by increasing their values. The analysis of the voltage amplitudes versus the d, for fixed
value of N, has presented a voltage shape (for both the VAP oscillator and the RLC load)
similar to what is observed in Figure 3.1.a. As d increases, the voltage amplitudes remain
equal to zero until a threshold value of d after which they increase rapidly, then slowly

with d and finally attain a plateau.

3.2.4 Power in the loads

The power in the load is consumed in the resistor and is given by the following expres-
sion:

P=R<i-? (3.6)

where < ¢ > is the effective mean current through the load. The current in the load is

given by:
i=Y Co—r (3.7)

The expression of the power in the resistor is thus:

_ RN*wiC2Via*p?A?
2 (\2N2 4 (uN — N + 8)°)

(3.8)

Figure 3.2 presents the power variation versus the control parameters N, d and b. It is
seen that the power increases with N after the critical value of N below which the power
in the load is equal to zero (see Figure 3.2.b). The power begins to exist from N = 30
and increases until the value of P = 16.53 for N = 200 for b = 0. Like for the voltage
amplitudes, the power increases with d (Figure 3.2.a) and with b (Figure 3.2.b).

In the case of RL load, the critical value of N below which there is no power in the
load is 29 and that power increases until the value of P = 13.84 for N = 200 (Figure 3.3).
While in the case of the RC load, that critical value of N is 3 and the power increases
until the value of P = 0.503 for N=200 (Figure 3.4). In this case of the R load, that
critical value of NV is 6 and the power increases until the value of P = 0.5983 for N = 200
(Figure 3.5).
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Figure 3.2: Power (Watt) in the RLC load versus d with b = 0.1 (figure 3.2.a) and versus
N for two different value of b with d = 0.1 (figure 3.2.b) for a = 0.6, 5= 10,A= 2,u= 0.85

and R = 15602
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Figure 3.3: Power in the RL load versus the number of oscillators in the array for a =
*UY1 and VUB%*

0.6, 3= 10,b = 0.1,A= 2 and R = 1569
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Figure 3.4: Power (Watt) in the RC load versus the number of oscillators in the array for:

a=0.6,b=0.1,A\=0.44,A,=0.86,d = 0.1 and R = 15612
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Figure 3.5: Power (Watt) in the R load versus the number of oscillators in the array for

a=0.6,b=0.1,5=0.86d=0.1and R = 1560

According to figure 3.4, a good agreement is found between the analytical and numer-

ical results.
Subsequently, we have fixed the value of N and we have plotted the power as a function
of R which is given in figure 3.6. We observe a phenomenon of resonance of power. The

curve increases to the maximum value 3.588, then decreases and remains almost constant

around the zero with the evolution of resistance. The maximum value of the power P is

reached at R = 13Q) .
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Figure 3.6: Power (Watt) in the RLC load versus R for: L = 200 x 107H,a = 0.6, 8 =
10, 1 = 0.85, N = 10

3.2.5 Implications for cardiac response

The fact that there are threshold values of the size of the array and of the nonlinear
coefficient d can be related to the development of the heart pacemaker at its early stage.
Indeed, it is known that, after its formation, the heart pacemaker remains silent and
starts firing electrical signals after some days. A sort of quorum sensing phenomenon
where the system starts its activity after a certain size, depending on the environment,
is attained [83|. Inversely, after attaining its optimal functioning stage, if the number of
pacemaker cells decreases, then the power delivered by the heart also decreases.

When the resistance increases, we observe an increase in power which reaches its
maximum value, then decreases and remains almost constant around zero. With age,
the heart tends to increase slightly in size and develop thicker walls and slightly larger
chambers. The increase in its size is mainly due to an increase in the size of individual
heart muscle cells. Age-related stiffness of the heart walls causes insufficient filling of the
left ventricle and can sometimes lead to heart failure. With age the walls of the arteries
and arterioles thicken and the space between the arteries increases slightly. All its changes
make the vessels more rigid and less elastic. The loss of elasticity of arteries and arterioles
due to aging prevents them from relaxing so quickly during the rhythmic contraction of

the heart.
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3.3 Power in an electrical load delivered an array of

Grudzinski-Zebrowski oscillator

3.3.1 Equivalent electrical circuit for the Grudzinski-Zebrowski

model

We remind that the mathematical equation of the Grudzinski-Zebrowski oscillator is

given as in equation (3.9), where § is the damping constant.

3
9’6’+5(:c2—(91+92)x+9192)a’:+x+wx2+$—:o (3.9)

m m
From the literature review, we found that all the studies done on the Grudzinski-

Zebrowski oscillator were essentially based on the mathematical model using numerical
simulation. To the best of our knowledge, there is no equivalent electric circuit composed of
discrete electronic components (diodes, resistance, transistors or analog components), as it
is in the case of the Van der Pol oscillator. There is therefore, a need of an electrical model
for the Grudzinski-Zebrowski oscillator since it will give way for more studies such as the
one conducted in this thesis where loads are coupled to the electric equivalent circuits. It is
also expected that experimental study can be undertaken using the electrical equivalent.
After a series of tries and fails, we came out with the electrical model presented in Figure
3.7. It consists of 4 branches. The first branch comprises an inductor L; and a resistance
R ; the second contains a capacitor C' ; the third is a nonlinear resistance; and the last

one has a diode.

Figure 3.7: Equivalent electrical circuit of the Grudzinski-Zebrowski oscillator.

We assume that the current-voltage (I — V') characteristics of the diode is given by
(3.10).
i =ig(e"/V0 — 1) (3.10)
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whose after expansion gives
Vov?

— 4+ = 3.11

i = 1o
where 75 and V' are constant coefficients related to the diode. Vis the voltage across C4
, or across the nonlinear resistance (NLR), or across the diode.

We also assume that the current-voltage characteristics of the nonlinear resistance

NLR is given as follows:

aV. b3
=—— 4+ — 3.12
1 0 + %3 ( )
Using the first mesh of the circuit, one gets
di
le—;+R1i—V:0 (3.13)

Where i is the current flowing through L;. where V = Cil , which is the voltage across
the capacitor.

Considering the nodes law, one gets

gV WP iV i)
at Vo VE Vo 212

(3.14)

i =
where ¢ is the electric charge in the capacitor.

By replacing (3.14) in (3.13), it comes that the voltage V' satisfies the following equa-

tion:
42V 3b 2 iV _ Vga | Vg | RVPC1 av
a2 TG (V to T e T Twn ) art (3.15)
RiVE | RiigV? _ RiaV_ V4 RigV _ ’
VO3L101 2V02L101 L1C1 Vg L1Cy VoLsC1 —
Setting x = VKO and normalizing the time ¢ is normalized with respect ¢,.; = wio with
Wo = 1/ 1%020?’ one obtains the following equation:
dz_f + 3b 2 @ _ ﬁ 1 Z_() Rl%Cl d_$ tr+ R12'20£L'2 Rébl’s _
dt ‘/0(4)001 3b 3b 3b 3bL1 dt 2L1w001‘/0 LleClVO
(3.16)

The following values have been given to the electrical components and parameters: L; =
200x 1076 H;ig = 1074 A; Vy = 26x 1073V C% = 70921985, 8156 F~1; a = 0.0001; b = 0.237.
Equation (3.16) can thus take the form of equation (3.9) with the following dimen-

sionless coefficients:

1

=05 (3.17)
m m
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Figure 3.8 presents the phase portrait and the time trace of the signal delivered by
equation (3.16) with the above parameters and the following initial conditions: x (0) =

—0.1 and % (0) = 0.025

&Eﬂ 380 iTo JBD 380 400

Figure 3.8: Signal delivered by the Grudzinski-Zebrowski oscillator: a) phase space, b)

time history.

3.3.2 Voltage variation across oscillator and across the load

The Grudzinski-Zebrowski oscillator is a representative of electrical models of heart
pacemaker cells. The cells can be coupled indirectly through the electrical load represent-
ing the rest of the heart or the rest of the cardiovascular system seen by the pacemaker
or both directly and indirectly. In the case of the indirect coupling, each cell is coupled to
the external load as in references [16,84,85]. When the direct and indirect coupling take
place, each cell is coupled to the external load, but all the cells are coupled together in a

diffusive manner with short or long range coupling [24]. We will consider both cases here
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and come out with the behavior of the oscillatory states and the power received by the
load. The system is presented in Figure 3.9, where we see a set of N Grudzinski-Zebrowski
oscillators coupled to a RLC load. The coupling is through the capacitance Cgy as for the

case of Van der pol oscillators analyzed in section 3.2.

, : 1
llLﬂJ: EC; EP’- 'iD | izl I
N ! u
J
VLJ b i NLR c
Vx,[ R,

m_\,l i CN'

iy,
VL._I ELl Vi Cy "
N
N

LR
VRJ iRl

Figure 3.9: Array of Grudzinski and Zebrowski oscillators loaded by an RLC circuit.

Using Kirchhoft’s laws, appropriate dimensionless variables and the same normaliza-
tion as above and also setting y; = % , one obtains the set of equations (3.18) which
describes the variation of voltage x; across each oscillator and the voltage y; across the

coupling capacitance.

('I:’j + 1% (l’j2 — 06889) jfj + X + 05%’3 + O.O5I’j3 + Al'y'j + Agyj = O; 2 S J S N

N
> (x + Biyi + Bayr) = B3 (z1 — 1)
k=1

(3.18)

: _ Co _ _Ri1Co
With A, = . and Ay = Tl

The dimensionless parameters By, By and Bj are defined in Table 1 for different types

of loads.
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Table 3.1: Expressions of the coefficients B; for each type of electrical load

Load B Ba Bs
R 1 1

RLC load Lwq LCuwq? Lwg2Cq
1

R load 1 0 CoRwg
R 1

RL load Twg 0 CoBag
1 1

RC load 1 yemYel yemnYery

We first analyze the variations of the voltage amplitude as the number of oscillators
varies. The initial conditions used for the numerical simulation are z (0) = —0.1, & (0) =
0.025 , y; (0) = 0.025 and % (0) = 0.025 .

First considering the RLC load, we use the following values:R = 1562, L = 200 x
107°H,C = 36.3 x 107?F and Cy = 1.89 x 1078F. Figure 3.10 presents the amplitudes
of the voltages x; and y; versus the number IV of the oscillators. It is observed that the
voltage amplitude increases in each Grudzinski-Zebrowski oscillator with the increase of
N. One remarks that for lower values of N, the voltage is almost equal to zero as for
the case of array of Van der Pol oscillators. But at the same time, the voltage amplitude
across the capacitance C decreases when N increases.

Considering the other types of loads (RL, RC, and R), we found similar variation
as in the case of the RLC load. However quantitatively, it has been observed that the
amplitudes is lower in the RC load compare to the other loads (see figure 3.11).
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Figure 3.10: Voltage amplitudes responses versus the number N of the oscillator: a) in
the Grudzinski-Zebrowski oscillator; b) across the coupling capacitance Cy, with R =
156Q; L = 200 x 107°H;C, = 36.3 x 107°F;Cy = 1.89 x 1078F; R, = 1568; V, = 26 x
1073V 3ip =1 x 107%A; L1 = 200 x 107H; u= 3 and wy = 594228.361 .
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Figure 3.11: Voltage amplitudes responses in the Grudzinski-Zebrowski oscillator versus
the number N of oscillators coupled to RLC, RL, RC and R loads across with wy =
594228.361 and parameters of figure 3.10.

Considering the effects of the coupling capacitance Cy , figure 3.12 shows that the
voltage amplitude across the Grudzinski-Zebrowski oscillator increases while the voltage
amplitude across Cy decreases with the increase of Cj .

The effects of the nonlinear damping parameter ¢ has also been investigated. It is
found that the voltage amplitude in each oscillator increases with p up to the value
i = 8.5 . Then, a decrease takes place till p = 84.8 | followed by a second smooth
increase. For the voltage across Cy, its amplitude increases with the increase of p (see

figure 3.13).
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Figure 3.12: Voltage amplitudes responses versus the coupling capacitance Cy: a) across
the Grudzinski and Zebrowski oscillator; b) across the coupling capacitance with N = 20,

wo = 594228.361 and with the parameters of figure 3.10.
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Figure 3.13: Voltage amplitudes responses versus the coupling coefficient p : a) across
the Grudzinski and Zebrowski oscillator; b) across the coupling capacitor Cy, N = 20,

wo = H94228.361 and with the parameters of figure 3.10.

3.3.3 Power in different loads

The most interesting quantity in the load is the power delivered by the array of self-

sustained oscillators. It is defined by the following equation.
P =R xij (3.19)
Where R and is; are respectively the load resistance and the current intensity.

N
Since iy = > C’Odd% ,and knowing that uy = y;Vp , one obtains is; = NCoyi Vowo.
k=1

By taking into account the above literal expression of i9; , the power in the load is:

P = R(NCogi.Vowp)? (3.20)
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This expression remains the same for the different types of load, except that the value of
the derivative of the component y will be determined according to the load that will be
taken into account during the numerical simulations.

Figure 3.14 presents the power variation versus /N in the R, RL, RLC and RC load.
We remark that, the power increases with the increase of NV for all types of loads. Quan-
titatively, one notes that the RL load consumes more power than the RLC load while
the pure resistive load consumes the highest power. The power consumed by the RC load
(which is more close to biological tissue) is at the intermediate level.

We have also considered the resistance Ras a control parameter and plot the power
versus R. We found that, for all types of load, the power increases with R and attains a
saturation level where it remains constant. Such a variation is presented in Figure 3.15
for the RLC, RC, RL, and R loads. Let us mention that the curve for the R load and that
of the RLC load are almost the same.
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Figure 3.14: Power (Watt) delivered to the R, RL, RLC and RC loads versus the number
N of Grudzinski and Zebrowski oscillators, with wg = 594228.361 and the parameters of
figure 3.10.
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Figure 3.15: Power (Watt) delivered in the load RLC, RL, RC, and R load versus R with
N =20, wg = 594228.361 and with the parameters of figure 3.10.

We observe that no matter the load (RLC, RL, RC, and R), the power increases and
reaches a value then after this maximum value, it remains constant with the evolution of
the resistance. This variation is different from that which we obtained in the case of the
study of the oscillator of Van der Pol where the power increases and reaches the maximum
value, then it decrease and finally remains almost constant around zero with the evolution

resistance.

3.3.4 Synchronization of the Grudzinski and Zebrowski oscilla-

tors subjected to the RC load

In this section, one considers the situation where all the Grudzinski-Zebrowski oscil-
lators are mutually coupled to each other by a capacitor and indirectly coupled to the
RC load. In this subsection, direct coupling, is about the coupling between neighboring
oscillators one after the other by a capacitor while forming a ring (oscillator network).
When this oscillator network is coupled to a load by a capacitor, we are in the presence of
an indirect coupling. Figure 3.16 presents the system under consideration. Each oscillator
is directly coupled to its nearest neighbors through a capacitor. At the same time, all the
oscillators are indirectly coupled to the RC load, generating therefore an indirect coupling

between the oscillators. We chose a ring for the reason that it is due to periodic boundary
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conditions since in reality the system is assumed to have a large number of cells. Moreover,
the direct coupling is a biological mechanism by which cells communicate through gap

junctions.

Figure 3.16: Ring of N mutually coupled Grudzinski-Zebrowski oscillators coupled indi-
rectly by a RC load.

Using the electric laws, one finds that the voltages in Figure 3.16 are described by the

following set of differential equations:

d%zy, 3b 2 0Ty _ a ig R1VoC1 \ dxg Ryigwy?
a2 T Vol (xk T Twm Tt Twn ) @ T TR T e

+LiiogC’liVo + Koijp, + H820, = K (1 — 20 + Fpa1) + 5L (G_y — 20, + Epp)

Liwo Liwo
- 1 1
PZ_jl (?JP + Rwog?/P) = Tmecy Tk — Yr)

(3.21)

Where the dimensionless quantities are given below:

Vk U Co 02 1 —a + 220
= — = —'K — _.K — _'tre - _; — —F .~ 3'22
YTy T et T e T G Y TN LGy (3.22)

The direct coupling coefficient is K; and the indirect coupling coefficient is K, .
Three concerns arise from the model. The first one is to see how the mutually coupled
oscillators behave when they are not coupled to the load. In other words, for which value
of the mutual coupling coefficient a full synchronization can be achieved? The second one
is to understand how the indirect coupling affects the synchronization limits. The third
concern is to find out how the mutual coupling coefficient affects the power in the RC

load.
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Referring to Enjieu et al. [23|, numerical simulations have been conducted in search
of the coupling coefficient leading to full synchronization as a function of the number of
Grudzinski and Zebrowski oscillators. Considering the system of figure 3.16 without the
RC load, equation (3.23) repeats the set of dimensionless equations under consideration
here

d%zy, 3b 2 0Ty _ a i RV C1 \ dxi Riigzy?
a2 T BT Tm T n T L, ) @ T anezam

(3.23)

Ribxp® . . . RiK1 (. . .
TLwews Ky (Ep—1 — 28% + Tpq1) + Liwo (Tp—1 — 2%p + Tpy1)

When one considers two Grudzinski and Zebrowski oscillators described by the same
equations and starting with different initial conditions, one observes that they present
the same behaviour but with a phase difference. Finding the synchronization domain is
to look for N and the coupling coefficient K; leading to the disappearance of the phase
difference so that the oscillators are phase locked with phase difference equal to 0. Figure
3.17 presents the synchronization domains in the (IV,K;) plane. It is seen that the full
synchronization domains (F'S) are not linearly delineated from the domains where there
is no synchronization (NS). The figure 3.17 was made by fixing each time the number of
oscillators and by varying the value of the coupling coefficient in order to find the values
of the coupling coefficient where there is a total synchronization of its oscillators fixed
at the start. The difference of the average value between two positions of two oscillators
must be 0.01 for there to be synchronization. For the case N = 16, |x (16) -x(13)| < 0.01
and |x(16)-x(12) |< 0.01 so that there is synchronization.

Figure 3.17: Boundaries for full synchronization (F'S) and no-synchronization (N.S) in the
parametric plane (N, K;) with wy = 594228.361 and with the parameters of figure 3.10.

In order to show the accuracy of the synchronization diagram, we took a couple of
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values (N, K;) where there is synchronization and where there is no synchronization ac-
cording to figure 3.17, and plotted there time traces for these cases. From the temporal
traces, it emerges that for the parameters for which there is synchronization, the temporal
traces are in phase and in the contrary case they are out of phase (see figure 3.18 and

figure 3.19).

——x(16)
1.5 —x(12) |
——x(13)

50 100 150 200 250 300 350

=)

Figure 3.18: Time traces of the oscillations in case there is no synchronization with

K; = 0.04 and parameters of figure 3.10.
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Figure 3.19: Time traces of the oscillations in case of full synchronization with K; = 0.1

and parameters of figure 3.10.

When the load is taken into account, the power delivered by the array of self-sustained

oscillators is given as follows:

P = R(NCogi.Vowp)® (3.24)

It is rewritten according to the mutual coupling

o C() * 02 . 2
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In figure 3.20, the variation of the power in the load is presented as a function of
the number of oscillators for three values of the mutual coupling coefficient. One observes
that, the power decreases with the increase in the mutual coupling coefficient. In addition,
one also observes a succession of decrease and increase in the amplitudes of the power
with the increase in the number of oscillators. For some values of N, the power is equal

to zero. This is an indication of lost of synchronization in the oscillators dynamics.

0.9

K,=0.005 |
0.8 ——K,=0.0054 |
o7l ==k, =0.0058 ||

max

Figure 3.20: Power (Watt) in the load RC load versus the number of Grudzinski-Zebrowski
oscillators for different values of K; with wy = 594228.361 and parameters of figure 3.10.

3.3.5 Power at load output when synchronization is reached

When the full synchronization is reached, the power in the RC load is plotted versus
the mutual coupling coefficient in figure 3.21. The power first decreases and reaches the
value 5.107 x 1074, then increases till the value 6.402 x 1072 and finally decreases when

the mutual coupling increases.
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Figure 3.21: Power (Watt) in the RC load versus the mutual coupling coefficient with
N =10, wy = 594228.361 and parameters of figure 3.10.

3.4 Response of a Hindmarsh-Rose oscillator array cou-

pled to an RLC load

In this part, the Van der Pol oscillator is replaced by the Hindmarsh-Rose oscillator. The
Hindmarsh-Rose oscillator is a self-sustained biological oscillator whose dynamics is based
on the overall behavior of neurons [17,18] as explained in chapter 1. The Hindmarsh-Rose
model presents good properties and is commonly used to study behavior of interacting

neurons [19]. It is described by the following three coupled ordinary differential equations

t=—-24+w+ax’P+1-—z
w=1-—dz*—w (3.26)
Z=7(s(x—ay) —2)
where the variable x is the membrane potential, the variables w and z model the transport
rate of sodium, potassium ions and other ions across the membrane through fast and slow
ion channels respectively. a; indicates the qualitative behavior of the oscillator. aq is the
resting potential of the system. [ is the external current injected in the oscillator. d is a

positive constant while S and + are constants of small values.
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Figure 3.22 opposite shows us the signal generated by the Hindmarsh-Rose oscillator
given by the differential equation (3.26), it is the bursting.

1.5F

0.5+

-0.5 I)
-1

-15 \/

4000 4200 4400 4600 4800 5000

t

Figure 3.22: Signal generated by the HR oscillator with the following parameters: [ =
1.5,d=5,a0 =3,a1 = —1.5,5 = 4,7 = 0.0021

3.4.1 Voltage variation across each oscillator and across the load

We model the dynamics of an array of N Hindmarsh-Rose oscillators coupled to a RLC
circuit by the set of equations (3.27) assuming that the z variable is coupled to the load.

’

iy = —a3 +w; + a2} — z; + 1 + o

4 g9
w; =1 —w; dxj

4= ls (2 — a0) — 2 (8.21)
\ k; (et AUk + pyx) = B (75 — yj;)

Figure 3.23 opposite shows us the signal generated by the Hindmarsh-Rose oscillator
coupled to the RLC charge given by the differential equation (3.27). This corresponds
to a spiking signal. So because of the coupling to the load, the bursting oscillations are

transformed to spiking oscillations.
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Figure 3.23: Signal generated by the HR oscillator coupled to the RLC load with the
following parameters: a1 = 3,d = 5,1 = 1.5,s = 4,7 = 0.0021,5 = 10,\ = 2,a =
0.6, 0 =0.85,ap = —1.5

Due to the complexity of the set of equations (3.27), it has not been possible to
find analytical expressions as in the case of the Van der Pol oscillators. We thus rely
on numerical simulations. In Figure 3.24, we plot for different values of the coupling
coefficient « , the voltage amplitudes of the signals across the HR oscillator and across
the RLC circuit. It is found that the voltage amplitudes across the HR oscillators and
across the RLC circuit decrease with the increase of the number of HR oscillators. This
is contrary to what was obtained in the case of an array of VAP oscillators. With the
increase of the coupling coefficient o , one notes that these amplitudes decrease across
the RLC circuit, but increase across the HR oscillator. We also remark that, depending of
the coupling parameter « , there is a critical value of the number of HR oscillators under

which there is no signal in the oscillator and no transmission of signal to the RLC circuit.
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Figure 3.24: Voltage amplitudes response as a function of N (number of Hindmarsh-
Rose oscillators): (a) Hindmarsh-Rose oscillator; (b) RLC oscillator, for the following
parameters: a; = 3,d =5, =1.5,s =4,7=0.0021,5 =10, = 2,4 = 0.85,a9 = —1.5

3.4.2 Effect of the variation of the coupling coefficient

Plotting the variation of the amplitudes versus the coupling coefficient « , one finds that
the system generates different types of dynamical behaviors as it appears in the bifurcation
diagrams of Figure 3.26 with the variation of the Lyapunov exponent. With the increase
of the coupling « , there is an increase of the amplitude across the HR oscillator and a
decrease of the voltage amplitude across the RLC load (Figure 3.25). But, this decrease
is irregular (non-monotonic) when the value of the coupling is in the range [40-120] (see
Figure 3.25). Indeed, when the coupling coefficient @ increases from 40 to 100, there is an
alternating appearance of two dynamics in the load, namely chaotic (can be manifested
by the appearance of spikes and bursting in an aperiodic way with also a sensitivity to the
initial conditions) and quasi-periodic (is the signature of the combination of two signals of

incommensurable frequencies (ratio different from an integer or the inverse of an integer.))
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Figure 3.25: Voltage amplitudes responses versus the coupling coefficient « : (a) across

the Hindmarsh-Rose oscillator; (b) across the RLC load for the following parameters:
ap=3,d=51=15,s=4,7v=0.0021,8 =10, =2, u = 0.85,a9g = —1.5, N = 20
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Figure 3.26: (a) Bifurcation diagram and (b) Lyapunov exponent (Lyamax) versus the

coupling coefficient in RLC oscillator for these parameters a; = 3,d = 5,1 = 1.5,s =

4,7 =0.0021,8 =10,A =2, = 0.85, a9 = —1.5, N = 20

Simulation of Hindmarsh-Rose neuron showing typical neuronal bursting with this

parameters.

3.5 Oscillations of the concentrations of chemical species

in cyanobacteria

3.5.1 Case of the monomer
a) In vitro model

As presented in chapter 2 (section 2.3), the kinetics of the concentration of the different
forms of the KaiC' protein in the monomer structure obeys the following set of differential

equations
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(L iy (S) % U+ ke () # D — kg (S) # T — by (S) + T
92 = kyp (S)* T + ksp (S) S — kpr (S) * D — kps (S) * D

L = kys (S) * U+ kps (S) * D — ksy (S) xS — ksp (S) * S (3.28)
kXY( —kg(y éi;j((g))
2
L A(S) = max {0, [KaiA] — 2% S}

The numerically simulation of equations (3.28) led to figure 3.27 with the parameters

taken from the litterature given in Table 3.2.

Table 3.2: The values of the parameter K%, , K4, with X, Y =U,T,D,S

Ky 5 =43/100 pM Ky =0h"t K3, =0h"t Kyo=0h"1
K%,=0hn"t K% =031h"1 K%Qr=0h"1 K%, =021 h"1
K%, =011h"1 K&p =04791 h~! KA, =0.2129 b1 K{ts =0.0532 h~1
K&, =05h"1 K§fg=—0.3194 h~1 KA, =0.173 b1 K4, =0.0798 h™1
K&, =-0.1331 h~!

0 20 40 60 80 100
time

Figure 3.27: Percentages of the different forms of the phosphorylated KaiC' protein as a

function of time (hours) with the parameters cited in Table 3.2.

We realize that all the protein form oscillate, so phosphorylation of KaiC' take place.
In this figure, the curve in black, the green and the curve in blue are materialized by a

double alternation behavior. Approximately, the oscillations period is 20h.
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b) In vivo model

As presented in chapter 2 (section 2.3), the kinetics of the concentration of the different
forms of the KaiC protein in the monomer form in the in vivo state obeys the following

set of differential equations:

—k;TU*T—irkJSU*S kuyr U —kys* U =V * 3= Vd*U—l—K*M
dt—kUT(S)*U—l—kDT(S)*D—kTU(S)*T—kTD(S)*T Vox oo — Vax T
2 — krp (S)* T + ksp (S) %S — kpr (S) * D — kps (S) * D — V*K+D—Vd*D
%:k:US(S)*U+kDS(S)*D—kSU(S)*S ksp (S) xS — V*K+S—‘/cz*5

L V*K"+C” Vi, * ]\iM
(3.29)

Where C, =Cy U+ Cr*xT +CqxS+Cp D
The numerically simulation of equations (3.29) led to figure 3.28 with the parameters

taken from the literature are given in Table 3.2 above and Table 3.3.

Table 3.3: The values of the parameters of the system.

L K; = 1uM N

V =0.0078 puM.h~ K =01uM Vg =2 pM.h~
n=4

Kg=27h"1 Vy=0.02 h~1 Cy =09 Cr =0.5

Cp =0.3 Cs=1 Vin = 0.2 uM.h™1 Kpn=02upuM

These results indicate also oscillations meaning the circadian clock. The U concen-
tration, which is new curve, oscillates and approaches the value of 80; the 7" and D
concentration curves have the same behavior as before. The concentration curve of S is
periodic with a period of 20h. It admits a half-wave behavior because it oscillates in only

one direction.
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Figure 3.28: Percentage of the different form of the phosphorylated KaiC' protein function
of time (h) in vivo with the parameters of Tables 3.2 and 3.3

c) Stability of the oscillations

In this part, the question that interests us is to see if the oscillations present in the
system appear in a wide range of the system parameter values. This corresponds to check
the stability of the phosphorylation necessary for the circadian clock. This was done
for all parameters and the parameter K4y, caught our attention. Thus, we opt to plot
the bifurcation diagram as K4, varies (because this is the parameter that had the widest
range of values where we can see the oscillations arise). Figure 3.29 and figure 3.30 presents
respectively the bifurcation diagram of the in-vitro model and the bifurcation diagram of
the in vivo model. One observes of its two figures that oscillations are presents in wide
range of K4,,. An interesting fact is that the oscillations amplitude in the in vivo form is
very small in comparison to the amplitude obtained in the in-vitro form. Moreover, one
finds that the range of stability is smaller in the in vivo form. But as indicated above,

there is a large range of K4, in which the circadian clock manifests itself.
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Figure 3.29: Bifurcation diagram of the in vitro model of the amplitude of the oscillations
as a function of the parameter K4, (the maximal influence of KaiA on that rate constant

for the transition from state 7" to state U) with the parameter cited in Tables 3.2

3.5.2 Oescillations in the hexamer structure
a) Oscillations in the vitro model

As presented in chapter 2, in the hexamer structure, the concentration of the KaiC,
and KaiB x KaiC; j are described by the set of differential equations in (2.8).
The initial conditions used for the numerical simulations are:
KaiCyy = 3.6 %« 0.552/2; KaiClgp = 3.6 % 0.186/2;
KaiCyip = 3.6 % 0.085/2; KaiCyy = 3.6 x0.177/2
KaiCgypp = 3.6 % 0.186/2;
KaiCyso = 3.6 % 0.085/2; KaiCyps = 3.6 % 0.177/2

(3.30)

For the equations at the boundaries of 7,7 and k& ((i =0 oui =6 ); (j =0o0u j=6) ;
(k=0 ou k = 6)) the following scheme has been used:

KaiCy,;; = 0; KaiCs; j = 0; KaiCigp, = 0; KaiCi g, = 0;
KaiC; ;0 = 0; KaiC; ;6 = 0; KaiB * KaiCyp; ;, = 0;

KaiB x KaiCg; j; = 0; KaiB * KaiCj gy, = 0;

KaiB x KaiCygy, = 0; KaiB * KaiC; jo = 0; KaiB x KaiC; ;¢ = 0

(3.31)

The values of some parameters used for the simulations taken from the literature are

given in table 3.4.
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Figure 3.30: Bifurcation diagram of the in vivo model of the amplitude of the oscillations
as a function of the parameter K7, (the maximal influence of KaiA on that rate constant
for the transition from state 7' to state U) with the parameter cited in Tables 3.2 and

Tables 3.3

Table 3.4: The values of the parameter K%, ,K¥5, with X, Y =U,T,D,S .

Act _ -1 (U— -1 0 _ -1 [U— -1
K4t =0h KYr=0h K3,=0h KYs=0h
K%, =0h"! K%, =011h"1 K{gt =0.4791 b=t KAt =0.2129 h~1

K#gt =0.0532 At

K&t =05h"!

KA =0h™!

KA =0.173 h™!

Kfet =029 h™!

K%, =0h"t

Ky, =0h"t

K%s=031h"1

Kopn,p =0.15 b1

Kopf,5 =033 h71

Vipr = 2.7 uM.h~1

With the above, we have succeeded in getting oscillations as it appears in figure
3.31 for mean value of KaiC;;x. These oscillations indicate that the hexamer structure
also lead to phosphorylation and thus entertains the circadian clock. The above figure
illustrates the periodic behavior of 40h periods of KaiC's and the oscillations amplitude
is about 0.49. Each period is materialized by two behaviors: one part is characterized by

the sudden variation (increase) in KaiC' and the other by an exponential decrease.
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Figure 3.31: Percentage of phosphorylated KaiC' as a function of time (hours) in vitro

with parameter of Table 3.4.

b) Oscillations in the vivo model

As in the case of monomer, an extension has also been conducted in the vivo state in

which the hexamer configuration is described by the following set of equations (equation

3.32).
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( d[KaiC; 7, %, ) ) ]
% — K (T — (i + 5+ k) [KaiCiy i) +

G T = (4 + k) [KaiCy oy ] +
kb (i 4+ 1) [KaiCiyy ] + ko (i 4 1) [KaiCiyy 4] +
+1) [KaiCi ] +
+ 1) [KaiC; j—1 41) + k‘m ok (j+ 1) [KaiC; ji16-1] +
Jj+ 1) [KaiC;ji1 4] —
(6—i—j—k)skyp? + (6 —i—j = k)« kg™ + i wkipp ™4
$ kg 4 ke KT T 4 ke k! # [KaiCi ;]

(i +
KUk (k
(k
(J

z,j k
,J k

+j * kg + kS f ko x Fi

+koprp * [KaiB * KaiC; ;i) — I‘éfrf{‘;—m —Vax KaiC;

AR KeiCusn] _ pidk (7 (i 4 j 4 k) [KaiB % KaiC_1 ] +

ki (7T — (i 4+ + k) [KaiB * KaiCyj_1 4] +
1) [KaiB % KaiCyyy jj1] + k23F (i + 1) [KaiB * KaiCiyy ;i) +
1) [KaiB x KaiC;_1 j1] +
) [KaiB % KaiCyj_y 1] + ksi¥ (54 1) [KaiB % KaiCyji151] +
) [KaiB * KaiC; j11.x) —
(6 —i—j—k) kP 4 (6 —i—j—k) ks +ix ki 74

1jk 1jk—1 1k—1
Q% kg P ke KT ke kel *

d—1k+1

h
k“ i

(
(¢ +
ki (k+
koTF (k+1
zgkj+1

j*kl ]*ij Lk —I-k?off,B*ng’k

[KCLZB * K&’iCi,j,k]

. VXKaiB*KaiCid’k . .
tkon,p * [KaiC; jx] — Rt RaiBRaiCrry Vi x KaiB * KaiC; ;1

M _ g L% _ VaxM
K14 (Y, 40 KaiBxKaiCi j 5 )  Km+M

d[KaiCoyoyo] d[KaZCo 0 0] VxKaiCp,0 .
\ dt dt T K XM = ppite e — Vi X KaiCop,0

(3.32)

With 0 <14,75,k <6
The numerical simulation has also shown the oscillatory behavior of KaiCj; ;; fraction in
phosphorylated form as it is presented in Figure 3.32. The oscillations period is about
22h. The shape of the oscillations is similar to the one observed in the in wvitro model.
However, the oscillations amplitude equal to 0.435 is very small compare to the in vitro

form due to the presence of dilution, degradation and production parameters.
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Each period is materialized by two behaviors: one part is characterized by the sudden
variation (increase) in KaiC' and the other by exponential decrease. Therefore, one can
conclude that even the hexamer model in the in vivo state also generates oscillations and

thus maintains the circadian clock.
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Figure 3.32: Percentage of phosphorylated KaiC' as a function of time (hours) in vivo

with the parameters cited in Tables 3.3 and 3.4

As in [73], we consider on top of the wild type (WT) cyanobacterial circadian clock
described above, the case of a mutant cyanobacteria lacking the transcriptional feedback.
This is simply done by replacing the production term of mRN A by a constant produc-
tion rate V. This mutant is referred to as post-transcriptional (P7TR) mutant while
the WTR clock has a transcriptional translational regulation (TT'R). We analyzed the
sensitivity to parameter changes of the PT'R mutant and showed that model does not
requires fine tuning to generated oscillations, see figure 3.33. We observe that the main
change between the W'T'R cyanobacteria and the mutants lacking the T'T'R circuit is that
the WT'R bacteria are more robust to changes in the translation rate. However, the TT R

circuit is not crucial for the clock to be robust against changes in the dilution rate.
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Figure 3.33: Robustness analysis of the wild type model (panel A) and the model for
the mutant lacking the transcriptional regulation (panel B) over parameter changes. We

varied both the translation rate Kg and the dilution rate V; over 4 orders of magnitudes.

3.6 Conclusion

In this chapter, we have presented and discussed the results obtained.

In section 2, we have presented the system of the array of Van der Pol oscillator coupled
to the load in which the powering an electrical load by an array of Van der Pol oscillators
and the voltages variation across the load and oscillator are analyzed. It appeared from our
analysis that the power increases versus the number of oscillators and when the number
of oscillator is less than a critical value, there is no generation of voltages in the system.
We showed that the high order nonlinearity affects the voltages by increasing their values.

In section 3, an equivalent electric circuit model of the Grudzinski and Zebrowski
oscillator was proposed and subsequently a set of this oscillator coupled with the load was
presented. The voltages variation across the load and the oscillator and the power in an
electrical load were analyzed. We showed that the power increases versus the resistance
and with the number of oscillators.The study of the synchronization of the Grudzinski
and Zebrowski oscillators coupled to a load led to a map on a plane where we can have
the range of values where there is synchronization and the range of values where there is

no synchronization. The power in case of synchronization was analyzed.

joint Ph.D in Fundamental Mechanics and Complex Systems by YOUMBI FOUEGO Dorota *UY1 and VUBx



Chapter III: Results and discussion 72

In section 4, the response of coupled Hindmarsh-Rose oscillator is considered where
the effect of the variation of the coupling coefficient is analyzed and we showed that when
the coupling coefficient increases, there is an alternating appearance of two dynamics in
the load (chaotic and quasi- periodic dynamics).

In section 5, the oscillations of the concentrations of chemical species in cyanobacteria
have been considered where we showed in the case of monomer the range of the value
of the parameter K%, where the oscillation was presented and we propose a revisited
version of the in vivo model of the cyanobacterial circadian clock, our model is able to
reproduce oscillatory behavior for the mutant, as observed experimentally, without finely

tuned parameters.
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In this thesis, we were concerned by four problems.

The first problem was to analyze the response of several heart cells modeled by the
Van der Pol oscillator when they are coupled to a biological organ (load) and the influence
of the high order of the nonlinearity of the Van der Pol oscillator on the variation of the
electric power in the load. Our analysis has shown that the power in the load is equal
to zero when the number of the oscillators is below a critical value. Above this critical
value, the power increases with the number of the oscillators. A resonance phenomenon is
observed in the variation of the power in the load versus the resistance with the number
of Van der Pol oscillators fixed. Moreover, the higher order of nonlinearity in the damping
of the Van der Pol oscillator increases the voltage amplitude response and thereby the
output power in the load.

The second problem was to do a similar study as that done on the Van der Pol oscillator
but instead using the Grudzinsky-Zebrowski oscillator and to propose an electrical circuit
whose equation is similar to the self-sustained oscillator model presented by Grudzinski-
Zebrowski. Our analysis has shown that the RL load consumes more power than RLC load
while the pure resistive load consumes the highest power whereas the power consumed
by the RC load is at the intermediate level. Considering a direct coupling of all the
oscillators, the synchronization domains were delimited as a function of the number of
oscillators and the coupling coefficient. The variation of the coupling parameter and the
dissipation coefficient shows that only a periodic dynamic appears. We found that, when
the synchronization is reached for a fixed number of Grudzinski-Zebrowski oscillators in
the system (direct coupling of the N oscillator coupled to the load), the power delivered
to the load decreases and reaches a value,then begins to increases and reaches a value, and
finally decreases. It decreases again according to the increase of the coefficient of mutual.
It is observed that, when the mutual coupling coefficient increases, the power decreases
when the number of oscillators increases. The shape of the power curve is a succession of
decay and growth as the number of Grudzinski-Zebrowski oscillator’s increases.

The third problem was to replace the Van der Pol oscillator with the Hindmarsh-Rose
oscillator and redo the same study as done previously on the Van der Pol oscillator. Our
analysis has shown that the increase of the number of the HR oscillators and the coupling

coefficient o results in an increase of voltage amplitudes across the HR oscillators and
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a decrease of the voltage amplitude across the RLC load. Moreover, it has been found
that varying the coupling coefficient leads to the appearance of quasi-periodic and chaotic
dynamics in the system.

The fourth problem was to investigate the existence of the circadian clock in cyanobac-
teria and to study the stability of this clock in the case of cyanobacteria taken as a
monomer and to extend in the vivo state of the cyanobacteria taken as a hexamer. Our
analysis has shown that in the case of monomer the parameter K7, had a wide range of
values for which there was oscillation and therefore phosphorylation of Ka:C which im-
plied a good functioning of its circadian clocks. In case of hexamer, we propose a revisited
version of the in vivo cyanobacterial clock which is in agreement with current experiments.
We expect that the synchronization properties of the clock will also be enhanced by TTR
regulation.

Following this thesis,

e We intend to carry out a synchronization study of a set of Van der Pol oscillators

coupled to the load RC.

e An experimental study based on the generation of pulsatile and chaotic behaviors

from the electrical equivalent of the Grudzinski and Zebrowki oscillator is awaited.

e For the cyanobacterial circadian clock, our work showed that the role of the tran-
scriptional regulation is not key for robustness as suggested before. In the future,
we should develop a stochastic model to study the desynchronization of the clocks

in a population of cyanobacteria (Gillespie algorithm).
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Appendix 1

The first law which states that the sum of the incoming currents is equal to the sum of

the outgoing currents at J — th oscillator.
b, + L, +ic, +1i;="0 (3.33)
With i, — v} ij 3,~ _ 1 dt-i _Cde_'_Cduj
1th 2y, = —a |y ) + 0l 3¢ SOy, —L—vaj t,zcv]_ = Cy—7tit = Co—gf

3
. . 1 dv; du;
= —a <_”J> +b(“_ﬂ) —i—L—/vjdt—i—Cv%—I—Coﬂ —0 (3.34)

The second law which states that the algebraic sum of the voltages in a closed circuit
is zero. Therefore we have to consider the first oscillator and the 5 — 7 — th oscillator to

have a closed circuit. On a step:
u — vy +v;—u; =0 (3.35)

We can still find this relation by saying that in a parallel assembly the tension is the

same in all the branches. So we have this:
vj—uj=v —u;2<j<N (3.36)

Thereafter, by considering the mesh which connects the load to the first oscillator and
applying in the same way the law of the meshs on this last circuit. We then have the

following relation:

up — v +uc +up +ug =0 (3.37)
N 42 /'dt+Ldi+R' 0 (3.38)
up—v+—= [1 — i = )
e dt
Now at node S, we have:
i +in+i =1 (3.39)

By replacing each expression of (3.39) by its expression, we thus have the relation (3.40)
which will be replaced in (3.38), we will have thereafter the relation (3.41)

. du; du du N du
Z:COd—;—FCOd—;V—FCo—I :C()Z—k (340)
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N
duk

duy, M duy,
2 —dt L > = — A1
/C() + ( . ) RCok dt = U1 Uy (3 )

By integrating the expression (3.41) with respect to time, we have:

N

k=1
In order to be able to have another form of equations (3.34), (3.36), and (3.42) we will

derive these different equations. We successively obtain the equations (3.43), (3.44) and
(3.45) given by:

2
. 1
CU'U]' — [—CL — 3[)(%) ‘/b ‘I— C()u] LU =0 (343)
’l.Jj - uj - 'l']l - ul (344)
}N:(Lu + Ri +lu)— L =) (3.45)
k k C k CO 1 1 .

k=1

Subsequently to have the characteristic Van der Pol equation coupled to the load,
we will proceed by a change of variable, which induces a normalization of the voltage as

T = f/—é and y; = % with time which is also normalized in the form ¢,.y = wio . Where

Wy = \/leTU is the natural frequency of the electric oscillator.

By replacing each term by its normalized value in equations (3.43), (3.44) and (3.45)

we obtain the system of equations (3.46) describing the dynamics of the system

ijtaj—d[l—a2+bat]d;+2;,=0;1<j<N
v (3.46)
N+ paye) = B (1 = 10)
k=

’U v — CO a
L0, 'Y = = CoVowo

where A= Lw , b=
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Appendix 2

The hexameric form was used in order to want to generalize the KaiC protein which
has been studied previously in the simplest form (monomer). Knowing that each KaiC
hexamer has (n = 6) subunits (monomer) where n is the number of subunits, each of
them containing two sites. Each site can phosphorylate or dephosphorylate, therefore
each KaiC' hexamer can progress to a total of 12 possible reactions which will increase or
decrease i, 7, k by 1. So for each combinatorial composition of phosphorylated subunits in
a KaiC hexamer (where the order is assumed not to be important), we parameterize the
hexamer state as follows:
i= number of subunits pT" (phosphorylated to T')
j= number of subunits pS (phosphorylated to S)
k= number of subunits pSpT (doubly phosphorylated to 7" and to 5)
u= number of non-phosphorylated subunits= 6 — (i + j + k)
with 0 <14,5,k <6

Therefore, consider the following kinetic reaction (3.47) describing the phosphorylation
of the hexamer KaiC and the binding of KaiB under the near-steady state approxima-

tions used.
KaiCP , & KaiCl 2 KaiCj,
tkosy L kon (3.47)
KaiB * KaiC'%k 2z KaiB * KaiC{f‘j,k 7 KaiB * KaiCY;
Where:

KaiC{, is the protein that interacted with KaiC; jy;
KaiC* is the active protein;
K aiC’f}’ i 15 the protein that interacted with KaiC; ;

The equations thus describing the dynamics of our system with KaiC as hexamer is

given by the equations below (3.48)
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AeiCusn] _ i (7 (i 4§+ k) [KaiCor ] +

ki (T— (i 4§ + k) [KaiCi j 1 4] +

K (i 4 1) [KaiCian o] + K (i + 1) [KaiCiy ] +

Kok (k + 1) [KaiCyi_y j ] +

koI (k + 1) [KaiCi j_y jyr] + K528 (G + 1) [KaiCy jiq o] + (3.48)
kehE (54 1) [KaiCi i1 4] —

(6—i—j—k)sxkiBF+(6—i—7— k)« ki +ixkif+
i KSDF b kox kDR 4w KV * [KaiCj j 1]
5 x kGBS 4 kgnp x FiPF
+kosrp * [KaiB * KaiC; ;i
By assuming KaiC' in a complex KaiB x KaiC, the latter can be activated by free
KaiA, therefore an equation similar to the equation (3.48) is given in (3.49).
ARGBKGCSH] _ ik (7 (i 4 j + k) [KaiB % KaiCyy 4] +
ko (T — (i 4§ + k) [KaiB * KaiCyj_1 4] +

k” ok (i+ 1) [KaiB % KaiCii1 jx1] + kZTJUk (i + 1) [KaiB x KaiCiy1 ;] +
kol (k +1) [KaiB * KaiCi_y jpi1] +

koTF (k+1) [KaiB * KaiCi j_y jy1] + k53 (7 + 1) [KaiB % KaiCi i j-1] +
kel (5 +1) [KaiB % KaiCyji14) —

(6 —i—j—k)xkibf + (6 —i— 5 — k) ki +ix KX+
i% KDUF 4 kox kDR 4k x KF * [KaiB x KaiCj ;]
+j * k‘g]D’k +j * ]{‘EJU’]C + koff,B
Hhionp * Fi* [KaiC; 1)
(3.49)
For each KaiB molecule, we assume that one KaiA dimer can be sequestered (thus
m = 2 below), hence the amount of KaiA in a system dependent on [KaiB * KaiC; ;]

is given in the folowing path:
[KaiA] = max (0, [KaiA], — m * 6 [KaiB * KaiC; ;) ,m = 2 (3.50)

Where [KaiA], is the initial amount of KaiA in the system. This describes the limit

where the equilibrium of the constant association between KaiA and KaiB x KaiC' is
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asymptotically zero. The overall control of KaiA concentration by the titration molecule
mechanism allows for the synchronized negative feedback on KaiA activity which leads
to stable oscillations in this model.

The free energy contribution of each subunit is determined by its state of phosphoryla-
tion. There are four possible subunit states and each of them is assigned to one AG that
we treat as an unknown parameter during model optimization. So the difference in free
energy between the two allosteric states depends on the number of each form of monomer

in a given KaiC' hexamer:
AGhexamere = AGi7j7k = i*AGpT +j*AGp5+k*AGpSpT+(6 — (Z —|—j + ]{?))*AGU (351)

And at equilibrium, we have:

AGijp = —Kp + Tl (K5%) (3.52)
Which implies:
ok _AG Gk
K" =e KpeT (3.53)
Where KXM = gmgA]’“ is defined as.

4,5,k

The fraction of KaiC' in the autokinase state of KaiA activated (knowing that only
KaiC# can be activated by KaiA) is given by (3.54):

7. [KaiC*| B [KaiA] (3.50)
A7 KaiCP) + [KaiCA] + [KaiC*] — [KaiA] + Ko * Ka + K, '
aiC4|[Kai
Knowing that [KaiC?] = K, * [KaiC*] and [KaiC*] = [KCK—L[KA] with K&/ =

Ky # (14 Ky)
The kinetic rates for phosphorite transitions (X — Y'), where X is the subunit of the
phosphorylation state reagent and Y is the subunit of the phosphorylation state product

are a set as described below:
Kok = Fi* kit + [1— FiP*| < k2, (3.55)
Where Fj{j ok depends on the composition of the hexamer subunit (i, j, k) which determines
KPP,
Finally, in the absence of KaiA, the fraction of KaiC' a specific configuration of the
phosphate (i, 7, k) in the competent state of the binding KaiB is given above:

(B (B
- KaiC7 _ KaiC _ 1 | (3.56)
KaiCi Kasz}’k + KCLZC;?J.Jg 1_|_K_1A + %

joint Ph.D in Fundamental Mechanics and Complex Systems by YOUMBI FOUEGO Dorota *UY1 and VUB%*



Appendix 82

The concentrations of the KaiC;;j ( KaiC hexamer ) and KaiB x KaiC; j ( the
complex of KaiC' hexamer with KaiB) are described by the following set of differential
equations (3.57)

d[KaiCisu] . ] kobE (7 — (i 4§ + k) [KaiCi_y 1] + ki (7= (i + 5 + k) [KaiCi 1 4] +

ki (i 4+ 1) [KaiCiyr jpa] + kgt (i 4+ 1) [KaiCipy ja] + Ky (k + 1) [KaiCyy jpia] +
KT (k+1) [KaiCyj 1 pr] + k5 (5 4+ 1) [KaiCijirp] + k55 (5 + 1) [KaiCi i1 4] —
(6—i—j—k) ki7" 4 (6—i—j— k)« ki +ix ki 7M T 4iw ki P4
[ A Y A * [KaiCl j i)
. kng—l,k-i-l Fis kzg 1,k + k,mB * ng,k
+kossp * [KaiB * KaiC; ;]
ARGBKGC K] _ jidk (7 (i 4+ k) [KaiB % KaiCyy 4] +
koE (7T — (i 4§ + k) [KaiB * KaiCyj_1 4] +

k” & (i41)[KaiB * KaiCyyq 1] + k”k (i4+1)[KaiB *« KaiCiyq ;5] +

koh¥ (k +1) [KaiB % KaiCi_y jpi1] +

koTF (k+1) [KaiB % KaiCij_y jy1] + k55 (7 + 1) [KaiB % KaiCi iy j1] +
(y

k’l] & 1) [KCLZB * Kaici7j+17k] -

(6 —i— 35— k)« kg + (6 —i— j — k) # k" + % kil + i« Ky +

k % kZD’]%k + k x k;zb]é,k * [KCZZB * KaiCi7j7k]
+j*k‘l —{—]*k —I—k‘offB

L +kon,B * ng’ [Ka’iC’i,j,k]

(3.57)
with 0 < i,7,k < 6
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This work deals with the analysis of the voltage amplitude generated in a linear load by an array of Van
der Pol (VDP) and Hindmarsh-Rose (HR) oscillators. For the array of Van der Pol oscillators, it is found
that after a threshold number of oscillators under which the power is equal to zero, the power increases
with the size of the array. A high order nonlinearity in the damping of the Van der Pol oscillator increases
the power. In the case of the array of HR oscillators, it is shown that varying the coupling coefficient
leads to the appearance of chaotic dynamics in the system. Contrary to the case of the VDP oscillators, it
is found that the voltage amplitudes decrease when the size of the array of the HR oscillators increases.
These results can be linked to the mechanism of biological oscillators powering biological organs.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The study of the dynamical behavior of single or coupled me-
chanical and electrical systems powered by self-sustained and bio-
inspired oscillators is a subject that has attracted the attention of
various scientists [1-5]. Coupled oscillators are of interest both for
physical and biological systems as they describe interactions be-
tween different nodes and lead to special dynamics including full
synchronization, partial synchronization, spatial chaos and spatio-
temporal chaos [6]. Van der Pol oscillators [7], Rayleigh oscillators
[8] and Hindmarsh-Rose oscillators, which are representative mod-
els of biological oscillators [9], are some of the most studied self-
sustained oscillators. Coupling such oscillators of the electrical na-
ture to a load (such as RLC load) can be interesting as this can be
used as a representative model to analyze the effects of biological
signals on biological organs, e.g., an ensemble of cells constitut-
ing the pacemaker acting on the heart or the image of an ensem-
ble of neurons acting on a muscle. Moreover, this can represent
the powering of some man made devices, the RLC load represent-
ing the electric image of the rest of the device. Furthermore, for
biomimetic purpose, research is currently under way in view of
constructing artificial oscillators behaving as the natural biological
oscillators [10-12]. We would like to mention that there is no di-
rect link between Van der Pol oscillator and the Hindmarsh-Rose

* Corresponding author.
E-mail addresses: pwoafo@lamsebp.org, pwoafol@yahoo.fr (P. Woafo).
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oscillator apart the fact they are models describing (different) bio-
logical cells activities. Each one has its own dynamics.

But, one of the major problems met in those systems is the low
magnitude of the output voltage amplitude and output power in
the load and the determination of the number of oscillators ca-
pable of generating electrical signal in the load. This problem was
considered in Ref. [13] with an array of classical Van der Pol os-
cillators coupled to a RLC load. And it was shown that there is a
critical value of the number of oscillators under which no power
is generated. Above this critical value, the output voltage and out-
put power increase with the number of Van der oscillators. Kaiser
showed in Ref. [14] that the modified Van Der Pol oscillator equa-
tion seems to be more appropriate to describe some biological pro-
cesses better than the classical Van Der Pol oscillator. Moreover,
the modified Van der Pol oscillator has proved to be more flexible
as in some cases it leads to bistability which can have some bio-
logical implications [see Ref. 1]. Thus the first goal of this work is
to complement the results reported in Ref [13] by analyzing the ef-
fects of higher order nonlinearity in the nonlinear damping of the
Van der Pol oscillator. Secondly, we extend the analysis by consid-
ering the cases of RL, RC and R loads. The third goal is to extend
the analysis to another biologically inspired self-sustained oscilla-
tor, namely the Hindmarsh-Rose oscillator which models neuronal
activities [15,16].

The structure of the work is as follows. The voltage ampli-
tudes and power due to the array of VDP oscillators are analyzed
in Section 2, considering RLC, RL, RC and R loads. In Section 3,
the Van der Pol oscillator is replaced by the Hindmarsh-Rose
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Fig. 1. An array of N Van der Pol oscillators coupled to a RLC oscillator.

oscillator and the voltage amplitude response is also analyzed.
Section 4 summarizes the work.

2. Voltage amplitude and power generated by an array of Van
der Pol oscillators in electrical loads

2.1. The system and equations

The studied system is shown in Fig. 1. This is a set of N Van
der Pol oscillators coupled to a resonant RLC oscillator (full case).
The coupling between the Van der Pol oscillators is indirect as it is
through the load and the strength of the coupling depends on the
values of the capacitance Cy. Each Van der Pol oscillator is consti-
tuted of an inductor of inductance L, a capacitor of capacitance C,
and a nonlinear resistance (NLR), all in parallel. Van der pol and
Van der mark suggested that VDP oscillator can be used to model

the beating of human heart and since then it has been a favorite
choice in modeling biological phenomena [17]. The current-voltage
characteristic of the nonlinear resistance is defined as follows:

) v; vj )3 ( v; )5

iy, = —al = a| =) —al = 1
g <V0)+ ]<V0 v ()
where q, a;,a, and V| are positive parameters.

Using Kirchhoff's laws and appropriate dimensionless variables,
one obtains the following set of equations:

xl£+ayj—a[1—x§+bx;%]xj+xj:0 1<j<N (2a)
’Z UrtAVi + 1yi) = Bx1 —y1) (2b)
k=1
v uj LGy _ LG _ G
where szv—é,yjzv—é,kzﬁ,uzf, = anda =2

In the case of a RL load, the term wy, is removed from equa-
tion (2b) while in the case of a RC load, the term j, is removed
from equation (2b). But in this case, the coefficients A, 8 and w
are replaced respectively by 1, A; and A, defined as:

_
C()Ra)o '
In this case of a simple R load, the terms y, and py, are re-

moved from equation (2b). But in this last case, the coefficient 8
is replaced by B; defined as B; = m.
The power in the load is consumed in the resistor and is given

by the following expression
P=R <ix? (3)

where <i> is the effective current through the load. The current in
the load is given by:

N
i=> GG 4)
k=1

and A, =

)\.:1;)\.12

dt

Let us assume that all the Van der Pol oscillators are synchro-
nized. When the nonlinear coefficient d and the coupling coeffi-
cients o and B are small, the analytical solution of equations (2)
can be found using the harmonic balance method which considers
that the solutions are in the form of (5).

x=Acos(t+¢)
{y:Bcos(H—(p) (5)
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Fig. 2. Effect of the parameter b on the voltage amplitudes -response curves: (a) Van der Pol oscillator; (b) the coupling capacitance C,, for « =0.6, 8 =10, d=0.1, A =2

and p = 0.85.



224

D. Youmbi Fouego et al./Chaos, Solitons and Fractals 104 (2017) 222-227

a b
20 20
——h=0
b=0.1
15 15 - -
o 10 o 10
5 5
0 0.5 1 1.5 2 0 50 100 150 200
d N
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where A and B are voltage amplitudes and, ¢ and ¢ are the phases

0.7 : '
— Analytical
Numerical | of the voltages across the Van der Pol oscillators and the coupling
0.6 . capacitor respectively. Inserting these expressions in the equations,
one obtains the voltage amplitudes A and B as
0.5
1_ /1 _ b (1 _ _ B )
0.4 4 6 2 da/(UN=N+p)2+12N2
o A= b (6)
4
0.3
and
0.2 A
B= P @
- V(UN = N + B)? + A2N2
The voltage amplitude A exists under the following conditions
0 .
0 50 130 150 200 N e]Ny, Ny[UINgg, No| ifb > 1/8 ®)
N €]0, N;[U]N,, +oo] ifOb < 1/8

Fig. 5. Power in the RC load versus the number of oscillators in the array for A; =
0.44,1, =0.86,d =0.1,b=0.1,v= 0.6 and R = 156%2.

where Ny, Ny, Ny; and N, are given below:
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The expression of the power in the resistor is thus:
RN*wW2C2VZ a2 B2A?

2(A2N2 + (N — N + B)?) ©)

In what follows, the voltage amplitudes A and B and the power
P are plotted versus N, b and d. The curves obtained from the ana-
lytical calculations are compared to those obtained from the direct
numerical simulation of the set of differential equations (2). It has
been found that for small values of nonlinear coefficients, there
is a good agreement between the curves obtained from Egs. (6),
(7) and (9) and those obtained from the direct numerical simu-
lation. The numerical simulation is therefore used only to present
curves related to the case where the values of the nonlinear coeffi-
cients are not small enough to warrant the validity of the analytical
results.

Fig. 2 presents the variations of A and B versus the number
of the oscillators. When the number of oscillators is less than 29,
there is no generation of voltage in the system. The Van der Pol os-
cillators are death because of the indirect coupling. After this crit-
ical value of N, the voltage in the Van der Pol oscillator increases
with N and saturates at a value equal to 2 for large value of N. In
its side, B increases with N and attains a maximal value (at N=50)
after which it decreases with N. This behavior of B versus N indi-
cates that there is an optimal value of the size of the array leading
to higher voltage in the load.

As it also appears in Fig. 2, the quartic nonlinear coefficient b
affects the voltages by increasing their values. The analysis of the
voltage amplitudes versus the d, for fixed value of N, has presented
a voltage shape (for both the VDP oscillator and the RLC load) sim-
ilar to what is observed in Fig. 2a. As d increases, the voltage am-
plitudes remain equal to zero until a threshold value of d after
which they increase rapidly, then slowly with d and finally attain
a plateau.

The fact that there are threshold values of the size of the ar-
ray and of the nonlinear coefficient d can be related to the de-
velopment of the heart pacemaker at its early stage. Indeed, it is
known that, after its formation, the heart pacemaker remains silent
and starts firing electrical signal after some days. A sort of quorum
sensing phenomenon where the system starts its activity after a
certain size, depending on the environment, is attained [18].

Now considering the power delivered to the load by the array
of Van der Pol oscillators, Fig. 3 presents its variation versus the
control parameters N, d and b. It is seen that the power increases
with N after the critical value of N below which the power in the
load is equal to zero (see Fig. 3b). The power begins to exist from
N=30 and increases until the value of P=16.53 for N=200 for
b=0. As for the voltage amplitudes, the power increases with d
(Fig. 3a) and with b (Fig. 3b).

2.2. Power in the RL, RC and R loads

In the case of RL load, the critical value of N below which there
is no power in the load is 29 and that power increases until the
value of P=13.84 for N=200 (Fig. 4) while in the case of the RC
load, that critical value of N is 3 and the power increases until the
value of P=0.503 for N=200 (Fig. 5). In the case of the R load,
that critical value of N is 6 and the power increases until the value
of P=0.5983 for N=200 (Fig. 6). According to Fig. 5, a good agree-
ment is found between the analytical and the numerical results.
This has been also the case for other figures.

Comparing Figs. 3 to 6, one can note that for load with in-
ductance, the number of oscillators necessary to activate the load
is higher than in the case of loads without inductance. Moreover,
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Fig. 8. (a) Bifurcation diagram and (b) Lyapunov exponent Lyamax versus the cou-
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the power increase in load the load is also high when the induc-
tance is taken into account (note that the values of the power at
N =200 are 16.53 and 13.84 for RLC and RL loads respectively. The
case of the RC load appears as the one consuming less power and
thus more favorable in terms of metabolic requirements. This could
have more biological implications as the RC loads are representa-
tive of most biological systems.

3. Voltage amplitudes in the case of array of Hindmarsh-Rose
oscillators

In this section, the Van der Pol oscillator is replaced by the
Hindmarsh-Rose oscillator. The Hindmarsh-Rose oscillator is a
self-sustaining biological oscillator whose dynamics is based on
the overall behavior of neurons [9,19]. The Hindmarsh-Rose model
presents good properties and is commonly used to study behavior
of interacting neurons [20]. It is described by the following three
coupled ordinary differential equations

X=-X4+w+ax+1-z

Ww=1-dx*-—w

Z=y(s(x—ao) —2)
where the variable x is the membrane potential, the variables w
and z model the transport rate of sodium, potassium ions and
other ions across membrane through fast and slow ion channels
respectively. a; indicates the qualitative behavior of the oscillator.
ap is the resting potential of the system. I is the external current
injected in the oscillator. d is a positive constant while s and y are
constants of small values.

We model the dynamics of an array of N Hindmarsh-Rose os-

cillators coupled to a RLC circuit by the set of Eq. (11) assuming
that the x variable is coupled to the load.

(10)

Xj ==X} +Wj+aix; —z; + 1 +ay;
Wj =1- Wj — dX2

zj= y[s(xj — o) —z]-]

N

IZ GretM+ myi) = B(x; - yj)
k=1

Due to the complexity of the set of Eq. (11), it has not been
possible to find analytical expressions as in the case of the Van

(11)
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Fig. 9. Voltage amplitudes responses: (a) across the Hindmarsh-Rose oscillator; (b) across the RLC load versus the coupling coefficient «, for the following parameters:

a,=3,d=51=15,5=4,y=0.0021,=10,A =2, = 0.85,a90 = —1.5,N = 20.
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der Pol oscillators. We thus rely on numerical simulations. In Fig. 7,
we plot for different values of the coupling coefficient «, the volt-
age amplitudes of the signals across the HR oscillator and across
the RLC circuit. It is found that the voltage amplitudes across the
HR oscillators and across the RLC circuit decrease with the in-
crease of the number of HR oscillators. This is contrary to what
was obtained in the case of an array of VDP oscillators. With the
increase of the coupling coefficient «, one notes that these volt-
age amplitudes decrease across the RLC circuit, but increase across
the HR oscillator. We also remark that, depending of the coupling
parameterc, there is a critical value of the number of HR oscilla-
tors under which there is no signal in the oscillator and no trans-
mission of signal to the RLC circuit.

Comparing Figs. 7 and 3, it appears that the variation of power
in terms of the number of oscillators is not qualitatively identi-
cal for both types of oscillators. But, a fair comparison cannot be
made since the oscillators are different. The idea is just to see how
an ensemble of oscillators (representing cardiac pacemakers) acts
on a given load (which can be the rest of the heart) and how an-
other ensemble (representing neurons) also act on another given
load (which can be a muscle).

Plotting the variation of the voltage amplitudes versus the cou-
pling coefficient o, one finds that the system generates different
types of dynamical behaviors as it appears in the bifurcation di-
agrams of Fig. 8 with the variation of the Lyapunov exponent. A
close analysis of this Figure at the places where chaos appears
in the system indicates a sudden transition to chaos. With the
increase of the coupling ¢, there is an increase of the voltage am-
plitude across the HR oscillator and a decrease of the voltage am-
plitude across the RLC load (Fig. 9). But, this decrease is irregular
(non-monotonic) when the value of the coupling is in the range
[40-120] (see Fig. 9). Indeed, when the coupling coefficient « in-
creases from 40 to 100, there is an alternating appearance of two
dynamics in the load, namely chaotic and quasi-periodic dynamics
(Fig. 8).

4. Conclusion
This work has considered the effects of the size of an array of

self-sustained oscillators powering an electrical load. Two repre-
sentatives of the biological oscillators have been considered: the

Van der Pol oscillator known as a model for heart pacemaker and
the Hindmarsh-Rose oscillator which models the dynamical be-
havior of neurons. In the case of the Van der Pol oscillators, it
has been found that the power in the load is equal to zero when
the number of the oscillators is below a critical value. Above this
critical value, the power increases with the number of the oscil-
lators. A resonance phenomenon is observed in the variation of
the voltage amplitude in the load as one varies the number of
the Van der Pol oscillators. Moreover, the higher order of non-
linearity in the damping of the Van der Pol oscillator increases
the voltage amplitude response and thereby the output power in
the load. In the case of the Hindmarsh-Rose oscillators, the in-
crease of the number of the HR oscillators and the coupling co-
efficient aresults in an increase of voltage amplitudes across the
HR oscillators and a decrease of the voltage amplitude across the
RLC load. Moreover, it has been found that varying the coupling
coefficient leads to the appearance of quasiperiodic and chaotic
dynamics in the system.

References

[1] Chamgoué AC, Yamapi R, Woafo P. Nonl Dynamics 2013;73:2157.
[2] Kitio Kwuimy CA, Nana B, Woafo P. ] Sound Vib 2010;329:3137.
[3] Abobda LT, Woafo P. Eur Phys ] Special Topics 2014;223:2885.
[4] Simo HP, Woafo P. Mech Res Commun 2011;38:537.
[5] Domguia US, Abobda LT, Woafo P. ] Comput Nonl. Dynamics 2016;11:051006.
[6] Peles S, Wiesenfeld K. Physl Rev E 2003;68:026220.
[7] Barron MA. ] Appl Res Technol 2016;14:62.
[8] Guin A, Dandapathak M, Sarkar S, Sarkar BC. Commun Nonl Sci Numer Simul
2017;42:420.
[9] Hindmarsh JL, Rose RM. Proc R Soc London B: Bio Sci 1984;221(1222):87.
[10] Lu ], Kim YB, Ayers ]. In: 2011 IEEE 54th International Midwest Sympo-
sium,Circuits and Systems (MWSCAS); 2011. p. 1-4.
[11] Lee Y], Lee J, Kim KK, Kim YB, Ayers ]. Neurocomput 2007;71:284.
[12] Jun M, Long H, Zhen-Bo X, Wang C. Commun Nonl Sci Numer Simul
2012;17:2659.
[13] Nana B, Woafo P. Physica A 2008;387:3305.
[14] Kaiser F. In: Frohlich H, editor. Biological coherence and external stimuli. New
York: Springer; 1988. p. 25-48.
[15] Holden AV, Fan Y. Chaos Solitons Fractals 1992;2:349.
[16] Erichsen R Jr, Brunnet LG. Phys Rev.E 2008;78:061917.
[17] Van der pol B, Van der mark J. Philos Mag 1928;7:763.
[18] Kepseu WD, Woafo P, Sepulchre J-A. ] Biol Syst 2010;18:173.
[19] Kazemi A, Ahmadi A, Gomar S. In: 2014 22nd Iranian Conference on Electrical
Engineering (ICEE); 2014. p. 238-41.
[20] Falcke M, Huerta RA, Rabinovich MI, Abarbanel HDI, Elsons RC, Selverston Al
Bio Cybern 2000;82:517.


http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0001
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0001
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0001
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0001
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0002
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0002
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0002
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0002
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0003
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0003
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0003
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0004
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0004
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0004
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0005
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0005
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0005
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0005
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0006
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0006
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0006
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0007
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0007
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0008
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0008
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0008
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0008
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0008
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0009
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0009
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0009
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0010
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0010
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0010
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0010
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0011
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0011
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0011
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0011
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0011
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0011
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0012
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0012
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0012
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0012
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0012
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0013
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0013
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0013
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0014
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0014
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0015
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0015
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0015
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0016
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0016
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0016
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0017
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0017
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0017
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0018
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0018
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0018
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0018
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0019
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0019
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0019
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0019
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0020
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0020
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0020
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0020
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0020
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0020
http://refhub.elsevier.com/S0960-0779(17)30346-6/sbref0020

Chaos, Solitons and Fractals 146 (2021) 110848

journal homepage: www.elsevier.com/locate/chaos

Contents lists available at ScienceDirect

Chaos, Solitons and Fractals

Nonlinear Science, and Nonequilibrium and Complex Phenomena

Voltages responses and synchronization of an array of Grudzinski and n

Check for

Zebrowski oscillators coupled to an electrical load

Dorota Youmbi Fouego®®, Eric Donald Dongmo®<* Paul Woafo®"

2 Laboratory of Modelling and Simulation in Engineering, Biomimetics and Prototypes and TWAS Research Unit, Department of Physics, Faculty of Science,

University of Yaoundé I, Po. Box 812, Yaoundé, Cameroon

b Applied Physics Research Group (APHY), Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussels, Belgium
¢ Department of Mechanical Engineering, College of Technology, University of Buea, Po. Box 63, Buea, Cameroon

ARTICLE INFO ABSTRACT

Article history:
Received 26 June 2020
Revised 1 March 2021
Accepted 2 March 2021

Keywords:

Grudzinski and Zebrowski oscillator
Array of oscillators

Electrical load

Power

Synchronization

Direct coupling

Indirect coupling

oscillators in the array.

In this work, we consider a system consisting of an array of Grudzinski and Zebrowski oscillators coupled
to an electrical load and analyze the variation of voltages amplitudes and power versus the number of
oscillators, the coupling coefficient and the values of the loads. An equivalent electrical circuit of the
Grudzinski and Zebrowski oscillator is first proposed. It is then demonstrated that the power in electrical
loads (RLC, RL, RC and R) coupled to an array of such oscillator’s increases with the number of oscillators
till a constant value depending on the types of loads and values of the load parameters. Considering both
direct and indirect coupling of an array, synchronization is observed. The synchronization domain is seen
to depend on the values of the direct coupling, the value of the indirect coupling and on the number of

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, thanks to the progress in nonlinear dynam-
ics, the modeling followed by mathematical and numerical stud-
ies of the electrical conduction system models of the heart has at-
tracted the attention of several researchers [1-6]. Several models
to mimic the rhythm of heartbeat were developed, moving from
the Hodgkin-Huxley model [7] to the Van der Pol (VdP) model
[8]. The VAP model was the pioneer in providing relaxation oscil-
lations. It was also used to qualitatively model heartbeat [9], al-
though it was not very realistic. It is in the challenge of designing
an oscillator whose dynamics is closed to the physiologically be-
havior of the electric signal of heart that the Grudzinski and Ze-
browski oscillator was designed [2]. Derived from the classic Van
der Pol oscillator, it suitably present signals having the shapes of
physiological signals such as the resting potential, refraction time
and diastolic period depending on its parameters. However, de-
pending on its initial conditions and the values of its parameters
and certain values of external input [10,11], Grudzinski and Ze-
browski oscillator (cardiac rhythms) may have periodic (normal) or
chaotic (pathological) behavior. The design of its equivalent elec-

* Corresponding author.
E-mail address: e.dognmo90@yahoo.fr (E.D. Dongmo).

https://doi.org/10.1016/j.chaos.2021.110848
0960-0779/© 2021 Elsevier Ltd. All rights reserved.

trical circuit is still unaddressed in the literature. The coupling of
this oscillator to an electrical charge made up of one or more con-
ventional electrical components such as the resistance R, the in-
ductance L and the capacitance C, could be interesting insofar as
it would have a behavior closed to that of the pacemaker, feeding
the rest of the heart or the rest of the body.

As in an initial work carried out by Nana and Woafo [12],
Youmbi et al. [13] considered an array of modified VdP oscilla-
tors (with higher non linearity in the damping term) coupled to
an RLC load and demonstrated that there is a value of the number
of oscillators below which the amplitude of the signal is almost
equal to zero, indicating that the system is unpowered. Behnia
et al. [10] studied the Grudzinski-Zebrowski oscillator subjected to
an external excitation and showed that the change of external fac-
tors can alter the heartbeat dynamics.

The dynamics of synchronized oscillators finds its interest in
several fields such as engineering, medicine, astronomy, etc. [14].
The phenomenon of synchronization is extremely wide spread in
nature as well as in the realm of technology. In the study of several
nonlinear dynamical systems, the study of synchronization was
made, scientists showed its important role to solve problems in
various fields such as in biology, in physics. The effects of syn-
chronization in systems of coupled oscillators nowadays provide
a unifying framework for different phenomena observed in na-
ture [15,16]. Enjieu et al. [17] coupled a set of VdP oscillators and
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demonstrated that full synchronization is observed after some crit-
ical values of the coupling coefficient and the number of oscilla-
tors is reached. Nana and Woafo [18] have investigated different
states of synchronization in a ring of four mutually coupled Van
der Pol oscillators both in their regular and chaotic states. They
were able to obtain the boundaries of the synchronization process
when the external force is present and that the accuracy of syn-
chronization becomes reliable for large coupling parameters. In the
case of Grudzinski-Zebrowski oscillators, a synchronization study
considering both the direct coupling and the indirect coupling is
of interest and will be considered in this work.

The present study consists first to design an electrical circuit
model of the Grudzinski-Zebrowski oscillator. Then, a set of this
equivalent model oscillator is coupled to an electrical load as in
references [12] and [13] in order to find out how the power in the
load evolves with the number of oscillators and with some param-
eters of the system. In mind, the goal of this study is to under-
stand in models how the natural pacemaker powers the electrical
network of the heart. Indeed, the heart pacemaker is constituted
of a set of self-sustained oscillators as the Grudzinski-Zebrowski
oscillators working together to sustain its electrical activity. Four
types of electrical loads are considered: RLC, RL, RC and R. Finally
the synchronization between the oscillators of Grudzinski and Ze-
browski is analyzed firstly when they are mutually coupled to each
other by a capacitor, and secondly when they are coupled through
an indirect coupling by an RC load. The electric power in the load
will be evaluated when the total synchronization is reached. Al-
though, the main focus is to describe theoretically the dynamics
of an assembly of pacemaker cells, one should have in mind that
the system studied here can also have implications in fields of en-
gineering. Indeed the models considered in the study could also
be seen as a set of self-sustained electrical oscillators powering a
device which is seen electrically as a load (R, RC, RL, RLC).

The structure of the work is as follows. The equivalent electrical
model of the Grudzinski-Zebrowski oscillator and its modeling is
presented in Section 2. Section 3 considers the dynamical behavior
of a set of Grudzinski-Zebrowski oscillators coupled indirectly to
an RLC load. The electrical signal amplitudes will be analyzed in
terms of the number of oscillators and in terms of the values of
the electrical load components. The variation of the power in the
different types of load will be presented and analyzed. The analysis
of the directly coupled array of oscillators coupled to the electrical
load is conducted in Section 4. In that section, we will highlight
the ranges of values between the direct coupling coefficient and
the number of oscillators for which there is full synchronization.
The effect of the indirect coupling will be shown and the electric
power in load will be plotted when the total synchronization is
reached. Finally, Section 5 deals with the conclusion.

2. The equivalent electrical circuit of the Grudzinski-Zebrowski
oscillator

The mathematical equation of the Grudzinski-Zebrowski oscil-

lator [2-4] is given as in Eq. (1), where 8 is the damping constant.

¥3

Y+me X _
yn

According to the literature review, we found that, most of stud-
ies done on this Grudzinski-Zebrowski oscillator were essentially
based on the mathematical model using numerical simulation. To
the best of our knowledge, there is no equivalent electrical cir-
cuit composed of discrete electronic components [12] (diodes, re-
sistance, transistors or analog components), as it is in the case of
the Van der Pol oscillator. There is therefore, a need of an elec-
trical model for the Grudzinski-Zebrowski oscillator since it will

R+ B(X* — (01 +02)x + 0160,)% + x + 0 (1)

Chaos, Solitons and Fractals 146 (2021) 110848

it '
VLiT ELl 174 :: Cy

VRJ Ry

Fig. 1. Equivalent electrical circuit of the Grudzinski-Zebrowski oscillator.

give way for more studies such as the one conducted in this work
where loads are coupled to an equivalent electrical circuit of the
Grudzinski-Zebrowski oscillator. It is also expected that experimen-
tal study can be undertaken using an equivalent electrical which is
provided below. After a series of tries and fails, we come out with
the electrical model presented in Fig. 1. It consists of 4 branches.
The first branch comprises an inductor L; and a resistance R;; the
second contains a capacitor Cy; the third is a nonlinear resistance;
and the last one has a diode.

As it is demonstrated in the Appendix A, the equations describ-
ing the dynamics of the electrical circuit presented on Fig. 1 lead
to the final Eq. (2).

L%( i 3b 2 M _ i io R4 V0C1 %
dt2? VoCL)oC] 3b 3b 3bV0 3bL1 dt
Ry ioXZ Rle3 _ (2)
2L1 a)(z)cl‘/o Ll a)gClvo N

where x = “,’—0 represents the dimensionless quantity for the voltage
V (see Fig. 1).

In this study, we have fixed the following values for the elec-
trical components: L; = 200x10-%H; Ry = 2602; iy = 1074A; V, =
26 x 1073V; C; = 1.41 x 10-8F; a = 0.0001; b = 0.237

Eq. (2) can thus take the form of Eq. (1) with the following di-
mensionless coefficients:

B=3:0,+0,=0: 0,0, =06889 —— =005 Y+t _g5
iz iz
(3)

Fig. 2 presents the phase portrait and the time trace of the sig-
nal delivered by Eq. (1) with the above parameters and the follow-
ing initial conditions: x(0) = —0.1 and %(0) =0.025.

In order to corroborate the numerical results that we obtained
with our electrical equivalent circuit of the Grudzinski-Zebrowski
oscillator, we introduced multisim emulator to see if the numerical
results, qualitatively mesh with the multisim results. Thus, Fig. 3
presents the phase portrait and the temporal trace of the voltage
of the circuit built with multisim.

Comparing Fig. 3 and Fig. 2, one notes that they are not coinci-
dent. This can be explained by invoking the fact the in the multi-
sim simulation, diodes equivalent are used and the nonlinear term
in the original Eq. (1) may differ from the nonlinear characteristics
delivered by the diodes in multisim simulation.

3. Array of Grudzinski-Zebrowski oscillators indirectly coupled
to electrical loads

3.1. The model and equations

As one indicates above, the Grudzinski-Zebrowski oscillator is
a representative of electrical models of heart pacemaker cells. The
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Fig. 3. Signal delivered by Grudzinski-Zebrowski oscillator using multisim: a) phase space, b) time history.

cells can be coupled indirectly through the electrical load repre-
senting the rest of the heart or the rest of the cardiovascular sys-
tem seen by the pacemaker or both directly and indirectly. In the
case of the indirect coupling, each cell is coupled to the external

{xj + (%3 — 0.6889)%; +x; + 0.5x2 + 0.05x} + Ay + Ay, =0 2<j<N (a)

Using Kirchhoff's laws, appropriate dimensionless variables and
the same normalization as above and also setting y; = ‘% one ob-
tains the set of Eq. (4) which describes the variation of voltage x;
across each oscillator and the voltage y; across the coupling capac-

itance.

(4)

Skt Gk + Bavi + Boyi) = B3 (x1 — y1) (b)

load as in references [12,13]. When the direct and indirect cou-
pling take place, each cell is coupled to the external load, but all
the cells are coupled together in a diffusive manner with short or
long range coupling [18]. We will consider both cases in this work
and come out with the behavior of the oscillatory states and the
power received by the load. But this section is first devoted to the
case of indirect coupling.

In the indirect coupling scheme, the structure is presented in
Fig. 4, where we see a set of N Grudzinski-Zebrowski oscillators
coupled to an RLC load. The coupling is through the capacitance
Co.

_G o, _ RiGo
TG T Lo

Ay

The dimensionless parameters B;, B, and B3 are defined in
Table 1 for different types of used loads.

3.2. Voltage amplitude versus the number of oscillators

We first analyze the variations of the voltage amplitude as the
number of oscillators varies. The initial conditions used for the
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Fig. 4. Array of Grudzinski and Zebrowski oscillators loaded by an RLC circuit.
Table 1 ) ) with @ up to the value pu =8.5. Then, a decrease takes place
Expressions of the coefficients B; for each type of electrical load. till 4 = 84.8, followed by a second smooth increase. For the volt-
Load B, B, B age across Cy, its amplitude increases with the increase of u (see
RLC load = ﬁ ﬁ Fig. 8).
R load 1 0 =
. Cofte 3.3. Power in the load: Case of indirect coupling
RL load o 0 [
Wy ;5Co
RC load 1 fim ones The most interesting quantity in the load is the power deliv-

numerical simulation are x(0) = —0.1, %(0) =0.025, y;(0) = 0.025
and % .(0) = 0.025.

First considering the RLC load, we use the following values:
R =156%, R; =260 L; =200x10-%H, C =36.3x10-9F and Cy =
1.89x10-8F. Fig. 5 presents the amplitude of the voltages x; and
y;j versus the number N of the oscillators where x = Vlo and y = Vlo
are the appropriate dimensionless variables. It is observed that the
voltage amplitude increases in each Grudzinski-Zebrowski oscilla-
tor with the increase of N (Fig. 5). One remarks that for lower val-
ues of N, the voltage is almost equal to zero as for the case of ar-
ray of Van der Pol oscillator [13]. But at the same time, the voltage
amplitude across the capacitance Cy decreases when N increases.

Considering the other types of loads (RL, RC, and R), we found
similar variation as in the case of the RLC load. However quantita-
tively, it has been observed that the amplitudes is lower in the RC
load compare to the other loads (see Fig. 6).

Now, we analyze the influence of the coupling capacitance C,.
In Fig. 7, it is observed that the voltage amplitude across the
Grudzinski-Zebrowski oscillator increases while the voltage ampli-
tude across Cp decreases with the increase of Cy. The effects of
the nonlinear damping parameter u has also been investigated.
It is found that the voltage amplitude in each oscillator increases

ered by the array of self-sustained oscillators. It is defined by the
following equation

P=Rx ;. (5)
where R and ip; are respectively the load resistance and the inten-
sity.
) Since 12] = Z;;I:l CO%:
iz1 = NGy Vowo.

By taking into account the above literal expression of ip;, one
has the power P which is given by Eq. (6).

P = R(NCo¥iVowo ) (6)

and knowing that u, = y,Vy, one obtains

This expression remains the same for the different types of
load, except that the value of the derivative of the component y
will be determined according to the load that will be taken into
account during the numerical simulations.

Fig. 9 presents the power variation versus N in the R, RL, RLC
and RC load. We notice that, the power increases with the increase
of N for all types of loads. Quantitatively, one notes that the RL
load consumes more power than the RLC load while the pure re-
sistive load consumes the highest power. The power consumed by
the RC load (which is more close to biological tissue) is at the in-
termediate level.

We have also considered the resistance R as a control param-
eter and plot the power versus R. It has been found that, for all
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of parameters listed above and with wy = 594228.361s~' which will be used in the forthcoming figures.
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types of load, the power increases with R and attains a satura-
tion level where it remains constant. Such a variation is presented
in Fig. 10 for the RLC, RC, RL, and R loads. Let us mention that
the curve for the R load and that of the RLC load are almost the
same.

4. Directly coupled array of oscillators coupled to the electrical
load

4.1. The system

In this section, one considers the situation where all the
Grudzinski-Zebrowski oscillators are mutually coupled to each

other by a capacitor and indirectly coupled to the RC load. In this
subsection, when we talk about mutual or direct coupling, it is
about the coupling made between oscillators one after the other
by a capacitor while forming a ring (oscillator network). When this
oscillator network is coupled to a load by a capacitor, we are in the
presence of an indirect coupling. Fig. 11 presents the system un-
der consideration. Each oscillator is directly coupled to its nearest
neighbors through a capacitor. At the same time, all the oscilla-
tors are indirectly coupled to the RC load, generating therefore an
indirect coupling between the oscillators. We chose a ring for the
simple reason that it is due to periodic boundary conditions since
in reality the system is assumed to have more than thousands of
cells.
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Using the electric laws, one finds that the voltages in Fig. 11 are
described by the following set of differential equations:

d?x;, 3b loxk RV3C dxk Ryigx?

@t o (X5 %+ oI Xt v
Rybx3 R - - . .

+L1w2CkV + KoY + 112 Ve = Ki (K1 — 2% + Xiy1)

Ri Ky
Liwg

ZP— ( yp + RwoC-yP) =

(Rk—1 — 2X + Xiy1)

1
m()‘k —Yi)

(7
where the dimensionless quantities are given below:
Vk uy Go G 1
Xe= XY= K K= 25 Ky = =25 trr = —;
k o Vi Vo 2 G 1= G ref @0

—a+ 210
=V LG ®

The direct coupling coefficient is K; and the indirect coupling
coefficient is K.

Three concerns arise from the model. The first one is to see
how the mutually coupled oscillators behave when they are not

coupled to the load. In other words, for which value of the mu-
tual coupling coefficient a full synchronization can be achieved?
The second one is to understand how the indirect coupling affects
the synchronization limits. The third concern is to find out how
the mutual coupling coefficient affects the power in the RC load.

4.2. Full synchronization with no load

Referring to Enjieu et al. [17], numerical simulations have been
conducted in search of the coupling coefficient leading to full syn-
chronization as a function of the number of Grudzinski and Ze-
browski oscillators. Considering the system of Fig. 11 without RC
load, Eq. (9) repeats the set of dimensionless equations under con-
sideration here

d?x; loxk RV3C dxk Ryigx}
@ T oG ( Pt S — % T3y T g T X+ 3L wicve
Rybx3
Farcv, = K Rer = 2%+ Riepr) + P (Reo1 — 2% + K1)

9)
When one considers two Grudzinski and Zebrowski oscillators
described by the same equations and starting with different ini-
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Fig. 10. Power delivered in the load RLC, RL, RC, and R versus R with N= 20 and the parameters of Fig. 5.

tial conditions, one observes that they present the same behaviour
but with a phase difference. Finding the synchronization domain is
to look for N and the coupling coefficient K; leading to the disap-
pearance of the phase difference so that the oscillators are phase
locked with phase difference equal to 0. Fig. 12 presents the syn-
chronization domains in (N, K;) plane. It is seen that the full syn-

chronization domains (FS) are not linearly delineated from the do-
mains where there is no synchronization (NS).

In order to show the veracity of the synchronization diagram,
we took a couple of values (N, K;) where there is synchronization
and where there is not according to Fig. 12, and plotted there time
traces for these cases. From the temporal traces, it emerges that for
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Fig. 11. Ring of N mutually coupled Grudzinski-Zebrowski oscillators coupled indirectly by RC load.
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Fig. 12. The boundaries for full synchronization (FS) and no-synchronization (NS) in the parametric plan (N, K;) with parameters of Fig. 5.

the parameters for which there is synchronization, the temporal
traces are in phase and in the contrary case they are out of phase
(see Fig. 13) after the transient regime.

4.3. Power in the RC load versus the number of oscillator for different
values of the mutual coupling coefficient

When the load is taken into account (see Fig. 11), the power
delivered by the array of self-sustained oscillators is given as fol-

lows:

P = R(NGoyyVowo )

where this power is rewritten according to the mutual coupling in
Eq. (10)

2

Co * Cz .
P_R<N<7K1 = )ykvoa)o) (10)
Knowing that the direct coupling K; = % the power can be rewrit-

ten as follow P=R(N(C0,;‘1K1 WiVowo)?, and by simplification one
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has P = R(NCpy,Vowp)? which is independent to the direct cou-
pling coefficient Kj.

In Fig. 14, the evolution of the power in the load is presented as
a function of the number of oscillators for three values of the mu-
tual coupling coefficient. One observes that, the power decreases
with the increase in the mutual coupling coefficient. In addition,
one also observes a succession of decrease and increase in the am-
plitudes of the power with the increase in the number of oscilla-
tors.

4.4. Power in the load versus the mutual coupling coefficient

As soon as the full synchronization is reached, the power in the
RC load (see the system presented in Fig. 11) is plotted according
to the mutual coupling coefficient given in Fig. 15 where the power
delivered in the load is decreasing and reaches the value 5.107 x
10~4, begins to increase and starting from the value 6.402 x 103,
it decreases again according to the increase of the coefficient of
mutual.

5. Conclusion

In this paper, it was first question to propose an electrical
circuit whose equation is similar to the self-sustained oscillator
model presented by Grudzinski-Zebrowski. Secondly, to consider
an array of Grudzinski-Zebrowski oscillators coupled to an elec-
trical load. The analysis of the signal amplitude was done taking
into account the number of oscillators and the coupling param-
eters. Then, the variation of the power in different types of load
was analyzed. One notes that, RL load consumes more power than
RLC load while the pure resistive load consumes the highest power
whereas the power consumed by the RC load is at the intermediate
level. Considering a direct coupling of all the oscillators, the syn-
chronization domains were delimited as a function of the number
of oscillators and the coupling coefficient. The variation of the cou-
pling parameter and the dissipation coefficient shows that only a
periodic dynamic appears. We found that, when the synchroniza-
tion is reached for a fixed number of Grudzinski-Zebrowski oscil-
lators in the system (direct coupling of the N oscillator coupled to
the load), the power delivered to the load decreases and reaches
a value, then a succession of growth and decay follows and finally
there is a growth with the increase of the mutual coupling coef-
ficient. It is observed that, when the mutual coupling coefficient
increases, the power decreases when the number of oscillators in-
creases. The shape of the power curve is a succession of decay
and growth as the number of Grudzinski-Zebrowski oscillator’s in-
creases.
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Appendix A. Modelling of Grudzinski and Zebrowski oscillator
from Fig. 1

We assume that the current-voltage (I-V) characteristics of the
diode is given by (A1).

-1)

. . . . 2 (.
whose after expansion gives i = 10(“,’—0 + 2‘/7)10 and Vj are constant
0

i = ig(e"/% (A1)

coefficients related to the diode.

1
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We also assume that the current-voltage characteristics of the
nonlinear resistance NLR is given as follow

b2
7

ﬂ
Vo

Using the first mesh of the circuit (see Fig. 1), one gets (A2)

di .
—+4+Ri—-V=0
at *
where i is the current flowing through L; and V the voltage across
the nonlinear capacitor.

where V = %, which is the voltage across the capacitor.
Considering the nodes law, one gets (A3)

L (A2)

i= AL L

(A3)

where q is the electric charge in the capacitor.
By replacing (A3) in (A2), it comes that the voltage V satisfies
the following equations (A4):

@V 3b (L WV Vga oV | RWEG\dv RV

e " v3G, 36 36 T 3b T 3bL, )dt T VILG
R] i0V2 _ R] aVv Vv Rl loV -0 (A4)
VLG LGY LG VLG

Setting x = ‘Y—O and the time ¢ is normalized with respect t..; =

1 : _ [ —a+2iy :
@ with wg =,/ T, One obtains (A5).

ex +o b (el _a b RWG X
dt2? VoCL)oC] 3b 3b 3bV0 3bL1 dt
R4 ioXZ Rq bx3
= A5
2L1 a)écl‘/o Ll a)gcl‘/o ( )

The following values have been given to the electrical compo-
nents and parameters:

Ly =200 x 107%H; iy = 107%A; Vp =26 x 1073V;
Cl = 70921985, 8156F'; a = 0.0001; b = 0.237.
1
Eq. (A5) can thus take the form of Eq. (1) with the following
dimensionless coefficients:

B =3 0,+6,=0 0,0, =-06889 —— —005 YT _g5
iz ¥
(A6)
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We propose a revisited version of the in vivo model of the cyanobacterial circadian clock. Our aim
is to address the lack of robustness predicted for the mutant cyanobacteria without transcriptional
regulation of the original model. For this, we rely on an in wvitro model of the clock describing
explicitly the hexameric structure of the core protein of the clock. Our model is able to reproduce
oscillatory behavior for the mutant, as observed experimentally, without finely tuned parameters.

I. INTRODUCTION

Circadian clocks are endogenous oscillators allowing
organisms to synchronize their physiological activities
and behavior with the time of the day [1, 2]. They play
a role in most living organisms from bacteria to humans.
Cyanobacteria possess one of the simplest known circa-
dian clock and serve as one of the model organisms to
study mechanisms leading to endogenous oscillations of
about 24 hours. One particularly beautiful property of
the cyanobacterial circadian clock is that it can be recon-
stituted in a test tube. If one mixes adenosine triphos-
phate (ATP) with the three key proteins of the clock,
namely KaiC, KaiB and KaiA, autonomous oscillations
with a period of about 24 hours are observed during sev-
eral days [3-6]

The mechanism of the clock is essentially an ensemble
of phosphorylation/dephosphorylation reactions of KaiC
which is the core protein of the clock. The phospho-
rylation state of KaiC contains the information about
the phase of the clock. More specifically, the structure
of KaiC is a homo-hexamer in the shape of a double-
doughnut which can be phosphorylated on two residus
on each monomer. The role of KaiA is to promote phos-
phorylation while KaiB, when bound to KaiC, inhibits
phosphorylation by sequestring KaiA. Those phospho-
rylation/dephosphorylation reactions can be reproduced
in the test tube. An additional mechanism comes at
play in vivo as KaiC autoregulates its own production
via a negative feedback on its own mRNA production.
There are therefore two oscillatory processes underlying
the functioning of the clock, the post-translational reg-
ulation (PTR) which is observed in vitro, and the tran-
scriptional translational regulation (TTR) consisting of
the negative feedback on mRNA production.

A mathematical model of the in vitro clock relying on
careful experiments measuring all kinetic rates and con-
centrations of proteins involved was proposed in [5]. This
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simple model beautifully reproduces oscillations with a
period of about 24 hours, without any parameter space
exploration as all parameters have been measured.

In [7], we proposed an extension to the in vivo case.
This model showed that PTR regulation is sufficient
to generate oscillations, as observed in the experiments
with mutant cyanobacteria lacking the TTR regula-
tion. It also showed that the transcriptional regulation
helps maintaining synchrony in a population of growing
cyanobacteria. However, the model requires finely tuned
parameters to lead to oscillatory behavior of the mutant
cyanobacteria lacking the transcriptional regulation. The
in vitro model it is based on did not explicitly described
the hexameric structure of the KaiC protein. More re-
cently, a more realistic model of the in wvitro clock has
been proposed in [8]. It describes explicitly the hexam-
eric nature of KaiC and the binding of KaiB to KaiC. We
propose here to build an in vivo model based on this more
realistic in vitro model. Our model is able to produce ro-
bust oscillations for the wild type cyanobacteria as well
as for the mutants lacking transcriptional regulation.

The structure of the work is as follows. We first briefly
introduce the in vitro model of [8] for completeness and
to introduce notations. Then we describe our in vivo
model of the cyanobacterial circadian clock. We analyze
the robustness of our model with respect to parameter
variations, and compare it with the model proposed in
[7]. We end with a short discussion on the role of tran-
scriptional regulation.

II. THE IN VITRO HEXAMERIC MODEL

The hexameric model of the clock describes the inter-
conversions of the different phosphoforms of KaiC as well
as the binding and unbinding of KaiC to KaiB. When
KaiC is bound to KaiB, it forms the KaiB.KaiC com-
plex which can undergo to same (de)phosphorylation re-
actions as KaiC. The nonlinearity in the system comes
from the fact that the reaction rates depend on the state
of the system. When KaiA is bound to KaiC, it enhances
the auto-kinase activity of KaiC. Although KaiA is not



described explicitly, it impacts the (de)phosphorylation
rates as KaiC binds differentially to KaiA in its different
phosphoforms. Similarly, KaiB is implicitly taken into
account and antagonizes the effect of KaiA in a KaiC
phosphoform dependent manner. Essentially, when KaiC
subunits are in the S form, KaiB will bind to KaiC and
sequestrate KaiA, thereby repressing phosphorylation.
More details are provided in the appendix. A scheme
of the model is depicted in Fig. 1. Each subunit of KaiC
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FIG. 1: Schematic representation of the model, adapted
from [8]. The representation of the configuration of the
active form of KaiB.KaiC is speculative.

undergoes independent autokinase and autophosphatate
J

dKaiCi’j,k in vitro
dt

reactions at two sites, serine 431 (S) and threonine 432
(T) which can be phosphorylated or not. Therefore, each
subunit can be in four forms, namely: the phosphory-
lated form at S, the phosphorylated form at T, the dou-
bly phosphorylated form at S and T (denoted D), and
the U form which is the non-phosphorylated form. The
different phosphoforms are denoted by KaiC;;, where 4
represents the number of subunits phosphorylated at T
only, j represents the number of phosphorylated subunits
at S only and k represents the number of doubly phospho-
rylated subunits. By construction, the variables KaiCj;
which are physical have indices obeying 0 < 4,7,k < n
and the number of unphosphoryated subunits is given by
n— (i +j + k). For the hexamer model n = 6, but to
study theoretically the effect of changing the number of
KaiC subunits, the model was constructed with an arbi-
trary number subunits denoted by n. For instance, the
unphosphorylated KaiC is KaiCyyg and the fully doubly
phosphorylated form is KaiCyg,. One should note that
the dynamical variables constructed by assuming that the
different subunits of the hexamer are indistinguishable.
KaiC can undergo potentially (de)phosphorylation reac-
tions which will increase or decrease the values of i, j, k
by one unit. Additionally, KaiC; ; can bind to KaiB,
forming the complex KaiB.KaiC; ;) which undergoes
the same (de)phosphorylation reactions. The model is
given by Egs. (1). The dependence of the reaction rates
on the KaiC phosphoforms are given in the appendix, see
Egs. Al and A2.

=k P M+ 1= (i 45+ k)KaiCiy i + ks " (n+1— (i+ 7+ k)KaiCi ;14

+ kPR 4 1) KaiCiy a1 + ki i+ 1)KaiCiyy j i
+ kP T (k  DKaiC, 1 g + ks T (k4 DKaIC, ki
RGN 4 DKaiC e + KSR+ DKaiCy

—((n—z—j—k) (ke + ks )—Hk”’ i kE kR Rk i kgp + i kg )KaiCij

0,5,k :
- kon,BFB KalCiJ,k
+ koff’B KaiB.KaiCi,j’k

in vitro

dKaiB.KaiCM’k
dt

= ki TP (41— (i 47 + k)KaiBKaiC;_y jx + ks " (n+1— (i + j + k))KaiB.KaiC; j ;1 4

+ KPR+ 1) KaiBKaiCop o1 + ki 7F (i + 1) KaiB.KaiCiyy 4
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—((n— i —j — k) (kiBF + K555 + i kF +

— kofr, KaiB.KaiC; j 1.
+ kon g Fi" KaiCy j
III. THE IN VIVO HEXAMERIC MODEL

To construct an in wvivo model, we rely on the in
vitro model of [8] described in the section above and add

ik kKRR Rk G ERE + j kEF) KaiB KaiCy j g

(

terms for production, degradation and dilution similarly



to what is proposed in [7]. Our model is given by the

J

Egs. 4.

dKaiCijk dKaiCijk invitro . KaiCi ik -
= — VyKaiCiip, — V—-"rL— fori,5,k#0,0,0 2
dt dt RaiCije =V e RaiCyyy T IR @
dKaiB.Kai o dKaiB.Kai i in vitro
ai aiCiyjp _ ai aiCyjp for i,k £ 0,0,0 3)
dt dt
dKaiCOOO dKaiCooo i vitro . KaiCOOO
= K,mRNA — V;K -V
dt dt + KomR VaKaiCooo VK + KaiCooo
dmRNA v Kf B mRNA
dt - UK+ (X4 KaiB KaiCijr)t " K,y + mRNA

Firstly, we consider explicitly KaiC mRNA as a dynam-
ical variable. Its production term is dependent on KaiC
which acts as a negative feedback on its production. As
in [7], we consider only active degradation and not dilu-
tion for mRNA as it is order of magnitude larger. Sec-
ondly, we add a production term for unphosphorylated
KaiC from its mRNA. Finally, all forms of KaiC are as-
sumed to have the same linear dilution rate and active
degradation rate.

As in [7], we consider on top of the wild type (WT)
cyanobacterial circadian clock described above, the case
of a mutant cyanobacteria lacking the transcriptional
feedback. This is simply done by replacing the produc-
tion term of mRNA by a constant production rate Vpi,.
This mutant is referred to as post-transcriptional (PTR)
mutant while the WT clock has a transcriptional trans-
lational regulation (TTR).

We analyzed the sensitivity to parameter changes of
the PTR mutant and showed that model does not re-
quires fine tuning to generated oscillations, see Fig. 2.
We observe that the main change between the WT
cyanobacteria and the mutants lacking the TTR circuit
is that the WT bacteria are more robust to changes in
the translation rate. However, the TTR circuit is not
crucial for the clock to be robust against changes in the
dilution rate.

IV. DISCUSSION

We showed that our revised in vivo model of the
cyanobacterial circadian clock is compatible with the ro-
bust oscillations of the cyanobacteria mutant lacking the
TTR feedback. This result suggests that although the
TTR feedback enhances the robustness of the clock, the
effect is not as strong as initially suggested. Our con-
clusion is in agreement with the experiments performed
with higher growth rates for (see Fig. S4 of [7]). In-
deed, those experiments show that the mutants lacking
the TTR regulation are able to generate oscillations in
an extended range of growth rate. Although the growth

(

rate of the bacteria is not explicitly modeled, it will im-
pact the dilution rate. In the original model of the in
vivo clock, the dilution rate needed to be finely tuned.
The TTR regulation could actually play a more impor-
tant role if the nonlinearity of the regulator terms was
increased. Coordination of both mechanisms is key to
enhance the robustness too. To sum up, we propose a re-
visited version of the in vivo cyanobacterial clock which is
in agreement with current experiments. We expect that
the synchronysation properties of the clock will also be
enhanced by TTR regulation. In the future, we should to
include the key proteins RpaA and SasA in the models,
to be able to describe quantitatively how the clock’s time
is read as an output [9, 10].

Appendix A: Reaction rates depend on the state of
the system

To obtain the dependence of the reaction rates on
the various phosphoforms of KaiC, we need to describe
the different allosteric states of KaiC. KaiC can be in a
state comptent to bind KaiA and a state competent to
bind KaiB, respectively denoted KaiC* and KaiC? (to
simplify notations, we omit the ¢, j, k indices those al-
losteric state should carry). From the state comptent to
bind KaiA, KaiC can be converted in the active form of
KaiC, Wthh we denote KaiC7 ; ; with indices specifying
the phosphoform. The allosterlc reactions are consid-
ered to be at equilibrium, and one can therefore obtain
the ratio of KaiC in its different allosteric states. The
fact that those ratios are depend on the specific (3, j, k)-
phosphoform is key to the in vitro feedback mechanism.
The (de)phosphorylation reaction rates are given by:

B =F kR + (-F7 )y (AD
where Fj{j’k denotes the fraction of KaiC in the state
competent to bind KaiA. The first term is dominant as
KaiC autokinase activities are enhanced by KaiA. The
constants kf}y denotes the maximal phosphorylation rate
from the state X to the state Y when KaiA is bound, with
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FIG. 2: Robustness analysis of the wild type model (panel A) and the model for the mutant lacking the
transcriptional regulation (panel B) over parameter changes. We varied both the translation rate K and the
dilution rate Vy over 4 orders of magnitudes.

X, Y representing the U, T, S or D state on the relevant
subunit. Similarly, k%, denotes the maximal phospho-
rylation rate when KaiA is not bound. The dependence
of Fy’ ** on the state of the system is given by

Fi’j’k - KaiCm’k
A = B A ki, k
KaiC” + KaiC* + KaiC™
equilibrium KaiA
KaiA + K, Ky% + K,
where K,,, = % is the dissociation constant of the re-
. - ~A ko . ik _8Gigk
action KaiC”® ——= KaiC; ;, and K;"" =e 57T

k1 KaiA

the dissociation constant of the allosteric transformation
KaiCP = KaiC4, with AG; jr = i AGpr + j AGps +
kAGpspr + (n — (i + j + k))AGy being the free energy
difference between the allosteric states.

The (un)binding reactions of KaiB are dependent on
the fraction of KaiC in form competent to bind to KaiB
which is given by

igk _ KaiCP
B = . ~B . ~A - ki, gLk (A2)
KaiC” + KaiC* + KaiC*™
1
= KaiA

1 L A
+ K7k + K K3F

Finally, we should note that KaiC*7F in Eqs. 1 represents
the sum of all allosteric forms of KaiC in the (7, j, k) state.
TABLE I: Parameter values - taken from [5, 7, 8]

kon,B 0.15 h—! koff,B 3.01072h~!

AGyr 2.0 kT AGps  -3.5kgT

AGpspr  -1.0 kpT AGy 1.0 kT

km 0.43 uM kaiA0O 10 uM

k;,}T 0.0 hj k%D 0.0 h:i

kg 0.0 h ksp 0.0 h

ks 0.31 h~! kS 0.0 h~!

kS 0.21 h—! Koy 0.11 h—!

ket 0.48 h~! kgt 0.21 h—!

ket 5321072 h=1 k2 0.506 h—*

kst 0.0 h~! kst 0.172 h!

kg5t 0.29 h—! kst 0.9 h!

Viptr 3.316 1072 Vs 2.0 uMh~!

Vi 0.20 uMh~! K., 0.20 uM

K 2.0 uM \% 2.01073 uMh~!

K; 1.0 uM

K varied Va varied
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