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KOUAMI MBEUNGA Nadine xiii PhD, UYI



ABSTRACT

An array of nanoelectromechanical beams driven by an electrical line of Josephson junctions

equivalent models is firstly studied in this thesis. It is found that a single electromechanical

system displays oscillations under a critical value of the DC bias current. In the case of an array

of the electromechanical systems constituted of a series of coupled discrete Josephson junction

with a beam placed at each node, the numerical simulation shows that as the electric signal

flows in the discrete array, each beam executes a pulse-like motion coming back at each resting

state as the electrical signal passes the node. When the bias current increases, the amplitude

and period of the pulse-like shapes increase. One also notes the increase of the amplitude of the

pulse-like shape when the magnetic field increases. The electromechanical system analyzed can

be seen as a model for periodic nano-actuation processes or as a model of legs in a millipede

system.

Secondly, the analysis of an array of electromechanical systems driven by an electrical line

of Fitzhugh-Nagumo neurons is performed. It is shown theoretically and experimentally that

a single electromechanical system can display different dynamical behaviors such as single and

multiple pulse generation, transient and permanent chaos, and antimonotonicity according to

the system parameters. In the case of an array of the electromechanical system constituted of

a series of coupled discrete Fitzhugh-Nagumo neurons, the numerical simulation shows that as

the action potential flows in the discrete array, each electromechanical system executes a pulse-

like motion coming at each resting state as the electrical signal passes the node. Furthermore,

this line can also carry an envelope of action potential and can be useful for various kinds of

information processing systems.

Keywords: Electrical line, Nanoelectromechanical, Josephson junction, neuron, Fitzhugh

Nagumo, pulse signal, antimonotonicity.
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RESUME

Dans cette thèse, une rangée de nanopoutres actionnée par une ligne électrique de jonctions

Josephson est premièrement étudiée. Nous constatons qu’un seul système électromécanique

constitué d’une nanopoutre actionnée par une jonction Josephson effectue des oscillations au

dessus d’une valeur critique du courant de polarisation. Dans le cas d’une ligne de jonctions

Josephson discrète contenant une nanopoutre à chaque nœud, la simulation numérique montre

que lorsque le signal électrique circule dans la ligne, chaque nanopoutre exécute un mouve-

ment de type impulsion et revient à sa position initiale lorsque le signal électrique a passé le

nœud. Lorsque le courant de polarisation augmente, l’amplitude et la période des impulsions

générées augmentent. On note également l’augmentation de l’amplitude de la forme impulsion-

nelle lorsque le champ magnétique augmente. Le système électromécanique analysé peut être

considéré comme un modèle pour les processus d’actionnement périodique à l’échelle macro-

scopique, microscopique ou nanoscopique. Et également comme un modèle de pattes d’un robot

de mille-pattes.

Ensuite, une rangée de bras électromécaniques couplée à une ligne électrique de neurones

Fitzhugh-Nagumo est analysée. Nous avons montré théoriquement et expérimentalement qu’un

bras électromécanique alimenté par un neurone de Fitzhugh-Nagumo peut afficher en fonction

des paramètres du système différents comportements dynamiques tels que: les impulsions sim-

ples et multiples, le chaos transitoire et permanent et l’antimonotonie. Dans le cas d’une ligne

de neurones de Fitzhugh-Nagumo discrète ayant à chacun de ses nœuds un bras électromé-

canique, la simulation numérique montre que lorsque le potentiel d’action passe dans la ligne

discrète, chaque bras exécute un mouvement de type impulsion et revient à sa position initiale.

De plus, cette ligne peut également faire propager une enveloppe de potentiel d’actions et peut

par conséquent être utile pour divers types de systèmes de traitement de l’information.

Mots clés: Ligne électrique, électromécanique, jonction Josephson, Neurone, Fitzhugh

Nagumo, impulsion, antimonocité.
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GENERAL INTRODUCTION

Different types of oscillators can be used to actuate mechanical arms, among which we

can name the Josephson junction oscillator and Fitzhugh-Nagumo oscillator. One particular

interest in the Josephson junction is its potential to generate high-frequency signals ranging

from Gigahertz to Terahertz [1, 2]. Thus, it is generally considered as a microwave radiation

source and can be used for practical applications such as Superconducting Quantum Interference

Devices (SQUIDs), detectors, digital logic circuits, and voltage standards [3–6]. Because of its

large range of frequency variation and the high values of the frequencies, one can think of

supplying some actuation processes at the nano level using a Josephson junction. This will

lead to high-frequency nanoelectromechanical systems.

The usefulness of the Fitzhugh-Nagumo model is its ability to generate low and moderate

frequency signals. Being most used because of its simplicity and its small equivalent circuit [7],

Fitzhugh-Nagumo model is a relaxation oscillator [8]. It is also well known as a generalization

of the Van der Pol equations that are used to model the behavior of excitable systems [9].

The excitability represents the fact that from his resting state, if an excitable cell receives a

stimulus (small perturbation) at a brief time interval, the membrane potential of the cell reaches

a threshold value and generates an action potential before returning to its resting state [10–12].

For the actuation tasks, we will analyze a system where the Fitzhugh-Nagumo neuron is used

to control a mechanical arm. This is similar to the coupling between a biological neuron and a

muscle. In fact, when the brain decides to move part of the body and gives the command to the

motor neurons to execute this movement, it is the muscles at the end of the chain of command

that ultimately contract to move the body part concerned. To transmit this command, the

axons of these motor neurons, emerging from the spinal cord, form a nerve that extends to

the muscles. Where the tip of each axon comes into proximity with a muscle fiber, it forms a

synapse with that fiber.

Another way is to consider an electrical line in which an electrical signal propagates steadily

with a constant shape. This requires some special electrical lines such as nonlinear electrical

transmission lines which are able to propagate special electrical signals such as solitons [13–17].

In these electrical transmission lines, the signal can be inserted periodically at one entrance
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General Introduction

node. Each signal introduced in the line will propagate along the line. An example of such

electrical transmission lines, representing a discrete model of myelinated nerve fibers has been

used to power an array of electromechanical systems [18].

Thus, many research activities have considered arrays of Josephson junctions [2, 19–24] in

order to appreciate the output power. This is not the case with a single Josephson junction

which is unable to deliver high power. It is well known that Josephson junction equivalent model

and Fitzhugh-Nagumo model have been widely studied as nonlinear electrical transmission lines

where long Josephson junctions and arrays of discrete Josephson junctions exhibit soliton-like

excitations [25, 26]. Likewise, Fitzhugh-Nagumo neuron displays the nerve impulse during its

propagation evolve from cell to cell by keeping their shape [27–30]. As the nano-actuation is

concerned, scientists and engineers are interested in the design of a large ensemble of nano-

actuators. This can be obtained by coupling several nanoelectromechanical systems through

their mechanical parts or through the electrical parts with different types of coupling. In the

same manner, the legs of millipedes can be viewed as an array of Fitzhugh-Nagumo neurons

coupled each to an electromechanical system. Thus, following the idea of Ref. [18], we consider

in this thesis the dynamical behavior of an array of electromechanical devices, each of which is

placed at a node of the discrete array. such an electromechanical system can be used model for

macro, micro, and nano-actuation, but also a model for the legs of artificial millipedes. Indeed,

millipedes move their legs in a wave-like undulation along their body propelling themselves

forward (or backward) against the substrate [31,32].

The research leads to three important contributions to the field of electromechanical systems.

− The first purpose of our thesis was to study the dynamical behavior of nano-beams motion

in an array constituted of coupled discrete Josephson junctions.

− The second main aim of the thesis was to analyze the dynamical behavior of an array of

electromechanical systems powered by an array of Fitzhugh-Nagumo neurons.

− The third purpose of our work was to study experimentally the system constituted of one

single Fitzhugh-Nagumo neuron coupled magnetically to a mechanical arm.

The present work is divided into three chapters and organized as follows:

Chapter one is concerned with the literature review on networks of electromechanical sys-

tems, discrete Josephson junction transmission lines, and Fitzhugh- Nagumo neuron. We will

conclude this chapter by recalling the problems to be solved in this thesis.

The physical description and mathematical models of the systems analyzed in this thesis are

presented in chapter 2. Here, the theoretical and experimental methods are also investigated.

The types of equipment and components used during our experimental work are presented.
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In Chapter 3, we present our obtained analytical and simulation results. We analyze the

effects of some parameters on the behavior of the system. The comparisons are then made

between the theoretical results and experimental ones.

We end this thesis with a general conclusion where the work is summarized and perspectives

for future investigations are proposed.
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Chapter 1

LITERATURE REVIEW AND
PROBLEM STATEMENT

Introduction

For several decades, biomimetics and bioengineering contribute to significant progress in

the technology of multilegged locomotion. This thesis is embedded in biomimetics, in partic-

ular electromechanical systems which are focused on the research question of how to techni-

cally mimic the behavior of many legs. Some information about networks of electromechanical

systems is given in this chapter. Discrete Josephson junction transmission lines as well as

Fitzhugh-Nagumo neuron are also presented. The problem statement of the thesis is discussed

at the end of this chapter.

1.1 NETWORKS OF ELECTROMECHANICAL SYSTEMS

1.1.1 Definition of electromechanical systems

The electromechanical system focuses on the interaction of electrical and mechanical

systems as a whole and how the two systems interact with each other. This interaction is

done through a coupling. the coupling between the electrical part and the mechanical part can

be an electromagnetic [33], a piezoelectric [34], a piezoresistive, or a capacitive coupling [35].

According to their size, Electromechanical systems (EMSs) are classified into three domains as

follows:

a) Macro-electromechanical systems

Macroelectromechanical system (MaEMS) is classified in the category of big sizes EMS

[36]. They can be found in various fields such as domestic equipment, manufacturing, com-

munication, and energy production. Mechanical motion is typically converted into electrical

energy and vice versa through various transducers mechanisms. However, although conversion

can have place through many converters, magnetic coupling is generally used in experiments as

in most practical devices. In these devices, MaEMSs thus consist of a subsystem (an electric
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1.1 NETWORKS OF ELECTROMECHANICAL SYSTEMS

circuit), a magnetic subsystem (magnetic field), and a mechanical subsystem. The magnetic

subsystem fits between the electrical and mechanical subsystems and acting in the energy con-

version. When coupled with an electric circuit, the magnetic flux interacting with the current

in the circuit would produce a force on a mechanical part. On the other hand, the motion of

the mechanical arm in the magnetic field causes an induced electromotive force in the circuit.

b) Microelectromechanical systems

Microelectromechanical system (MEMS) is a process technology used to create tiny

integrated devices or systems that combine mechanical and electrical components. They can

range in size from a few micrometers to millimeters [37]. These devices (or systems) can

sense, control, and actuate on the micro-scale, and generate effects on the macro scale. They

are used in fields as varied as automotive, aeronautics, medicine, biology (BioMEMS), and

telecommunications. applications have gone into production while in others, they remain in

the field of research and development. Although MEMS can be manufactured aseptically and

hermetically. Biology and medicine are areas where MEMS are very interesting. It is quite

possible to create autonomous systems that can diagnose and act within the human body.

c) Nanoelectromechanical systems

Nanoelectromechanical systems (NEMS) are a class of devices integrating electrical and

mechanical functionality on the nanoscale. The system is extremely small in size (dimension

less than one cubic micrometer) [38]. Unlike MEMS, NEMS are an emerging technology. NEMS

have long been tools devoted to fundamental studies to probe mesoscopic physical mechanisms.

Their extremely small size makes them extremely sensitive to any external stimulus. NEMS are

interesting both in terms of fundamentals and applications. They often have high mechanical

resonance frequencies typically from (1 to 100 MHz) and dissipate low quantities of energy

(mechanical and electrical). They are sensitive enough to enable mass measurements to be

realized at the single molecular level (molecule counting), to count electrons or phonons one

by one, or to measure forces approaching the pico-Newton. In other words, NEMS respond

to requests as fast as the size of the nanobeam is small. It is, therefore, possible to actuate

high-frequency NEMS with a thermomechanical force, something that was not possible with

microsystems. This also means that a NEMS sensor can be used to detect fast phenomena.

The mechanical part can be of various nature (rigid or flexible arm). It can also be consisting

of springs, movable rods, pendulums, discs... EMS can be linear or nonlinear. It is considered

linear when the equations that model the behavior of the electrical and/or mechanical parts

are linear. It is nonlinear if at least one of the two parts is nonlinear. Nonlinearity in the

mechanical part may be due to the behavior of several components: damping coefficient, elastic
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coefficient, high-value deformation giving rise to geometric nonlinearity, etc. The electrical part

is generally consisting of resistors, capacitors, potentiometers, coils, relays, diodes, transistors,

and integrated circuits. Nonlinearity in the electrical part is generated by the presence of

nonlinear components such as capacitors, resistors, or coils. many works have been carried out

to investigate their different dynamical states by building the electrical circuits on the base of

the components mentioned above [33,36].

1.1.2 Dynamical behavior of single Electromechanical system with

nonlinear components

Many essential works of which the list is non-exhaustive have already been done in

the case of single nonlinear EMS. The interesting results on the dynamic behavior have been

observed and have improved the quality of electromechanical devices in modern life. Mogo and

Woafo [39] investigated the dynamics modeling of a cantilever arm magnetically coupled to a

nonlinear electric circuit. It is shown that the nonlinearity is from the capacitor component.

Moreover, they found that the system presents various types of nonlinear behaviors including

chaos. Chedjou et al. [40] studied the dynamics of a self-sustained electromechanical system

consisting of an electrical Van der pol oscillator coupled to a mechanical Duffing oscillator.

They observed that the system can exhibit harmonic oscillators, quenching phenomena, and

Shilnikov chaos. Other researchers are Kitio and Woafo [36, 41, 42] who studied analytically,

numerically, and experimentally some self-sustained electromechanical systems. The systems

considered in these works are made up of an electrical implementation consisting of different

types of oscillators such as (Van der pol-Duffing oscillator, Rayleigh-Duffing oscillator) actuating

a mechanical arm (rigid and flexible). The authors showed that these systems exhibit periodic

oscillations, quenching phenomena, bifurcation, and chaos oscillations. Yamapi et al. [43–

47] in their studies, have performed several works on a single electromechanical system for

which many dynamics behaviors have been observed. By the method of harmonic balance and

the Floquet theory, they obtained the frequency responses and stability boundaries, and also

reported various types of bifurcation sequences. The transition to chaotic behavior is found

using numerical simulations. The canonical feedback controllers have been used to drive the

electromechanical device from a chaotic trajectory to a regular target orbit. Ngueuteu and

Woafo [48] included a Fractional-order to describe an electromechanical system and detailed

attention is granted to the bifurcations that can occur in the dynamics of a single uncoupled

electromechanical system as the fractional order varies.
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1.1.3 Networks of electromechanical systems

A great interest devoted to networks of the electromechanical systems is investigated

several decades ago. A network of the electromechanical systems is constituted of several cou-

pled electromechanical systems. It is inspired by the connectivities between cells which are

frequently observed in nature and applied to many branches of electromechanical engineering

and many other disciplines. An important element in the dynamics of a network is the coupling

phenomenon. It can lead to a failure of signal propagation or transmission signal in the system

depending on the strength of coupling. The coupling schemes can be divided into two quali-

tatively different groups. The first one is a global coupling where all oscillators are connected

with each other directly [49, 50]. The second type is a local coupling where the single node is

connected to oscillators in its nearest neighborhood [51,52]. Such coupling can be bidirectional

or unidirectional. In a bidirectional local coupling, the signal is transmitted and received si-

multaneously by all connected systems while in a unidirectional local coupling, the signal is

transmitted in one direction from one to another.

Due to interactions between nodes in networks, there exist different types of configuration

networks: a ring, a chain, a star, or a random configuration.

A ring configuration network is a type of network where the node is exactly connected to two

other nodes, forward and backward thus forming a single continuous path for signal propagation.

Many researchers performed their works in this type of network. Ngueuteu et al. studied the

stability of a synchronized network of N chaotic electromechanical devices, coupled through a

linear capacitor and resistance, connected in series [53]. Yamapi and Woafo investigated the

dynamics of a ring of four mutually coupled identical self-sustained electromechanical devices

both in their autonomous and non-autonomous chaotic states. By varying the coupling strength,

the transition boundaries that can occur between instability and complete synchronization

states have been performed [54]. Furthermore, Taffoti and Woafo studied the synchronization

in a ring of mutually coupled electromechanical devices. In this work, each device consisted

of an electrical Duffing oscillator coupled magnetically with a linear mechanical oscillator.

They found the ranges for cluster and complete synchronization in the regular state or in

the chaotic state [55]. Tchakui et al. in their works [56] studied the bifurcation structures

in three unidirectionally coupled nonlinear electromechanical systems with no external signal.

They found that the magnetic field and the damping coefficient control the appearance of Hopf

bifurcation. Also, they found that for the small delay and generative process strength, the

system remains motionless, leading to periodic oscillation at critical value.

Concerning a chain configuration network, it is an opened ring with an infinite number of
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elements. In This configuration, the last unit is not connected to the first one. It is described

in the same way as the ring configuration. The particularity of this case lies in its boundary

conditions. Some works have been done in a chain configuration network [57–59].

Finally, a network of mutually coupled EMS following a star configuration is a configuration

in which unit 1 is coupled to all the other units of the network and all the other units are coupled

only to unit 1 [57].

1.2 DISCRETE JOSEPHSON JUNCTION TRANSMIS-

SION LINES

1.2.1 Generalities on nonlinear electrical transmission lines

Nonlinear electrical transmission line (NLETL) is an ordinary transmission line whose

electrical characteristics are functions of local voltages and currents. Its structure usually

consists of repeated identical subcircuits made up of lumped elements. This structure can be

either discrete or continuous. Nonlinear electrical transmission lines are interconnected. Since

pioneering works by Hirota and Suziki [60] on electrical line simulating Toda lattices [61], a

growing interest has been devoted to the use of the NLETLs in general for the study of the

nonlinear modulated wave, pulse solitons, envelope pulse (bright) solitons, hole (dark) solitons

[62,63], intrinsic localized modes also called breathers [64,65], modulational instability [66,67],

in particular for the study of nonlinear wave propagation [68,69].

Over the past decade, the nonlinear propagation of signals in NLETLs was investigated

theoretically and experimentally [70–72] by studying linear stability and the higher-order so-

lutions in NLETL. These nonlinear electrical transmission lines serve as nonlinear dispersive

media where electrical solitons can propagate in the form of voltage waves without changing

their shape. A balancing mechanism between nonlinearity and dispersion is responsible for

the appearance of soliton phenomena [73]. Solitons can propagate over long distances and

survive collisions. These are highly localized solutions in space of nonlinear partial differential

equations. They have infinite support due to the exponential decrease of their profile at large

distances [74]. The studies of NLETLs have progressed in both the theoretical field [75] and

technology [76–78] and are used in a variety of applications: Indeed, NLETLs have proven to

be extremely useful in pulse generation and shaping using nonlinear phenomena having a wide

range of frequencies from DC to 100 GHz [79,80].

There exist many mathematical models of nonlinear electrical transmission lines to inves-
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tigate the propagation of solitons such as nonlinear Schrodinger equation [81, 82], Kordeweg-

de-Vries (KdV) equation [83], Sine-Gordon equation (long Josephson Junctions) [84], to name

just a few. In the reaction-diffusion equations, a mathematical model of nonlinear electrical

transmission lines are Hodgkin-Huxley equation [85], Fitzhugh-Nagumo equation [86], Morris

Lecar equation [87] and so on.

1.2.2 Short Josephson junction

Brian David Josephson in 1962 predicted theoretically the Josephson effect [88] and

in 1963 it was for the first time experimentally observed by Anderson and Rowell [89]. The

principle of the Josephson effect is that the phase difference ϕ between superconductors 1 and

2 in Figure 1.1 generates a cooper pair current passing through the insulating barrier. This

barrier is also called Junction. Thus, the Josephson junction is a device that consists of two

superconductors weakly separated by a thin insulating barrier [90, 91] as illustrated in Figure

1.1. ψL and ψR are macroscopic wave functions of cooper pairs in the first and second electrodes

respectively.

Figure 1.1: Schematic diagram of a Josephson Junction [92].

If The insulating barrier is thick, the electron pairs can not get through; but if the layer is

thin enough (approximately 10 nm) there is a probability for electron pairs to the tunnel. This

effect became known as Josephson tunneling. The tunnel effect is one of the most emblematic

phenomena of mechanics quantum. Conventionally, a given energy barrier is impassable by any

particle whose energy is lower. Tunneling junctions have an SIS (Superconductor-Insulator-

Superconductor) type structure. Josephson effects can be studied on various contact types

besides the tunnel contact such as Superconductor-Normal Metal-Superconductor (SNS), micro

bridges, proximity effect bridge, point contact, bloc-type junction [93], Figure 1.2.

The conducting region of the two last types of weak links is shown schematically in the

circle on the bottom. S stands for Superconductor, S ′ for the Superconductor with reduced

critical parameters, N for Normal metal or alloy, SE for Semiconductor (usually highly doped),
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Figure 1.2: Different types of structures where the Josephson effect can take place. (a) tunnel junction, (b)

Sandwich, (c) proximity effect bridge, (d) ion implanted bridge, (e) microbridge, (f) variable thickness bridge,

(g) point contact; (h) blob-type junction [91].

I stands for Insulator. Normal metal barriers typically have thicknesses between 10 nm and

100 nm [94]. The first dynamics Josephson effect equation is:

i(t) = Ic sin(ϕ(t)), (1.1)

where ϕ = ϕR − ϕL is the phase difference between the macroscopic wave functions that de-

scribe the paired electrons of the two electrodes, Ic is a function parameter called the critical

current, that is the maximum current that can pass through the junction. It depends on the

temperature, the applied magnetic field, the geometry of the superconductors and the barrier,

and the materials used. i(t) is a cooper current through the Josephson Junction. The second

dynamics Josephson effect equation is:

dϕ

dt
=

2e

~
v. (1.2)

In the above equation, v is the potential difference across the junction, the physical constant

ϕ0 =
~
2e

is the magnetic flux quantum where ~ denotes the reduced Planck’s constant and e

the electron charge. These equations define the relation between the Josephson current ı and

the voltage v using the phase ϕ as an intermediary [95,96].

There are three main effects predicted by Josephson according to the Josephson equations:

• The DC Josephson effect:
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In the absence of a voltage, the supercurrent flow between the two superconductors separated

by a thin insulating barrier and may take values between −Ic and Ic.

• The AC Josephson effect:

In the presence of a constant voltage, the Josephson current will oscillate at a frequency

f =
2ev

h
called the Josephson frequency where 2e

h
= 483.6 GHz/mV.

• The inverse AC Josephson effect:

If an alternating current of radian frequency ω is applied to the junction terminals by

microwave irradiation, the current of cooper pairs tends to synchronize with this frequency (and

its harmonics) and a direct voltage appears at the junction terminals. This synchronization

is revealed in the current-voltage characteristics by the appearance of voltage steps at integer

multiples of the value V =
h

2e
f .

Josephson junctions are theoretical and applied devices extensively studied in the field of

nonlinear dynamics and materials sciences [97–100]. Different models to study the dynamics

of a single Josephson junction are performed such as RCSJ (Resistance Capacitive shunted

junction) [101, 102]. This model was first explored by Stewart [103] and Mc Cumber [104]. In

this model, conduction through the junction includes three independent components: an ideal

Josephson junction which carries a supercurrent, a superconducting current due to the tunneling

of quasiparticles, and a displacement current associated with the junction capacitance. Thus,

the equivalent circuit of a Josephson junction base on the RCSJ model is shown in Figure 1.3.

Here quasiparticle conduction is represented by the linear resistance R, displacement current by

the capacitance C, and pair tunneling by an ideal Josephson element JJ, indicated by a cross.

IS is an external current source necessary to bias the junction. RCLSJ (Resistance, Capacitive,

Inductance shunted junction) [97,99,105,106]. This model is found more appropriate to generate

chaotic oscillation with external DC bias only. It is noted that a refinement of the RCSJ model

exists in which the resistance R is assumed to be nonlinear and is a function of the applied

voltage [107]. This model is theoretically more suited to SNS (Superconductor- Normal metal-

Superconductor) or weak links. In our work, we will focus on the RCSJ model where R is

linear.

Several investigations in the nonlinear dynamics by using a single Josephson junction

based on RCSJ have been widely explored. Valkering and al. [109] have investigated analytically

and numerically the dynamics of two capacitively coupled Josephson junctions based on the

RCSJ model. The work revealed that below a certain value of the coupling capacitance, the

dynamics take place on a two-dimensional torus in the phase space. Furthermore, The authors

of ref. [110] have worked on the bifurcation and transition to chaos in a Josephson junction.
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Figure 1.3: Equivalent circuit of a Josephson Junction according to the RCSJ model [108].

They observed that the system can show chaotic behavior in some regions of the parameter

space both the DC and AC current are applied to the junction.

1.2.3 Josephson junction transmission lines

A Josephson junction is a high-frequency oscillator with high-frequency applications

[1, 22]. Two major problems are encountered in the application of the Josephson junction: the

power generated by a single junction is too small and secondly the linewidth of the emitted

radiation is undesirable. [2]. To solve those problems, it is important to note that the appli-

cation of Josephson junctions as high-frequency oscillators crucially depends on achieving high

enough output power. The possibility to increase the power transmitted and to increase the

radiation output power is through the Josephson transmission line which is supposed to be a

large number of Josephson oscillators. Josephson junction transmission line (JJTL) is a long

Josephson junction in which a vortex (fluxons or soliton) can propagate freely [111]. It can

be constructed in different geometries, and the junction geometry has a significant effect on

the junction dynamics. The most extensively studied geometries are the overlap geometry, the

inline geometry, and the annular geometry [112], depicted in Figure 1.4.

The first two are somewhat similar in that they consist of finite length, quasi-one-dimensional

strips; the essential difference between them is how the bias current is applied to them. In the

overlap geometry, the current is applied perpendicular to the long dimension of the junction,

whereas, in the inline geometry, it is applied parallel to the long dimension. The annular ge-

ometry, instead is qualitatively different, consisting of a strip closed upon itself in an annular.

Although somewhat more difficult to construct and control from the point of view of fabrication

technology, the annular geometry junction offers the interesting possibility of studying soliton

dynamics in the absence of boundary reflection effects. The structure of Josephson junction

transmission line equivalent circuit has been shown in ref. [114]. Several studies have used
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Figure 1.4: Different geometries of Josephson Junction devices: a) Overlap, b) Inline, c) Annular geometry

[113].

Josephson junction transmission lines in the concept of new designs such as information stor-

age, processing circuity, using Josephson transmission line by employing flux quantum (fluxon)

as information bit [115–117]. The Josephson junction transmission line in one dimension is

described by the normalized nonlinear partial differential equation of ref. [114,117–119].

1.2.4 Josephson discrete transmission lines

Josephson discrete transmission lines (JDTLs) have attracted considerably high interest,

both as an excellent laboratory for nonlinear dynamics and because of their relatively wide

area of applications. The JDTL belongs to the basic element set of a quickly developing

family of superconducting digital circuits, rapid single flux quantum electronics (RSFQ) [120].

The basic dynamic properties of such lines were recently a subject of several studies [120–

123]. JDTL is known as Josephson junction array and the need to generate high power as

a continuous long Josephson transmission line (JTL). The advantages of JDTL have over a

Josephson transmission line are that the vortex velocity of JDTL can be higher so that higher

frequencies are accessible and that parameters can over leaving more freedom when designing

circuits [124]. Also, long JTL shows very promising attributes but the JDTL has demonstrated

to have superior properties for microwave applications and electronics due to its [125]. The

works have been done by using DJTL [126–128]
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1.3 FITZHUGH-NAGUMO NEURON

1.3.1 Neuron cell structure

The fundamental task of the nervous system is to communicate and process information.

Animals, including humans, perceive, learn, think, deliver motion instructions, and are aware of

themselves and the outside world through their nervous systems. The basic structural units of

the nervous system are individual neurons. There are approximately 100 billion neurons in the

human brain [129] and each is linked to thousands of other neurons. They have two physiological

properties: excitability and conductivity which are characterized by their function such as the

sensory neurons respond to stimuli such as touch, sound, or light that affect the cells of the

sensory organs and they send signals to the spinal cord or brain.

Motor neurons receive signals from the brain and spinal cord and then carry them to the

outside to control the movement of muscles and the activities of glands. Interneuron sends

messages from one neuron to another. Different types of neurons show great diversity in size

and shape, which makes sense given the tremendous complexity of the nervous system and the

huge number of different tasks it performs. Some examples are Pyramidal cells (neurons with

triangular soma), Purkinje cells (huge neurons in the cerebellum, Basket cells (interneurons,

found in the cortex and cerebellum), Spiny cells (most neurons in the corpus striatum) [130,131].

A typical neuron possesses a cell body (the soma), dendrites, and an axon as illustrated in Figure

1.5

Figure 1.5: Schematic drawing of a neuron [132].

− Cell body

Also known as soma, the cell body carries genetic information, maintains the structure of

the neuron, and provides energy to drive activities. Like other cell bodies, a neuron’s soma
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contains a nucleus and specialized organelles. The diameter of the cell body is in the order of

5 to 100 micrometers.

− Dendrites

Dendrites receive and process signals from the axons of other neurons. Neurons can have

more than one set of dendrites, known as dendritic trees. They can receive many thousands of

input signals.

− Axons

An axon is a tube-like structure that propagates the integrated signal to specialized endings

called axon terminals. These terminals communicate with adjacent neurons, muscles, or target

organs. Some axons are covered with myelin, which acts as an insulator to minimize the

dissipation of the electrical signal as it travels down the axon, greatly increasing the speed of

conduction. The axon or nerve fibre has a diameter between 1 and 15 micrometer. Its length

varies from, millimeters to more than one meter. Along the axon, there are periodic gaps in the

myelin sheath. These gaps are called nodes of Ranvier and are sites where electrical impulses

travel along the axon. The unmyelinated spaces are about one micrometer long.

There are three types of neurons according to their structure. The first type is called

unipolar neurons and they have only one structure that extends away from the soma. The

second type named bipolar neurons has one axon and one dendrite extending from the soma.

Finally, the multipolar neurons contain one axon and multiple dendrites.

Every neuron contains charged ions whose concentration is different inside and outside the

cell. This difference is called the membrane potential. The permeability of the axon membrane

to sodium Na+ and potassium K+ ions includes ion channels that permit electrically charged

ions to flow across the membrane and ion pumps that chemically transport ions from one side

of the membrane to the other.

The movement of ions across the nerve membrane is governed by two opposing forces:

concentration gradient and electrical gradient. Concentration gradient means the difference in

the distribution of ions between the inside and the outside membrane. And these concentration

differences are caused by active pumps. The further electrical gradient is the difference in

positive and negative charges across the membrane. The membrane potential at which these

two opposing forces are balanced is called the equilibrium potential [133].

a)Resting potential

A neuron at rest is negatively charged: the inside of a cell is approximately 70 millivolts

more negative than the outside (70 mV, note that this number varies by neuron type and by

species). This voltage is called the resting membrane potential presented in Figure 1.6.
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Figure 1.6: The resting membrane concentrations and potential [134].

It is caused by differences in the concentrations of ions inside and outside the cell. At rest,

the neuron is said to be in a polarized state. The difference in the number of positively charged

potassium ions K+ inside and outside the cell dominates the resting membrane potential. When

the membrane is at rest, K+ ions accumulate inside the cell due to a net movement with the

concentration gradient. The negative charge within the cell is created by the cell membrane

being more permeable to potassium ion movement than sodium ion movement. In neurons,

potassium ions are maintained at high concentrations within the cell while sodium ions are

maintained at high concentrations outside of the cell.

The cell possesses potassium and sodium leakage channels that allow the two cations to

diffuse down their concentration gradient. However, the neurons have far more potassium

leakage channels than sodium leakage channels. Therefore, potassium diffuses out of the cell

at a much faster rate than sodium leaks in. Because more cations are leaving the cell than are

entering, this causes the interior of the cell to be negatively charged relative to the outside of

the cell. The actions of the sodium-potassium pump help to maintain the resting potential,

once established. Recall that sodium-potassium pumps bring two K+ ions into the cell while

removing three Na+ ions per ATP consumed.

b)Action potential

When we talk about neurons "firing" or being "active", we are talking about the action

potential: a brief, positive change in the membrane potential along a neuron’s axon. When an

action potential occurs, the neuron sends the signal to the next neuron in the communication

chain, and, if an action potential also occurs in the next neuron, then the signal will continue

being transmitted. When a neuron receives a signal from another neuron, the signal causes a

change in the membrane potential on the receiving neuron.
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The signal causes the opening or closing of voltage-gated ion channels, channels that open or

close in response to changes in the membrane voltage. The opening of voltage-gated ion channels

causes the membrane to undergo either a hyperpolarization, where the membrane potential

increases in magnitude (becomes more negative), or a depolarization, where the membrane

potential decreases in magnitude (becomes more positive). Whether the membrane undergoes

a hyperpolarization or a depolarization depends on the type of voltage-gated ion channel that

opened.

Not all depolarizations result in an action potential. The signal must cause a depolarization

that is large enough in magnitude to overcome the threshold potential or the specific voltage

that the membrane must reach for an action potential to occur. The threshold potential is

usually about −55 mV, compared to the resting potential of about −70 mV. If the threshold

potential is reached, then an action potential is initiated at the axon hillock in the following

stages:

− Depolarization.

Voltage-gated sodium channels open quickly after depolarization past the threshold poten-

tial. As sodium rushes into the axon (influx), the inside becomes relatively electrically positive

(approximately +30 mV, compared to the initial resting potential of approximately −70 mV).

− Repolarization

Shortly after the initial depolarization, the voltage-gated sodium channels close and remain

closed (and cannot be opened) for about 1 − 2 ms. Voltage-gated potassium channels then

open, allowing potassium to rush out of the axon (efflux), causing the membrane to repolarize

(become more negative).

− Hyperpolarizaton

Potassium continues leaving the axon to the point that the membrane potential dips below

the normal resting potential. Sodium channels return to their resting state, meaning they are

ready to open again if the membrane potential again exceeds the threshold potential.

− Reset resting potential

The sodium-potassium pump and potassium leak channels reset the locations of sodium

and potassium ions, reestablishing the membrane potential to allow another action potential

to fire.

Action potentials always proceed in one direction only, from the cell body (soma) to the

synapse(s) at the end of the axon. Action potentials never go backward, due to the refractory

period of the voltage-gated ion channels, where the channels cannot re-open for a period of 1−2

ms after they have closed. The refractory period forces the action potential to travel only in
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Figure 1.7: Formation of an action potential [134].

one direction. Action potentials do not vary in magnitude or speed; they are "all-or-nothing".

When a given neuron fires, the action potential always depolarizes to the same magnitude

and always travels at the same speed along the axon. There is no such thing as a bigger or

faster action potential. The parameter that can vary is the frequency of action potentials, or

how many action potentials occur in a given amount of time. Action potentials travel down

the axon by jumping from one node to the next. This jumping is called saltatory conduction.

The image above shows a trace of an action potential at a single point in the membrane of an

axon; the same pattern repeats down the entire length of the axon until it reaches the synapse.

c)Synaptic transmission

The synapse or "gap" is the place where information is transmitted from one neuron

to another. Synapses usually form between axon terminals and dendritic spines, but this is

not universally true. There are also axon-to-axon, dendrite-to-dendrite, and axon-to-cell body

synapses. The neuron transmitting the signal is called the presynaptic neuron, and the neuron

receiving the signal is called the postsynaptic neuron. Note that these designations are relative

to a particular synapse. Most neurons are both presynaptic and postsynaptic. The synaptic

connection between neurons and skeletal muscle cells is generally called neuromuscular Junction,

and the connections between neurons and smooth muscle or glands are known as neuroreffector

junctions. Action potentials can trigger both chemical and electrical synapses.

− Chemical synapses

In a chemical synapse, action potentials affect other neurons via a gap between neurons

called a synapse. Synapses consist of a presynaptic ending, a synaptic cleft, and a postsynaptic

ending. Presynaptic cells are ending axon of one neuron, postsynaptic cells are dendrites and cell
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body of another cell and synaptic cleft which is the tiny gap between the pre-and postsynaptic

cell as shown in Figure 1.8.

Figure 1.8: Schematic drawing of a synapse between two neurons [134].

When an action potential is generated, it is carried along the axon to a presynaptic ending.

This triggers the release of chemical messengers called neurotransmitters. These molecules

cross the synaptic cleft and bind to receptors in the postsynaptic ending of a dendrite. Synaptic

between neurons are either excitatory or inhibitory. It means that Neurotransmitters can excite

the postsynaptic neuron, causing it to generate an action potential of its own. Alternatively,

they can inhibit the postsynaptic neuron, in which case it doesn’t generate an action potential.

−Electrical synapses

Electrical synapses can only excite. They occur when two neurons are connected via a gap

junction. This gap is much smaller than a synapse and includes ion channels that facilitate

the direct transmission of a positive electrical signal. As a result, electrical synapses are much

faster than chemical synapses. However, the signal diminishes from one neuron to the next,

making them less effective at transmitting.

1.3.2 Fitzhugh-Nagumo model

The Fitzhugh-Nagumo (FN) model is a mathematical model of neuronal excitability

developed by Richard FitzHugh in 1961 as a reduction of the Hodgkin and Huxley(HH) model

of action potential generation in the squid giant axon [135]. In 1962, Nagumo et al. subsequently

designed, implemented, and analyzed an equivalent electric circuit [136]. In its basic form, the

model consists of two coupled, nonlinear ordinary differential equations, one of which describes

the fast evolution of the neuronal membrane voltage, the other representing the slower recovery
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action of sodium channel deactivation and potassium channel deactivation. v̇ = α [f(v)− w + I(t)]

ẇ = β [g(v)− w]
(1.3)

where v is the membrane potential and w is the flow of ions through the membrane. I(t)

is the stimulation current. α and β are positive constants, f is a cubic function of v whereas

g is a linear function of v. There are three types of behavior well reproduced by this model:

resting potential, spiking, and bursting behaviors [137,138].

1.3.3 Dynamical behavior

The Fitzhugh-Nagumo (FN) model is commonly used in neuroscience, chemistry, physics,

and other disciplines as simple models of excitable dynamics, relaxation oscillations, and

reaction-diffusion wave propagation. Various dynamics behaviors based on the FN model have

been investigated. In order to reproduce the spiking and bursting behavior of real neurons,

Zhilong et al. [139] established and analyzed a new hybrid biological neuron model by combin-

ing the FN neuron model, the threshold for spike initiation, and the state-dependent impulsive

effects. They obtained some sufficient criteria for the existence and stability of order 1 or order

2 periodic solution to the impulsive neuron. The presented bifurcation diagrams describe the

phenomena of a period-doubling route to chaos which implies that the dynamic behavior of

the neuron model becomes more complex due to impulsive effects. Anderson Hoff et al. [140]

studied numerically the dynamical behavior of two coupled FN oscillators. By the bifurcation

curves and Lyapunov diagrams, they show that the system presents multistability in the planes

of the basin of attractions. Muhammad et al. [141] studied the synchronization of two FN sys-

tems coupled with gap junctions. They found that synchronization is achieved by stabilizing

the error dynamics. Moreover, another study on the phenomenon of vibrational multiresonance

in a delayed FN system that is excited by two-frequency periodic signals is investigated. They

found that time delay feedback induced in the system the quasi-periodic and periodic vibra-

tional resonances, and also the firing pattern of the neuron can be regulated by modulating the

delay parameter [142]. Finally, Valenti et al. analyzed the dynamics of a FN system subjected

to autocorrelated noise. They investigated the role of the colored noise on the neuron dynamics

by finding that, strongly correlated noise, efficiency enhance the neuronal response [143].
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1.3.4 Discrete transmission lines mode of Fitzhugh-Nagumo model

The modeling of these nerve fibers has been subjected by the pioneering works of Hodgkin

and Huxley [144] who have modeled the dynamics of the nervous impulse by a complex system of

nonlinear partial differential equations. Inspired by this work, a chain of electrical circuits of FN

has been taken into account where the diffusion term has been added as a means of propagation

of signals in nerve fibers. And this has allowed to obtain FN partial differential equations model

[145–148]. However, electrically, nerve fibers behave as spatially discrete periodic structures.

This is due to the periodically spaced active channels (nodes of Ranvier) in the myelin insulation

[149]. Thus, when studying the propagation of electrical signals through nerve fibers, it turns

out to be more natural to study the discrete system instead of its continuous counterpart.

Most researchers have made the investigations on FN model as a discrete transmission line,

such as Irmantas and Pyragas [150] who have investigated the effect of a homogeneous high-

frequency stimulation on a one-dimensional chain of coupled excitable elements governed by the

FN equations. They showed that depending on the amplitude of high-frequency stimulation,

the high-frequency stimulation can either enhance or suppress pulse propagation. [151, 152]

investigated a discrete chain of coupled bistable reaction-diffusion modeled by the Nagumo

equations. They determined propagation front initial conditions. They also obtained the critical

coupling constant above which propagation is possible and determined the propagation speed.

Furthermore, some authors [153] studied the effect of random long-range connections on signal

propagation in an array of coupled FN neurons. They showed that when the first neuron is

subjected to external stimuli, it fires and excites its connected neighbors, such that the neural

signal may propagate along the chain favored by the shortcuts. Also, that disorder in the neural

network may play a vital role in helping information processing in living systems.

1.4 PROBLEM STATEMENT OF THE THESIS

The study of multi-legged locomotion has increased exponentially in recent years. This

concept of legged locomotion relating the biological and engineered system offers potential

solutions to unsolved problems in daily life. Numerous studies have been carried out and

have shown the advantages of the use of many legs. The legged locomotion is quite rich

due to the variety of morphologies, gaits, and body sizes and due to the complexity of the

environment where these multi-legged characters move: overcoming objects, crossing uneven

terrain via coordination of their numerous legs, avoiding moving obstacles [154]. This allowed

the development of a multi-legged robot that enables one to traverse rough terrain where
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wheeled mobile robots cannot move around; eg. higher bumps, trenches, deep ruts, and so

on [155].

For assembly line work, networks of electromechanical systems are increasingly recom-

mended in the industry. In addition, to optimize their operation, it is advisable to supply

such networks with electrical devices that allow impulse responses of the electromechanical sys-

tems. In addition to being used as the transmission lines, such systems can be used to mimic

the movement of animals with multiple legs (centipedes and millipedes) [18]. Also, most of the

work presented up to date in coupling between biological neuron and electromechanical system

have been mainly theoretical [18, 34, 54, 54, 156] with some numerical verifications. According

to these reasons our study is based on the dynamics of electromechanical devices powered by

nonlinear electrical transmission lines.

Conclusion

In this chapter, we have presented some generalities on networks of electromechanical

systems. Information on discrete Josephson junction transmission lines as well as on Fitzhugh-

Nagumo are also given. This has enabled us to state the problem solved in this thesis.
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Chapter 2

METHODOLOGY AND MATERIALS

Introduction

In this chapter, the physical descriptions of all the systems analyzed in this thesis are

presented. Their corresponding mathematical models are then derived. The analytical and

numerical methods used to analyze the differential equations found in the thesis are explained

here. The experimental methods to analyze electrical circuits are also provided and finally, all

the materials and components used during our experimental investigations are presented.

2.1 NANOELECTROMECHANICAL BEAM DRIVEN BY

A SINGLE JOSEPHSON JUNCTION

2.1.1 Description of the system

The circuit diagram of the Josephson junction model coupled magnetically to a nano-

beam is shown in Figure 2.1.

Figure 2.1: A single Josephson junction circuit coupled to a nanoelectromechanical beam and its correspond-

ing symbol.
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It is made of an electrical part which is constituted by a Josephson junction circuit model

whose components are respectively: JJ denotes the Josephson junction element, C the junction

capacitance and R the junction resistance. Ie is an external current source necessary to bias

the junction. The mechanical part is made of a nano-beam (parallel to
−→
k ) on which is placed

a winding and the whole is in magnetic field
−→
B (parallel to

−→
i ).

2.1.2 Mathematical model of a nanoelectromechanical beam driven

by a single josephson junction

Let V be the voltage across the Josephson junction and i1 the current through the

junction. The relations between V , the phase difference ϕ across the Josephson barrier and i1

are given as [157]:

V =
~
2e

dϕ

dτ
, (2.1)

i1 = Ic sin (ϕ) , (2.2)

where e is the electron charge, ~ denotes the reduced Plank’s constant and Ic is the critical

current of the junction. The application of the Kirchhoff laws leads to the following differential

equations:

C
dV

dτ
+
V

R
+ i1 + ib = Ie, (2.3)

L
dib
dτ

+ rib = V + ef . (2.4)

In equation (2.4), ib is the current flowing through the winding located on the surface of

the nano-beam. L and r are respectively the inductance and resistance of the winding and ef

is the induced electromotive voltage provided by the winding moving in the magnetic field, τ

is the time. To obtain the equation of the nano-beam, let U be the deflection of nano-beam

and ℓ the length of the wire loop located on the surface of the nano-beam. If we assume the

nano-beam to be isotropic, uniform and flexible, then equation (2.5) is the transversal vibration

of the Euler-Bernoulli beam [158,159]:

ρS
∂2U

∂τ 2
+ λ

∂U

∂τ
+ EI

∂4U

∂Z4
= FL , (2.5)

where S is the cross-sectional area of the beam, ρ, λ, E, I and FL are respectively the density,

damping coefficient, Young’s modulus, the second moment of area and the Laplace force. We

have considered a thin beam and we neglect the axial and torsional vibrations compared to
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the flexible vibrations. The induced electromotive voltage and the Laplace force acting on the

whole nano-beam due to the magnetic coupling are given as:

ef = −Bℓ∂U
∂τ

, (2.6)

FL = Bℓib. (2.7)

Introducing equations (2.1), (2.2) and (2.6) into equations (2.3) and (2.4), and equation

(2.7) into equation (2.5), it comes that the system is described by the following three coupled

differential equations:

C~
2e

d2ϕ

dτ 2
+

~
2eR

dϕ

dτ
+ Ic sinϕ+ ib = Ie, (2.8)

L
dib
dτ

+ rib −
~
2e

dϕ

dτ
+Bℓ

dU

dτ
= 0, (2.9)

ρS
∂2U

∂τ 2
+ λ

∂U

∂τ
+ EI

∂4U

∂Z4
−Bℓib = 0. (2.10)

For the cantilever beam, the following boundary conditions are added to the equation (2.10):

i) the fixed end (Z = 0) must have zero displacement and zero slope because of the clamp:

U (0, τ) = 0 and
∂U (0, τ)

∂Z
= 0, (2.11)

ii) the free end (Z = L1) cannot have a shearing force nor a bending moment:

∂2U (L1, τ)

∂Z2
= 0 and

∂3U (L1, τ)

∂Z3
= 0. (2.12)

L1 represents the length of the nano-beam. One now introduce a set of dimensionless

variables u, x and z. We normalize the variables as u =
U

L1

, x =
ib
Ic

and z =
Z

L1

. The time τ

is normalized as t = ωcτ , where ωc is the characteristic radian frequency of the Junction. The

set of equations (2.8) to (2.10) can then be rewritten in the following dimensionless form:

βc
d2ϕ

dt2
+
dϕ

dt
+ sinϕ+ x = ie, (2.13)

dx

dt
+ µx− η

dϕ

dt
+ ε1

∂u

∂t
= 0, (2.14)

∂2u

∂t2
+ α

∂u

∂t
+ ω2

1

∂4u

∂z4
= γ1x. (2.15)

With the new introduced parameters defined as

ωc =
2eRIc
~

, βc =
2eIcR

2C

~
, ie =

Ie
Ic
, µ =

r

Lωc

, η =
~

2eLIc
, ε1 =

BℓL1

LIc
,

α =
λ

ρSωc

, ω1 =
1

L2
1ωc

√
EI

ρS
and γ1 =

BℓIc
ρSL1ω2

c

.

(2.16)
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JUNCTION

βc represents the Stewart-McCumber parameter. The dimensionless of boundary conditions

become

u (0, t) = 0 and
∂u (0, t)

∂z
= 0, (2.17)

∂2u (1, t)

∂z2
= 0 and

∂2u (1, t)

∂z3
= 0. (2.18)

Equation (2.15) is a partial differential equation. In order to obtain an equivalent ordinary

differential equation, on use the Galerkin’s method to have the modal equation [158]. For that

purpose, the deflection of the nano-beam can be written as:

u (z, t) =
∞∑
p=1

φp (z) yp (t). (2.19)

where yp (t) is the function of time at pth mode and φp (z) is the spatial function. Resolving

equation (2.15) without damping force and Laplace force and also taking into account of the

boundary condition, the spatial function φp (z) is given by:

φp (z) =
sin (Kp) + sinh (Kp)

cos (Kp) + cosh (Kp)
[cosh (Kpz)− cos (Kpz)] + [sin (Kpz)− sinh (Kpz)] . (2.20)

Substituting equation (2.20) into equation (2.19) which is then multiplied by φm(z) and

integrating from 0 to 1 for the first mode of vibration, see below.∫ 1

0

φmφpdz = 1,

∫ 1

0

φm(z)dz = c1 and
∫ 1

0

φm(z)
∂4φp

∂z4
dz = c2. (2.21)

After some mathematical manipulations, one obtains Kp = 1.8751, where Kp is the solution

of the equation cosKp coshKp = −1, c1 = 1.066 and c2 = 22.939. As consequence, the set

of equations (2.13) to (2.15) is reduced to the following system of three ordinary differential

equations where the third equation is the modal equation of nano-beam with y the displacement

of the nanoelectromechanical beam at the first mode.
βcϕ̈+ ϕ̇+ sinϕ+ x = ie,

ẋ+ µx− ηϕ̇+ εẏ = 0,

ÿ + αẏ + ω2y − γx = 0,

(2.22)

where ω = ω1
√
c2, γ = c1γ1 and ε =

ε1
c1

. The set of equations (2.22) can be transformed to five
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first order differential equations convenient for numerical simulation as follows:

ϕ̇ = v,

v̇ = − 1

βc
(v + sinϕ+ x− ie) ,

ẋ = ηv − µx− εz,

ẏ = z,

ż = γx− ω2y − αz.

(2.23)

2.2 ELECTROMECHANICAL ARM POWERED BY A

FITZHUGH-NAGUMO NEURON

2.2.1 Physical description of the system

We consider an equivalent circuit of Fitzhugh-Nagumo neuron coupled magnetically to

a mechanical arm, as shown in Figure 2.2.

a) b)

Figure 2.2: a) Equivalent circuit of Fitzhugh-Nagumo neuron coupled to an electromechanical arm. b)

Internal structure of the electromechanical subsystem.

In the equivalent circuit of Figure 2.2a), Is represents the external electrical stimulation

current source, C is the membrane capacitance, G is the membrane conductance, L and r

represent respectively the inductance and resistance of the membrane. The block MS represents

our mechanical arm and its internal structure is shown in Figure 2.2b).

The coil is positioned in the air gap of the magnet and a beam is rigidly attached to the coil.

Besides, one spring is added to avoid the movement of the mobile beam away from the balanced

position established when the system was assembled. The interaction of the current through

the windings and the magnetic field produces mechanical vibrations of the mobile beam. The
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coupling between both parts is realized through the electromagnetic force due to a permanent

magnet which creates a Laplace force in the mechanical part and the Lenz electromotive voltage

in the electrical part.

Two different strategies are responsible for electrical communication between neurons. One

is the consequence of low resistance intercellular pathways, called "gap junctions". The second

occurs in the absence of cell-to-cell contacts and is a consequence of the extracellular electrical

fields generated by the electrical activity of neurons. In the same manner, the capacitance Cm

is used to realize the coupling between the neuron and the electromechanical system.

2.2.2 Mathematical model of the system

In this model, the conductance G is the only nonlinear element, and its voltage-current

characteristics is given in equation (2.24):

iG = αv (v − µ1) (v − µ2) , (2.24)

where iG and v are the current through and voltage across the conductance respectively. µ1

and µ2 are respectively the threshold voltage and the diffusion potential of the neuron. Finally,

α is a fitting parameter and is a function of the potentials of different ions present in the

neuron. The Fitzhugh-Nagumo model of nonlinear conductance shown in equation (2.24) can

be simulated by a different nonlinear electric circuit, using a tunnel diode or a nonlinear resistor

with a smooth cubic v − i characteristic.

The application of the Kirchhoff laws to the circuit shown in Figure 2.2a) leads to the

following differential equations:

C
dv

dt
+ i+ im + αv (v − µ1) (v − µ2) = Is, (2.25)

L
di

dt
+ ri = v, (2.26)

Lm
dim
dt

+ rmim + u− v = −Bℓdx
dt
, (2.27)

Cm
du

dt
= im. (2.28)

Lm and rm are respectively the inductance and resistance of the windings, v represents the

membrane potential of the cell, namely the voltage across the membrane capacitance C, i is the

current through the inductance L, and represents biologically the recovery variable related to

the inactivation of the sodium channels. im is the current flowing through the winding, u is the

voltage across the capacitance Cm and represents the electrical synaptic potential or coupling

potential, and t is the time.
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Since there is no contact between the magnet and the moving windings, the friction effects

are neglected here. The mechanical subsystem used in this work has been modeled mathemati-

cally by many authors [160–162] and the experimental verification of the theoretical results has

been made using a motion detector and an accelerometer [40, 41]. During their experimental

works, Kitio et al. found excellent agreement between the experimental and theoretical results

when the friction forces are not taken into account [40, 41]. The equation of motion of the

mobile beam of mass m is given by:

m
d2x

dt2
+ β0

dx

dt
+Kx = Bℓim, (2.29)

where β0 is the damping coefficient, and K is the spring constant. ℓ is the total length of

the conductor used in the winding. The term −Bℓdx
dt

represents the induced voltage in the

winding, while the term Bℓim represents the Laplace force acting on the conducting wire in the

magnetic field. Equation (2.29) is valid for displacements of small amplitudes in the mechanical

subsystem. In case of high magnitude displacements, it is necessary to take into account the

nonlinear response of the spring [160,161].

Introducing the news variables and the following dimensionless parameters:

i = w, im = z, τ = ω0t, a =
1

Cω0

, b =
1

Lω0

, d =
1

Lmω0

, γ = Bℓω0, β =
β0
mω0

,

ε =
K

mω2
0

, σ =
Bℓ

mω2
0

, and q =
1

Cmω0

,
(2.30)

we obtain that the dimensionless equations governing the dynamics of the whole system are

thus: 

v̇ = a (Is − w − z − αv (v − µ1) (v − µ2)) ,

ẇ = b (v − rw) ,

ẍ = −βẋ− εx+ σz,

ż = d (v − u− rmz − γẋ) ,

u̇ = qz.

(2.31)

The action of the electrical subsystem on the electromechanical part is visualized through the

parameter σ while the effect of the electromechanical system in the electrical block is measured

through the product dγ. If σ ≫ dγ, the electrical subsystem is viewed as a voltage source by

the mechanical part. In contrast, if σ ≪ dγ, the power provided by the electrical part will be

less than the power required by the mechanical part. The moderated values of σ and dγ are

then required for the subsystems to influence each other.
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2.3 MATHEMATICAL MODEL OF ARRAY OF ELEC-

TROMECHANICAL SYSTEMS

2.3.1 Array of nanoelectromechanical beams driven by a discrete ar-

ray of Josephson junctions

In this subsection, we analyze the behavior of a system consisting of nano-beams fixed

at each node of a discrete line of coupled Josephson junctions. The coupling between two

neighborhood elements is made by an inductance Lc as illustrated in Figure 2.3.

Figure 2.3: Schematic representation of the array of Josephson junctions circuit coupled to nanoelectrome-

chanical beams.

Let ϕn, Vn, ibn, and Un be respectively the phase, the junction voltage, the current through

the winding and the deflection of the nth nano-beam. Using the Kirchhoff’s laws, the circuit

equations for the line are given by:

C~
2e

d2ϕn

dτ 2
+

~
2eR

dϕn

dτ
+ Ic sinϕn + ibn = Ie +

~
2eLc

(ϕn+1 − 2ϕn + ϕn−1) ,

L
dibn
dτ

=
~
2e

dϕn

dτ
− ribn −Bℓ

∂Un

∂τ
,

ρS
∂2Un

∂τ 2
+ λ

∂Un

∂τ
+ EI

∂4Un

∂Z4
n

= Bℓibn.

(2.32)

Using the dimensionless parameters and the Galerkin transformations presented in above

section, it is found that the line circuit is described by the following system of coupled ordinary

differential equations:
βcϕ̈n + ϕ̇n + sinϕn + xn = ie + k (ϕn+1 − 2ϕn + ϕn−1) ,

ẋn + µxn − ηϕ̇n + εẏn = 0,

ÿn + αẏn + ω2yn − γxn = 0.

(2.33)
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This is the set of differential equations describing the propagation of electrical signal and

the motion of N nano-beams. In this set of equations, the coupling parameter k between

neighboring nodes is defined as k =
√

~
2eLcIc

. The other parameters are defined as in equation

(2.34).

ωc =
2eRIc
~

, βc =
2eIcR

2C

~
, ie =

Ie
Ic
, µ =

r

Lωc

, η =
~

2eLIc
, ε1 =

BℓL1

LIc
,

α =
λ

ρSωc

, ω1 =
1

L2
1ωc

√
EI

ρS
and γ1 =

BℓIc
ρSL1ω2

c

.

(2.34)

2.3.2 Array of electromechanical arms powered by an array of Fitzhugh

Nagumo neurons

The other goal of this subsection is to analyze the behavior of a system consisting of

an electromechanical system fixed at each node of a discrete line of coupled Fitzhugh-Nagumo

type oscillator. The coupling between two neighborhood elements is made by a resistance Rc

as illustrated in Figure 2.4.

Figure 2.4: Schematic representation of the array of Fitzhugh Nagumo coupled to electromechanical arms.

As mentioned previously, the block MS represents the electromechanical system. Rc is an in-

tercellular resistance that represents the coupling resistance between the cells. n = 1, 2, · · · , N ,

where N = 6000 is the total number of cells. Let vn and un be respectively the voltages drop

across the capacitances C and Cm in the nth cell. Still in the nth cell, in and imn are respectively

the currents through the inductances L and Lm and xn is the mechanical displacement of the

mobile beam. The application of the Kirchhoff’s and Newton laws to the complete system leads
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to the following differential equations:

C
dvn
dt

+ in + imn + αvn (vn − µ1) (vn − µ2)−
1

Rc

(vn+1 − 2vn + vn−1) = Isn ,

L
din
dt

+ rin = vn,

Lm
dimn

dt
+ rmimn + un − vn +Bℓ

dxn
dt

= 0,

m
d2xn
dt2

+ λ
dxn
dt

+Kxn = Bℓimn ,

Cm
dun
dt

= imn .

(2.35)

We will proceed as we have done in the previous section. Then, considering the dimensionless

variables introduced in the previous section: vn, wn, zn, un and xn, the overall system is

described by the following nonlinear ordinary differential equations:

v̇n = a

(
Isn − αvn (vn − µ1) (vn − µ2)− wn − zn +

1

Rc

(vn+1 − 2vn + vn−1)

)
,

ẇn = b (vn − rwn) ,

żn = d (vn − un − rmzn − γẋn) ,

ẍn = −βẋn − εxn + σzn,

u̇n = qzn.

with 1 6 n 6 N

(2.36)

Let us first recall some interesting results when the mechanical part is not connected and

the membrane inductance is neglected (L = 0 H) in the equivalent circuit. The coupling term in

the first equation of system (2.36) can be approximated with partial derivatives with respect to

distance, x′, assuming that the spacing between two adjacent units is small. If we assume that

the voltage v varies slowly from one unit section to the other, the discrete spatial coordinate n

can be replaced by a continuous one x′, the network is then described by the following diffusion

equation:

1

Rc

∂2v

∂x′2
+

1

a

∂v

∂t′
− v

r
− αv (v − µ1) (v − µ2) = 0. (2.37)

We start the analysis by looking for wave solutions of equation (2.37) in the form of

v (t′, x′) = V (ξ) where ξ = x′−V0t′ is a traveling wave variable. This assumption of a traveling

wave converts the partial differential equation (2.37) into the second order ordinary differential

equation

1

Rc

d2V

dξ2
− V0

a

dV

dξ
− V

r
− αV (V − µ1) (V − µ2) = 0. (2.38)
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In the above ordinary differential equation, the traveling wave speed V0 is an unknown

parameter that must be obtained by the analysis. The corresponding traveling wave solution

and the traveling wave speed are given by

V (ξ) =
µ1 + µ2 + A

4
+

√
2B

4
tanh

(√
αRcB

4
ξ

)
and V0 =

a

4

√
2α

Rc

(µ1 + µ2 − 3A) , (2.39)

where the newly introduced parameters A and B are worth

A = −
√

(µ1 + µ2)
2 − 4

αr
and B = µ2

1 + µ2
2 + (µ1 + µ2)A− 2

αr
. (2.40)

Next, let us consider the influence of the recovery term in the system (2.36), where the

inductance L and the mechanical part are included. There are no analytical expressions so far,

and the results will be achieved in the following sections only through the computer simula-

tions. Nevertheless, the expressions obtained in equations (2.39) and (2.40) can provide some

ideas. Looking at an understanding of the underlying physical processes and possible technical

applications, we additionally study the influence of circuit parameters on the signal waveform.

2.4 ANALYTICAL METHODS

The primary advantage of analytical methods is that they are very cost effective and

they are also reasonably effective to analyze the behavior of dynamical systems. Analytical

procedure as a substantive test reduces the time taken in determining the future course of

action.

2.4.1 Routh-Hurwitz stability criterion

In control system theory, the Routh-Hurwitz stability criterion is a mathematical test

that is a necessary and sufficient condition for the stability of a linear time invariant control

system. The Routh test is an efficient recursive algorithm to determine whether all the roots of

the characteristic polynomial of a linear system have negative real parts. Hurwitz independently

proposed to arrange the coefficients of the polynomial into a square matrix, called the Hurwitz

matrix, and showed that the polynomial is stable if and only if the sequence of determinants

of its principal submatrices are all positive.

The two procedures are equivalent, with the Routh test providing a more efficient way to

compute the Hurwitz determinants than computing them directly. A polynomial satisfying

the Routh-Hurwitz criterion is called a Hurwitz polynomial. The importance of the criterion

is that the roots s of the characteristic equation of a linear system with negative real parts
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represent solutions est of the system that are stable (bounded). Thus the criterion provides

a way to determine if the equations of motion of a linear system have only stable solutions,

without solving the system directly.

A tabular method can be used to determine the stability when the roots of a higher order

characteristic polynomial are difficult to obtain. For an nth-degree polynomial

D (s) = ans
n + an−1s

n−1 + · · ·+ a2s
2 + a1s+ a0. (2.41)

the table has n+ 1 rows and the following structure:

an an−2 an−4 an−6 · · ·
an−1 an−3 an−5 an−7 · · ·
b1 b2 b3 b4 · · ·
c1 c2 c3 c4 · · ·
...

...
...

... . . .

. (2.42)

where the elements bi and ci can be computed as follows:

bi =
an−1an−2i − anan−(2i+1)

an−1

and ci =
b1an−(2i+1) − an−1bi+1

b1
. (2.43)

When completed, the number of sign changes in the first column will be the number of non-

negative roots.

2.4.2 General oscillation startup condition

The Barkhausen criterion has been widely used to determine the oscillation startup

condition. However, it is only partially correct [163]. The general oscillation condition and the

oscillation frequency related to the general oscillation startup condition are presented in this

subsection. Assume the characteristic polynomial of a certain system has the following form:

a0 + a1s+ a2s
2 + a3s

3 + a4s
4 + · · ·+ ans

n = 0. (2.44)

The corresponding system will oscillate if s is a purely imaginary number. Let s = jω where

j2 = −1 and ω is the radian frequency of the system. Hence equation (2.44) is equivalent to a0 − a2ω
2 + a4ω

4 + · · · = 0,

a1 − a3ω
2 + a5ω

4 + · · · = 0.
(2.45)

The first equation of system (2.45) is often used to derive the oscillation start-up condition while

the second equation of system (2.45) allows the determination of the oscillation frequency.
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In practice, an oscillator needs exponentially increasing amplitude to get the oscillation start

up. So the general oscillation condition of a feedback oscillator can be assumed as following:

There is at least one root of (2.44) lying in the right half of the s plane or a double roots on

the imaginary axe.

2.4.3 Cardano’s Method

Cardano’s method provides a technique for solving the general cubic equation:

ax3 + bx2 + cx+ d = 0, (2.46)

in terms of radicals, as with the quadratic equation, it involves a "discriminant" whose sign

determines the number of real solutions. However, its implementation requires substantially

more technique than does the quadratic formula. For example, in the "irreducible case" of

three real solutions, it calls for the evaluation of the cube roots of complex numbers. In outline,

Cardano’s methods involves the following steps:

1) "Eliminate the square term" by the substitution x =
y − b

3a
. Rather than keeping track of

such a substitution relative to the original cubic, the method often begins with an equation in

the reduced form

y3 − 3λy + 2q = 0, (2.47)

where λ = b2 − 3ac and q = b3 − 9abc− 27a2d

2
.

2) Letting y = u+ v, rewrite the above equation as

u3 + v3 + 3 (uv − λ) (u+ v) + 2q = 0. (2.48)

3) The above equation becomes the following system of equations:u3 + v3 = −2q,

u3v3 = λ3.
(2.49)

Since this system specifies both the sum and product of u3 and v3, it enables us to determine

a quadratic equation whose roots are u3 and v3. This equation is(
u3
)2

+ 2qu3 + λ3 = 0 and
(
v3
)2

+ 2qv3 + λ3 = 0, (2.50)

The simplified discriminant of the equations (2.50) is given as

∆ = q2 − λ3. (2.51)
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According to the sign of the discriminant ∆, we have the following cases:

− If ∆ > 0, equation (2.46) has one real solution given as

x =
1

3a

(
−b+ 3

√
−q −

√
∆+

3

√
−q +

√
∆

)
. (2.52)

− If ∆ 6 0, equation (2.46) has three real solutions and in this case, we have to find the cube

roots of complex numbers. After some mathematical transformations, the three real roots are

given as

x1 =
−b− 2

√
λ cos

(
θ−2π
3

)
3a

, x2 =
−b− 2

√
λ cos

(
θ
3

)
3a

, x3 =
−b− 2

√
λ cos

(
θ+2π
3

)
3a

where θ = arctan

(√
−∆

q

)
.

(2.53)

2.5 SIMULATION METHODS

2.5.1 Fourth order Runge-Kutta method

This method was developed for the first time by the mathematician C. Runge in 1894

and improved by Mr. W. Kutta in 1901. Let us solve a system of three first-order differential

equations given as follows:
ẋ = g1 (x, y, z) ,

ẏ = g2 (x, y, z) ,

ż = g3 (x, y, z) .

(2.54)

The Runge-Kutta method allows to find the variables x, y and z at successive time intervals

∆t = h. The iterative scheme of the RK4 method is given by the following relationships:
xn+1 = xn +

ℓ1 + 2 (ℓ2 + ℓ3) + ℓ4
6

,

yn+1 = yn +
k1 + 2 (k2 + k3) + k4

6

zn+1 = zn +
p1 + 2 (p2 + p3) + p4

6

where n = 0, 1, 2, 3, · · · . (2.55)

x0, y0 and z0 are the known as the initial conditions. The Runge-Kutta coefficients ℓ1, ℓ2, ℓ3,
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ℓ4, k1, k2, k3, k4, p1, p2, p3 and p4 are given as

ℓ1 = hg1 (t, x, y, z) , k1 = hg2 (t, x, y, z) , p1 = hg3 (t, x, y, z) ,

ℓ2 = hg1
(
t+ h

2
, x+ ℓ1

2
, y + k1

2
, z + p1

2

)
,

k2 = hg2
(
t+ h

2
, x+ ℓ1

2
, y + k1

2
, z + p1

2

)
,

p2 = hg3
(
t+ h

2
, x+ ℓ1

2
, y + k1

2
, z + p1

2

)
,

ℓ3 = hg1
(
t+ h

2
, x+ ℓ2

2
, y + k2

2
, z + p2

2

)
,

k3 = hg2
(
t+ h

2
, x+ ℓ2

2
, y + k2

2
, z + p2

2

)
,

p3 = hg3
(
t+ h

2
, x+ ℓ2

2
, y + k2

2
, z + p2

2

)
,

ℓ4 = hg1 (t+ h, x+ ℓ3, y + k3, z + p3) ,

k4 = hg2 (t+ h, x+ ℓ3, y + k3, z + p3) and

p4 = hg3 (t+ h, x+ ℓ3, y + k3, z + p3) .

(2.56)

2.5.2 Finite difference methods

Finite difference methods(FDM) are well-known numerical methods to solve differential

equations by approximating the derivatives using different difference schemes [164,165]. Many

science and engineering models involve nonlinear and nonhomogeneous differential equations,

and solutions of these equations are sometimes beyond the reach of analytical methods. In

such cases, FDM may be found to be practical, particularly for regular domains. To apply the

difference method to find the solution of a function U(x), let us divide this interval [AB] into

equal division ∆x = h where h is the increment in step size. Consider x0 = a, xi+1 = xi + h

and xn = b with i = 0, 1, 2, 3, 4, .....n− 1.

The approach used to obtain finite difference equations is Taylor’s series:

U(x0 + h) = U(x0) + hf
′
(x0) +

1

2!
h2f

′′
(x0) +

1

3!
h3f

′′′
(x0) + 0(h)4 (2.57)

U(x0 − h) = U(x0)− hf
′
(x0) +

1

2!
h2f

′′
(x0)−

1

3!
h3f

′′′
(x0) + 0(h)4 (2.58)

Where 0(h4) is the error introduced by truncating series. Using a forward difference formula

for the first derivative of U at x and central difference formula for the second derivative at x,

we get respectively

Ux =
Ui+1 − Ui

h
and Uxx =

Ui+1 − 2Ui + Ui−1

h2
, (2.59)
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2.6 EXPERIMENTAL METHODS

2.6.1 Operational amplifier

The operational amplifier is the essential component in the design of the inverter, adder

and integrator circuits. We will use the operational amplifier of type LF356. These amplifiers

feature low input bias and offset currents/low offset voltage and offset voltage drift, coupled

with offset adjust, which does not degrade drift or common-mode rejection. The devices are

also designed for high slew rate, wide bandwidth, extremely fast settling time, low voltage

and current noise. The pin assignment, the physical symbol, and the actual appearance of the

component are shown in Figure 2.5a), Figure 2.5b), and Figure 2.5c) respectively.

a) b) c)

Figure 2.5: Operational amplifier, a) Pin configuration, b) Physical symbol and c) Picture of the component.

In figures 2.5b), pins 1 and 5 are used for offset compensation. Pins 2 and 3 are the

inverting and non-inverting inputs respectively, pins 4 and 7 are used for the negative and

positive polarizations and pin 6 is the circuit output.

2.6.2 Integrator circuit

The diagram of one input integrator circuit is shown in Figures 2.6.

The application of the Kirchhoff laws to the above circuit gives the output voltage v0 as a

function of the input voltage vin.

vo = − 1

RC

∫
vindt. (2.60)

We have to notice that the integrator does not work so ideally. In fact, the low input

current of the amplifier produces in the resistor R a voltage drop which is also integrated:

the output becomes saturated because the capacitor remains charged. To obtain a satisfactory
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Figure 2.6: Integrator circuit.

integration, the time constantRC must be neither too weak to saturate the operational amplifier

nor too large to distort the integration. In this work, we will use it to integrate the electrical

signal(acceleration) delivered by the sensor in speed then in position.

2.6.3 Inverter and non inverting circuits

The inverter circuit is shown in Figure 2.7 where ve and vs are the input and output

voltages respectively.

Figure 2.7: Inverter circuit.

The application of the Kirchhoff laws leads to the following relation:

vs = −R2

R1

ve. (2.61)

The negative sign in the equation indicates an inversion of the output signal with respect to

the input as it is out of phase. This is due to the feedback being negative in value. The equation

for the output voltage also shows that the circuit is linear in nature for a fixed amplifier gain.

A non-inverting amplifier shown in Figure 2.8 is an operational amplifier circuit configuration

that produces an amplified output signal and this output signal of the non-inverting operational

amplifier is in-phase with the applied input signal.
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Figure 2.8: A non-inverting amplifier circuit.

A non-inverting amplifier also uses a negative feedback connection, but instead of feeding

the entire output signal to the input, only a part of the output signal voltage is fed back

as input to the inverting input terminal of the op-amp. The high input impedance and low

output impedance of the non-inverting amplifier make the circuit ideal for impedance buffering

applications. The application of the Kirchhoff laws to the circuit gives the output voltage as a

function of the input voltage.

vs =

(
1 +

R1

R2

)
ve. (2.62)

When a positive-going input signal is applied to the non-inverting input terminal, the output

voltage will shift to keep the inverting input terminal equal to that of the input voltage applied.

Hence, there will be a feedback voltage developed across resistor R2. In the design of our

analogue device, we need it to understand first the operating principle of the inverting and

non-inverting circuits.

2.6.4 Negative resistance

Strictly speaking, there are not true negative resistors exactly as there are not true energy

sources since they will violate thermodynamics laws; there are only energy converters. Whereas

positive resistors consume energy from circuits, the equivalent true negative resistors add the

same energy to circuits. For example, if the same current i flows through a positive resistor and

through an negative resistor with the same absolute resistance R, the positive resistor subtracts

a voltage drop v = Ri from while the negative resistor adds voltage v = Ri to the circuit.

The two-terminal negative resistance circuit shown in Figure 2.9 is an operational amplifier

implementation of an "absolute" negative resistor.
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Figure 2.9: A negative impedance converter with current inversion acting as a negative resistor.

The two resistors R2 and R3 and the operational amplifier constitute a non-inverting am-

plifier that serves as the dynamic voltage source needed. It amplifies the input voltage v across

the two input circuit terminals and applies it through the resistance R1 back to the input. For

a positive input voltage, the current i is given as

i = − R2

R1R3

v. (2.63)

The relation between the current i and voltage v is reversed and "pushed" back the current into

the input source instead to be drawn from it as in the case of positive resistance. The circuit as

though converts the "positive resistance" R =
R1R3

R2

into negative one by inverting the current

direction; thus the name negative impedance converter with current inversion. This will allow

us to understand the concept of negative resistance and to be able to build the equivalent circuit

of the nonlinear FitzHugh Nagumo’s resistance.

2.6.5 Ground load voltage to current converter

Most commonly in parallel circuits, current sources are used in preference to voltage

sources, because current signals are exactly equal in magnitude throughout the series circuit loop

carrying current from the source to the load. In order to use current as an analog representation

of a physical quantity, we have to have some way of generating a precise amount of current

within the signal circuit. Our aim to use a voltage-current converter is due to the fact that

Fitzhugh-Nagumo circuit which inductance, capacitance and resistance are connected in parallel

needs a current source. The voltage to current converter shown in Figure 2.10 delivers a well-

regulated current to a load which can be connected to a voltage greater than the operational

amplifier supply voltage.
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Figure 2.10: The voltage to current converter.

The circuit accepts an input voltage e(t) and converts it to a current i. The application of

the Kirchhoff current law at the node v leads to the following expression of i:

i =
R5R7

R4R5R7 +RL (R5R7 −R4R6)
e (t) . (2.64)

Thus, we can conclude from the above equation that if R5R7 = R4R6 the current i is related

to the voltage, e(t) and the resistor, R4 as follows:

i =
e (t)

R4

. (2.65)

The circuit of Figure 2.10 represents a voltage-current converter. Because the output current

provides by the circuit is proportional to the input voltage e(t) as well as to R−1
4 and independent

of those elements of the circuit.

2.7 COMPONENTS AND MATERIALS USED

2.7.1 The accelerometer

An accelerometer is a tool that measures proper acceleration. Proper acceleration is the

acceleration of a body in its own instantaneous rest frame; this is different from coordinate

acceleration, which is acceleration in a fixed coordinate system. The picture of the multi-axis

accelerometer used in this thesis is shown in Figure 2.11.

Single- and multi-axis accelerometers can detect both the magnitude and the direction of

the proper acceleration, as a vector quantity, and can be used to sense orientation (because the

direction of weight changes), coordinate acceleration, vibration, shock, and falling in a resistive

medium.
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Figure 2.11: Multi-axis accelerometer.

2.7.2 The electrical components

In addition to the components mentioned in the previous section, we have used resis-

tors, ceramic capacitors, electrolytic capacitors, inductors, potentiometers and rectified diodes.

Figure 2.12 presents the pictures of these components.

Resistors, ceramic capacitors and inductors have two symmetrical terminals. They can thus

be connected easily in the circuits. Electrolytic capacitors and diodes are polarized components

due to their asymmetrical construction and must be operated with a higher voltage on the anode

than on the cathode at all times. For this reason the anode terminal is marked with a plus sign

and the cathode with a minus sign. On the other hand, the potentiometer has three terminals.

To use them as a variable resistor, we must connect the terminal in the middle and one other.

The screw above the potentiometer allows to vary its resistance. We will need these electrical

components for the experimental study of our system.

2.7.3 Function generator

A function generator is usually a piece of electronic test equipment or software used to

generate different types of electrical waveforms over a wide range of frequencies. Some of the

most common waveforms produced by the function generator are the sine wave, square wave,

triangular wave and sawtooth shapes. These waveforms can be either repetitive or single-shot.

Integrated circuits used to generate waveforms may also be described as function generator ICs.

In addition to producing sine waves, function generators may typically produce other repet-

itive waveforms including sawtooth and triangular waveforms, square waves, and pulses. An-

other feature included on many function generators is the ability to add a DC offset. The

picture of the function generator used during our experimental investigations (LW-1641) is

shown in Figure 2.13.
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a) b) c)

d) e) f)

Figure 2.12: a) Resistors, b) Ceramic capacitors, c) Electrolytic capacitors, d) Potentiometers, e) Inductors

and f) Rectifier diodes.

Although function generators cover both audio and RF frequencies, they are usually not

suitable for applications that need low distortion or stable frequency signals. When those traits

are required, other signal generators would be more appropriate. We will use to generate the

waveform of the external excitation and some range of frequencies.

2.7.4 Power supply

A dual electric power supply is important for several reasons. Not only does it ensure a

stable power supply to a device, but it also helps prevent system damage. It allows for multiple

usages of power by increasing output power. In short, it ensures a regular direct current power

supply. Our different circuits have been powered by a variable dual 0 − 30V/3A and 5V/3A

fixed Benchtop Supply. The picture is shown in Figure 2.14. We will use electrical power supply

to bias the operational amplifier as well as to generate the constant voltage.
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Figure 2.13: Function generator of type LW-1641.

Figure 2.14: Power supply of type LS1330.

2.7.5 Breadboard and stripboard

A breadboard is a construction base for prototyping electronics. Originally the word

referred to a literal breadboard, a polished piece of wood used for slicing bread. We have used

both the solderless breadboard and stripboard shown in figures 2.15a) and 2.15b) respectively.

Because the solderless breadboard does not require soldering, it is reusable. This makes it

easy to use for creating temporary prototypes and experimenting with circuit design. For this

reason, solderless breadboards are also popular with students and in technological education.

Older breadboard types did not have this property. A stripboard (Veroboard) and similar

prototyping printed circuit boards, which are used to build semi-permanent soldered prototypes

or one-offs, cannot easily be reused. We will use the breadboard for the assembly of our device.
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a) b)

Figure 2.15: a) Solderless breadboard and b) stripboard.

2.7.6 Multimeter

A multimeter or a multitester, is an electronic measuring instrument that combines

several measurement functions in one unit. A typical multimeter can measure voltage, current,

and resistance. Analog multimeters use a microammeter with a moving pointer to display

readings. Digital multimeters (DMM, DVOM) have a numeric display, and may also show a

graphical bar representing the measured value. We have used a digital multimeter of type

DM664 as shown in the picture of figure 2.16.Also, multimeter can serve to check the reliability

of the assembly on the breadboard.

2.7.7 Oscilloscope

An oscilloscope which is used for the purpose of digitally storing and analyzing instead of

using the analog techniques is referred to as a digital storage oscilloscope. A complex electronic

device, it is composed of various electronic hardware software and modules. These are known

to work in unity to capture, process, store and display data which represents the signal of

interest that the operator possesses. For all our measurements, a digital oscilloscope of type

Lw-2102CEL 100MHz Bandwith 2 Channel Digital Storage shown in Figure 2.17 has been used.

Oscilloscopes are used to view the signals coming directly from devices such as sound cards,

allowing the real-time display of waves. They are used to test circuits and troubleshoot elec-
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Figure 2.16: Picture of the digital multimeter used during this work.

Figure 2.17: Picture of the Lw-2102CEL 100MHz Bandwith 2 Channel Digital Storage.

tronic devices. Oscilloscopes with storage features allow signals to be captured, retrieved, and

analyzed for later use. This oscilloscope will allow us to visualize the curses delivered by our

device.

2.7.8 Electromagnetic speakers

Loudspeaker, also called speaker, in sound reproduction, device for converting electrical

energy into acoustical signal energy. This definition of a loudspeaker excludes such devices as

buzzers, gongs, and sirens, in which the acoustical signal energy does not correspond in form to

the electrical signal. Most loudspeakers as presented in Figure 2.18 are of the electromagnetic,

or dynamic, variety, in which a voice coil moves in the gap of a permanent magnet when a

KOUAMI MBEUNGA Nadine 47 PhD, UYI



2.7 COMPONENTS AND MATERIALS USED

time-varying current flows through the coil.

Figure 2.18: Electromagnetic speakers.

The magnet is generally in the shape of a "W" or a ring. The diaphragm, or cone, of such

a loudspeaker moves with the coil, converting the electric current in the coil into a pressure

wave. A lit candle placed in front of a loudspeaker cone that is oscillating can render the sound

wave "visible," as the flame vibrates back and forth longitudinally with the air. The internal

structure of an electrodynamics loudspeaker is presented in Figure 2.19.

Figure 2.19: Schematic of the electrodynamic loudspeaker.

It consists of three parts:

− electrical which is represented by the voice coil resistance rm and inductance Lm.

− transducer represented by a gyrator with gyration constant Bℓ (called also force factor)

where B is the magnetic field provided by the magnet and ℓ is the length of the conductor coil.

− mechanical represented by mass of the moving system m, stiffness k of the spider and
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mechanical resistance β. The loudspeaker will be used as the electromechanical arm in the

realization of the device.

Conclusion

This chapter aimed to present the description and modeling, mathematical analysis,

numerical methods for the dynamics of electromechanical systems. We started by presenting

the mathematical modeling of single devices, then we established the mathematical modeling

of an array of devices. Methods of mathematical analysis have been presented such as the

modal approximation, Routh-Hurwitz criterion, Barkhausen criterion, Cardano’s method. The

numerical methods for the simulation of ordinary differential equations(ODE) and partial dif-

ferential equations(PDE) are also given. Finally, the experimental methods, the materials and

components used during the experimental work are presented.
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Chapter 3

RESULTS AND DISCUSSIONS

Introduction

In the previous chapter, we saw the mathematical study of the electromechanical systems.

This chapter is devoted to the presentation of the results and their interpretation. We will first

present the theoretical results obtained when nanoelectromechanical beams are driven by an

electrical line of Josephson junctions. This is followed by the case where electromechanical arms

are powered by a Fitzhugh-Nagumo neuron. Finally, we will present our obtained experimental

results and the theoretical results are then compared to the experimental ones.

3.1 NANOELECTROMECHANICAL BEAM DRIVEN BY

A SINGLE JOSEPHSON JUNCTION

This section is devoted to the dynamical behavior of a system constituted of one na-

noelectromechanical beam driven by a single josephson junction. The values of the physical

parameters used in this system are given in Table 3.1.

According to the experimental parameters giving in Table 3.1, we kept constant with the

exception of Ie (ie) the following numerical parameters: βc = 11.39 · 10−3, η = 94.07 · 10−2,

µ = 37.36 · 10−3, ε = 9.38, γ = 14.65 · 10−3, ω = 20.28 · 10−2 and α = 0.183.

3.1.1 Stability of the system

The form of the differential equations reveals that the system can have two equilibrium

points G1 (arcsin ie, 0, 0, 0, 0) and G2 (π − arcsin ie, 0, 0, 0, 0) if the condition ie 6 1 is satisfied.

Otherwise, there is no equilibrium point. The Jacobian matrix of the system (2.23) at G =
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Parameters Symbols Values

Junction capacitance C 3.0 µF

Junction resistance R 5 µΩ

Critical current of the junction Ic 50 mA

Young’s modulus of the nano-beam E 200 Gpa

Density of the nano-beam ρ 8050 kg/m3

Area of the nano-beam S 0.224 · 10−18 m2

Second moment of area I 14 · 10−46 m4

Length of the nano-beam L1 3.5 nm

Damping coefficient λ 2.5 · 10−7 Ns/m

Magnetic flux intensity B 0.05 T

Resistance of the winding r 0.2 µΩ

Inductance of the winding L 7.0 · 10−15 H

Length of the wire in the magnetic field ℓ 20 µm

Coupling inductance Lc 6.0 · 10−15 H

Table 3.1: Values of the physical parameters used when nanoelectromechanical beams are considered.

(Φ0, 0, 0, 0, 0) where Φ0 = arcsin ie or Φ0 = π − arcsin ie is expressed as

J =



0 1 0 0 0

− cosΦo

βc
− 1

βc
− 1

βc
0 0

0 η −µ 0 −ε
0 0 0 0 1

0 0 γ −ω2 −α


(3.1)

The eigenvalues of the Jacobian matrix J are solutions of the following fifth order algebraic

equation in s:

s5 + a4s
4 + a3s

3 + a2s
2 + a1s+ a0 = 0, (3.2)
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where

a4 = α + µ+
1

βc
,

a3 = αµ+ γε+ ω2 +
cosΦ0 + α + µ+ η

βc
,

a2 = µω2 +
αµ+ εγ + αη + ω2 + (α + µ) cosΦ0

βc
,

a1 =
(µ+ η + cosΦ0)ω

2 + (αµ+ εγ) cosΦ0

βc
,

a0 =
µω2 cosΦ0

βc
.

(3.3)

The determinants of all Hurwitz matrices using the coefficients ai of the characteristic

equation (3.2) are given as:

d1 = a4,

d2 = a4a3 − a2,

d3 = −a24a1 + a4a3a2 + a4a0 − a22,

d4 = −a24a21 − a4a
2
3a0 + a4a3a2a1 + 2a5a1a0 + a3a2a0 − a22a1 − a20,

d5 = −a24a21a0 − a4a
2
3a

2
0 + a4a3a2a1a0 + 2a4a1a

2
0 + a3a2a

2
0 − a22a1a0 − a30.

(3.4)

According to the Routh-Hurwitz criteria, the system is stable if and only if the coefficients

ai and di are all positive. That is, the eigenvalues of the characteristic polynomial have strictly

negative real parts. After analysis, we found that the equilibrium point G1 is unconditionally

stable while the point G2 is unstable.

3.1.2 Oscillation condition and oscillation frequency of the system

For ie greater than 1, the Josephson junction circuit coupled to the electromechanical

block provides asymmetric oscillations as shown in Figure 3.1.

According to the experimental values given in Table 3.1, the natural frequency fb of the

nano-beam and the natural frequency fj of the Josephson junction can be approximated as

follows:

fb =
1

2π

(
1.8751

L1

)2
√
EI

ρS
= 18.0 MHz,

fj =
2eRIc
2π~

v = 135.23 MHz.

(3.5)

These given values are of the order of MHz. The Characteristic frequency of the Josephson

junction circuit used here is compatible with those of Nb-Au-Nb Josephson junction [166,167].
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Figure 3.1: Different waveforms of the system for ie = 1.5 a) junction voltage v, b) current through the

winding x and c) displacement of the nanoelectromechanical beam y.

Since the two frequencies are in the same range, both subsystems can affect each other when the

Josephon junction is used to power the nano-beam. When the nano-beam and the Josephson

junction are connected as shown in the circuit of Figure 2.1, their common frequency is f = 3.8

MHz as shown in the curves of Figure 3.1.

3.1.3 Dynamical behavior of the system

At this level, it is interesting to analyze the effect of the input current on the amplitude

of the oscillations. Figure 3.2a) shows that the amplitude of the mechanical vibration is an

increasing function of ie.
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Figure 3.2: a) Amplitude of the mechanical vibration, b) Peak-peak value of the mechanical vibration and

c) frequency of the system, all as function of ie.

One can notice from the graph that for ie ≤ 1, the amplitude is equal to 0 (no oscillation)
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while it increases with ie for ie greater than 1. It is interesting to note that at just after ie = 1,

the amplitude jumps to a finite value and then increases steadily with ie. Figure 3.2b) shows

the behavior of the peak-peak value of y as function of ie. As the graph reveals, the peak-peak

value (Ymax − Ymin) of the mechanical vibration is a decreasing function of ie. We have also

found during our investigations that the frequency of the system increases almost linearly with

ie. This effect is illustrated by the graph of Figure 3.2c).

According to all the information just mentioned above, the current x through the winding

and the mechanical displacement y converge to a DC signal for large values of ie. This effect is

well visualized in the curves of Figures 3.3a), 3.3b) and 3.3c) where the mechanical displacement

y is plotted for three different values of ie.
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Figure 3.3: Mechanical displacement y as function of time and for different values of ie. a) ie = 1.5, b)

ie = 10.0 and c) ie = 15.0.

The curves of Figures 3.3a), 3.3b) and 3.3c) are plotted for ie = 1.5, ie = 10.0 and ie = 15.0

respectively. We can notice from the curves that, the corresponding frequencies 3.8 MHz, 20.2

MHz and 75.9 MHz increase with ie. We can also notice that the peak-peak value is a decreasing

function of the input current.

3.2 DYNAMICAL BEHAVIOR OF AN ARRAY OF NA-
NOELECTROMECHANICAL BEAMS DRIVEN BY
A DISCRETE ARRAY OF JOSEPHSON JUNCTIONS

This section deals with the array of a nano-beams driven by an array of Josephson

Junctions. We analyze numerically the effect of some parameters on the displacement process.

As done in the previous section, the values of the physical parameters used in this system are
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given in Table 3.1.

3.2.1 Propagation of the signal and motion of the nanoelectrome-

chanical beams

One of the most interesting effects of the discrete Josephson junctions line is its capacity

to propagate topological solitons called fluxons (antifluxons) or kinks (antikinks). These topo-

logical solitons propagate steadily in the line without changing their shape. The mathematical

form of the antikink (or antifluxon) [168] is given by the following expression

ϕ (n, t) = 4 arctan exp

(
−n− νt− n0√

1− ν2

)
, (3.6)

where ν is the velocity and n0 is the initial node where the center of the antikink is located.

With n0 = 100 and ν = 0.5, the antikink profile is plotted in Figure 3.4.
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Figure 3.4: The antikink profile centered at n0 = 100.

In this section, the set of discrete differential equations (2.33) is solved numerically using

the fourth order Runge-Kutta algorithm with a time step ht = 5 · 10−3 [169]. For the initial

conditions, we insert the mathematical form (3.6) in the discrete equation at site n0 = 100.

Periodic boundary conditions are used by setting ϕ (n = 0) = ϕ (n = N)+2π and ϕn (n = 0) =

ϕn (n = N), N is the total number of cells and is equal to 300. Figure 3.5 displays the antikink

propagation in the discrete line as well as the behavior of the nano-beams when the antikink

propagates in the Josephson junction line.

Figures 3.5a), 3.5b) and 3.5c) show respectively the propagation of the antikink, the current

x through the winding and the displacement y of the nanoelectromechanical beam as function

of the number of cells.
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Figure 3.5: Different waveforms of the system as function of number of cells at different times for ie = 0.5:

a) phase ϕ, b) current x through the winding and c) displacement y of the nanoelectromechanical beam.

As it appears in Figure 3.5, the antikink shape is preserved during the propagation and

each nano-beam exhibits a pulse-like behavior moving from its rest state, then increases till a

maximal value and then decreases to the rest state. This is interesting since it indicates the

nano-beam executes an actuation work and then returns back to its rest state.

If the antikink is periodically inserted in the line, the nano-beam will periodically exhibits

pulse-like behavior. The periodic insertion of antikinks in the transmission lines is ensured

by the periodic boundary conditions which indicates that the kink periodically passes at one

point after propagating all over the discrete line. We have found that the amplitude and the

frequency of the nano-beam displacement increase with the intensity of the magnetic field as it

appears in Figures 3.6a), 3.6b) and 3.6c) plotted respectively for B = 0.01 T, B = 0.05 T and

B = 0.09 T.
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Figure 3.6: The time evolution of the nanoelectromechanical beam for different values of the magnetic field

recorded at the cell n = 130.a) B = 0.01 T, b) B = 0.05 T and c) B = 0.09 T.
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3.2.2 Effect of the bias current on the nanoelectromechanical beams

dynamics

We have simulated the system for different values of ie (0.7, 0.8, 1.0). It appears that a

given nano-beam periodically exhibits pulse-like behavior as it can be seen in Figure 3.7 where

one observes the displacement of the nano-beam at the cell number n = 130.
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Figure 3.7: The time evolution of the nanoelectromechanical beam for different values of the bias current

recorded at the cell n = 130.(a ie = 0.5, (b) ie0.7 and (c) ie = 1.0.

As ie increases, the vibration frequency increases moving from almost 208 kHz (for ie = 0.5)

to 245 kHz (for ie = 0.7) and then 925 kHz (for ie = 1.0). The increase of the frequency can be

understood by the fact the antikink velocity increases proportionally with ie [170,171]. Because

of this increase of velocity and the boundary conditions, the antikink turns round the line as

quickly as ie increases. Consequently, each nano-beam is periodically excited and then delivers

periodic pulse-like behavior.

As one observes in Figure 3.7, the amplitude of the nano-beam pulse-like behavior also

increases with ie. Our numerical simulations have also shown that the amplitude depends of

the resistance r of the winding. This fact is more detailed in Figure 3.8 where the amplitude

of the mechanical displacement is plotted versus ie and for different values of r.

3.3 DYNAMICAL BEHAVIOR OF AN ELECTROMECHAN-
ICAL ARM POWERED BY A FITZHUGH-NAGUMO
NEURON

We present in this section the dynamical behavior of one single Fitzhugh-Nagumo neuron

coupled magnetically to a mechanical arm. The stability of the system, the oscillation condi-
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Figure 3.8: Variation of the n = 120 nano-beam displacement amplitude as function of the bias current ie

for different values of r: r = 0.08 µΩ (full line), r = 0.2 µΩ (dot line) and r = 0.7 µΩ (square line).

tion and the corresponding frequency are presented. The effects of some parameters on the

dynamical behavior of the system are also analyzed.

3.3.1 Stability analysis

Assume E (v0, w0, z0, u0, y0, x0) is the equilibrium point of the system. From the

system of equations (2.31), we have w0 =
v0
r

, z0 = 0, u0 = v0, y0 = 0, and x0 = 0 while v0 is

the solution of the following third-order algebraic equation:

v30 − (µ1 + µ2) v
2
0 +

(
µ1µ2 +

1

αr

)
v0 −

Is
α

= 0. (3.7)

To derive solutions of equation (3.7), let us consider the following parameters δ and σ1 and

determinant ∆:

δ = (µ1 + µ2)
2 − 3

(
µ1µ2 +

1

αr

)
, σ1 = (µ1 + µ2)

(
9

2αr
− µ2

1 − µ2
2 +

5

2
µ1µ2

)
− 27Is

2α

and ∆ = σ2
1 − δ3.

(3.8)

As odd degree polynomial, equation (3.8) can have one or three real solutions according to

the values of the above parameters, and the sign of ∆.

If ∆ > 0, equation (3.8) has one real solution and the system has a single equilibrium point.

v0 =
1

3

(
µ1 + µ2 −

3

√√
∆+ σ1 +

3

√√
∆− σ1

)
. (3.9)

If ∆ ≤ 0, equation (3.8) has three real solutions, namely:

v0n =
1

3

(
µ1 + µ2 + 2

√
δ cos

(
θ + 2nπ

3

))
with n = −1, 0, 1 and θ = arctan

(√
−∆

σ1

)
.
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(3.10)

In this case, the system has three equilibrium points.

The values of the parameters used in this work are the following: β0 = 0.05 Ns/m, m = 20

mg, K = 10 N/m, B = 0.8 T, C = 60 µF, L = 240 mH, µ1 = 0.14 V, µ2 = 1.0 V, r = 2.5 Ω and

Cm = 4700 µF. Is and ℓ are used as control parameters with 0 6 Is 6 200 mA and 0 6 ℓ 6 10

m. With the variation of ℓ, the winding resistance (in Ω) and the winding inductance (in mH)

are given as: rm = 1.5ℓ and Lm = 1.25ℓ2.

Using the parameters given above, the evolution of the equilibrium potential v0 is plotted

as a function of the stimulation current Is in Figure 3.9, and for two different values of the

parameter α.
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Figure 3.9: Equilibrium potential v0 as a function of the stimulation current Is. The curve with dashed line

is obtained for α = 1, while the curve with full line is obtained for α = 2.

For the graph of Figure 3.9, we have considered ℓ = 1 m. The curve with a dashed line

and the curve with a full line are obtained respectively for α = 1 and α = 2. As predicted

analytically, the system can present one equilibrium potential or three equilibrium potentials

depending on the values of the parameters. As noticed from the graph, for α = 2, the case of

three equilibrium points arrives here for values of the stimulation currents between 17.01 mA

and 60.815 mA.

The unstable (or stable) branch connecting the two stable (or unstable) states of the hys-
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teresis cycle extends from Is− to Is+ given respectively as

Is∓ = αv∓

(
v2∓ − (µ1 + µ2) v∓ + µ1µ2 +

1

αr

)
where v∓ =

µ1 + µ2

3
∓

√(
µ1 + µ2

3

)2

− µ1µ2

3
− 1

3αr
.

(3.11)

From equation (3.10), we can conclude that the system will present three equilibrium points if

the parameter α satisfies the following condition:

α > αmin =
3

r (µ2
1 + µ2

2 − µ1µ2)
. (3.12)

For α 6 αmin we have a mono system while for α > αmin the curve of Figure 3.9 presents a

bistable system. According to Tlidi et al., there must be a critical alpha of nascent bistability

[172].

The stability of the system is determined by the eigenvalues of the Jacobian matrix at

equilibrium points E given by :

J =



−aχα −a 0 0 −a 0

b −br 0 0 0 0

0 0 0 1 0 0

0 0 −ε −β σ 0

d 0 0 −dγ −drm −d
0 0 0 0 q 0


, (3.13)

with χ = 3v20 − 2 (µ1 + µ2) v0 + µ1µ2.

Its eigenvalues are solutions of the characteristic polynomial in λ of the linearization at E,

namely:

λ6 + a5λ
5 + a4λ

4 + a3λ
3 + a2λ

2 + a1λ+ a0 = 0. (3.14)

Here the coefficients an, with 0 ≤ n ≤ 5 are given respectively as:

a5 = aαχ+ β + drm + br,

a4 = (aαχ+ β) (br + drm) + brdrm + dγσ + ε+ dq + aαχβ + a (b+ d) ,

a3 = (ε+ aαχβ) (br + drm) + aβ (b+ d) + abd (r + rm) + brdrm (β + aαχ) + brdγσ+

+aαχ (ε+ dγσ) + dq (β + br + aαχ) ,

a2 = brdrm (ε+ aαχβ) + abdβ (r + rm) + abdγσ + aαχε (br + drm) + braαχdγσ+

+aε (b+ d) + εdq + bdrq (β + aαχ) + adq (b+ αχβ) ,

a1 = abdε (r + rm + αaχrrm) + dqb (εr + aβ) + aαχdq (ε+ brβ) ,

a0 = abεdq (1 + αrχ) .
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We have used the Routh-Hurwitz criterion to analyze the stability of the equilibrium points.

Using the parameters given above, the stability boundary of the system is plotted in Figure

3.10a) and Figure 3.10b) for α = 1 and α = 2 respectively.
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Figure 3.10: Stability domain in the plane (Is, ℓ). In the Black area, the system is stable around the single

equilibrium point while in the white area, the system is unstable. In the blue area, the system has one stable

equilibrium point amount three. a) α = 1 and b) α = 2.

In Figure 3.10a), we have two colored regions, while in Figure 3.10b) we have three colored

regions. If a coupled of values Is and ℓ is chosen in the black regions, the system is stable

around the single equilibrium point. However, if a coupled of values Is and ℓ is chosen in the

white regions, the system is unstable. In the blue region of Figure 3.10b), the system has three

equilibrium points, and one of these is stable.

3.3.2 Limit cycle prediction

Although precise knowledge of the waveform of a limit cycle is usually not mandatory,

knowledge of the existence of a limit cycle, and its approximate amplitude and frequency, is

a prerequisite to good system design. The limit cycle phenomenon deserves special attention

since it is apt to occur in any nonlinear physical system. A limit cycle is desirable here since

it provides a real situation where all the variables are not constant. We will apply the linear

theory to the quasi-linearized system, and points of neutral stability are sought. Any undamped

oscillations so arrived at are interpreted as limit cycles in the original nonlinear system.

If we consider the solution of equation (3.14) to be of the form of λ = jω, where j2 = −1

and ω is the natural radian frequency of the system, then the following radian frequencies and

the condition for self-starting are obtained:
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ω1 =

√
a3 −

√
a23 − 4a1a5
2a5

and ω2 =

√
a3 +

√
a23 − 4a1a5
2a5

. (3.15)

a23− 4a1a5 > 0 and
(
a1a5 − a23 − a2a

2
5 + a3a4a5

)
ω2
n+

(
a0a

2
5 + a1a3 − a1a4a5

)
= 0, n = 1, 2.

(3.16)

During our investigations, we have found that for large values of the parameter ℓ, the system

oscillates with the radian frequency ω1 while it oscillates with the radian frequency ω2 for small

values of ℓ. With the stimulation current Is varies from 0 mA up to 200 mA, we have found the

corresponding values of ℓ that satisfy the set of equations (3.16) and our result is presented in

the graph of Figure 3.11a). The corresponding value of the frequency obtained from equation

(3.15) is plotted in Figure 3.11b).
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Figure 3.11: a) The oscillation condition satisfied by the parameter ℓ as a function of Is, b) the natural

frequency of the system as a function of Is.

The curves of Figure 3.11 are obtained for α = 1 and the values of ℓ < 10 m have been

considered. We can notice from the graph that, as the stimulation current increases, the

value of ℓ that satisfies the oscillation condition given by equation (3.16) can be found if 31.83

mA≤ Is ≤ 159.1 mA.

3.3.3 Oscillation boundaries

Using the Routh-Hurwitz coefficients, we have determined the oscillation boundaries of

the system and our results are presented in Figure 3.10a). If the values of Is and ℓ are chosen
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in the black areas of Figure 3.10a), the system will converge towards the equilibrium point.

Otherwise, the system will fall in the oscillation. For example, with ℓ = 1 m we find that the

system will oscillate for 33.7 mA≤ Is ≤ 154.0 mA. To verify this result, we have consider the

following three values of Is: Is = 30 mA, Is = 90 mA and Is = 160 mA. The corresponding

time series of the membrane potential and the mechanical displacement are plotted respectively

in Figure 3.12 and Figure 3.13.
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Figure 3.12: Different time series of the membrane potential v for different values of Is. a) Is = 30 mA, b)

Is = 90 mA and c) Is = 160 mA.
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Figure 3.13: Different time series of the mechanical displacement x for different values of Is. a) Is = 30

mA, b) Is = 90 mA and c) Is = 160 mA.

As shown on the graphs of Figure 3.12 and Figure 3.13, when the stimulation current is

less than 33.7 mA or greater than 154.0 mA, the system converges toward the single stable

equilibrium point. While if the stimulation current is between 33.7 mA and 154.0 mA, the

system provides oscillating signals. The frequency of the signal plotted in the graph of Figures

3.12b) and 3.13b) is 3.704 Hz. The obtained numerical results are in good agreement with our

analytical predictions.
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3.3.4 Effect of some parameters

It is interesting at this level to see how some parameters affect the dynamics of the system,

specially the amplitude and frequency of the mechanical displacement. This element can be

important to fix the parameters of the system. We will first analyze the effect of the length

ℓ of the conductor used in the winding. Therefore, we plot the amplitudes of the membrane

potential and the mechanical displacement as a function of ℓ and this for two different values

of the spring constant as presented in Figure 3.14.
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Figure 3.14: a) Amplitude of the membrane potential Vm as function of ℓ, b) Amplitude of the mechanical

displacement Xm as function of ℓ. Full line (K = 10 N/m) and dashed line (K = 20 N/m).

For both Figures 3.14a) and 3.14b), the full lines and the dashed lines are plotted respectively

for K = 10 N/m and K = 20 N/m. As revealed by the graphs, when the system oscillates, the

amplitude of the membrane potential is closed to unity while the amplitude of the mechanical

displacement is a decreasing function of ℓ. Otherwise, the system converges to the equilibrium

point. The mechanical displacement reaches its maximum value when ℓ ≃ 2 m. As mentioned in

the previous section and clearly confirmed by these graphs, the system presents large oscillation

regions for small values of the spring constants. This is because electromechanical systems

generally oscillate at low frequencies, which means small values of the spring constants. We

can also notice from the graphs that the equilibrium points are not a function of the spring

constant K and the length ℓ of the conductor used in the winding, and this has been observed

during our analytical investigations presented previously. Finally, the graphs show that the

amplitude of the mechanical displacement and the oscillation domain are decreasing functions

of the spring constant.

Furthermore, we analyze the dynamical behavior of the system using the stimulation current

KOUAMI MBEUNGA Nadine 64 PhD, UYI



3.3 DYNAMICAL BEHAVIOR OF AN ELECTROMECHANICAL ARM POWERED BY A
FITZHUGH-NAGUMO NEURON
Is as the control parameter. The amplitude responses of electrical and mechanical subsystems

are respectively shown in Figure 3.15a) and Figure 3.15b) for two values of ℓ.
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Figure 3.15: a) Amplitude of the membrane potential Vm as a function of Is, b) Amplitude of the mechanical

displacement Xm as a function of Is. Full line (ℓ = 1 m) and dashed line (ℓ = 2 m).

For both Figures 3.15a) and 3.15b), the curves with the full line are plotted for ℓ = 1 m, while

the curves with dashed lines are plotted for ℓ = 2 m. Three regions can be identified in these

figures. Firstly, for the stimulation current less than approximatively 30 mA (depending on the

length of the conducting wire), the action potential is not produced, hence no oscillation of the

mechanical system. Secondly, when 30 mA ≤ Is ≤ 162 mA, an action potential is generated

and we have oscillation of the mechanical system. In the third region, the mechanical system

is at equilibrium even if an action potential has been generated in the electrical system. We

can notice from the graphs that when the system falls in the oscillation, the amplitude of the

membrane potential and the amplitude of the mechanical displacement are not affected by the

input current Is. The figures also show that the amplitudes remain constant (no oscillation) as

the stimulation current Is increases until a critical value from where both amplitudes increase

abruptly.

3.3.5 Transient chaos in the system

The appearance of chaos with finite lifetime is known as transient chaos and provides an

example of a "nonequilibrium state" that is different from the asymptotic state, and cannot thus

be understood from the asymptotic behavior alone. In such case, one observes a moving around

of the system in an apparently chaotic manner and then, often rather suddenly, a settling down

to a steady state which is either a periodic or a chaotic motion (but of different type than the
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transients). Studying only the asymptotic behavior of such dynamics would mean loosing the

interesting, chaotic part contained in the transients. Figure 3.16 shows the phase portraits of

the action potential v illustrating the transient chaos in the system.
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Figure 3.16: a) Chaotic attractor in the time interval 28.28 s ≤ t ≤ 29.7 s. b) Period-one attractor in the

time interval 282.84 s ≤ t ≤ 284.25 s.

The curves of Figure 3.16 are plotted when Cm = 4700 mF, ℓ = 4 m and L = 6 mH. We

found during our investigation that, the transient chaos appears in the system for high values

of the coupling capacitance and for small values of the coil inductance.

3.3.6 Chaotic behavior

The characteristic dynamical behaviors are finally investigated by varying the type of the

input current source. We have done many simulations, but a part of transient chaos [173,174],

permanent chaotic behavior has not been found in the autonomous system. Hence, the constant

current source is replaced here by a sinusoidal current source of amplitude Im and frequency f

defined as

is = Is + Im sin (ωt) where ω =
2πf

ω0

, (3.17)

where Is represents the DC component and ω is the normalized radian frequency of the external

source. We will study the dynamics of the system keeping constant the following parameters:

ℓ = 4 m, L = 7.0 mH and f = 780.72 Hz. For Is equals successively 3 mA, −3.4 mA, −5 mA,

−7 mA, −12 mA and −15 mA, the bifurcation diagrams v versus Im and the corresponding

Lyapunov exponent versus Im are shown in Figure 3.17.

In Figures 3.17a), 3.17b), 3.17c) and 3.17d), chaotic states are observed. The system follows

a period-doubling route to chaos. The bifurcation diagrams of these figures also undergo a
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Figure 3.17: Different Bifurcation diagrams v versus Im and the corresponding Lyapunov exponent versus

Im of the system for different values of the DC component: a) Is = 3 mA, b) Is = −3.4 mA, c) Is = −5 mA,

d) Is = −7 mA, f) Is = −12 mA and e) Is = −15 mA.

reverse period-doubling sequence. These forward and reverse period doubling sequences, as a

parameter of the system increases in a monotone way, are called antimonotonicity. While in

the bifurcation diagrams of Figures 3.17e) and 3.17f), only periodic states are observed. For

Is = −12 mA, the system undergoes the sequence: p1 → p2 → p4 → p2 → p1. For Is = −15

mA, the system undergoes the sequence: p1 → p2 → p1. These bifurcation diagrams show the

period bubble and the primer bubble respectively.

The study of the system (2.31) with the external current source given by equation (3.17)

reveals the existence of chaotic behavior, following the period-doubling route to chaos. Similar
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results can be obtained using a current source that provides a square signal with DC component

Is and frequency f . For illustration, phase portraits of the system in the chaotic state are shown

in Figures 3.18a) and 3.18b).
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Figure 3.18: Phase portraits when Is = 3.0 mA, and Im = 102.0 mA. a) w versus v and b) ẋ versus x.

3.4 DYNAMICAL BEHAVIOR OF AN ARRAY OF ELEC-
TROMECHANICAL ARMS POWERED BY AN AR-
RAY OF FITZHUGH NAGUMO NEURONS

We now analyze the dynamical behavior of an array of electromechanical arms powered

by an array of discrete excitable Fitzhugh Nagumo neurons. We present the effect of the

coupling strength on the mechanical arms displacement. The parameters used in the system

of equations (2.36) have been defined in the above section and we will consider ℓ = 4 m and

L = 240 mH.

3.4.1 Propagation of the signal and motion of the electromechanical
arms

The set of discrete differential equations describes the propagation of electrical signal

and the motion of N mechanical arms. To determine the propagation conditions, numerical

solution is obtained using a fourth order Runge-Kutta algorithm with a time step ∆t = 10−3.

The initial conditions are chosen as vn (0) = 0, wn (0) = 0, xn (0) = 0, ẋn (0) = 0, zn (0) = 0

and un (0) = 0 where n = 1, 2, · · · , N . The boundary conditions are considered for the first

and last nodes as v0 = v1, vN+1 = vN . The excitation is performed with a constant current

source applied just to the first cell, that is Isn = 0 mA for n ̸= 1.
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We will first fix the stimulation current Is1 = 10 mA and analyze the effect of the coupling

resistance Rc. After multiple simulations, we have found that the action potential is created

in the first cell and propagates through the other cells for 18.7 Ω 6 Rc 6 123.7 Ω. Figure 3.19

displays the signals propagation in the discrete line and the behavior of the mobile beams when

the action potential propagates in the line for Rc = 20 Ω.
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Figure 3.19: Time evolution of the system at different cells for Is1=10 mA and Rc = 20 Ω. a) Membrane

potential vn, b) Displacement of the mechanical arm xn. The rang of the corresponding cell is indicated in each

curve.

Figures 3.19a) and 3.19b) show respectively the propagation of the action potentials vn and

the displacement xn of the mobile beams as a function of time for different cells such as n = 50,

n = 250, n = 450, n = 650, n = 850, n = 1050. As shown in these Figures, the action potential

shape is preserved during the propagation and each electromechanical subsystem exhibits a

pulse-like behavior moving from its resting state, then increases to a maximal value and then

decreases to the resting state. This observation is interesting since it indicates that the mobile

beam executes an actuation work and then returns to its resting state. This profile is similar

to the use of legs of artificial millipedes.

During our numerical investigations, we found that the traveling wave speed decreases as the

coupling resistance increases. This fact is qualitatively in good agreement with the analytical

expression of V0 given in equation (2.39). For verification, the time evolution of the system at

different cells is presented in Figure 3.20 for Rc = 80 Ω.

The graphs in Figures 3.19 and 3.20 are plotted for the same values of the parameters except

that the first ones are plotted for Rc = 20 Ω and the second ones for Rc = 80 Ω. We can notice

that the traveling wave speed has decreased when the coupling resistance is increased from 20 Ω

to 80 Ω. A part of that traveling wave speed, the curves of Figures 3.19 and 3.20 have the same
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Figure 3.20: Time evolution of the system at different cells for Is1=10 mA and Rc = 80 Ω. a) Membrane

potential vn, b) Displacement of the mechanical arm xn. The rang of the corresponding cell is indicated in each

curve.

behavior.

3.4.2 Effect of the stimulation current

We continue our investigations by analyzing the behavior of the discrete line when the

stimulation current is increased to Is1 = 25 mA. We have then notice that, for certain values

of the coupling resistance, an envelope of action potential propagates in the line. Our results

plotted for Rc = 100 Ω are shown in Figure 3.21.
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Figure 3.21: Time evolution of the system at different cells for Is1=25 mA and Rc = 100 Ω. a) Membrane

potential vn, b) Displacement of the mechanical arm xn. The rang of the corresponding cell is indicated in each

curve.
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Figure 3.21a) and Figure 3.21b) show respectively the behavior of the nonlinear electrical

line and the behavior of some electromechanical systems for different cells such as n = 50,

n = 250, n = 450, n = 650, n = 850, n = 1050. A packet of three action potentials is provided

by the first cell and propagates through the line. Each mechanical arm exhibits a packet of

three pulse-like behavior before returning to rest.

3.4.3 Space-time evolution of mechanical arms

Finally, we present respectively in figure 3.22a) and 3.22b) the spatiotemporal evolution

of the mechanical arm and the spatiotemporal variation between displacements of the arm of

nearest-neighbor defined as shift(t)=xi(t)− xi+1(t).

a) b)

Figure 3.22: a) Spatiotemporal evolution of the mechanical arm and b) spatiotemporal variation of dy-

namical shift.

3.5 EXPERIMENTAL RESULTS

We present in this section the experimental results obtained when an electromechanical

arm is powered by a Fitzhugh-Nagumo neuron. The objective here is to verify if a Fitzhugh-

Nagumo neuron model can be practicaly used to power an electromechanical arm. In this case,

the used electromechanical arm is a loudspeaker with some specific parameters. The comparison

between our theoretical results and the experimental ones are then given here.

KOUAMI MBEUNGA Nadine 71 PhD, UYI



3.5 EXPERIMENTAL RESULTS

3.5.1 Implementation of the nonlinear Fitzhugh-Nagumo resistance

In this subsection, we aim to implement the nonlinear Fitzhugh-Nagumo resistance. As

mentioned in chapter 2, the smooth cubic i − v characteristic of the nonlinear resistor of the

circuit of Figure 2.2a) is given by the following equation:

i = αv (v − µ1) (v − µ2) , (3.18)

where i and v are the current through and voltage across the nonlinear resistance respectively.

µ1, µ2 and α are normalization parameters.

Our proposed circuit to simulate the nonlinear resistance is shown in Figure 3.23 using

rectified diodes as nonlinear elements.

Figure 3.23: Equivalent circuit of the nonlinear Fitzhugh-Nagumo resistance.

The circuit of Figure 3.23 shows two blocks of three diodes connected in series. But in

our analysis, we will consider a number of Nd diodes connected in series. We model the i − v

characteristic of diodes D1 and D2 with an exponential function, namely

id = I0

[
exp

(
vd
V0

)
− 1

]
, (3.19)

where vd is the voltage across the diode and id the current through. I0 is the reverse saturation

current and V0 = 65 mV. Using the Kirchhoff laws and the above relation (3.19), it is found

that the circuit in Figure 3.23 is described by the following equation:

i = 2I0 sinh

(
v − E1

NdV0

)
− R2

R1R3

(v − E2). (3.20)
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For weak values of voltage v, and fixing the reversed saturation current I0, the voltage

sources E1 and E2 and the resistance R3 as

I0 = αV 2
0

√
9V 2

0 − (µ1 + µ2)
2, (3.21)

E1 =
V0
2
ln

(
3V0 + µ1 + µ2

3V0 − µ1 − µ2

)
, (3.22)

E2 =
2V 2

0 (µ1 + µ2)

6V 2
0 − µ1µ2

, (3.23)

R3 =
R2

αR1 (6V 2
0 − µ1µ2)

. (3.24)

equation (3.20) gives the following current-voltage characteristic:

i = αv (v − µ1) (v − µ2) . (3.25)

The current-voltage characteristic is represented in Figure 3.24a). It was obtained by ex-

perimental simulation on Pspice software and the values of the components used are as follows:

R1 = 10 Ω, R2 = 1000 Ω, R3 = 41.75 Ω, E1 = 435.14 mV, E2 = 402.21 mV and a recti-

fied diode of type IN4007. For comparison, the analytical result obtained by representing the

relation (3.25) is given in Figure 3.24b).
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Figure 3.24: Current-voltage- characteristic of nonlinear Fitzhugh-Nagumo resistance. a) Pspice simulation

obtained, b) numerical plot

As revealed by the curves of Figure 3.24, a good agreement is found between the theoretical

and experimental current-voltage characteristics, specially in the case where voltage has small

values. The point is that such a resistor can take both positive and negative values according

to the characteristics of the signal. This element acts like a normal resistor when the voltage

is high, but acts like a negative resistor if the voltage is low. Therefore the circuit pumps up

small oscillations (negative resistor effect) and drags down large oscillations (normal resistor

effect).
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3.5.2 The experimental set-up.

The circuit was built according to the complete scheme shown in Figure 3.25 using

(LF356) operational amplifiers, (IN4007) diodes, resistors, inductors and capacitors.

Figure 3.25: Complete circuit diagram of the Fitzhugh-Nagumo neuron coupled magnetically to a mechan-

ical arm and forced with a current source.

The overall circuit of the system presents four different blocks. The first block named Block

1 is our voltage to current converter circuit. Block 2 represents the mechanical subsystem,

while Block 3 and Block 4 represent respectively the Fitzhugh-Nagumo neuron and the

integrator network. S is the electrodynamic loudspeaker and represents our mechanical arm.

The internal inductance and the corresponding series internal resistance are respectively Lm

and rm. The membrane and the spider of the loudspeaker have an equivalent spring constant

K. An shown in the diagram, an accelerometer A is fixed on the membrane of the loudspeaker

to measure the acceleration va = f1(ẍ) of its movement. A cascade of two integrator circuits is

connected at the output of the accelerometer to determine respectively the velocity vb = f2(ẋ)

and the position vc = f3(x) of the membrane as a function of time. To well observe ẋ and x,

the parameters of each have been chosen in such a way that at the resonant radian frequency,
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we have R8C1ω0 ≃ 1 and R9C2ω0 ≃ 1.

An experimental setup consisting of the Fitzhugh-Nagumo neuron coupled magnetically to

a mechanical arm (speaker) is shown in Figure 3.26.

Figure 3.26: Complete experimental setup of the Fitzhugh-Nagumo neuron coupled magnetically to a

mechanical arm.

To occupy less space, the ten diodes of each block are packed inside the isolated paper

as shown on the picture. The power supply is used as polarization voltage of the operational

amplifiers. The digital oscilloscope allows immediate viewing of the time series and phase space

plots of the membrane motion. The values of all the parameters are given in Table 3.2.

Parameters Values Parameters Values Parameters Values

U1, U2, U3, U4, LF356 Diodes IN4007 R1 10 Ω

R2 1000 Ω R3 41.75 Ω R4 10 Ω

R5 922.19 Ω R6 1.66 Ω R7 3.25 Ω

r 2.5 Ω L 7 mH, 240 mH Lm 40.58 mH

rm 7.5 Ω C 60 µF Cm 4700 µF

E1 435.14 mV E2 402.21 mV Nd 10

Bℓ 0.2 Tm K 10 N/m B 0.8 T

Table 3.2: Values of the physical parameters used in the circuit of Figure 3.25.
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3.5.3 System forced by a DC source

In this case, the input voltage source is a constant voltage source as e(t) = E and

L = 240 mH. The relation between the numerical parameter and the experimental one is given

as E = R4Is. In this subsection, we aim to visualize the dynamical behavior of the system as

the experimental control parameter E increases from 0 V up to 5 V.

We found during our experimental investigations that the system oscillates for 0.8 V 6 E 6
4.6 V. To verify this result, we have consider the following three values of the control parameter

E: E = 0.5 V, E = 1.5 V and E = 5 V. The corresponding time series of the membrane

potential and the mechanical displacement of the membrane are plotted respectively in Figure

3.27, Figure 3.28 and Figure 3.29.

a) b)

Figure 3.27: Time series of the system for E = 0.5 V. a) membrane potential v and b) mechanical

displacement x.

a) b)

Figure 3.28: Time series of the system for E = 1.5 V. a) membrane potential v and b) mechanical

displacement x.

When the input voltage is less than 0.8 V or greater than 4.6 V, the system converges

toward the single stable equilibrium point. Otherwise, if the control voltage is between 0.8 V
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a) b)

Figure 3.29: Time series of the system for E = 5.0 V. a) membrane potential v and b) mechanical

displacement x.

and 4.6 V, the system under analysis provides oscillating signals. The frequency of the signal

presented in the graph of 3.28)a) and 3.28b) is 8.57 Hz.

Even if we have not succeeded to determine some experimental parameters of the system

such as the magnetic field intensity B, the length of the conductor winding in the magnetic

filed ℓ and the damping coefficient β, we can find good qualitative agreements between the

numerical results presented in Figure 3.12 and Figure 3.13, and the experimental ones given in

Figure 3.27, Figure 3.28 and Figure 3.29.

3.5.4 System forced by a series combination of DC and AC sources

We aim is this subsection to verify if the chaotic state obtained in subsection 3.3.6 can

be confirmed experimentally. For that purpose, the inductance L equals 7.0 mH and the input

voltage is a series combination of the DC and AC sources as e (t) = E + Em sin

(
2πf

ω0

t

)
. The

relation between the experimental parameters and the numerical ones are given as E = R4Is

and Em = R4Im.

The experimental investigations of the systems showed that it can also exhibit regular and

irregular behaviors. To illustrate the chaotic behavior of the system, we choose E = 0.2 V and

Em = 1.0 V and the phase portrait of the electrical subsystem is shown in Figure 3.30a) while

the phase portrait of the mechanical subsystem is presented in Figure 3.30b).

The experimental frequency of the alternating source if f = 721 Hz. As revealed by the

graphs, the chaotic state of the system is confirmed by the experimental results. Nevertheless,

the chaotic signatures of the experimental results and the chaotic signatures of the theoretical

results shown in Figure 3.18 are different, explained by the fact that the parameters used in

experiment are not precisely those used theoretically. However, according to the periodicity,
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a) b)

Figure 3.30: Phase portraits when E = 0.2 V, and Em = 1.0 V. a) w versus v and b) ẋ versus x

they are confirmed quantitatively very well by the developed mathematical model and its

numerical simulations.

Conclusion

This chapter has presented and discussed the principal results obtained in this thesis.

The effects on input current on a single and an array of nanoelectromechanical beam driven by

a single and an array of Josephson junction are given. It appears that each nanobaem coupled

a each node of an array of coupled Josephson junction deliver a pulse like motion. Indeed, we

have noticed the effect of magnetic field on the amplitude of the beam. We have also analyzed

the effects of some parameters on the system concerning the case of a single device and the

case of an array devices. The experimental results are finally presented and the comparisons

with the theoretical results are given.
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GENERAL CONCLUSION

The dynamics of electromechanical devices powered by nonlinear electrical transmission

lines have been investigated theoretically and experimentally. We have first presented some gen-

eralities on networks of electromechanical systems. We have also presented discrete Josephson

junction transmission lines and Fitzhugh-Nagumo neuron.

Secondly, we have analyzed the dynamical behavior of a single nano-beam powered by

a Josephson junction and an array of nano-beams coupled to an array of discrete coupled

Josephson junctions. It has been demonstrated that a nano-beam powered by a Josephson

junction can deliver periodic vibration when a critical value of the DC bias current powering

the junction is attained. The amplitude of the beam vibration increases with the DC bias

current. In the case of an array of discrete Josephson junctions having a nano-beam at each

node, it has been seen that when the topological soliton (antikink) propagates in the discrete

line, each beam exhibits a pulse-like behavior whose amplitude increases with the magnitude of

the magnetic field. Because of the periodic boundary conditions and the fact that the antikink

velocity is proportional to the DC bias current, one observes that each nano-beam periodically

executes pulse-like displacement shape. The period of vibration of the beam decreases when

the DC bias current increases while the amplitude of the pulse-like nano-beam displacement

increases with the DC bias current. This constitutes an interesting dynamical electromechanical

system which can be used in nano-actuation processes.

We have thirdly analyzed theoretically and experimentally the dynamics of one single

Fitzhugh-Nagumo neuron coupled to a mechanical arm. In the theoretical case, we have pre-

sented the oscillation boundaries where we have shown that for certain values of stimulation

current, the system can converge towards the equilibrium point and for other values, the system

can fall in oscillation or display a limit cycle behavior. The oscillation frequency and the oscil-

lation conditions were determined. Forward period-doubling bifurcation sequences followed by

reverse period-doubling sequences, as a parameter is varied in a monotone way, antimonotonic-
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ity is observed in the system. During our experimental investigations, when we have forced our

system by a DC source, we have found that the system oscillates with a frequency for certain

values of experimental control parameter and converges toward the single stable equilibrium

point for other values. Furthermore, the experimental study has showed chaotic behavior when

we forced the system by a series combination of DC and AC sources. The comparison between

theoretical and experimental results has revealed a good qualitative agreements when the input

voltage source is a constant. Nevertheless, they are different when the input voltage is a series

combination of the DC and AC sources. That has been explained by the fact the parameters

which have been used in experiment are not precisely those which have been used theoretically.

Finally, the investigations of an array of electromechanical arms powered by an array of discrete

excitable Fitzhugh-Nagumo have been done. When the first cell is excited, the nerve impulse

propagates in the electrical line, and each mechanical arm displays a pulse-like behavior. It

was found that the train of three pulses can also propagate through the line according to the

coupling strength.

PERSPECTIVES

This work has opened interesting perspectives for future investigations:

− It would be interesting to study experimentally a single electromechanical system and an ar-

ray of electromechanical systems constituted of a series of coupled discrete Josephson junction/

Fitzhugh-Nagumo neurons with a nanobeam/rigid arm placed at each node.

− It would be interesting to investigate later the study of the control of electromechanical legs

when those are in a wet environment.

− It would be interesting to investigate later the study on the rotational movement of the legs.
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A B S T R A C T

An array of nanoelectromechanical beams driven by an electrical line of Josephson junctions equivalent models
is studied. It is found that a single electromechanical system displays oscillations under a critical value of the DC
bias current. In the case of an array of electromechanical system constituted of a series of coupled discrete
Josephson junction with a beam place at each node, the numerical simulation shows that as the electric signal
flows in the discrete array, each beam executes a pulse-like motion coming at each rest state as the electrical
signal passes the node. When the bias current increases, the amplitude and period of the pulse-like shapes
increase. One also notes the increase of the amplitude of the pulse-like shape when the magnetic field increases.
The electromechanical system analyzed can be seen as a model for periodic nano-actuation processes or as a
model of legs in a millipede system.

1. Introduction

Josephson junctions are theoretical and applied devices extensively
studied in the field of nonlinear dynamics and materials sciences [1–8].
One particular interest in the Josephson Junction is its potential to
generate high-frequency signals from the order of Gigahertz and Ter-
ahertz range [9,10]. Thus, it is considered as microwave radiation
source and can be used for practical applications such as Super-
conducting Quantum Interference Devices (SQUIDs), detectors, digital
logic circuits and voltage standards [11–14]. In order to appreciate the
power outputs, contrary to a single Josephson junction which is not
able to provide high power, many research activities have considered
arrays of Josephson junctions [10,15–20].

Because of its large range of frequency variation and the high values
of the frequencies, one can think of commanding some actuation pro-
cesses at the nano level using a Josephson junction. This will lead to
high frequency nanoelectromechanical systems. In the same line, as the
nano-actuation is concerned, scientists and engineers are interested in
the design of a large ensemble of nano-actuators. This can be obtained
by coupling several nanoelectromechanical systems through their me-
chanical parts or through the electrical parts with different types of
coupling. In this case, one can be interested by the synchronization
criteria [21].

Another way is to consider an electrical line in which electrical
signal propagates steadily with constant shape. This requires some
special electrical lines such as nonlinear electrical transmission lines
which are able to propagate special electrical signals such as solitons
[22–26]. In these electrical transmission lines, the signal can be inserted
periodically at one entrance node. Each signal introduced in the line
will propagate along the line. An example of such electrical transmis-
sion lines, representing a discrete model of myelinated nerve fibers has
been used recently to power an array of electromechanical systems
[27].

It is known that long Josephson junctions and arrays of discrete
Josephson point junctions exhibit soliton -like excitations, one of which
is of the topological nature [28,29]. Thus, following the idea of Ref.
[27], we consider in this work the behavior of an array of nano-beams,
each of which is placed at a node of the discrete array. As it is indicated
in Ref. [27], such an electromechanical system can be as models for
nano-actuation, but also model for the legs of artificial millipedes. In-
deed, millipedes move their legs in a wave like undulation along their
body propelling themselves forward (or backward) against the substrate
[30,31]. The study conducted here will also complement those con-
sidered in Ref. [32] where the authors studied the dynamics of nano-
beam coupled to two Josephson junctions.

Thus, the aim of this work is to study the dynamical behavior of
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nano-beams motion in an array constituted of coupled discrete
Josephson junctions. But, before considering the array, the dynamics of
a single nanoelectromechanical beam powered by the electric equiva-
lent of Josephson junction through a magnetic field will be considered.
In section 2, we describe the system constituted of one single Josephson
junction coupled magnetically to a nano- beam. The mathematical
model and the dynamical behavior of such unit cell are presented.
Section 3 deals with the array of nano-beams driven by an array of
Josephson Junctions. We analyze numerically the effect of some para-
meters on the displacement process. Finally, a summary is given in the
last section.

2. Nanoelectromechanical beam driven by a single Josephson
junction

2.1. Description of the system

The schematic circuit of the Josephson junction model coupled
magnetically to a nano-beam is shown in Figure 1.

It is made of an electrical part which is constituted by a Josephson
junction circuit model whose components are respectively: JJ denotes
the Josephson junction element, C the junction capacitance and R the
junction resistance. Ie is an external current source necessary to bias the
junction. The mechanical part is made of a nano-beam (parallel to k )
on which is placed a winding and the whole is in magnetic field B
(parallel to i ).

2.2. Equations of a single system

Let V be the voltage across the Josephson junction and i1 the current
through the junction. The relations between V, the phase difference φ
across the Josephson barrier and i1 are given as [33]:

=V
e

d
d2 (1)

=i I sin( )c1 (2)

where e is the electron charge, ℏ denotes the reduced Plank's constant
and Ic is the critical current of the junction. The application of the
Kirchhoff laws leads to the following differential equations:

+ + + =CdV
d

V
R

i i Ib e1 (3)

+ = +L di
d

ri V eb
b f (4)

In equation (4), ib is the current flowing through the winding lo-
cated on the surface of the nano-beam. L and r are respectively the

inductance and resistance of the winding and ef is the induced elec-
tromotive voltage provided by the winding moving in the magnetic
field, τ is the time. To obtain the equation of the nano-beam, let U be
the deflection of nano-beam and ℓ the length of the wire loop located on
the surface of the nano-beam. If we assume the nano-beam to be iso-
tropic, uniform and flexible, then equation (5) describes the transversal
vibration of the Euler-Bernoulli beam [34,35]:

+ + =S U U EI U
Z

F ,L
2

2

4

4 (5)

where S is the cross-sectional area of the beam, ρ, λ, E, I and FL are
respectively the density, damping coefficient, Young's modulus, the
second moment of area and the Laplace force. We have considered a
thin beam and we neglect the axial and torsional vibrations compared
to the flexible vibrations. The induced electromotive voltage and the
Laplace force acting on the whole nano-beam due to the magnetic
coupling are given as:

=e B U ,f (6)

=F B i .L b (7)

Introducing equations (1), (2) and (6) into equations (3) and (4),
and equation (7) into equation (5), it comes that the system is described
by the following three coupled differential equations:

+ + + =C
e

d
d eR

d
d

I sin i I
2 2

,c b e
2

2 (8)

+ + =L di
d

ri
e

d
d

B dU
d2

0,b
b (9)

+ + =S U U EI U
Z

B i 0.b
2

2

4

4 (10)

For the cantilever beam, the following boundary conditions are
added to the equation (10):

i) the fixed end =Z( 0) must have zero displacement and zero slope
because of the clamp:

= =U U
Z

(0, ) 0 and (0, ) 0, (11)

ii) ii) the free end =Z L( )1 cannot have a shearing force nor a bending
moment:

= =U L
Z

U L
Z

( , ) 0 and ( , ) 0.
2

1
2

3
1
3 (12)

L1represents the length of the nano-beam. One now introduces a set
of dimensionless variables u, x and z. We normalize the variables as

=u U
L1

, =x i
i
b
c

and =z Z
L1

. The time τ is normalized as =t c , where ωc

is the characteristic radian frequency of the junction. The set of equa-
tions (8) to (10) can then be rewritten in the following dimensionless
form:

+ + + =d
dt

d
dt

sin x i ,c e
2

2 (13)

+ + =dx
dt

µx d
dt

u
t

0,1 (14)

+ + =u
t

u
t

u
z

x.
2

2 1
2

4

4 1 (15)

With the new introduced parameters defined as

Figure 1. A single Josephson junction coupled to a nanoelectromechanical
beam and its corresponding symbol
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βc represents the Stewart-McCumber parameter. The dimensionless
boundary conditions become

= =u t u t
z

(0, ) 0and (0, ) 0,
(17)

= =u t
z

u t
z

(1, ) 0and (1, ) 0
2

2

2

3 (18)

Equation (15) is a partial differential equation. In order to obtain an
equivalent ordinary differential equation, one uses the Galerkin's
method to have the modal equations [34]. For that purpose, the de-
flection of the nano-beam can be written as:

=
=

u z t z y t( , ) ( ) ( )
p

p p
1 (19)

where yp(t) is the function of time at pth mode and ϕp(z) is the spatial
function. Resolving equation (15) without damping force and Laplace
force and also taking into account the boundary conditions, the spatial
function ϕp(z) is given by:

=
+
+

+

z
sin K sinh K
cos K cosh K

cosh K z cos K z

sin K z sinh K z

( )
( ) ( )
( ) ( )

[ ( ) ( )]

[ ( ) ( )].

p p

p p
p p

p p

p

(20)

Substitute equation (20) into equation (19) which is then multiplied
by ϕm(z) and integrate from 0 to 1 for the first mode of vibration, see
below.

= = =dz z dz c z
z

dz c1, ( ) , ( )m p m
p

0

1

0

1

1
0

1

m

4

4 2
(21)

After some mathematical manipulations, one obtains =K 1.8751p ,
where Kp is the solution of the equation =cosK coshK 1p p , =c 1.0661
and =c 22.9392 . As consequence, the set of equations (13) to (15) is
reduced to the following system of three ordinary differential equations
where the third equation is the modal equation of the nano-beam with y
the displacement of the nanoelectromechanical beam at the first mode.

+ + + =
+ + =
+ + =

sin x i
x µx y

y y y x

¨ ,
0,

¨ 0,

c e

2 (22)

where = c1 2 , = c1 1 and = c
1
1
. The set of equations (22) can be

transformed to five first order differential equations convenient for
numerical simulation as follows:

=
= + +

=
=
=

v
v v x i

x v µx z
y z
z x y z

( sin )e
1

2

c

(23)

The values of the physical parameters used in this work are given in
Table 1.

From the values of parameters given in Table 1, the following di-
mensionless numerical parameters are abtained:

= × = × = × =

= × = × =

µ

w

11.39 10 , 94.07 10 , 37.36 10 , 9.38 ,

14.65 10 , 2028 10 , 0.183

c
3 2 3

3 2

The current Ie(ie) is a control or variable parameter.

2.3. Dynamical behavior of the system

The form of the differential equations reveals that
the system can have two equilibrium
pointsG i i(arcsin , 0, 0, 0, 0)andG ( arcsin , 0, 0, 0, 0)e e1 2 if the condi-
tion ie ≤ 1 is satisfied. Otherwise, there is no equilibrium point. The
Jacobian matrix of the system (23) at =G ( , 0, 0, 0, 0)0 where

= iarcsin e0 or = iarcsin e0 is expressed as

=J µ

0 1 0 0 0
0 0

0 0
0 0 0 0 1
0 0

c
cos 1 1

2

o
c c

(24)

The eigenvalues of the Jacobian matrix J are solutions of the fol-
lowing fifth order algebraic equation in s:

+ + + + + =s a s a s a s a s a 0,5
4

4
3

3
2

2
1 0 (25)

where

= + + = + + + + + +

= + + + + + +

= + + + + =

a µ a µ µ

a µ µ µ
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1 , cos
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2
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2
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(26)

The determinants of all Hurwitz matrices using the coefficients ai of
the characteristic equation (25) are given as:

= = = + +
= + + +
= + + +

a a a d a a a a a a a a
d a a a a a a a a a a a a a a a a a a
d a a a a a a a a a a a a a a a a a

a a a a

d , d a ,
2
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2
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1
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4 3
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0 4 3 2 1 4 1 0 3 2 0 2
2

1 0
2

5 4
2

1
2

0 4 3
2

0
2

4 3 2 1 0 4 1 0
2

3 2 0
2

2
2

1 0 0
3

(27)

According to the Routh-Hurwitz criteria, the system is stable if and
only if the coefficients ai anddi are all positive. That is, the eigenvalues
of the characteristic polynomial have strictly negative real part [36].
After analysis, we found that the equilibrium point G1 is un-
conditionally stable while the point G2 is unstable. For iegreater than 1,
the Josephson junction circuit coupled to the electromechanical block
provides asymmetric oscillations shown in Figure 2.

From the given values in Table 1; one can find that the natural
frequency fb of the nano-beam and the natural frequency fj of the Jo-
sephson junction can be approximated as follows:

Table 1
: Values of the physical parameters.

Parameters Symbols Values
Junction capacitance

Junction resistance
Critical current of the junction
Young's modulus of the nano-beam
Density of the nano-beam
Area of the nano-beam
Second moment of area
Length of the nano-beam
Damping coefficient
Magnetic flux intensity
Resistance of the winding
Inductance of the winding
Length of the wire in the magnetic field
Coupling inductance (in the array in section 3)

C
R
Ic
E
ρ
S
I
L1

λ
B
r
L
ℓ
Lc

3.0μF
5μΩ
50mA
200Gpa
8050kg/m3

m0.224·10 18 2

m14·10 46 4

3.5nm
Ns m2.5·10 /7

0.5T
0.2μΩ

H7.0·10 15

2μm
H6.0·10 15
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EI
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f eRI MHz

1
2

1.8751 18.0

2
2

¯ 135.23

b

b
c

1

2

(28)

These given values are of the order of MHz. The characteristic fre-
quency of the Josepshon junction circuit used here is compatible with
those of Nb-Au-Nb Josephson junctions [37,38]. Although they are not
very close to induce resonant oscillations, it is observed that the oscil-
lations amplitudes have values of the order of nanometer. The coupling
between the two subsystems leads to oscillations with the frequency

=f MHz3.8 (see the curves of Figure 2).
At this level, it is interesting to analyse the effect of the input cur-

rent on the amplitude of the oscillations. Figure 3 shows that the am-
plitude of the mechanical vibration is an increasing function of ie. One
can notice from the graph that for ie≺1, the amplitude is equal to 0 (no
oscillation) while it increases with ie for ie greater than 1. It is inter-
esting to note that at just after ie=1, the amplitude jumps to a finite

value and then increases steadily with ie.

3. Array of nanoelectromechanical beams driven by a discrete
array of Josephson Junctions

3.1. Description of the system and equations

As indicated in the introduction, the other goal of this manuscript is
to analyze the behavior of a system consisting of nano-beams fixed at
each node of a discrete line of coupled Josephson junctions. The cou-
pling between two neighborhood elements is made by an inductance Lc

as illustrated in Figure 4.
Let ϕn, Vn, ibn and Un be respectively the phase, the junction voltage,

the current through the winding and the deflection of the nth nano-
beam.

Using the Kirchhoff's laws, the circuit equations for the line are
given by:

+ + + = + +

=

+ + =

+I i I

L ri Bl

s EI Bli

sin ( 2 ),

,

.

C
e

d
d eR

d
d c n bn e eL n n n

di
d e

d
d bn

U

U U U
Z bn

2 2 2 1 1

2

n n
c

bn n n

n n n
n

2
2

2
2

4
4 (29)

Using the dimensionless parameters and the Galerkin transforma-
tions presented in the above section, it is found that the line circuit is
described by the following system of coupled ordinary differential
equations:

+ + + = + +
+ + =
+ + =

+x i k
x µx y
y y y x

¨ sin ( 2 ),
0,

¨ 0.

c n n n n e n n n

n n n n

n n n n

1 1

2 (30)

This is the set of differential equations describing the propagation of
electrical signal and the motion of Nnano-beams. In this set of equa-
tions, the coupling parameter k between neighboring nodes is defined
as =k

eL I2 c c
. The other parameters are defined as in equation (16).

3.2. Propagation of the signal and motion of the nanoelectromechanical
beams

One of the most interesting effects of the discrete Josephson

Figure 2. Different waveforms of the system for =i 1.5e a) Junction voltage v, b) current through the winding x and c) displacement of the nanoelectromechanical
beam y.

Figure 3. Amplitude curve of nano electromechanical beam as function of bias
current ie
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junctions line is its capacity to propagate topological solitons called
fluxons (antifluxons) or kinks (antikinks). These topological solitons
propagate steadily in the line without changing their shape. The
mathematical form of the antikink (or antifluxon) is given by the fol-
lowing expression

=n t n t n( , ) 4 arctan exp
1

o
2 (31)

where is the velocity and n0 is the initial node where the center of the
antikink is located. With n0=100 and = 0.5, the antikink profile is
plotted in Figure 5.

In this section, the set of discrete differential equations (30) is
solved numerically using the fourth order Runge-Kutta algorithm with a
time step =h 5. 10t

3[39]. For the initial conditions, we insert the
mathematical form (31) in the discrete equation at site n0=100. Peri-
odic boundary conditions are used by setting

= = = + = = =n n N n n N( 0) ( ) 2 n and ( 0) ( )n na , Nis the total
number of cells and is equal to 300. Figure 6 displays the antikink
propagation in the discrete line as well as the behavior of the nano-
beams when the antikink propagates in the Josephson junction line.

Figures 6a), 6b) and 6c) show respectively the propagation of the
antikink, the current x through the winding and the displacement yof
the nanoelectromechanical beam as function of the number of cells.

As it appears in Figure 6, the antikink shape is preserved during the
propagation and each nano-beam exhibits a pulse-like behavior moving
from its rest state, then increases till a maximal value and then de-
creases to the rest state. This is interesting since it indicates the nano-
beam executes an actuation work and then returns back to its rest state.

If the antikink is periodically inserted in the line, the nano-beam
will periodically exhibits pulse-like behavior. The periodic insertion of

antikinks in the transmission lines is ensured by the periodic boundary
conditions which indicates that the kink periodically passes at one point
after propagating all over the discrete line (see section 3.3). We have
found that the amplitude and the frequency of the nano-beam dis-
placement increase with the intensity of the magnetic field as it appears
in Figures 7a), 7b) and 7c) plotted respectively for = 0.008, =0.0147
and =0.07.

3.3. Effect of the bias current on the nanoelectromechanical beams
dynamics

We have simulated the system for different values of ie (0.7, 0.8,
1.0). It appears that a given nano-beam periodically exhibits pulse-like
behavior as it can be seen in Figure 8 where one observes the dis-
placement of the nano-beam at the cell number =n 130.

As ie increases, the vibration period decreases moving from almost
3949.0 (for =i 0.7e ) to 1769.0 (for =i 0.8e ) and then 987.3 (for

=i 1.0e ). The decrease of the period can be understood by the fact the
antikink velocity increases proportionally with ie [40,41]. Because of
this increase of velocity and the boundary conditions, the antikink turns
round the line as quickly as ie increases. Consequently, each nano-beam
is periodically excited and then delivers periodic pulse-like behavior.

As one observes in Figure 8, the amplitude of the nano-beam pulse-
like behavior also increases with ie. Our numerical simulations have also
shown that the amplitude depends of the resistance r of the winding. This
fact is more detailed in Figure 9 where the amplitude of the mechanical
displacement is plotted versus ie and for different values of r.

4. Conclusion

The aim of this work was first to analyze the dynamical behavior of
a single nano-beam powered by a Josephson junction and second to
analyze an array of nano-beams coupled to an array of discrete coupled
Josephson junctions. It has been demonstrated that a nano-beam
powered by a Josephson junction can deliver periodic vibration when a
critical value of the DC bias current powering the junction is attained.
The amplitude of the beam vibration increases with the DC bias current.

In the case of an array of discrete Josephson junctions having a
nano-beam at each node, it has been seen that when the topological
soliton (antikink) propagates in the discrete line, each beam exhibits a
pulse-like behavior whose amplitude increases with the magnitude of
the magnetic field. Because of the periodic boundary conditions and the
fact that the antikink velocity is proportional to the DC bias current, one
observes that each nano-beam periodically executes pulse-like dis-
placement shape. The period of vibration of the beam decreases when
the DC bias current increases while the amplitude of the pulse-like
nano-beam displacement increases with the DC bias current. This
constitutes an interesting dynamical electromechanical system which

Figure 4. Schematic representation of the array of Josephson junctions coupled to nanoelectromechanical beams.

Figure 5. The antikink profile centered at n0=100.
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can be used in nano-actuation processes.
However, the work was undertaken using a particular Josephson

junction showing characteristic frequency of the range of MHz. But, it is
known that most of the Josephson junctions present characteristic fre-
quency of the order of GHz or THz. The coupling to mechanical
structure whose natural frequency is of the order of MHz will not give
rise to appreciable vibrations. Moreover, as it is known, super-
conducting materials exist at very low temperature. At this range of
temperature, there might be a question on the mechanical properties of
the mechanical beam. Consequently, a challenge will be to see how the
device presented in Figure 1 behaves at very low temperature.
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In this work, an array of electromechanical systems driven by an electrical line of Fitzhugh-Nagumo neu- 

rons is analyzed. It is shown that a single electromechanical system can display different dynamical be- 
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tem. Furthermore, this line can also carry an envelope of action potential and can be useful for various 

kinds of information processing systems. 
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1. Introduction 

The study of wave propagation in systems of excitable biological 

cells is an important aspect of today’s cardio-physiology and neu- 

rophysiology [1] . One typical example is propagation failure, lead- 

ing to failure of these systems; this can be fatal in the case of the 

cardiac action potential. Biological neurons can produce a voltage 

in the forms of spikes due to their membranes which have voltage- 

dependent ionic channels [2] . It is shown that biological neurons 

can function either excitatory or inhibitory depending on the ex- 

citability threshold of the ion channels [3,4] . 

Inspired by the biological process, scientists have made efforts 

in neuroscience to understand through numerical simulations the 

electrical behavior of a real biological neuron. Among these mod- 

els used, Hodgkin-Huxley [5,6] , Hindmarsh Rose [7,8] , Morris Lecar 

[9,10] , and Fitzhugh Nagumo models [11,12] , to name a few, ex- 

hibit an interesting dynamics investigation neurons. Being most 

used because of its simplicity and small equivalent circuit [13] , 

Fitzhugh-Nagumo model is a relaxation oscillator [14] . It is also 

well known as a generalization of the Van der pol equations that 

are used to model the behavior of excitable systems [15] . The ex- 

citability represents the fact that from its resting state, if an ex- 

∗ Corresponding author. 

E-mail address: na1bo@yahoo.fr (B. Nana). 

citable cell receives a stimulus (small perturbation) at a brief time 

interval, the membrane potential of the cell reaches a threshold 

value and generates an action potential before returning to its rest- 

ing state [16–18] . Generally, in their dynamical behavior, Fitzhugh- 

Nagumo displays a solution that converges to a fixed point or a 

limit cycle [19,20] . 

The investigation of the behavior of the limit cycle has become 

an ongoing research topic [21–24] . For the actuation tasks, we will 

analyze a system where the Fitzhugh Nagumo neuron is used to 

control a mechanical arm. This is similar to the coupling between 

a biological neuron and a muscle. In fact, when the brain decides 

to put in motion a part of the body and gives the command to the 

motor neurons to execute this movement, it is the muscles at the 

end of the chain of command that ultimately contract to move the 

body part concerned. The axons of these motor neurons, emerging 

from the spinal cord, form a nerve that extends to the muscles to 

transmit this command. Where the tip of each axon comes into 

proximity with a muscle fibre, it forms a synapse with that fibre. 

This device can be used to explain the mechanical movement 

of the arm or the leg for example. Similarly, the legs of millipedes 

or centipedes can be viewed as an array of Fitzhugh-Nagumo neu- 

rons coupled each to an electromechanical system. It can also be 

used for the legs of artificial millipedes where they move their legs 

in a wave-like motion from the front to the back. For this reason, 

the excitable Fitzhugh-Nagumo neuron has been widely studied as 

an electrical nonlinear transmission line for the propagation wave 

https://doi.org/10.1016/j.chaos.2021.111484 
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phenomena [25–28] in which the nerve impulse during its prop- 

agation evolves from cell to cell by keeping its shape. It is men- 

tioned that the electrical Fitzhugh-Nagumo line can be viewed as 

a discrete medium [29–31] or as a continuous medium [32–34] . In 

our work, we will consider the discrete medium. 

Inspired by the topics of ref [35,36] , the main objective of 

this work is to analyze the dynamical behavior of an array 

of electromechanical systems powered by an array of Fitzhugh- 

Nagumo neurons. The outline of the paper is organized as fol- 

lows. Section 2 is devoted to the system constituted of one sin- 

gle Fitzhugh-Nagumo neuron coupled magnetically to a mechani- 

cal arm. The corresponding equations and their dynamical behavior 

are presented. Section 3 is concerned with the array of electrome- 

chanical arms powered by an array of discrete excitable Fitzhugh 

Nagumo neurons. We analyzed the effect of the coupling strength 

on the mechanical arms displacement. The paper ends with the 

conclusions presented in Section 4 . 

2. Electromechanical arm powered by a Fitzhugh-Nagumo 

neuron 

2.1. Description and mathematical model 

We consider an equivalent circuit of Fitzhugh-Nagumo neuron 

coupled magnetically to a mechanical arm, as shown in Fig. 1 . 

In the equivalent circuit of Fig. 1 a), I s represents the exter- 

nal electrical stimulation current source, C is the membrane ca- 

pacitance, G is the membrane conductance, L and r represent re- 

spectively the inductance and resistance of the membrane. In this 

model, the conductance G is the only nonlinear element, and its 

voltage-current characteristics is given in Eq. (1) : 

i G = αv ( v − μ1 ) ( v − μ2 ) , (1) 

where i G and v are the current through and voltage across the 

conductance respectively. μ1 and μ2 are respectively the threshold 

voltage and the diffusion potential of the neuron. Finally, α is a fit- 

ting parameter and is a function of the potentials of different ions 

present in the neuron. The Fitzhugh-Nagumo model of nonlinear 

conductance shown in Eq. (1) can be simulated by a different non- 

linear electric circuit, using a tunnel diode or a nonlinear resistor 

with a smooth cubic v − i characteristic. 

The block MS represents our mechanical arm and its internal 

structure is shown in Fig. 1 b). The coil is positioned in the air gap 

of the magnet and a beam is rigidly attached to the coil. Besides, 

one spring is added to avoid the movement of the mobile beam 

away from the balanced position established when the system was 

assembled. The interaction of the current through the windings 

and the magnetic field produces mechanical vibrations of the mo- 

bile beam. 

Two different strategies are responsible for electrical communi- 

cation between neurons. One is the consequence of low resistance 

intercellular pathways, called “gap junctions”. The second occurs 

in the absence of cell-to-cell contacts and is a consequence of the 

extracellular electrical fields generated by the electrical activity of 

neurons. In the same manner, the capacitance C m 

is used to realize 

the coupling between the neuron and the electromechanical sys- 

tem. 

The application of the Kirchhoff laws to the circuit shown in 

Fig. 1 a) leads to the following differential equations: 

C 
dv 
dt 

+ i + i m 

+ αv ( v − μ1 ) ( v − μ2 ) = I s , (2) 

L 
di 

dt 
+ ri = v , (3) 

L m 

di m 

dt 
+ r m 

i m 

+ u − v = −B� 
dx 

dt 
, (4) 

C m 

du 

dt 
= i m 

. (5) 

L m 

and r m 

are respectively the inductance and resistance of the 

windings, v represents the membrane potential of the cell, namely 

the voltage across the membrane capacitance C, i is the current 

through the inductance L , and represents biologically the recovery 

variable related to the inactivation of the sodium channels. i m 

is 

the current flowing through the winding, u is the voltage across 

the capacitance C m 

and represents the electrical synaptic potential 

or coupling potential, and t is the time. 

Since there is no contact between the magnet and the mov- 

ing windings, the friction effects are neglected here. The mechan- 

ical subsystem used in this work has been modeled mathemati- 

cally by many authors [37–39] and the experimental verification 

of the theoretical results has been made using a motion detector 

and an accelerometer [40,41] . During their experimental works, Ki- 

tio et al. found excellent agreement between the experimental and 

theoretical results when the friction forces are not taken into ac- 

count [40,41] . The equation of motion of the mobile beam of mass 

m is given by: 

m 

d 2 x 

dt 2 
+ β0 

dx 

dt 
+ Kx = B�i m 

, (6) 

where β0 is the damping coefficient, and K is the spring constant. � 

is the total length of the conductor used in the winding. The term 

−B� dx 
dt 

represents the induced voltage in the winding, while the 

Fig. 1. a) Equivalent circuit of Fitzhugh-Nagumo neuron coupled to an electromechanical arm. b) Internal structure of the electromechanical subsystem. 
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term B�i m 

represents the Laplace force acting on the conducting 

wire in the magnetic field. Equation (6) is valid for displacements 

of small amplitudes in the mechanical subsystem. In case of high 

magnitude displacements, it is necessary to take into account the 

nonlinear response of the spring [37,38] . 

Introducing the news variables and the following dimensionless 

parameters: 

i = w, i m 

= z, τ = ω 0 t, a = 

1 

Cω 0 
, b = 

1 

Lω 0 
, d = 

1 

L m 

ω 0 
, γ = B�ω 0 , 

β = 

β0 

mω 0 
, ε = 

K 

mω 

2 
0 

, σ = 

B� 

mω 

2 
0 

, and q = 

1 

C m 

ω 0 
, (7) 

we obtain that the dimensionless equations governing the dynam- 

ics of the whole system are thus: ⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

˙ v = a ( I s − w − z − αv ( v − μ1 ) ( v − μ2 ) ) , 
˙ w = b ( v − rw ) , 

ẍ = −β ˙ x − εx + σ z, 
˙ z = d ( v − u − r m 

z − γ ˙ x ) , 
˙ u = qz. 

(8) 

The action of the electrical subsystem on the electromechanical 

part is visualized through the parameter σ while the effect of 

the electromechanical system in the electrical block is measured 

through the product dγ . If σ � dγ , the electrical subsystem is 

viewed as a voltage source by the mechanical part. In contrast, if 

σ � dγ , the power provided by the electrical part will be less than 

the power required by the mechanical part. The moderated values 

of σ and dγ are then required for the subsystems to influence each 

other. 

2.2. Stability analysis 

Assume E ( v 0 , w 0 , z 0 , u 0 , y 0 , x 0 ) is the equilibrium point of 

the system. From the system of Eqs. (8) , we have w 0 = 

v 0 
r , z 0 = 0 , 

u 0 = v 0 , y 0 = 0 , and x 0 = 0 while v 0 is the solution of the following 

third-order algebraic equation: 

v 3 0 − ( μ1 + μ2 ) v 2 0 + 

(
μ1 μ2 + 

1 

αr 

)
v 0 − I s 

α
= 0 . (9) 

To derive solutions of Eq. (9) , let us consider the following pa- 

rameters δ and ν and determinant �: 

δ = ( μ1 + μ2 ) 
2 − 3 

(
μ1 μ2 + 

1 

αr 

)
, 

σ = ( μ1 + μ2 ) 

(
9 

2 αr 
− μ2 

1 − μ2 
2 + 

5 

2 

μ1 μ2 

)
− 27 I s 

2 α

and � = σ 2 − δ3 . (10) 

As odd degree polynomial, Eq. (9) can have one or three real 

solutions according to the values of the above parameters, and the 

sign of �. 

If � ≥ 0 , Eq. (9) has one real solution and the system has a 

single equilibrium point. 

v 0 = 

1 

3 

(
μ1 + μ2 −

3 
√ √ 

� + σ + 

3 
√ √ 

� − σ
)
. (11) 

If � < 0 , Eq. (9) has three real solutions, namely: 

v 0 n = 

1 

3 

(
μ1 + μ2 + 2 

√ 

δ cos 

(
θ + 2 nπ

3 

))

with n = −1 , 0 , 1 and θ = arctan 

(√ −�

σ

)
. (12) 

In this case, the system has three equilibrium points. 

The values of the parameters used in this work are the follow- 

ing: β0 = 0 . 05 Ns/m, m = 20 mg, K = 10 N/m, B = 0 . 8 T, C = 60 μF, 

L = 240 mH, μ1 = 0 . 14 V, μ2 = 1 . 0 V, r = 2 . 5 � and C m 

= 4700 μF. 

Fig. 2. Equilibrium potential v 0 as a function of the stimulation current I s . The 

curve with dashed line is obtained for α = 1 , while the curve with full line is ob- 

tained for α = 2 . 

I s and � are used as control parameters with 0 � I s � 200 mA and 

0 � � � 10 m. With the variation of � , the winding resistance (in 

�) and the winding inductance (in mH) are given as: r m 

= 1 . 5 � 

and L m 

= 1 . 25 � 2 . 

Using the parameters given above, the evolution of the equilib- 

rium potential v 0 is plotted as a function of the stimulation current 

I s in Fig. 2 , and for two different values of the parameter α. 

For the graph of Fig. 2 , we have considered � = 1 m. The curve 

with a dashed line and the curve with a full line are obtained re- 

spectively for α = 1 and α = 2 . As predicted analytically, the sys- 

tem can present one equilibrium potential or three equilibrium 

potentials depending on the values of the parameters. As noticed 

from the graph, for α = 2 , the case of three equilibrium points ar- 

rives here for values of the stimulation currents between 17.01 mA 

and 60.815 mA. 

The unstable (or stable) branch connecting the two stable (or 

unstable) states of the hysteresis cycle extends from I s − to I s + given 

respectively as 

I s ∓ = αv ∓
(
v 2 ∓ − ( μ1 + μ2 ) v ∓ + μ1 μ2 + 

1 
αr 

)
where v ∓ = 

μ1 + μ2 

3 
∓

√ (
μ1 + μ2 

3 

)2 − μ1 μ2 

3 
− 1 

3 αr 
. 

(13) 

From Eq. (13) , we can conclude that the system will present three 

equilibrium points if the parameter α satisfies the following con- 

dition: 

α � αmin = 

3 

r 
(
μ2 

1 
+ μ2 

2 
− μ1 μ2 

) . (14) 

For α � αmin we have a mono system while for α � αmin the curve 

of Fig. 2 presents a bistable system. According to Tlidi et al., there 

must be a critical alpha of nascent bistability [42] . 

The stability of the system is determined by the eigenvalues of 

the Jacobian matrix at equilibrium points E given by : 

J = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

−aχα −a 0 0 −a 0 

b −br 0 0 0 0 

0 0 0 1 0 0 

0 0 −ε −β σ 0 

d 0 0 −dγ −dr m 

−d 
0 0 0 0 q 0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

, (15) 

with χ = 3 v 2 
0 

− 2 ( μ1 + μ2 ) v 0 + μ1 μ2 . 

Its eigenvalues are solutions of the characteristic polynomial in 

λ of the linearization at E, namely: 

λ6 + a 5 λ
5 + a 4 λ

4 + a 3 λ
3 + a 2 λ

2 + a 1 λ + a 0 = 0 . (16) 

3 
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Fig. 3. Stability domain in the plane (I s , � ) . In the Black area, the system is stable around the single equilibrium point while in the white area, the system is unstable. In the 

blue area, the system has one stable equilibrium point amount three. a) α = 1 and b) α = 2 . (For interpretation of the references to colour in this figure legend, the reader 

is referred to the web version of this article.) 

Here the coefficients a n , with 0 ≤ n ≤ 5 are given respectively 

as: 

a 5 = aαχ + β + dr m 

+ br, 

a 4 = ( aαχ + β) ( br + dr m 

) + brdr m 

+ dγ σ + ε + dq + aαχβ + a ( b + d ) , 

a 3 = ( ε + aαχβ) ( br + dr m 

) + aβ( b + d ) + abd ( r + r m 

) 

+ brdr m 

( β + aαχ) + brdγ σ + aαχ( ε + dγ σ ) 

+ dq ( β + br + aαχ) , 

a 2 = brdr m 

( ε + aαχβ) + abdβ( r + r m 

) + abdγ σ + aαχε ( br + dr m 

) 

+ braαχdγ σ + aε ( b + d ) + εdq + bdrq ( β + aαχ) + adq ( b + αχβ) , 

a 1 = abd ε ( r + r m 

+ αaχ rr m 

) + d qb ( εr + aβ) + aαχd q ( ε + brβ) , 

a 0 = abεdq ( 1 + αrχ) . 

We have used the Routh-Hurwitz criterion [36] to analyze the 

stability of the equilibrium points. Using the parameters given 

above, the stability boundary of the system is plotted in Fig. 3 a) 

and Fig. 3 b) for α = 1 and α = 2 respectively. 

In Fig. 3 a), we have two colored regions, while in Fig. 3 b) we 

have three colored regions. If a coupled of values I s and � is chosen 

in the black regions, the system is stable around the single equi- 

librium point. However, if a coupled of values I s and � is chosen 

in the white regions, the system is unstable. In the blue region of 

Fig. 3 b), the system has three equilibrium points, and one of these 

is stable. 

2.3. Limit cycle prediction 

Although precise knowledge of the waveform of a limit cycle is 

usually not mandatory, knowledge of the existence of a limit cy- 

cle, and its approximate amplitude and frequency, is a prerequi- 

site to good system design. The limit cycle phenomenon deserves 

special attention since it is apt to occur in any nonlinear physical 

system. A limit cycle is desirable here since it provides a real sit- 

uation where all the variables are not constant. We will apply the 

linear theory to the quasi-linearized system, and points of neutral 

stability are sought. Any undamped oscillations so arrived at are 

interpreted as limit cycles in the original nonlinear system. 

If we consider the solution of Eq. (16) to be of the form of λ = 

j ω, where j 2 = −1 and ω is the natural radian frequency of the 

system, then the following radian frequencies and the condition for 

self-starting are obtained: 

ω 1 = 

√ 

a 3 −
√ 

a 2 
3 

− 4 a 1 a 5 

2 a 5 
and ω 2 = 

√ 

a 3 + 

√ 

a 2 
3 

− 4 a 1 a 5 

2 a 5 
. 

(17) 

a 2 3 − 4 a 1 a 5 � 0 and 

(
a 1 a 5 − a 2 3 − a 2 a 

2 
5 + a 3 a 4 a 5 

)
ω 

2 
n 

+ 

(
a 0 a 

2 
5 + a 1 a 3 − a 1 a 4 a 5 

)
= 0 , n = 1 , 2 . (18) 

During our investigations, we have found that for large values 

of the parameter � , the system oscillates with the radian frequency 

ω 1 while it oscillates with the radian frequency ω 2 for small values 

of � . With the stimulation current I s varies from 0 mA up to 200 

mA, we have found the corresponding values of � that satisfy the 

set of Eqs. (18) and our result is presented in the graph of Fig. 4 a). 

The corresponding value of the frequency obtained from Eq. (17) is 

plotted in Fig. 4 b). 

The curves of Fig. 4 are obtained for α = 1 and the values of 

� < 10 m have been considered. We can notice from the graph that, 

as the stimulation current increases, the value of � that satisfies 

the oscillation condition given by Eq. (18) can be found if 31.83 

mA ≤ I s ≤ 159 . 1 mA. 

2.4. Oscillation boundaries 

Using the Routh-Hurwitz coefficients, we have determined the 

oscillation boundaries of the system and our results are presented 

in Fig. 3 a). If the values of I s and � are chosen in the black ar- 

eas of Fig. 3 a), the system will converge towards the equilibrium 

point. Otherwise, the system will fall in the oscillation. For exam- 

ple, with � = 1 m we find that the system will oscillate for 33.7 

mA ≤ I s ≤ 154 . 0 mA. To verify this result, we have consider the 

following three values of I s : I s = 30 mA, I s = 90 mA and I s = 160 

mA. The corresponding time series of the membrane potential and 

the mechanical displacement are plotted respectively in Fig. 5 and 

Fig. 6 . 

As shown on the graphs of Fig. 5 and Fig. 6 , when the stimula- 

tion current is less than 33.7 mA or greater than 154.0 mA, the sys- 

tem converges toward the single stable equilibrium point. While if 

the stimulation current is between 33.7 mA and 154.0 mA, the sys- 

tem provides oscillating signals. The frequency of the signal plotted 
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Fig. 4. a) The oscillation condition satisfied by the parameter � as a function of I s , b) the natural frequency of the system as a function of I s . 

Fig. 5. Different time series of the membrane potential v for different values of I s . a) I s = 30 mA, b) I s = 90 mA and c) I s = 160 mA. 

Fig. 6. Different time series of the mechanical displacement x for different values of I s . a) I s = 30 mA, b) I s = 90 mA and c) I s = 160 mA. 

in the graph of Figs. 5 b) and 6 b) is 3.704 Hz. The obtained numer- 

ical results are in good agreement with our analytical predictions. 

2.5. Effect of some parameters 

It is interesting at this level to see how some parameters 

affect the dynamics of the system, specially the amplitude and fre- 

quency of the mechanical displacement. This element can be im- 

portant to fix the parameters of the system. We will first analyze 

the effect of the length � of the conductor used in the winding. 

Therefore, we plot the amplitudes of the membrane potential and 

the mechanical displacement as a function of � and this for two 

different values of the spring constant as presented in Fig. 7 . 

For both Figs. 7 a) and 7 b), the full lines and the dashed lines 

are plotted respectively for K = 10 N/m and K = 20 N/m. As re- 

vealed by the graphs, when the system oscillates, the amplitude of 

the membrane potential is closed to unity while the amplitude of 

the mechanical displacement is a decreasing function of � . Other- 

wise, the system converges to the equilibrium point. The mechan- 

ical displacement reaches its maximum value when � 	 2 m. As 

mentioned in the previous section and clearly confirmed by these 

graphs, the system presents large oscillation regions for small val- 

ues of the spring constants. This is because electromechanical sys- 

tems generally oscillate at low frequencies, which means small val- 

ues of the spring constants. We can also notice from the graphs 

that the equilibrium points are not a function of the spring con- 

5 
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Fig. 7. a) Amplitude of the membrane potential V m as function of � , b) Amplitude of the mechanical displacement X m as function of � . Full line ( K = 10 N/m) and dashed 

line ( K = 20 N/m). 

Fig. 8. a) Amplitude of the membrane potential V m as a function of I s , b) Amplitude of the mechanical displacement X m as a function of I s . Full line ( � = 1 m) and dashed 

line ( � = 2 m). 

stant K and the length � of the conductor used in the winding, and 

this has been observed during our analytical investigations pre- 

sented previously. Finally, the graphs show that the amplitude of 

the mechanical displacement and the oscillation domain are de- 

creasing functions of the spring constant. 

Furthermore, we analyze the dynamical behavior of the system 

using the stimulation current I s as the control parameter. The am- 

plitude responses of electrical and mechanical subsystems are re- 

spectively shown in Fig. 8 a) and Fig. 8 b) for two values of � . 

For both Figs. 8 a) and 8 b), the curves with the full line are plot- 

ted for � = 1 m, while the curves with dashed lines are plotted for 

� = 2 m. Three regions can be identified in these figures. Firstly, 

for the stimulation current less than approximatively 30 mA (de- 

pending on the length of the conducting wire), the action poten- 

tial is not produced, hence no oscillation of the mechanical sys- 

tem. Secondly, when 30 mA ≤ I s ≤ 162 mA, an action potential is 

generated and we have oscillation of the mechanical system. In the 

third region, the mechanical system is at equilibrium even if an ac- 

tion potential has been generated in the electrical system. We can 

notice from the graphs that when the system falls in the oscilla- 

tion, the amplitude of the membrane potential and the amplitude 

of the mechanical displacement are not affected by the input cur- 

rent I s . The figures also show that the amplitudes remain constant 

(no oscillation) as the stimulation current I s increases until a criti- 

cal value from where both amplitudes increase abruptly. 

2.6. Chaotic behavior 

The characteristic dynamical behaviors are finally investigated 

by varying the type of the input current source. We have done 

many simulations, but a part of transient chaos [43,44] , permanent 

chaotic behavior has not been found in the autonomous system. 

Hence, the constant current source is replaced here by a sinusoidal 

current source of amplitude I m 

and frequency f defined as 

i s = I s + I m 

sin ( ωt ) where ω = 

2 π f 

ω 0 

, (19) 

where I s represents the DC component and ω is the normalized 

radian frequency of the external source. We will study the dynam- 

ics of the system keeping constant the following parameters: � = 4 

m, L = 7 . 0 mH and f = 780 . 72 Hz. For I s equals successively 3 mA, 

−3 . 4 mA, −5 mA, −7 mA, −12 mA and −15 mA, the bifurcation 

diagrams v versus I m 

are shown in Fig. 9 . 

In the bifurcation diagrams of Figs. 9 a), 9 b), 9 c) and 9 d), chaotic 

states are observed. The system follows a period-doubling route 
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Fig. 9. Different Bifurcation diagrams v versus I m of the system for different values of the DC component: a) I s = 3 mA, b) I s = −3 . 4 mA, c) I s = −5 mA, d) I s = −7 mA, f) 

I s = −12 mA and e) I s = −15 mA. 

Fig. 10. Phase portraits when I s = 3 . 0 mA, and I m = 102 . 0 mA. a) w versus v and b) ˙ x versus x . 

to chaos and also undergoes a reverse period-doubling sequence. 

These forward and reverse period doubling sequences, as a param- 

eter of the system increases in a monotone way, are called anti- 

monotonicity. While in the bifurcation diagrams of Figs. 9 e) and 

9 f), only periodic states are observed. For I s = −12 mA, the system 

undergoes the sequence: p 1 → p 2 → p 4 → p 2 → p 1 . For I s = −15 

mA, the system undergoes the sequence: p 1 → p 2 → p 1 . These bi- 

furcation diagrams show the period bubble and the primer bubble 

respectively. 

The study of the system (8) with the external current source 

given by Eq. (19) reveals the existence of chaotic behavior, follow- 

ing the period-doubling route to chaos. Similar results can be ob- 

tained using a current source that provides a square signal with 

DC component I s and frequency f . For illustration, phase portraits 

of the system in the chaotic state are shown in Figs. 10 a) and 10 b). 

3. Array of electromechanical arms powered by an array of 

fitzhugh nagumo neurons 

3.1. Description of the model and equations 

As mentioned in the introduction, the other goal of this work 

is to analyze the behavior of a system consisting of an electrome- 

chanical system fixed at each node of a discrete line of coupled 

Fitzhugh-Nagumo type oscillator. The coupling between two neigh- 

borhood elements is made by a resistance R c as illustrated in 

Fig. 11 . 

As mentioned previously, the block MS represents the elec- 

tromechanical system. R c is an intercellular resistance that repre- 

sents the coupling resistance between the cells. n = 1 , 2 , · · · , N, 

where N = 60 0 0 is the total number of cells. Let v n and u n be re- 
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Fig. 11. Schematic representation of the array of Fitzhugh Nagumo coupled to electromechanical arms. 

spectively the voltages drop across the capacitances C and C m 

in 

the n 

th cell. Still in the n 

th cell, i n and i m n are respectively the cur- 

rents through the inductances L and L m 

and x n is the mechanical 

displacement of the mobile beam. The application of the Kirch- 

hoff’s and Newton laws to the complete system leads to the fol- 

lowing differential equations: ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

C dv n 
dt 

+ i n + i m n + αv n ( v n − μ1 ) ( v n − μ2 ) − 1 
R c 

( v n +1 − 2 v n + v n −1 ) = I s n , 

L di n 
dt 

+ ri n = v n , 

L m 
di m n 

dt 
+ r m i m n + u n − v n + B� 

dx n 
dt 

= 0 , 

m 

d 2 x n 
dt 2 

+ λ dx n 
dt 

+ Kx n = B�i m n , 

C m 
du n 
dt 

= i m n . 

(20) 

We will proceed as we have done in the previous section. Then, 

considering the dimensionless variables introduced in the previous 

section: v n , w n , z n , u n and x n , the overall system is described by 

the following nonlinear ordinary differential equations: ⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

˙ v n = a 
(
I s n − αv n ( v n − μ1 ) ( v n − μ2 ) − w n − z n + 

1 
R c 

( v n +1 − 2 v n + v n −1 ) 
)
, 

˙ w n = b ( v n − rw n ) , 
˙ z n = d ( v n − u n − r m 

z n − γ ˙ x n ) , 
ẍ n = −β ˙ x n − εx n + σ z n , 
˙ u n = qz n . 

with 1 � n � N (21) 

The parameters used in the system of Eqs. (21) have been de- 

fined in the above section and we will consider � = 4 m and L = 

240 mH. 

Let us first recall some interesting results when the mechanical 

part is not connected and the membrane inductance is neglected 

( L = 0 H) in the equivalent circuit. The coupling term in the first 

equation of system (21) can be approximated with partial deriva- 

tives with respect to distance, x ′ , assuming that the spacing be- 

tween two adjacent units is small. If we assume that the voltage v 
varies slowly from one unit section to the other, the discrete spa- 

tial coordinate n can be replaced by a continuous one x ′ , the net- 

work is then described by the following diffusion equation: 

1 

R c 

∂ 2 v 
∂x ′ 2 + 

1 

a 

∂v 
∂t ′ −

v 
r 

− αv ( v − μ1 ) ( v − μ2 ) = 0 . (22) 

We start the analysis by looking for wave solutions of 

Eq. (22) in the form of v 
(
t ′ , x ′ 

)
= V ( ξ ) where ξ = x ′ − V 0 t 

′ is a trav- 

eling wave variable. This assumption of a traveling wave converts 

the partial differential Eq. (22) into the second order ordinary dif- 

ferential equation 

1 

R c 

d 2 V 

dξ 2 
− V 0 

a 

dV 

dξ
− V 

r 
− αV ( V − μ1 ) ( V − μ2 ) = 0 . (23) 

In the above ordinary differential equation, the traveling wave 

speed V 0 is an unknown parameter that must be obtained by the 

analysis. The corresponding traveling wave solution and the travel- 

ing wave speed are given by 

V ( ξ ) = 

μ1 + μ2 + A 

4 

+ 

√ 

2 B 

4 

tanh 

(√ 

αR c B 

4 

ξ

)

and V 0 = 

a 

4 

√ 

2 α

R c 
( μ1 + μ2 − 3 A ) , (24) 

where the newly introduced parameters A and B are worth 

A = −
√ 

( μ1 + μ2 ) 
2 − 4 

αr 
and B = μ2 

1 + μ2 
2 + ( μ1 + μ2 ) A − 2 

αr 
. 

(25) 

Next, let us consider the influence of the recovery term in the 

system (21) , where the inductance L and the mechanical part are 

included. There are no analytical expressions so far, and the re- 

sults will be achieved in the following sections only through the 

computer simulations. Nevertheless, the expressions obtained in 

Eqs. (24) and (25) can provide some ideas. Looking at an under- 

standing of the underlying physical processes and possible techni- 

cal applications, we additionally study the influence of circuit pa- 

rameters on the signal waveform. 

3.2. Propagation of the signal and motion of the electromechanical 

arms 

The set of discrete differential equations describes the prop- 

agation of electrical signal and the motion of N mechanical arms. 

To determine the propagation conditions, numerical solution is ob- 

tained using a fourth order Runge-Kutta algorithm with a time 

step �t = 10 −3 . The initial conditions are chosen as v n ( 0 ) = 0 , 

w n ( 0 ) = 0 , x n ( 0 ) = 0 , ˙ x n ( 0 ) = 0 , z n ( 0 ) = 0 and u n ( 0 ) = 0 where 

n = 1 , 2 , · · · , N. The boundary conditions are considered for the 

first and last nodes as v 0 = v 1 , v N+1 = v N . The excitation is per- 

formed with a constant current source applied just to the first cell, 

that is I sn = 0 mA for n � = 1 . 

We will first fix the stimulation current I s 1 = 10 mA and analyze 

the effect of the coupling resistance R c . After multiple simulations, 

we have found that the action potential is created in the first cell 

and propagates through the other cells for 18 . 7 � � R c � 123 . 7 �. 

Fig. 12 displays the signals propagation in the discrete line and the 
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Fig. 12. Time evolution of the system at different cells for I s 1 = 10 mA and R c = 20 �. a) Membrane potential v n , b) Displacement of the mechanical arm x n . The rang of the 

corresponding cell is indicated in each curve. 

Fig. 13. Time evolution of the system at different cells for I s 1 = 10 mA and R c = 80 �. a) Membrane potential v n , b) Displacement of the mechanical arm x n . The rang of the 

corresponding cell is indicated in each curve. 

behavior of the mobile beams when the action potential propa- 

gates in the line for R c = 20 �. 

Figs. 12 a) and 12 b) show respectively the propagation of the ac- 

tion potentials v n and the displacement x n of the mobile beams 

as a function of time for different cells such as n = 50 , n = 250 , 

n = 450 , n = 650 , n = 850 , n = 1050 . As shown in these Figures, 

the action potential shape is preserved during the propagation and 

each electromechanical subsystem exhibits a pulse-like behavior 

moving from its resting state, then increases to a maximal value 

and then decreases to the resting state. This observation is inter- 

esting since it indicates that the mobile beam executes an actua- 

tion work and then returns to its resting state. This profile is simi- 

lar to the use of legs of artificial millipedes. 

During our numerical investigations, we found that the travel- 

ing wave speed decreases as the coupling resistance increases. This 

fact is qualitatively in good agreement with the analytical expres- 

sion of V 0 given in Eq. (24) . For verification, the time evolution of 

the system at different cells is presented in Fig. 13 for R c = 80 �. 

The graphs in Figs. 12 and 13 are plotted for the same values 

of the parameters except that the first ones are plotted for R c = 

20 � and the second ones for R c = 80 �. We can notice that the 

traveling wave speed has decreased when the coupling resistance 

is increased from 20 � to 80 �. A part of that traveling wave speed, 

the curves of Figs. 12 and 13 have the same behavior. 

3.3. Effect of the stimulation current 

We continue our investigations by analyzing the behavior 

of the discrete line when the stimulation current is increased 

to I s 1 = 25 mA. We have then notice that, for certain values of 

the coupling resistance, an envelope of action potential propa- 

gates in the line. Our results plotted for R c = 100 � are shown in 

Fig. 14 . 

Fig. 14 a) and Fig. 14 b) show respectively the behavior of the 

nonlinear electrical line and the behavior of some electromechan- 

ical systems for different cells such as n = 50 , n = 250 , n = 450 , 

n = 650 , n = 850 , n = 1050 . A packet of three action potentials is 

provided by the first cell and propagates through the line. Each 

mechanical arm exhibits a packet of three pulse-like behavior be- 

fore returning to rest. 

3.4. Space-time evolution of mechanical arms 

Finally, we present respectively in Fig. 15 a) and 15 b) the spa- 

tiotemporal evolution of the mechanical arm and the spatiotem- 

poral variation between displacements of the arm of nearest- 

neighbor defined as shi f t (t ) = x i (t) − x i +1 (t) . 
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Fig. 14. Time evolution of the system at different cells for I s 1 = 25 mA and R c = 100 �. a) Membrane potential v n , b) Displacement of the mechanical arm x n . The rang of 

the corresponding cell is indicated in each curve. 

Fig. 15. a) Spatiotemporal evolution of the mechanical arm and b) spatiotemporal variation of dynamical shift. 

4. Conclusion 

We have firstly analyzed the dynamics of one single Fitzhugh- 

Nagumo neuron coupled to a mechanical arm. In this case, we have 

presented the oscillation boundaries where we have shown that 

for certain values of stimulation current, the system can converge 

towards the equilibrium point and for other values, the system can 

fall in oscillation or display a limit cycle behavior. The oscillation 

frequency and the oscillation conditions were determined. Forward 

period-doubling bifurcation sequences followed by reverse period- 

doubling sequences, as a parameter is varied in a monotone way, 

antimonotonicity is observed in the system. 

Secondly, the investigations of an array of electromechanical 

arms powered by an array of discrete excitable Fitzhugh-Nagumo 

have been done. When the first cell is excited, the nerve impulse 

propagates in the electrical line, and each mechanical arm dis- 

plays a pulse-like behavior. It was found that the train of three 

pulses can also propagate through the line according to the cou- 

pling strength. 
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