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This thesis describes the analysis of the dynamic response of structures, when they
are subjected to the combined action of thermal loads (resulting from temperature vari-
ations) and mobile loads or turbulent wind.

The structures studied in this work are bridge models modeled as simply supported
Euler Bernoulli beams. Appropriate numerical and analytical tools are used to analyze
and characterize the response of these structures. For a good understanding, analysis and
explanation of the combined effect of thermal and mechanical loads, two assumptions are
taken into account, namely: nonlinear and linear temperature variations.

In the first assumption, we studied a beam simply supported and suspended by inex-
tensible cables. The modeled structure is subjected to the action of a convoy of moving
loads and turbulent wind loads. The material constituting the structure is viscoelastic
possessing the memory effect modeled by means of fractional derivative orders. Then,
the conditions of stability and appearance of various types of bifurcation are clearly es-
tablished according to the properties of the material, the thermal conditions and the
parameters of the mechanical loads.

In the second assumption, a structure modeled by a beam controlled by the isolator
HSLDS-AS, is considered. This structure is subjected to the action of a moving force and
the thermal loads resulting from temperature variations. Optimal performance conditions
(based on the study of frequencies, transmissibility and vibration amplitude) of the system
are established. Similarly, the effects of temperature variations on the dynamic behavior
of the structure are clearly established.

Keywords: Temperature, thermal loads, wind, turbulence, beam, moving
loads, fractional derivative order, bifurcation, transmissibility and vibration
control.

Ph.D in Fundamental Mechanics and Complex Systems by DJUITCHOU YALEU Thomas Bell ?UY1/FS?



Résumé



Résumé xvi

Cette thèse décrit l’analyse de la réponse dynamique des structures, lorsqu’elles
sont soumises à l’action combinée, des charges thermiques (résultantes des variations de
la température) et des charges mobiles ou du vent turbulent. Les structures étudiées
dans ce travail, sont des modèles de pont modélisés comme des poutres d’Euler Bernoulli
simplement supportée. Les outils numériques et analytiques appropriés sont utilisés pour
analyser et caractériser la réponse de ces structures. Pour une bonne compréhension,
analyse et explication de l’effet combiné des charges thermiques et mécaniques, deux
suppositions sont prises en compte, à savoir : les variations non linéaires et linéaires de la
température.

Dans la première supposition, nous avons étudié une poutre simplement supportée et
suspendue par des câbles inextensibles. La structure modélisée est soumise à l’action d’un
convoi de charges mobiles et des charges du vent turbulent. Le matériau constituant la
structure est viscoélastique possédant l’effet mémoire, et modélisé par le biais des dérivées
d’ordres fractionnaires. Alors, les conditions de stabilité et d’apparition de divers types de
bifurcation sont clairement établies en fonction des propriétés du matériau, des conditions
thermiques et des paramètres des charges mécaniques.

Dans la deuxième supposition, une structure modélisée par une poutre simplement sup-
portée et contrôlée par l’isolateur HSLDS-AS, est considérée. Cette structure est soumise
à l’action d’une force mobile et des charges thermiques résultantes des variations de la
température. Les conditions de performance optimale (basées sur l’étude de la fréquences,
de la transmissibilité et de l’amplitude de vibration) du système sont établies. De même,
les effets des variations de la température sur le comportement dynamique de la structure
sont clairement établis.

Mots-clés: Température, charges thermiques, vent, turbulence, poutre, charges
mobiles, dérivation d’ordre fractionnaire, bifurcation, transmissibilité et con-
trôle des vibrations
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Nowadays, spectacular industrial revolution and construction of infrastructures are
the ways for developing countries. Civil and mechanical engineering are main disciplines
to achieve these objectives. Many researches have been devoted to these fields of research
and some of their results have improved the technology used today. In past decades, we
met with new phenomenon related to environmental changes called global warming; then,
it is observed rise in the average temperature of the climate system and its related effect.
The primary effects as higher wind as well as secondary effects as deterioration and cor-
rosion, the changes in type of load at structures induced by rising sea level or variation of
temperature through cross section. Researcher and engineers play a major role in the mit-
igation and adaptation to climate change in terms of research. Development of improved
practices and standards, and education of future engineers is very urgent [1–3].
Follow above mentioned assumption, it is well known that materials behaviour changes
with temperature variations. The increase of temperature creates an expansion of mate-
rial and in the same manner the decrease of temperature creates contraction. Daily and
seasonal changes in shade air temperature, solar radiation, re-radiation, wind speed, long-
wave radiation will result in variations of the temperature distribution within individual
elements of a structure [4]. The temperature effect will cause strain (expansion or/and
contraction) and therefore stresses into the structure which are dependent on geometry,
boundary conditions and on physical properties of the material. This effect is also im-
portant when material with different coefficient of expansion are used compositely, which
can leads to transversal growth of the stresses. In other part, the rapid advances in the
field of high performance materials and construction techniques, the bridges are evolving
towards long and flexible structures as those of the high-rise buildings. The inclusion of
modern materials (heditary material, composite materials,Traffic, etc.) also results in a
new generation of lightweight structures which are utterly susceptible to the action of
wind. During the last two centuries, major structural failures due to the wind action
has occurred and has provoked much interest in wind loadings by engineers. Long-span
bridges have often produced the most dramatic failures, such as the Brighton Chain Pier
Bridge in England in 1836, the Tay Bridge in Scotland in 1879, and the Tacoma Narrows
Bridge in Washington State in 1940. In particular, the failure of the Tacoma Bridge has
pushed engineers to conduct various scientific investigations on bridge aerodynamics [4,5].
While flutter may result in dynamic instability and the collapse of the whole structures,
large buffeting amplitude may cause serious fatigue damage to structural members or
noticeable serviceability problems. Moreover, there are not only loads dues to climate
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General Introduction 3

change, structures are often subjected to another significant mechanical loads as dead,
service loads and other accidental loads. These previous major loads (service loads and
accidental loads) may cause global failure of the structure, thus control system sis re-
quired. Nevertheless the control of vibrations can also be done by looking the interaction
between the parts of the system, the external excitation and the structure to be control or
the interaction between the external sources [6–9]. Some precautions are taken upstream,
during the construction of some mechanical structure precisely in seismic regions in or-
der to prevent catastrophe [10]. Recently, some works treating the problem of vibration
control have been published in order to ameliorate the previous ones. They usually focus
on some situations faced in agriculture [6, 7], in civil engineering [8], and all the external
excitations are often assumed to be sinusoidal.
From above explanations, concurrent action of thermal and mechanicals loads are often
neglected in vibratory analysis of structures, although this topic is a fascinating subject as
well for scientists than for engineers. Nowadays thermomechanical analysis become more
important and research in this research field are intensive. Thus, the present thesis is an
extension of the previous ones [11] to the case of thermomechanical structures coupled
through it environment. The case of interest in this thesis is to consider the combined ac-
tion of thermal loads, of moving loads or turbulent wind loads on the dynamics behaviour
of controlled or uncontrolled structures. We attempt to solve the following problems :
• The modelling of structures under thermal ad mechanical loadings;
• The analysing of thermal effects on the dynamical response of non controlled or con-
trolled structure subjected to diverse externals loads;
• The analysing taking into account the materials properties, the influence of thermal
changes on structural stability.
Thus, the thesis is structure as follow : Chapter 1 presents a brief literature review of the
most important aspects related to modelling of the dynamics of structures, mechanical ac-
tions on structures and Overviews on structural control systems. This includes specifically
the notions on passive base isolation systems modelling. chapter 2 focuses on the different
methods used along the thesis to solve the problems presented in chapter 1. Moreover this
part present methods for Performance evaluation of isolators. In chapter 3, the results
of the mathematical analysis and numerical simulations are presented. Discussion and
extension to applications are made. The thesis ends with a general conclusion where the
main results obtained are reminded in summary and perspectives for future investigations
are suggested.
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1.1 Introduction

In the fields of mechanical engineering (civil engineering, aerospace, etc.), the world faces a
frantic race towards the development and construction of spectacular structures. We often
note the remarkable vulnerability of these structures to environmental phenomena and
operating loads (wind load, moving loads, thermal loads, earthquakes, etc.). To guarantee
their safety, and that of humans, control systems are intensively developed and used to
improve the performance of these structures and protect them from accidental phenomena.
It is therefore imperative to maintain a technological watch to intensify both analytical
and numerical studies in order to assess the response of these structures to the various
stresses, and to assess the performance of the control systems used.

In this chapter, a brief review of the literature on the modelling of structures, dynamic
loads, control systems and performance evaluation strategic of base isolator are given. In
addition, the problems solved in this thesis are presented after which a conclusion is made.

1.2 Dynamics modelling of the structures.

The dynamics of structures, is a recent discipline, which is developing to meet the needs
of construction, design and industrial maintenance, it is based on the use of simple models
to allow analysis in a fast. These models are three-dimensional deformable solids, with
dimensions that are not of the same order of magnitude and that are classified into two
main categories :
− Thin structures of which, one dimension (the thickness) is very small compared to the
other two(plates or shells);
− Slender structures of which, one dimension (the length) is very large in front of the
other two (beam or arch).
In the context of this thesis, the second category is the one that catches our attention,
more particularly beams.

1.2.1 Beam model for flexible structure modelling

Beams are very common elements in industrial, civil engineering and mechanical engi-
neering structures. In addition, they can be raw wood, planed wood, cut wood, reinforced
concrete, prestressed concrete or steel. For a good understanding of the dynamics, beam
theories have been developed in order to facilitate an understanding of the dynamics of
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structures (bridges, railroads, tall buildings, etc.). There are four beam modelling theo-
ries in the literature, namely [12] : theory of Euler Bernoulli, Rayleigh, with Shear and
Timoshenko.

1.2.1.1 Euler Bernoulli Beam model

The Euler-Bernoulli theory for beams, due to its simplicity, and the reasonable results
provides, is the most widely used theory in the approximation of beam vibrations [13,14].
However, the Euler or Euler-Bernoulli model tends to slightly overestimate the natural
frequencies, a problem which becomes important for the frequencies of higher order modes
or when the thickness of the beam is important. This model is therefore suitable for
modelling structures so the length is very large in thickness and has been widely used
in more engineering problems [6,15]. There are several approaches to derive the equation
of the dynamics, in this section the Newtonian approach is used [16]. For this purpose,
let us consider a beam of length L, of section A of moment of inertia I. The constituent
material of this beam is characterized by a material of Young’s modulus E and the mass
density ρ. Figure 1.1 gives the diagram of the forces of a beam element in bending.
V = V (x, t) is the shear effort, M = M(x, t) the bending moment, x the coordinate
measured along the length of the beam, t the time in second,W = W (x, t) is the transverse
displacement of the beam and f(x, t) the external force par unit of length. Considering a

Figure 1.1: Free-body diagram of beam
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beam element dx , the balance of moments is translated by

M − (M + ∂M

∂x
dx) + V

dx

2 + (V + ∂V

∂x
dx)dx2 = 0 (1.1)

After some manipulations we obtain

− ∂M

∂x
dx+ V dx = 0, (1.2)

where
M = EI

∂2W (x, t)
∂x2 . (1.3)

On the other hand,

V = ∂M

∂x
= ∂

∂x

(
EI

∂2W (x, t)
∂x2

)
. (1.4)

The balance in the transverse direction is written

ρA
∂2W

∂T 2 dX = f(x, t)dx+ V −
(
V + ∂V

∂t
dx

)
. (1.5)

From Eq.1.4 and Eq.1.5 we obtain the equation of the dynamics of Euler Bernoulli derived
as

ρA
∂2W (x, t)

∂t2
+ EI

∂4W (x, t)
∂x4 = f(x, t). (1.6)

Without external load we have

ρA
∂2W (x, t)

∂t2
+ EI

∂4W (x, t)
∂x4 = 0. (1.7)

The above Eq.1.6 don’t take into account many effects whose can appears for certain
structures. There are other performed mathematical models.

1.2.1.2 Rayleigh beam model

Lord Rayleigh (1877) brings a first improvement to the classical theory vibration of the
beams and achieves, by introducing the effect of the rotation of the sections straight
lines (rotational inertia) [17], to partially correct the problem of overestimation of natural
frequencies, which despite everything remain overestimated. Taking into account these
considerations, the dynamics of the beam is described by

ρA
∂2W (x, t)

∂t2
+ EI

∂4W (x, t)
∂x4 − ρI ∂

4W (x, t)
∂x2∂t2

= 0. (1.8)

This equation brings up a new term which represents the effect of the rotation of inertia.
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1.2.1.3 Shear beam model

Another alternative to the problem of overestimating the natural frequencies of the Euler’s
beam model was the consideration of the effect of transverse shear. With the emergence
of this model, the estimation of the natural frequencies of vibration of a beam has been
significantly improved. In this modelling, the equation of motion of the beam become

ρA
∂2W (x, t)
∂T 2 − ksGA

(
∂2W (x, t)

∂x2 − ∂α(x, t)
∂x

)
= 0 (1.9a)

EI
∂2α(x, t)
∂x2 + ksGA

(
∂W (x, t)

∂x
− α(x, t)

)
= 0, (1.9b)

where G = E
2(1+ν) is the shear modulus, ks is the shape factor depends on the geometric

of the cross section of the beam and α is the angle of rotation of the section due to the
bending moment.

1.2.1.4 Timoshenko beam model

In 1921 Timoshenko [18], proposed a more complete model of the beam by combining
the effect of rotational inertia and transverse shear with Euler’s model beam ; in this
consideration, the equation of motion becomes

ρA
∂2W (x, t)

∂t2
− ksGA

(
∂2W (x, t)

∂x2 − ∂α(x, t)
∂x

)
= 0 (1.10a)

ρA
∂2α(x, t)
∂t2

= EI
∂2α(x, t)
∂x2 + ksGA

(
∂W (x, t)

∂x
− α(x, t)

)
= 0 (1.10b)

By eliminating α that the equations of dynamics become

ρA
∂2W (x, t)

∂t2
+ EI

∂4W (x, t)
∂x4 − ρI(1 + E

ksG
)∂

4W (x, t)
∂x2∂T 2 + ρ2I

ksG

∂4W (x, t)
∂t4

= 0 (1.11)

It can be seen that the Timoshenko model constitutes the major improvement of Euler
Bernoulli’s theory of beams for high rank frequencies, or when the thickness of the beam
becomes important, that is to say when the rotational inertia of straight sections and the
effect of transverse shear can no longer be neglected.
In the context of this work, the Euler Bernoulli model is used, taking into account the
dimensions of the structures studied.

1.2.2 Boundary conditions

In their various applications, the beams can have various configurations. Each of these con-
figurations are characterized by the boundary conditions which make it possible to solve
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the equations of the dynamics of the beam. These conditions give a dynamic behavior spe-
cific to each structure. There are several identified boundary conditions [12] among which
: free-free, hinged-hinged (or simply supported), clamped-clamped, clamped-free, sliding-
sliding, free-hinged, free-sliding, clamped-hinged, clamped-sliding and hinged-sliding sup-
ports. The work of this thesis is particularly interested in simply supported beams whose
boundary conditions are given by the relations.

W (0, t) = W (L, t) = 0 (1.12a)
∂2W (0, t)

∂x2 = ∂2W (L, t)
∂x2 = 0 (1.12b)

The well-defined boundary conditions allow a modal analysis of the dynamics of the
structure to be performed.

1.3 Modelling of mechanical actions on structures

Most civil engineering structures are often subject to adverse environmental events, their
operating loads and disasters [19–24]. The most important loads to consider when sizing a
structure are : (a) Self-weight ; (b) Permanent loads ; (c) Earthquake ; (d) Thermal load ;
(e) Traffic ; (f) Wind flow. Nowadays, more and more slender and slightly thick structures
are built with new materials more or less noticeably with different dynamic loads. These
advances imply the emergence of new dynamic features of these structures which are often
little or poorly known, resulting in the destruction or ruin of the structures. In the context
of this research work, only thermal loads, traffic loads and wind loads are studied, which
will be presented in the remainder of this section.

1.3.1 Thermal loads

The thermomechanical analysis of mechanical structures is an old problem that is coming
back very much in the field of engineering, civil, aeronautics, etc. In fact, some stud-
ies have found that changes in structural vibration properties because of temperature
variations could be more significant than those caused by a medium degree of structural
damage [25] or under normal operational loads [26]. Understanding the behaviour of struc-
tures under thermal effects is therefore essential, but this topic remains controversial in the
field of structural engineering. Although advances in analytical modelling have enabled
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structural designers to develop sophisticated models, but actual structural behaviour un-
der thermal effects still requires further investigation. Temperature distributions in the
structure are often caused by: fire, Air temperature, wind, humidity, intensity of solar
radiation, and type of material. There are several research activities in the field of ther-
momechanical vibrations. The published books [27–29] related on basis of thermo-elastic
vibrations. Formulating theory of thermo-elasticity and practical applications, the impor-
tance of thermal variation in rods, beams, and plates was investigated. The dynamics of
a beam subjected to a magnetic field and thermal loads with the nonlinear deformation
has been studied by Wu [30, 31]. Influences of the magnetic field parameters and tem-
perature changes on the vibration characteristics of the beam have been discussed. The
non-linear vibrations of moderately thick, curved and axially moving beams subjected
to thermomechanical loads have been examined [32–34]. A spring mass-beam system on
the thermomechanical loading were investigated analytically [35]; the mass, spring and
thermal effects on a hinged-hinged Euler Bernoulli beam have been analyzed. Non-linear
dynamics of a beam under the influence of thermal and mechanical loadings were anal-
ysed and discussed by Warminska et al. [36,37]. Analytical analysis of the thermal effect
on vibrations of a damped Timoshenko beam have beam made by Lili [38]. Response of
steel beam submitted to fire exposure have been investigated [39]. So, there have been
shown that thermal strain is present without stress if the material is free to expand and
Thermal stresses are present without strain if the material is completely restrained from
movement. A combination of strain and stress is usually present because the materials are
never completely free to move or completely restrained. Complicating the study of ther-
mal strains is the presence of strain due to creep, shrinkage, humidity, moisture swelling,
and change loading. Specially, technical reviewed articles [40–42] presents an overview of
current research and development activities in the field of thermal load in civil structures.
Followed this, there are many way to establish the thermal load model : theoretical struc-
tural dynamics analysis, numerical analysis, field measurement and laboratory test. As
our work is intended on the first one, there two cases : coupled thermomechanical models
and uncoupled thermomechanical models case.

1.3.1.1 Coupled thermomechanical models

The coupled model considers the displacement field coupling effect in the heat conduction
equation. Let T (x, z, t) is the current temperature, T0 the initial constant temperature, cp
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the thermal conductivity and λT the heat capacity per unit volume and ε = ε(x, t)) the
total strain due to the thermomechanical load. From equation 1.6, the system modelling
the beam behaviour in such a situation consists of the heat conduction equation coupled
with the equation of motion is [39,45]

cp
∂T

∂t
= λT

(
∂2T

∂x2 + ∂2T

∂z2

)
+Q(x, z, t)− αTET0

∂ε

∂t
(1.13a)

ρA
∂2W

∂t2
+ EI

∂4W

∂x4 + FT
∂2W

∂x2 −
∂2MT

∂x2 = f(x, t) (1.13b)

Where

FT = EAαT

h
2∫

−h2

(T (x, z, t)− T0)dz (1.14a)

MT = EAαT

h
2∫

−h2

Z(T (x, z, t)− T0)dz (1.14b)

The term Q(x, z, t) is the applied heat flux source, FT refers to the internal axial load
developed in the member as a result of thermal expansion against ends restraints and MT

the thermal moment. This defined coupled model is employed to analyze the thermoelastic
vibrations of thick beams or the beam whose length is not too great. Eqs.1.13 have to be
completed with given initial and boundary conditions on displacement.

1.3.1.2 Uncoupled thermomechanical models

For a slender beam (cosidering as thin), studies have shown that the thermoelastic cou-
pling effect is insignificant [41, 44, 45]. We eliminate with this assumption the diffusion
equation and work by assuming that the temperature varies uniformly along the beam,
Eqs.1.14 becomes

FT = EAαT∆T (1.15)

The equation for the dynamics of the structure becomes

ρA
∂2W

∂t2
+ EI

∂4W

∂x4 + FT
∂2W

∂x2 = f(x, t) (1.16)

The axial force due to thermal distribution can be linear or nonlinear. When it is linear
the expression is given by Eq. 1.15a and when the nonlinear distribution considered, we
have [46]

FT = EAαT∆T + ~α2
T∆T 2, (1.17)
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where
~ = ~1(1− 2ν)− 2~2(ν2 − 1) + ~3ν

2, (1.18)

~1,~2 and ~3 are Murnaghan’s constants and ν is Poisson’s ratio that depends on materials
properties [46].
The non-linear problem could explain the non homogeneous materials or other input flux
ignored in the modelling processus. In the present work, we considered non-linear and the
linear uncoupled problem.

1.3.2 Wind loads

Wind plays an important role in designing of large structures because it exerts loads on
construction. It is a phenomenon of great complexity due to the many flow situations
resulting from the interaction of the wind with the structures. Slender structures or tall
buildings are very sensitive to dynamic actions induced by the wind, which causes various
phenomena of instability [47–51]. The well-known structural collapse has clearly identified
the importance of aeroelastic effects on long span bridge performance and construction.
Extensive research has been conducted to better understand the effects of wind on long
span bridges, yielding various analytical response prediction techniques.
The instability and bifurcation events can be related to different kinds of excitation. Struc-
tures subjected to steady wind are modeled as self-excited autonomous systems, prone
to Hopf bifurcations. Structures subjected to turbulent wind are described by paramet-
rically excited non-autonomous systems, therefore potentially suffering divergence, flip
or Neimark-Sacker bifurcations. Some attention has been devoted in literature to vari-
ous interactive aeroelastic phenomena [52–56]. Other papers are specifically devoted to
analyze galloping versus parametric excitation [57–59], with particular attention to tall
buildings [61–66].
The aerodynamic forces are determined according to the quasi-steady theory, in which
data obtained in wind tunnel static tests are exploited. In spite this approximation is
rather rough and unrealistic, it is usually accepted to formulate analytical models of com-
plex structures [67–70], in civil as well aeronautical engineering. Followed these researchs,
the aerodynamic is related to the wind which blows orthogonally to the beam axis with
time-dependent velocity U(T ) .
In order to model the impact of the wind flow on the structure, a numerical description
of the average turbulent wind flow is required to express the fluid force which is applied
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to the structure. A turbulent wind flow can be modelled by a drag wind force and a lift
wind force [69,70].

PD̄ = 1
2ρabU

2
rel (CD cos θ + CL sin θ) (1.19)

PL̄ = −1
2ρabU

2
rel (CL cos θ + CD sin θ) (1.20)

where CD and CL are respectively the drift and lift coefficients, ρa is the air mass density
and b is the projected area of the structure, and

U2
rel =

(
Ū + u (x, t)− Ẏ

)2
+
(
Ẇ + v̇

)2
, tan θ = ẏ + v̇

Ū + u (x, t)− Ẇ
(1.21)

with Y the displacement of the beam in along wind direction, Ū the steady part of the
wind flow, u the unsteady part of the wind flow along Y direction and v the unsteady
part of the wind flow along W direction.

Since in our topic we are focus on the vibration of the structure in the across wind
direction, we will set Y = 0 and we will consider only the lift wind force, this implies that
:

tan θ = Ẇ + v̇

Ū + u (x, t)
(1.22)

We suppose that u is just time dependent, and we set:

U (t) = Ū + u (t) (1.23)

Eq.1.22 becomes, assuming that the speed of the structure along W direction is greater
than the unsteady part of the wind flow in the same direction

tan θ = Ẇ

U (t) (1.24)

with all the above informations, we can write equation Eq.1.20) as:

FL̄ = 1
2ρabU

2(t)CW (θ), (1.25)

with CW (θ) = −[CD(θ)tan(θ) + CL(θ)]sec(θ), It is showed that CW (θ) can be expressed
as polynomials of tan(θ) and FL can be expressed by:

PL = 1
2ρabU

2 (t)
∑
i

Ditaniθ (1.26)

The wind force (lift wind force) which blows orthogonally to the structure with time-
depending velocity U(t). The general form of the most used fluid force is, taking into
account the direction [69,70]:

~F = 1
2bCWρa |U |

~U (1.27)
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Where, CW is the aerodynamic coefficients relevant to square sections and can be written
as CW = [A0 + A1

(
Ẇ
U

)
+ A2

(
Ẇ
U

)2
+ A3

(
Ẇ
U

)3
];W is the longitudinal velocity fluctuations.

Wind Force can be rewritten according to it intensity as

Pwind = 1
2ρaU

2b

A0 + A1

(
Ẇ

U

)
+ A2

(
Ẇ

U

)2

+ A3

(
Ẇ

U

)3 (1.28)

1.3.3 Moving loads modelling

Dynamic analysis of beam structures under moving loads have attracted the engineering
and scientific community from the middle of the 19th century, with the began of railway
construction. Moving-load dynamic problems are very common in engineering and daily
life. Any structures or machines subjected to loads which move in space and excite the
structures or machines into vibration are such problems. The importance of this problem
is manifested in numerous applications in the field of transportation. Bridges, guideways,
cranes, cableways, rails, roadways, runways and pipelines are examples of structural el-
ements to be designed to support moving masses. The detailed comprehensive review of
previous researches, have been written by Frýba [72] on the subject of moving load. The
mains analytical methods are described and explained. An overview of vibration analysis
of bridges including the moving oscillator problem between the moving vehicles and the
bridge structures is given in [73]. Dynamic stress in the beam structure were firstly solved
by Krylov [74] and later by Timoshenko [75]. Transversal vibrations in a simply supported
beam traversed by a constant force moving at a constant velocity were presented by In-
glis [76], Lowan [77] and later on, other solutions have been given by Koloušek [78]. These
works employ mainly modal expansion methods. The first solutions for infinite beams
were presented by Timoshenko [18].
Generally, the simplest models are used (see Figure 1.2), namely [72,80–84]: Moving force
model, moving mass model, moving sprung mass model and moving harmonic oscillator.
The use of these simplified models poses a problem of realism, as structures are most
often subjected to several loads simultaneously and apply over a length and not a point.
In this sense, Anague et al. [70] Model the roads traffic using assume that the sequence of
vehicles moving with random or deterministic weights and stochastic velocities; Lu Sun et
al. [86] Studied a Euler Bernoulli beam resting on a viscoelastic foundation subject to a
platoon of moving dynamic loads which represents a physical model to describe railways
and high ways under traffic loading. Yanget al. [87] obtained the closed form solution for
the response of simple beams subjected to the passage of a high-speed train modelled as
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a sequence of moving loads with regular non-uniform intervals, in which the conditions of
resonance appearance and mittigation were identified. In the study done by Wu et al. [88],
a bridge containing two railway tracks was considered, with which two trains are allowed
to move over the bridge in opposite directions. In this work, we investigated on two types

Figure 1.2: Simplest models of moving load [85]

of moving loads,thus a platoon moving oscillator which is a set of many oscillator, and a
single moving load.
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1.4 Overviews on structural control systems

1.4.1 Vibration control Techniques

In recent years, the attenuation of structural response caused by dynamic loads has become
a subject of intensive research. Faced with this, researchers and engineers have therefore
carried out research to set up active, semi-active or passive control devices, and many of
them have been put into practice. There are a number of motivators for conducting this
research. They include : (i) reduction of unwanted vibration levels of flexible structures
due to significant and unexpected environmental loads ; (ii) rehabilitation of existing
structures against environmental risks; (iii) protection of seismic equipment and major
secondary systems; and finally, (iv) provide new concepts for the design of structures
against the environmental load. In general, each control system is based on their operating
mechanisms.

1.4.1.1 Passive vibration control (PVC)

PVC systems are devices designed to modify structural stiffness or damping appropriately
without requiring an external power source to develop the control forces opposing the
movement of the structure [90–92] . Passive control may depend on the initial design of
the structure, the frictional contact between structural members, or the use of contact
dampers at the joints of the structure [93]. Based on the energetical point of view, there
are two main classes of passive systems, namely base isolators and energy absorbers.

1.4.1.2 Active vibration control(AVC)

AVC method use an external power device, to change the structural response. The ac-
tivation of external force is based on the measurement of external disturbance and/or
structural response. Sensors are employed for the measurement purposes, and with the
help of computers, the digital signal activates the required external forces [91, 98] . The
control forces within the framework of an active control system are generated by a wide
variety of actuators that can act hydraulic, pneumatic, electromagnetic, piezoelectric or
motor driven ball-screw actuation. The controller (e.g. a computer) receives signals from
physical sensors (within active control using feedback) and that on basis a pre-determined
control algorithm compares the received signals with a desired response and uses the error
to generate a proper control signal [97]. The control signal is then sent to actuator.
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1.4.1.3 Hybrid vibration control (HVC)

A HVC used the combined of active and passive control system [91, 97]. Such control
system consists of employment of an active control device to improve and supplement the
performance of passive control system. Alternatively, the passive devices embedded in a
structure can decrease the amount of required energy power if an active control system
is installed in that structure. For example, a base isolation system can be improved using
actuators that act to decrease the displacement of structure or a structure equipped with
passive damping devices supplemented upon the its top with an active mass damper
in order to enhance reduction efficiency of imputed vibrations. The hybrid method for
vibration suppression use synergy between feedforward and feedback control.

1.4.1.4 Semi-Active vibration control (SAVC)

A SAVC system is defined as one that needs energy only to change the mechanical propri-
eties of the devices and to develop the control forces opposite to the motion of structure.
SAVC are a class of active control systems for which the external energy requirements
are smaller amounts than those of typical active control. A battery power, for instance, is
sufficient to make them operative. Semi-active devices cannot add or remove energy to the
structural system, but can control in real time parameters of the structure such as spring
stiffness or the viscous damping coefficient. The stability is guaranteed, in the sense that
no instability can occur, because semiactive devices use the motion of the structure to
develop the control forces. A semiactive device will never destabilize a structural system
whereas an active device may destabilize a structural system even though it has a low
energy demand. These control devices are often viewed as controllable passive devices.
Every kinds of structural control systems presented above have their own behaviours
and importances. Table 1.1 gives comparison between different kinds of structural control
systems.
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Table 1.1: Comparision between different kinds of structural control systems.

Seismic isolation evices Passive control Systems semi-active control systems Active control systems Hybrid control devices

-Dissipate part of input
energy

-Absorb or diverge part of
input energy

-Natural extension of
passive devices

-Automatically supply a
force into the structure

-Mixture

-Increase horizontal
flexibility

-Dependent on relative
movement

-Include adaptative systems -Depends on global
response

-Misture

Lengthen fundamental
periods of structures

-Related only to local
structure response

-Ability to sense exitation
and automatically adjust
control efforts

-No structural response
measurements

Suitable for short to
medium heignt

Optimally tuned to
specified dynamic loading

-Better than passive
systems and less than
active systems

-Optimal efficiency
compared wit passive
control systems

-Suitable for all types of
structures

-Efficient against vibrations
transmitted through ground

-Not optimal for other
types dynamic loadings

-Capable of acting better
than passive ones

-Designed for different
objective

-Larger capacity than
passive system

-Unable to adapt to
excitation and global
structural response

Limited control capacity -No theoretical limits on
efficiency

-Not efficient to resist wind -limited control capacity -Wide frequency range -Greater efficiency tan
passinve system

-Safe -Inherently stable -fall-safe -Detuning may occur -More reliable
-reliable

-Economic -No energy requirement -Little power requirement -Dignifiant energy -Costs less than active
system

-Simpler to design and
construct

-Easy to manufacture -Complicated

-Very promising -Very promising
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1.4.2 Passive base isolation systems Modeling

Passive base isolation systems isolator include mitigation of resonance peaks, reduction of
transmissibility, enhancement of fatigue life, improvement in ergonomics, etc. in the pres-
ence of external or internal sources of dynamic excitation. The design of a vibration isola-
tor requires a close examination of multiple considerations such as the source of dynamic
excitation, range of excitation frequency, excitation amplitude, allowable displacement,
acceleration limits of the isolated system, available design envelope, etc. Additionally,
considerations of environmental conditions, manufacturability, and material choice are
also important. Base isolation are widely used in areas such as automotive, rail road,
aerospace, manufacturing, heavy machinery, and civil structures. Base isolation exhibit
many behaviours which poses several modelling problems such as : Viscoelastic behaviors,
Elastomeric behaviors, inertia effect, etc. Most of the passive vibration isolators exhibit
viscoelastic behavior as they are designed to provide stiffness and damping characteristics
to isolate a system from dynamic forces while allowing for a means of dissipating energy.
All these considerations accentuate the importance of a theoretical model that can rea-
sonably predict the performance of the isolation system before finalizing the design and
before manufacturing prototypes that can be used for testing. In theoretical modelling we
distinguish linear and non-linear isolaor.

1.4.2.1 Viscoelasticity for isolator modelling

The exhibition of a combination of viscous and elastic behavior is defined as viscoelasticity.
Viscoelastic behavior is often modeled as a combination of simplest behavior of elastic
solids as per Hooke’s law and linear behavior of viscous fluids as per Newton’s law. The
theory of viscoelasticity allows accommodating material behavior that involves storage
of mechanical energy as well as dissipation of energy [100]. A typical example is the coil
spring isolator, where the spring force is a linear function of the spring deformation. In
these isolators, the payload sensitivity to external disturbance is fixed, and is dependent
on thestiffness of the supporting structure. A complete review of linear vibration isolation
can be found in numerous undergraduate texts, for example, "Passive Vibration Isolation"
[101, 102], which contains both theories and extensive examples of the applications of
linear vibration isolators. There are many way to modelling linear isolator, we present in
this subsections some simplest models. The Voigt or Kelvin-Voigt model is the simplest
viscoelastic model that is very commonly used to model a vibration isolator. This model
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Figure 1.3: Simplest viscoelastic models.

superposes the elastic behaviour and the viscous behaviour of an isolator, a representation
of this model is shown in Fig.1.3a. The reaction force of the spring damper element as a
result of any perturbation from static equilibrium can be expressed as

f(t) = cẏ + ky (1.29)

f(t) is the time history of the reaction force in the loading direction, while y is the
corresponding displacement about static equilibrium.
The Zener model is a modified form of the Voigt model that introduces a Maxwell element
that is parallel to the spring element, instead of the damping element in the Voigt model. A
Maxwell element consists of a spring element and a damper in series. This model is shown
in Fig.1.3b. The reaction force of the isolator using the Zener model can be expressed as

f(t) = c1(ẏ − ẏ1) + k1y (1.30)

Fractional derivatives have been increasingly used for modeling viscoelastic characteristics
[103,104]. A fractional derivative has been defined in multiple forms in the literature [105].
The reaction force of the spring-damper element due to a perturbation of the mass in
Fig.1.3c can be expressed as

f(t) = c
dαy

dtα
+ ky (1.31)

α is the order of the fractional derivative (For 0 < α ≤ 1). If α = 1 this model becomes
identical to the Voigt model in Figure 1.3(a).
The Hysteresis model considers that, the primary means of damping is due to slippage
between internal planes of the isolator material during loading and unloading cycles : this
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is hysteresis. Hysteresis is a complex phenomenon that results in input-output relation-
ships that are significantly different during loading as compared to unloading. Although
the general modelling of hysteresis is an ongoing area of research, hysteresis damping can
be modelled with some adjustment to the viscoelastic models [106, 107]. The damping is
given by c = k′′

ω
where k′′ is the imaginary component of complex stiffness. It can be seen

that the damping force is a function of excitation frequency in hysteresis damping. The
reaction force from the isolator due to any perturbation of the mass in Fig.1.3d can be
expressed as

f(t) = k′′

ω
ẏ + ky (1.32)

There are many other models as : Maxwell-Voigt, Generalized Maxwell or Maxwell Ladder,
Mawxell-Voigt fractionnal, etc. One can combine all these models to designing many
other simplest isolators models. All models provides some of the main characteristics and
possible considerations that should be taken into while selecting an appropriate model for
isolator design.
However, it is known to bear some limitations, as e.g. its tuning to only one resonant
frequency and its sensitivity to the primary structure uncertainty [108,109]. To overcome
these drawbacks, the use of nonlinear vibration absorbers is studied as an alternative to
the linear one in order to enhance the range of effectiveness in terms of frequency or
vibration amplitude.

1.4.2.2 Review on nonlinear base isolator modelling

As the design of a passive linear vibration isolator involves multiple tradeoffs, a nonlin-
ear vibration isolator can be designed to mitigate some of these tradeoffs. The nonlinear
isolator modelling have attract significant attention due to the need of performant vi-
bration isolation. The stiffness and/or damping of the resilient structures used in these
designs behave in a nonlinear fashion so that, by combining multiple nonlinear supporting
structures, the overall stiffness of the isolator can be more flexibly tuned to suit differ-
ent applications [96]. Some common applications of nonlinear vibration isolators include
: isolation of diesel engines in marine vessels, isolation of space craft, isolation of ve-
hicle passengers from road disturbances, isolation of vibration generated by hand-held
tools, and isolation of buildings, bridges, storage tanks and oil pipelines from destructive
impacts from earthquakes. The literature reports a considerable number of studies on
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nonlinear vibration isolators. A review literature on nonlinear passive vibration isolators
have been made by Ibrahim. This covers a wide range mechanisms and mounts. Amont
this nonlinear vibration isolators with negative stiffness paid more attention. High static
and low dynamics stiffness (HSLDS) are the main properties required to have an effec-
tive isolator which requires non-linearity. This principle was used by Shaw et al. [110].
and Huang et al. [111, 112] to model this type of passive isolator. Recently, the HSLDS
model isolators have gained more attention due to their strong conception and outstand-
ing vibration isolation. Carrella et al. [113, 114] and Kovacic et al. [115] have carried out
intensive theoretical work on HSLDS isolators having two horizontal spring providing
negative stiffness and another one providing positive stiffness. Using planar springs, Lan
et al. [116] have designed and experienced a quasi-zero stiffness (QZS) which is a spe-
cial type of HSLDS isolator. To overcome the limitations of the HSLDS isolators, Liu et
al. [117] modelled an HSLDS-AS by adding a linear auxiliary mass to the HSLDS isolator,
to eliminate the jump phenomenon and improve therefore the reduction of the peak of
transmissibility. In this later work, only displacement transmissibility has been studied.
A passive vibration isolator integrated a dynamic vibration absorber with negative stiff-
ness was developed by Thakaduet al. [118]. The isolator developed bear static load while
limiting the static displacement and providing lower-even-zero dynamic stiffness, which
are the qualities required for performant isolator. Taking into account various types of
uncertainties, Bhowmik et al. [119] investigated on stochastic design of negative stiffness
integrated tuned mass damper. As a practical application of HSLDS isolators, Abbasi et
al. [120]used a HSLDS for vibration control of a continuous rotating shaft and Sonfack et
al. [?] investigated the performance of a quasi-zero stiffness isolator in vibration isolation
of a multi-span continuous beam bridge under pier base vibrating excitation. HSLDS−AS
is used in this thesis for mitigate vibration of a hinged-hinged beam. The mechanism of
this kind of isolator will be presented in the next chapter.

1.4.3 Importance and reasons of the thesis

Essential works on vibration control of various mechanical structures have been carried
out in our research group and some of those works have been listed above Nowadays,
structures face more and more accidental phenomena which require the development of
efficient control systems. Furthermore, studies have been shown that the temperature
gradient in civil infrastructure environment is in the interval [−40; +40]oC and the con-
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sequence is the appearance of thermal loads in the structure. Thus, one can observe the
change on the vibratory characteristics which could rout the monitoring devices respon-
sible for detecting failures in structures, because the changes caused by these thermal
loads are most often more significant at the degrees of damage to the structure [25, 26].
Also, the performance of structures under or without control will be strongly affected
depending on the type of external loads. Because interaction between thermal loads and
other type of excitation need to be scientifically explained, it is important to conduct an
complete analysis of thermomechanical structure, depending of environmental complex-
ity (subjected to the combined actions of various loads) before their realization or when
designing isolator. Since thermomechanical analysis of structures is an old problem in the
field of engineering [40,42], more investigations and theoretical analysis are still required
to clarify thermal effect on controlled and uncontrolled structures.
The present thesis propose firstly a dynamic analysis which aims at developing an enough
complete descriptive theoretical analysis of thermomechanical structure subjected to vari-
ous type of excitation; secondly, the analysis is extend to establishing the effect of thermal
variation on performance of isolation of these types of structures.

1.5 Conclusion

In this chapter, we have provided a state of art with as much detail as possible on beams,
thermal loads, moving loads, wind loads and vibration control systems. The details on
the problems solved in this thesis work have been given. The following chapter is devoted
to general background of some analytical and numerical methods used.
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2.1 Introduction

The present chapter is devoted to the presentation of the principles of each methods used
along the thesis. In Section 2.2, the analytical and computational techniques used to solve
the structure equations under control and plot the results are briefly presented. Section
2.3 is devoted to present the technique used to asses the performance of an isolators. In
section 2.4 mathematical modelling of HSLDS-AS mechanism a presented. To end this
chapter, a conclusion is given in section 2.5.

2.2 Analytical and numerical formalism

After mathematical modeling, extracting the information contained in the equations rep-
resents the very main interest of this modeling. Within the framework of this thesis,
different analytical and numerical methods have been used in this objective. There are
several methods presented and documented in books [6,14,129] and references [130–135].
In this section, we present the methods used to investigate the dynamics of structures
modelled as partial differential equations (PDEs).

2.2.1 Modal Approximation

To reduce PDEs to ordinary differential equations (ODEs) [129], the Garlekin’s decompo-
sition method is used. ConsiderW (x, t) , the transverse displacement of a beam describing
the dynamics of a continuous system and which verifies the associated boundary condi-
tions. This displacement can be written in the form

W (x, t) =
N∑
n=1

φn(x)Qn(t) (2.1)

where N represents the number of modes used in the approximation, Qn(t) represents the
amplitude of vibrations of the structure associated with the nth mode and φn(x) represents
the modal function solution of the nth mode of the beam linear natural equation with the
associated boundary conditions. Substituting equation 2.1 into the equation governing
the dynamics of the system, multiplying by φn(x) and integrating over the length of the
beam, we obtain the modal equation (non-linear ODE).
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2.2.2 Dynamic response-Analytical methods

2.2.2.1 Harmonic balance method

Among the approximation methods for the study of nonlinear dynamical systems de-
scribed by ordinary non-linear differential equations. Is the Harmonic balance method
is an powerfull approximate method. This analytical method is currently used to ob-
tain periodic solution of a nonlinear differential equation [22]. Let consider the following
differential equation

ẍ+ x = f(ẋ, x, t) (2.2)

where (.) over the x refers to the differentiation with respect to time t, f(ẋ, x, t) is the
function contains explicitly the time t. We assume the harmonic solution of this equation
expressed in the following form

x = xm cos(ωt+ ϕ) (2.3)

where xm is the amplitude of oscillations, ω the pulsation of the sinusoidal excitation
and ϕ the phase at the origin. Inserting Eq.2.3 into Eq.2.2 and equating separately the
coefficient of sine and cosine terms with same harmonics, one obtains after neglecting
harmonics order greater than one, a system of algebraic equations which are the amplitude
equations.

2.2.2.2 Method of multiple scales

The basic problem can be illustrated with a second order ordinary difierential equation
(ODE). In this case, the objective is to determine the behavior of a weakly nonlinear
system described by an equation of the type

ẍ+ ω2x = εf(ẋ, x, t) (2.4)

where 0 < ε ≤ 1 is a dimensionless parameter. The method of multiple scales, as presented
by Nayfeh (1981) [136], considers the expansion to be a function of multiple independent
variables, or scales, instead of a single variable t. The independent variables are deflned
as

Tn = εnt for n = 0, 1, 2, .... (2.5)

It is assumed that the solution of interest can be represented by an expression having the
form

x(t; ε) = x0(T0, T1, T2, ....) + εx1(T0, T1, T2, ....) + ε2x2(T0, T1, T2, ....) + ....... (2.6)
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where the number of independent time scales depends on the order to which the expansion
is carried out. Substituting Eq.2.6 into the governing differential equation and collecting
coefficients of equal powers of ε generates a system of n+ 1 differential equations.
To obtain a uniform solution, the system of ODEs needs to be solved sequentially for
k = 0, 1, ....n − 1, eliminating secular terms, those terms that will become large when t
increases, in the process at each order εk for k = 1, 2, ....n. This will ensure that

x(t; ε) =
n−1∑
k=0

xk(T0, T1, T2, ....) +O(εn) (2.7)

is a uniform O(εn) solution. For example, consider a Duffing oscillator of the type

ẍ+ ω2x− εx3 = 0 (2.8)

A first-order analysis (n = 1) of Eq.2.8 would generate the system of equations

ε0 : D2
0x0 + ω2x0 = 0 (2.9)

ε1 : D2
0x1 + ω2x1 = − 2D0D1 − αx3

0 (2.10)

where Dn
i = ∂n

∂Tni
.

The solution of Eq.2.9 can be written as

x0(T0, T1) = A(T1)eiωT0 + Ā(T1)e−iωT0 (2.11)

Substituting Eq.2.11 into Eq.2.10, we obtain

D2
0x1 +ω2x1 = − (2iωD1A+2A2Ā)eiωT0 +(2iωD1Ā+2Ā2A)e−iωT0−A3e3iωT0− Ā3e−3iωT0 .

(2.12)
To avoid the generation of secular terms in x1(t) , the coefficients of eiωT0 and its

complex conjugate must vanish; and then,

2iωD1A+ 3A2Ā = 0 (2.13)

Writing A in the polar form A(T1) = 1
2ae

iϕ and separating Eq.2.13 into its real and
imaginary parts gives

∂a

∂T1
= 0, (2.14)

a
∂ϕ

∂T1
− 3

8a
3 = 0. (2.15)

The solution to Eq.2.4 is then given by

x(t) = a cos(ωt+ ϕ) + ...... (2.16)

where a and ϕ are described by the so called evolution Eq.2.14 and Eq.2.15.
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2.2.2.3 Stability of the non-trivial steady states solutions of the non-linear
system response

Steady states solutions of any non-linear system only exist if they are stable. Hence the
interest to perform a stability analysis of these solutions. To do so, we shall define first
what we mean by a steady state solution and how can appreciate their stability. So,
formally, we can say that
Definition [137].
The constant vector X0 ∈ Cn is a steady state solution of the system of differential
equations

dX(t)
dt

= F (X(t)) (2.17)

if it satisfies the equation F (t,X(t)) = 0 , where o is the null vector and F (t,X(t)) is
a differentiable vector function. When X0 6= 0 , the steady state solution is non-trivial.
We can get some information about the stability of the solution of the nonlinear systems
models by using Taylor’s Theorem to "relate" it to a linear system. In fact, the version of
Taylor’s Theorem which we shall use is the following Taylor’s Theorem [137]
If F : Cn → Cn is a continuously differentiable function and X0 is some constant vector
in Cn, then for a vector then for a vector δX(t) ∈ Cn

F (X0 + δX(t)) = F (X0) +DF (X0) +R(δX(t)) (2.18)

Note that if the function F (X(t)) = f1(X) + f2(X) + ..........................+ fn(X) then DF
is the Jacobian expressed as

DF =


∂f1
∂X1

. . . ∂f1
∂Xn... . . . ...

∂fn
∂X1

· · · ∂fn
∂Xn

 (2.19)

and the matrix DF (X0) is the Jacobian evaluated at X0. Further R(δX) has the property
that: R(δX)

‖δX‖ → 0, as δX → 0.
Loosely speaking, this means that if each entry of δX is small, then

F (X0 + h) ' F (X0) +DF (X0) (2.20)

where ' can be interpreted as "is approximately".
Now, suppose thatX0 is a steady state solution of the previous system 2.17 , i.e.F (X0) = 0
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, and take X(t) to be a solution of the system such that X(0)−X0 is small.
If we now take system 2.17 becomes

d(X0 + δX(t))
dt

= F (X0 + δX(t)). (2.21)

Consequently, using Taylor’s theorem, we have

dδX(t)
dt

= d(X0 + δX(t))
dt

= DF (X0)δX(t) +R(δX(t)) (2.22)

And ifδX(t) is mall, we can ignore the term R(δX). This mean that, if the quantity
δX(0) = X(0) − X0 is small, then the behaviour of the vector δX(t) = X(t) − X0 is
qualitatively the same as the solution to the linear system

dδX(t)
dt

= DF (X0)δX(t) (2.23)

This analysis results in the following theorem:
Theorem [137]
Let the constant vector X0 be a steady state solution of the system Eq.2.17 and let the
matrix DF (X0) denote the Jacobian evaluated at X0:

- If the n eigenvalues of the Jacobian matrix DF (X0) have real parts less than zero,
then the steady state solution X0 is stable;

- If at least one of the n eigenvalues of the Jacobian matrix DF (X0) has real part
greater than zero, then the steady state solution X0 is unstable. Generally, the
determination of the sign of the real parts of the eigenvalues is carried out by using
the Routh-Hurwitz criterion [14].

This mathematical formalism will be used in the following chapter to analyse the stability
of the steady state solutions of the beam responses.

2.2.2.4 Routh-Hurwitz Stability Criterion

Routh-Hurwitz stability criterion is a method for stability analysis of linear systems. This
approach is a necessary and sufficient condition for the stability of a system Eq.2.17, since
it has bounded output for bounded inputs, if the roots of its characteristic equation have
negative real parts only.
The characteristic equations of jacobian matrix Eq.2.18 is given by

f(λ) = a0λ
n + a1λ

−1 + ........+ an−1λ+ an (2.24)
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where the coefficients ai are real constants. The main diagonal of the Hurwitz’s matrix

are the form ∆1 = a1, ∆2 =

∣∣∣∣∣∣∣
a1 a0

a3 a2

∣∣∣∣∣∣∣, ∆3 =

∣∣∣∣∣∣∣∣∣∣
a1 a0 0
a3 a2 a1

a5 a4 a3

∣∣∣∣∣∣∣∣∣∣
,....

∆n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a0 0 · · · 0
a3 a2 a1 · · · 0
a5 a4 a3 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · an

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
In general, Hurwitz condition states : all of the roots of the polynomial have negative real
part if the determinant of all Hurwitz matrix are positive. That is, none of them are zero
or negative.

∆1 > 0, ∆2 > 0, ......, ∆n > 0 (2.25)

Since ∆n = an∆n−1, then the condition ∆n > 0 can be changed by an

n = 2; a1 > 0 and a2 > 0 (2.26)

n = 3; a1 > 0, a3 > 0 and a1a2 > a3 (2.27)

n = 4; a1 > 0, a3 > 0, a4 > 0 and a1a2a3 > a2
3 + a2

1a4 (2.28)

Thus, conditions checked the system is considered stable. Numerical formalism can be
defined as an approximate solution of problems occur for instance in physics, chemistry,
biology, economics and in many field of engineering. The numerical analysis is adopted in
the many case to obtain information about the response dynamics of the physical system.
It is impossible to have analytical solution. The selection of integration algorithms using
numerical approximation depends on of the complexity of problems and the scientific
disciplines.

2.2.2.5 Taylor Expansion Serie

Taylor’s theorem, [153] is taught in introductory–level calculus courses and is one of the
central elementary tools in mathematical analysis. It gives simple arithmetic formulas
to accurately compute values of many transcendental functions such as the exponential
function and trigonometric functions. It is the starting point of the study of analytic
functions, and is fundamental in various areas of mathematics, as well as in numerical
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analysis and mathematical physics. Taylor’s theorem also generalizes to multivariate and
vector valued functions. if f : R → R infinitely differentiable at x = x0 then the Taylor
series for f at x is the following power series.

f(x) = f (x0) + f ′ (x0) ∆x+ f ′′ (x0) (∆x)2

2! + ...+ f (k) (x0) (∆x)k

k! + ... (2.29)

Truncating this power series at some power results in a polynomial that approximates f
around the point x. In particular, for small,

f (x+ ∆x) ' f (x) + f ′ (x) ∆x+ f ′′ (x) (∆x)2

2! + ...+ f (k) (x) (∆x)k

k! (2.30)

Here the error of the approximation goes to zero at least as fast as (∆x)k as ∆x→ 0
. Thus, the larger the k the better is the approximation. This is called the k th–order
Taylor approximation of f at x. This can be generalized to the multivariate case

2.2.3 Dynamic response-Numerical methods

Over the past decade, computational science has emerged as the most versatile tool to
complement theory and experiments. Modern numerical methods, in particular those for
solving nonlinear ODEs, PDEs, are at the heart of many of these advanced scientific com-
putations. Indeed, numerical computations have not only joined experiment and theory
as one of the fundamental tools of investigation, but they have also altered the kind of
experiments performed and expanded the scope of theory. In this thesis, we have used the
fourth-order Runge-Kutta method (RK4 method for ordinary differential equations and
the Adam Baschford Method (A-B-M) predictor-corrector scheme and Newton-Leipnik
method for ordinary differential equations, Newton-Raphson Method for system of equa-
tions. Those methods are described below.

2.2.3.1 Fourth-order Runge-Kutta algorithm for ordinary differential equa-
tions

Analysis of differential equation of a dynamical system are often done by numerical
method. Numerical analysis is use in order to get more accurate solution or to vali-
date the analytical solution obtained, or experimental result. There are several numerical
techniques, in this thesis we used RK4 method. This method has been elaborated for the
first time in 1894 by Carle Runge and has been improved by Martin W. Kutta in 1901.
Their modern developments are mostly due to John Butcher in the 1960s, it is widely
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used since it is most stable [138]. This method is widely used since it is most stable. Let
us consider the first-order ODE as differential equation

dX(t)
dt

= F (t,X(t)) (2.31)

with the initial condition X(t0) = X0. This equation is under a vectorial form (X and F
being vectors). The aim of the RK4 method is to find solutions after each time step h, the
next solution as a function of the previous one. The classical RK4 flow for this problem
is given by

ti = t0 + ih

x0,j = X0j

L1,j = fj(ti, xi,j)
L2,j = fj(ti + h

2 , xi,j + L1,j
2 )

L3,j = fj(ti + h
2 , xi,j + L2,j

2 )
L4,j = fj(ti + h, xi,j + L3,j)
xi+1,j = xi,j + 1

6(L1,j + 2L2,j + 2L3,j + L4,j)

(2.32)

where i represents the time incrementation and j labels the variables related to L1,j, L2,j,
L3,j ,L4,j are intermediate variables and h represents the time step. In the case m−order
differential equation 

dmX
dtm

= Fm
(
t, y, dX

dt
, d

2X
dt2
, ..., d

m−1X
dtm−1

)
dkX(t0)
dtk

= X
(k)
0

(2.33)

with successive variables change, the equation can be written under the form

d0X
dt0

= B0 = X = F0 (t, B0, B1, ...Bm−1)
dX
dt

= dB0
dt

= B1 = F1 (t, B0, B1, ...Bm−1)
d2X
dt2

= dB1
dt

= B2 = F2 (t, B0, B1, ...Bm−1)
.

.

.

.

.

dm−1X
dtm−1 = dBm−2

dt
= Bm−1 = Fm−1 (t, B0, B1, ...Bm−1)

dmX
dtm

= dBm−1
dt

= Fm (t, B0, B1, ...Bm−1)
dkX(t0)
dtk

= Bk (t0) = X
(k)
0

k ∈ {1; 2; ...;m− 1}

(2.34)
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With this general vectorial and form, iterations can be performed to determine all the
values of X and its derivative at different time separated by the time step h using:

Bk (t+ h) = Bk (t) + 1
6
(
Lk1 + 2Lk2 + 2Lk3 + Lk4

)
(2.35)

where
Lk1 = hFk (t, B0 (t) , B1 (t) , ...Bm−1 (t)) ;
Lk2 = hFk

(
t+ h

2 , B0 (t) + L0
1

2 , B1 (t) + L1
1

2 , ...Bm−1 (t) + Lm−1
1
2

)
;

Lk3 = hFk

(
t+ h

2 , B0 (t) + L0
2

2 , B1 (t) + L1
2

2 , ...Bm−1 (t) + Lm−1
2
2

)
;

Lk4 = hFk
(
t+ h,B0 (t) + L0

3, B1 (t) + L1
3, ...Bm−1 (t) + Lm−1

3

This generalized form will serve to solve numerically first-order coupled ODEs.

2.2.3.2 Numerical methods for fractional differential equations

Solving a fractional differential equation, one has to approximate the corresponding deriva-
tive operator, which means including information about previous states of the system (the
so-called memory effect). For numerical solutions of the FDEs, the NewtonLeipnik and
A-B-M predictor-corrector schemes [140–142] are the most used. Accordingly, particular
attention will be put on NewtonLeipnik in this section. Therefore, Newton-Leipnik al-
gorithm is suitable for Grunwald-Letnikov fractional order derivative. This approach is
based on the fact that for a wide class of functions, three definitions (Grunwald-Letnikov,
Riemman-Liouville and Caputo’s) are equivalent. For the following fractional differential
equation  Dβ

t X(t) = dαX(t)
dtα

= F (t,X(t))
X(k)(0) = X

(k)
0 ; k = 0, 1, 2, ....m− 1

(2.36)

The relation to the explicit numerical approximation of qth derivative at the points kh
(k = 1, 2, ...) has the following form [143,144]

k−Lm/hD
β
tkf(tk) ≈ h−β

k∑
j=0

(−1)j
 β

j

 f(tk−j) (2.37)

Where Lm is the "memory lenth", tk = kh , h is the time step of calculation and

(−1)j
 β

j

 are binomial coefficients C(β)
j (j = 0, 1, .... ).

For their calculation we can use the following expression

C
(β)
0 = 1, C(β)

j =
(

1− 1 + β

j

)
C

(β)
j−1 (2.38)
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According to the short memory principle [139,142], the length of system memory can be
substantially reduced in the numerical algorithm to get reliable results. Therefore, general
numerical solution of the fractional differential equation can be given as

X(k)(tk) = F (tk, X(tk))hβ −
k∑
j=1

C
(β)
j X(tk−j) (2.39)

In Eq.2.39, the memory term expressed by the sum is easy to code, we will used it in the
next chapter to approximate the numerical solutions of the PDEs decribing our reduced
systems models.

2.2.3.3 Newton-Raphson Method for system of equations

Due to the encountered difficulties for solving the nonlinear system of equations. Many
iterative methods are employed in the literature to remedy to this problem. The Newton-
Raphson method is defined as an iterative procedure for finding zeros of an equation or
the system of nonlinear equations. To illustrate this principle, the system of equations is
defined as follows  f(x, y) = 0

g(x, t) = 0
(2.40)

The functions f(x, y)and g(x, y) are two arbitrary functions.

f(x, y) = f(x0, y0) + ∂f
∂x

(x− x0) + ∂f
∂y

(y − y0) + o(x, y)
g(x, t) = g(x0, y0) + ∂g

∂x
(x− x0) + ∂g

∂y
(y − y0) + o(x, y)

(2.41)

The Jacobian matrix associated with above equations is found as follows

J(x, y) =

 ∂f
∂x

∂f
∂y

∂g
∂y

∂g
∂x

 (2.42)

If det(J) 6= 0 , the iterative method is written as

Xn+1 = Xn − J−1(Xn)F (Xn) (2.43)

With Xn = (xn, yn) and F (Xn) = (f(Xn), g(Xn)) A convergence criterion for the solution
of a system of non-linear equation could be, for example, the magnitude of the absolute
values of the functions F (Xn) is smaller than a certain tolerance

F (Xn) < ε (2.44)

To get the algorithm started, we need to provide two initial values of X0 . This algorithm
is robust, fast and very convergent.
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2.3 Performance evaluation of isolators: Transmissi-

bility

In many engineering applications the problem is that of preventing vibrations to be trans-
mitted: most generally, there are two categories of problems:

- The source of vibration is the payload itself, in which case the intention is to prevent
the vibrations to be transmitted to its host structure : in the literature, this first
case is referred as the force transmissibility problem ;

- The disturbance to the payload is caused by vibration of the host structure and the
goal is to minimize the transmitted vibration : this case referred as the displacement
transmissibility problem.

To quantify the effectiveness of the isolation of the system or to characterize its perfor-
mance, we use the non-dimensioned parameter called transmissibility. In the case of the
force transmissibility problem, this parameter (TF ) is the ratio of the force transmitted
Ft by the excitation force Fe, and given by

TF = |Ft(t)|
|Fe(t)|

(2.45)

For a displacement Transmissibility problem, the transmissibility (TD ) is defined as the
ratio of the absolute motion amplitude of the isolation object (in steady state) x(t) to the
excitation amplitude y(t) and written as

TD = |x(t)|
|y(t)| (2.46)

Transmissibility is usually expressed in decibel (dB) and defined as

TF (dB) = 20. log
(
|Ft(t)|
|Fe(t)|

)
TD(dB) = 20. log

(
|x(t)|
|y(t)|

) (2.47)

For example, consider an isolator of the Kelvin-Voigt model, supporting a mass m
and undergoing an excitation force Fe(t) = asin(ωt) as shown in Fig.2.1 (a); in this case
the transmitted force is given by Ft(t) = f(t) = kx + cdx

dt
. In another case, we consider

that the isolator undergoes a displacement from below (see Fig.2.1 (b)) of expression
y(t) = Y sin(ωt).
According to harmonic balance method, the responses of the structure to payload or base
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Figure 2.1: Simplest model of a linear isolator base on the Kelvin-voigt. a) Force excitation
b)Base excitation

excitation in these examples are in the form x(t) = A sin(ωt+ ϕ).
Especially for this linear case, we can shows that force and displacement transmissibilities
are the same, and for both the mathematical expression is [127]

T = TF = TD =
√√√√ 1 + 4ξ2r2

(1− r2)2 + 4ξ2r2
(2.48)

where ξ = c
2

√
km is the dissipation ratio and r = ω/

√
k/m is the nondimensionnal

excitation frenquency or frenquency ratio.

Figure 2.2: Transmissibility as a function of the frequency ratio and for diferent values of
the damping ratio. a) Linear representation (left) b) representation in dB (right).
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The transmissibility is represented linearly in Fig.2.2(a) and in dB with a logarithmized
scale of the frequencies in Fig.2.2(b). From Eq.2.48, two observations follows:

(1) if the isolator is linear, force and displacement transmissibility are the same;

(2) in the idealised case of a mass supported on a linear isolator, transmitted vibra-
tions are only attenuated at frequencies above the square root of two times the
fundamental natural frequency of the system, i.e. T < 1 when r >

√
2.

Therefore, for a given mass, the frequency above which isolation can occur is governed by
the stiffness of the isolator and there is often a practical limitation on the minimum value
of this. This zone (r >

√
2 ) is called the attenuation zone. In this zone, the transmissibility

is practically independent of dissipation ratio of the isolator for ξ < 10 [127].

2.4 Mechanism of HSLDS AS isolator : Mathemati-

cal modelling

Fig.2.3 shows the structural model of HSLDS-AS carrying an isolation object which is in
the present case a beam. Fig.2.4 presents the schematic model of HSLDS characteristic
when a load is applied. In fact, HSLDS is a non-linear isolator which can induces in the
isolated structure non-linear phenomenon like jump [113,114]. Thus, including the auxil-
iary system contribute to eliminating the jump phenomenon due to the nonlinear stiffness
of the isolator [117]. The advantages of HSLDS-AS are multiple tuned parameters and
the elimination of jump phenomenon due to non-linear stiffness of the isolator. A theo-
retical model of HSLDS-AS isolator consist of a vertical spring with stiffness k1 and two
oblique springs with same stiffness k4 connected by two rods with the same length `. The
auxiliary mass m is added via two vertical springs with stiffness k3 and k2. The damping
coefficients denoted by c1, c2 and c3, are introduced regards to the energy dissipation.
At the static position, springs k4 have a compression δ4 and the rods are horizontal; the
pre-compressed horizontal spring and the rods realizes negative stiffness mechanism when
a load is applied as shows Fig.2.4.

The corresponding force displacement relation of HSLDS is given by [117,120]

FHSLDS(W ) = 2k4
(

`−δ4√
`2−W 2 − 1

)
W + k1W . (2.49)
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Figure 2.3: Structural model of HSLDS-AS

Figure 2.4: Schematic model of HSLDS characteristic.

W is the transversal displacement of the beam.
Setting W ∗ = W

`
, the non-dimensional form of Eq.2.49 is:

F ∗ = FHSLDS
k1`

= 2λ4

 1− e√
1−W ∗2

− 1
W ∗ +W ∗, (2.50)

differentiating Eq.2.50 with respect of W ∗, we obtains the non dimensional stiffness

K∗ = 2λ4

 1− e
(1−W ∗2)

3
2
− 1

+ 1. (2.51)

Considering that the system exhibits small displacement, Eq.2.50 and Eq.2.51 can be
approximated by using Taylor series expansion at third order and we one obtain

F ∗ ' α2W ∗ + βW ∗3, (2.52)

K∗ ' α2 + 3βW ∗2. (2.53)
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where
α2 = 1− 2λ4e;
β = λ4(1− e);
λ4 = k4/k1;
e = δ4/`.

. (2.54)

Fig.2.5a and Fig.2.5b shows the comparative curves of F ∗ and K∗, for exact and approx-

Figure 2.5: Comaprison between the exact and approximate non-dimensional expressions:
a) force-displacement relationships and b) stiffness of HSLDS system for λ4 = 1.0 and
e = 0.5.

imate expressions. In case of small displacement, one can conclude a good correlation.
Because of the satisfactory precision, the following approximate expression of force dis-
placement are used for our study:

F
HSLDS

' k1`(α2W

`
+ β

W 3

`3 ) (2.55)

2.5 Hardware and software

As machine support during this thesis work, we used a Laptop computer running Ubuntu
and Windows 10 Pro operating system and five major software’s: Microsoft visio for desgin
the structure, Python and Fortran for differential equations, Matlab for data analysis and
Maple for integral calculus.
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2.6 Conclusion

The present chapter has been devoted to the presentation of mathematical and numerical
used for the analysis of the problem of this thesis. Also, tool for evaluated performance
and established mathematical mode of an isolator have been presented. Using all these
methods, techniques and materials, we are now able to follow this study and obtain
different results that give us informations about the different states of the studied systems.
The results are presented in Chapter 3.
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3.1 Introduction

Thermal effect on structure is of great theoretical and practical significance in structural
engineering. This third chapter is devoted to the results and discussions on the work
carried out in this thesis. The work done by others researchers is extend by proposing the
solutions to some of the limits encountered in this field of research which are identified
and listed in chapter I. Due to the complexity of thermal loads on structure, various
assumptions are taking into account, including the constitutive material of structure.
Thus, in the second and the third sections, the effect of thermal variations on two types
of structure (isolated by a non-linear isolator or constituted by a material containing
fractional derivative order) is well established. Modelled as an Euler Bernoulli beam, the
considered structures are subjected to the combined action of wind load flow and platoon
moving loads in the first and, to a simple moving load results and for in the second results.
The last section summarises our results and concludes the chapter.

3.2 On the non-linear thermomechanical analysis of a

stayed-beam having fractional viscoelastic prop-

erties in complex environment.

In this section, non-linear thermomechanical analysis of a stayed-beam having fractional
viscoelastic properties taking into account a complex environment; thus thermal loads,
wind loads and platoon moving load condition, is investigated. Using Newton’s second law
on the movement, the equation of dynamics is derived and reduced to generalized modal
forms using Garlerkin’s technique. At the first mode of vibration, the Analytical solution
is established via multiple scales methods. Also the appearance condition of divers type of
bifurcation is obtained using linear analysis ; and then, numerical methods are employed
for analysis the effect of the fractional viscoelastic, thermal variation and loads spacemen
on structural dynamics.
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3.2.1 Mathematical modelling

3.2.1.1 Dynamical analysis

In the present study, the structure described in Fig.3.1 is a beam suspended by a massless
inextensible cable. Cosidering the physical model (see Fig. 3.2)we see that,the system is
subjected to the combined action of a platoon moving loads and turbulent wind. The
Euler Bernoulli beam is modeled here by a fractional hereditary material involving the
Kelvin-Voigt model with real order fractional derivatives [147, 148]. The homogeneous
beam is simply supported and placed in an environment subjected to a change in temper-
ature variation. Since the temperature induces axial tension in the beam [158], additional
stresses and strains are created in the structure.

Figure 3.1: Real model of the structure (Pont Mohammed VI à Rabat).

Figure 3.2: Physical model.

Taking into account the external loads on the structure and the action of the cables,
the application of Newton’s second law of motin on the movement leads to the equation
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of dynamics shown in Eq.3.1 [126,134,153]

ρS ∂
2W (x,t)
∂t2 + EI

(
∂4W (x,t)
∂x4 − 3

2
∂2

∂x2

(
∂2W (x,t)
∂x2

(
∂W (x,t)
∂x

)2
))

+ ξ ∂W (x,t)
∂t + (θNL +Hc)∂2W

∂x2

−ES
2l

∂2W
∂x2

l∫
0

(
∂W (x,t)
∂x

)2
dx+

Nc∑
i=1

Kc
i δ(x− il

Nc
)W (x, t) = pwind + pmov

(3.1)

W (x, t) denotes the transversal displacement of the beam, l the length of the beam, S
the cross-section area, I the moment of inertia, ρ is the density of the material, and ξ the
dissipation coefficient of the beam. As that external force can induce large deformations
and bring the geometrical non-linearity effect on the response of the structure, the terms

3
2EI

∂2

∂x2

(
∂2W (x,t)
∂x2

(
∂W (x,t)
∂x

)2
)
refer to large deformations in the structure and

ES
2l

∂2W
∂x2

l∫
0

(
∂W (x,t)
∂x

)2
dx to geometrical non-linearity.

The action of the cables on the structure is taken into account by the introducing Hc

(the horizontal component of the total tension due to the cables) in the beam and Kc
i the

linear stiffness of each cable, defined by Eq.3.2 [122]

Kc
i = EiSi

li
sin2δi (3.2)

with Nc ,Ei ,Si ,li and δi respectively, the number of cables, the Young’s modulus,
the section, the length and the angle of inclination of the ith cable. Each pair of cables
is located on the beam by δ(x − xi) , where δ(.) is the Dirac function and xi(i = 1, 2)
denotes the position of the ith cable on the beam. To model the viscoelastic behavior with
the fractional order model, the Young’s modulus is written as in Eq.(3.3) [146]

E = E0 + µDβ
t ; (3.3)

where E0 represents the Young’s modulus of the beam and µ the coefficient of viscoplas-
ticity. Dβ

t is the fractional derivative of real order β with β ∈ ]0; 1]. There are several defi-
nitions of fractional order, the fractional order use in this paper is defined by [150,151,160]
Eq.3.4

Dβ
t q(t) = dβq(t)

dtβ
= d

dt

t∫
−∞

q(u)du
Γ(1− β)(t− u)β

, (3.4)

The part θNL ∂
2W
∂x2 reflects the thermal effect on the structure which is an axial force per

unit length due to a thermal variation ∆T . In the present case, the nonlinear thermal
stress distribution [46,126] is considered and given by Eq.3.5

θNL = EA(κ∆T + ~
E

(κ∆T )2), (3.5)
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where ~ = ~1(1 − 2ν) − 2~2(ν2 − 1) + ~3ν
2 in which,~1 ,~2 and ~3 are Murnaghan’s

constants; ν the Poisson’s ratio of the material. The contribution of the non-linear term
which depends on ~

E
defines negative and that depends on the nature of the material. As

we focus on uniform thermal variation, Eq.3.5 can be rewrite as Eq.3.6

θNL = E0A(κ∆T + ~
E0

(κ∆T )2). (3.6)

The wind load is taking into acount by the term pwind which is the aerodynamic force
due to the wind determined according to the quasi-steady theory [68, 69, 125] and given
by Eq.3.7

pwind = 1
2ρaU

2b

A1

(
Ẇ

U

)
+ A3

(
Ẇ

U

)3 , (3.7)

Where, U = ū+u(t) is the wind speed devised into the turbulent part u(t) and stationary
part ū (average wind speed in the region); b is the thickness of the beam, A1 and A3 are
the aerodynamic coefficients given in [70]. Considering ū very large than turbulence, a
Taylor expansion allows us to obtain Eq.3.8

pwind = 1
2ρaū

2b

A1(1 + u(t)
ū

)Ẇ
ū

+ A3

(
1− u(t)

ū

)(
Ẇ

ū

)3 (3.8)

The moving load problem modelled here by pmov , is the force due to a platoon moving
loads made up of K moving loads. The mathematical expression of the loads due to this
type of traffic, which takes into account the roughness of the deck is given by Eq.3.9 [86]

pmov =
K∑
k=1

F0k cos(Ωkt)δ
(
x− V t−

k∑
k′=1

Lk′

)
(3.9)

Lk > 0 is the distance between the charges (k = 1, 2, 3....K;L1 = 0), F0k represents the
amplitude, and Ωk the frequency due to the roughness of the road and Vk the travel speed
of the kth load.

For a simply supported beam, the boundary conditions can be defined as Eq.??

W (0, t) = W (l, t) = 0
∂2W
∂x2 |x=0 = ∂2W

∂x2 |x=l = 0
(3.10)

In the next section, modal equation is derived taking into account boundary conditions.

3.2.1.2 Modal governing equation

The Galerkin’s approximation is often used to transform the partial derivative equation
into an ordinary differential equation [125]; according to this method, the solution of the
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partial differential Eq.3.1 is given by Eq.3.11

W (x, t) =
∞∑
n=1

φn(x)qn(t), (3.11)

where n is the mode index, qn(t) is the time function of each mode and φn(x) is the
solution of the eigenvalue problem depending on the boundary conditions of the cable
stayed-beam. For a simply supported beam the spacial function is given by Eq.3.12

φn(x) = sin(nπx
l

). (3.12)

Setting qn
∗ = qn

l
; u∗ = u

ū0
; t∗ = ω0nt and considering Eq.3.1, the modal equation is

obtained. Omitting the asterisk, this modal equation is writing as Eq.3.13

q̈n(t) + ω2
nqn(t) + (ξ − χ1(ū+ u(t)))q̇n(t) + ηβnD

β
t qn(t)−Dβ

t

∞∑
i=1

∞∑
j=1

∞∑
k=1

γβ1nijkqi(t)qj(t)qk(t)

−
∞∑
i=1

∞∑
j=1

∞∑
k=1

γ2nijkqi(t)qj(t)qk(t)−
(

1
ū
− u(t)

ū2

) ∞∑
i=1

∞∑
j=1

∞∑
k=1

χ3nijkq̇i(t)q̇j(t)q̇k(t)

=
K∑
k=1

f0k [sin(Ω2kt+ ϕk) + sin(Ω1kt+ ϕk)]

,

(3.13)
where,

ω2
n(θnl) = 2E0I

ρSlω2
0

l∫
0
φn(x)φ′′′′n(x)dx+ 2(lθnl + 2Hc

ρSlω2
0
)
l∫

0
φ′′n(x)φn(x)dx+

Nc∑
i=1

2Kc
i

ρSlω2
0
φ2
n(xi)

γβ1nijk = µωβ−2
0
ρ

(
3Il
S

l∫
0
φn(x)

(
φ′′i(x)φ′j(x)φ′k(x)

)′′
dx+

l∫
0
φn(x)φ′′i(x)

l∫
0
φ′j(x)φ′k(x)dxdx

)

γ2nijk = E0
ρω2

0

(
3Il
S

l∫
0
φn(x)

(
φ′′i(x)φ′j(x)φ′k(x)

)′′
dx+

l∫
0
φn(x)φ′′i(x)

l∫
0
φ′j(x)φ′k(x)dxdx

)

ηβn = 2µIωβ−2
0

ρSl

l∫
0
φn(x)φ′′′′n(x)dx;χ3nijk = ρabA3lω0

ρSu0

l∫
0
φn(x)φi(x)φj(x)φk(x)dx

ξ = c
ρSω0

;χ1 = ρabA1u0
2ρSω0

;ω2
0 = E0Iπ4

ρSl4
; f0k = F0k

ρSl2ω2
0
; vk = Vk

lω0
;ωk = Ωk

ω0

lk = Lk
l

;u0 = 1.0m.s−1;ϕk = π
k∑

k′=1
lk′ ; Ω2k = πvk + ωk; Ω1k = πvk − ωk.

(3.14)
The non-dimensional non-linear thermal stress is written as θnl = θNL

ρSl2ω2
0
. For the

sake of simplicity let us consider negligible the roughness of the road and the mechanical
vibrations of loads i.e. ωk = 0 thus Ω2k = Ω1k . For this model, a set of loads of the same
speed is considered, thus vk = v and then Ω2k = Ω1k = Ω1 . Following this, the equation
of the dynamics at the first order of vibrations is written [155,156] as Eq.3.15

q̈ + ω2
n(θnl)q + (ξ − χ1(ū+ u(t)))q̇ + ηβDβ

t q − γβ1D
β
t q

3 − γ2q
3

−χ3
(

1
ū
− u(t)

ū2

)
q̇3 =

K∑
k=1

2f0k sin(Ω1t+ ϕk)
(3.15)
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The Multi-scale method is an alternative to solve this last equation containing the frac-
tional real order [154]. The steps of the resolution according to the multiple scale method
are given in the following sections.

3.2.2 Analytical exploration using perturbation method

To solve non-linear differential equation, methods of perturbation are most often used
in the case of parametric systems. The multi-step scale method is used to analytically
investigate the dynamics of the system. In this article, the wind turbulence is setting as
a harmonic function u(t) = u1 sin(Ωt).

Assuming that ξ , χ1 ,ηβ ,γβ1 ,γ2 ,χ3 and f0k are small perturbed and considering the
case of primary resonance which is the most important [68], Ω defined as Eq.3.16

Ω = 2ω(θnl) + εσ0 (3.16)

In the case of moving load, we consider the first primary resonance as Eq.3.17

Ω1 = ω(θnl) + εσ1 (3.17)

Eq.?? can be rewritten as Eq.3.18

q̈ + ω2
n(θnl)q = εH̃(q, q̇) (3.18)

with H̃(q, q̇) given by Eq.3.19

H̃(q, q̇) = −(ξ − χ1(ū+ u(t)))q̇ − ηβDβ
t q + γβ1D

β
t q

3 + γ2q
3

+ χ3
(

1
ū
− u(t)

ū2

)
q̇3 +

K∑
k=1

2f0k sin(Ω1t+ ϕk)
(3.19)

In the above relations, ε is the bookkeeping parameters; σ0 and σ1 are deturning param-
eters.

The first order uniform expansion using this procedure is in the form

q(t) = q0(T0, T1) + εq1(T0, T1) + ................... (3.20)

with T0 = t and T1 = εt . T0 is the fast time and T1 slow time. Combining Eq.3.18
and Eq.3.20 and equaling the coefficients of the same order as ε , Eq.3.21 and Eq.3.22 are
derived.
Order ε0 (

D2
0 + ω2(θnl)

)
q0 = 0 (3.21)
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Order ε1

(D2
0 + ω2(θnl)) q1 = −2D0D1q0 − (ξ − χ1(ū+ u(t)))D0q0 − ηβDβ

0 q0

+γ2q
3
0 + γβ1D

β
0 q

3
0 + χ3( 1

ū
− u(t)

ū2 )(D0q0)3 +
K∑
k=1

2f0k sin(Ω1t+ ϕk)
(3.22)

where ∂m

∂tn
= Dm

n , m = 1; n = 0, 1 and Dβ =
(
d
dt

)β
= (D0 + εD1 + ε2D2 + .....)β

= Dβ
0 +εDβ−1

0 D1 +ε2β(β−1)Dβ−2
0 D2 D

β
0 is calculated from relation Eq.3.4 by replacing t

by T0. So, the fractional derivative is defined as the fractional power of the differentiation
operator. For the sack of simplicity, ω = ω(θnl) . Then, the general solutions of Eq.3.21 is
sought as Eq.3.23

q0 = A(T1) exp(jωT0) + cc (3.23)

By combining relations Eq.3.18, Eq.3.22 and Eq.3.23 and the eliminating the secular
term Eq.3.24is obtained:

jω(2A′ + ξA− χ1ūA) + 1
2ωχ1u1Āejσ1T0 − (jω)β(3γβ1A2Ā− ηβA)− 3γ2A

2Ā

−3 jχ3ω3

ū
A2Ā− χ3ω3

2ū2 u1(A3e−jσ1T1 − 3Ā2Aejσ1T0) + jF0e
jσ0T0 = 0,

(3.24)

where F0 =
K∑
k=1

f0ke
jϕk is the amplitude of the force due to moving load which is a function

of load and the distance between the charges. In the next section on linear and non-linear
analysis of the structure are investigated.

3.2.2.1 Analysis of linear stability

For this issues, the solution of Eq.3.24 is setting in cartesian forms as shown in Eq.3.25

A = Z(t)ej σ2 t = (X(t) + iY (t))ej σ2 t (3.25)

Inserting Eq.3.25 in Eq.3.24 and separating the real part to the imaginary part, Eq.3.26
is derived

 X ′

Y ′

 = J

 X

Y

+ n(nX , nY ) (3.26)

J is the Jacobian matrix evaluated at the trivial solution given by Eq.3.27

J =

 −1
2(ξ − χ1ū+ ηβωβ−1 sin(βπ2 )) 1

2(σ + χ1u1
2 − η

βωβ−1 cos(βπ2 ))
1
2(−σ + χ1u1

2 + ηβωβ−1 cos(βπ2 )) −1
2((ξ − χ1ū) + ηβωβ−1 sin(βπ2 ))

 (3.27)
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The non-linear terms are given by Eq.3.28

nX = 3
2(γ2ω

−1 + γβ1ω
β−1 cos(βπ2 ))(Y X2 + Y 3) + 3

2(χ3ω2

ū
+ γβ1ω

β−1 sin(βπ2 ))(X3 +XY 2)
+ χ3ω2

4ū2 u1 ((−Y 3 − 3Y X2)− 3Y (X2 + Y 2))− 1
2F0ω

−1 cos σ
2 t

nY = −3
2(γ2ω

−1 + γβ1ω
β−1 cos(βπ2 ))(X3 +XY 2) + 3

2(χ3ω2

ū
+ γβ1ω

β−1 sin(βπ2 ))(Y X2 + Y 3)
− χ3ω2

4ū2 u1 ((X3 − 3XY 2)− 3X(X2 + Y 2))− 1
2F0ω

−1 sin σ
2 t

(3.28)
The stability of the system is established when the real parts of eigenvalues of Jacobian

matrix are negative. The defined bifurcation parameters is (ū, u1, σ). The eigenvalues of
Jacobian matrix are given by Eq.3.29

µ± = (ξ − χ1ū+ ηβωβ−1 sin(βπ2 ))±
√

∆β,θnl(σ, u1) (3.29)

with ∆β,θnl(σ, u1) = −(σ − ηβωβ−1 cos(βπ2 ))2 + (χ1u1)2

It is important to observe that, fractional order and thermal effect, modifies the ap-
pearance condition of bifurcation. This observation is discussed in this thesis. Depending
on the sign of ∆β,θnl(σ, u1), we can distinguished flip bifurcation obtained when the eigen-
value values are all real and Neimark-Sacker bifurcation obtained when the eigenvalues
are complex; the appearance of these types of bifurcation is largely discussed in [68]. Fol-
lowing this last issue, we will focus on the effects of fractional derivative order and thermal
load on the linear stability domain.
When ∆β,θnl(σ, u1) = 0 ; µ− and µ+ are real and equal. Then, critical speed is reached
if µ− = µ+ = 0 , and Hopf bifurcation (a type of flip bifurcation) is observed. In many
studies the critical speed is called as the galloping speed of the structure. If the condition
of appearance of Hopf bifurcation is satisfied [68], critical speed is written as Eq.3.30.

ūc = ūc(θnl, β) =
ξ + (ω(θnl))β−1ηβ sin(1

2βπ)
χ1

(3.30)

It is clear that, fractional derivative order and thermal variation affects the critical speed.
So, to clarify the effect of thermal variation and fractional derivative order on critical
speed, the following ratios are defined as Eq.3.31

Rūc(θnl, β)= ūc(θnl, β)− ūc0
ūc0

× 100 (3.31)

where ūc0 = ξ
χ1

is the critical speed in the absence of fractional derivative order. Also,
thermal loads and fractional order interacts together on the structure; in order to clarify
this interaction Eq.3.32 is defined as
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R0(θnl, β)= ūc(θnl, β)− ūc(θnl = 0, β)
ūc(θnl = 0, β) × 100 (3.32)

ūc(θnl = 0, β)is the critical speed in the absence of thermal variation for a given fraction
derivative order.

3.2.2.2 Non-linear problem analysis

To derive real equations, the amplitude of Eq.3.24 is set in polar form as Eq.3.33

A = 1
2a(T1)ejψ(T0) (3.33)

In this later relation, a and ψ are the amplitude and the phase successively. By integrating
Eq.3.33 into Eq.3.31, Eq.3.34 is derived.

jωa′ − ωψ′a+ 1
2jωξa−

1
2jωχ1ūa+ 1

4ωχ1u1aej(σ0T1−2ψ) − 3
8γ2a

3 − 3
8
jχ3ω3

b

ū
a3

−χ3ω3u1
16ū2 a3e−j(σ0T1−2ψ) + 3χ3ω3u1

16ū2 a3ej(σ0T1−2ψ) − (jω)β(3γβ4
8 a3 − ηβ

2 a) + jF0ej(σ1T1−ψ) = 0
(3.34)

Setting φ0 = σ0T0 − 2ψ and φ1 = σ1T0 − ψ the trivial periodic solution of Eq.3.24 is
obtained for φ′0 = φ′1 = 0, that means 2σ1 = σ0 = σ; thus 2σ1 = ω

For the sake of simplicity choosing φ = σt − 2ψ(t) and taking Eq.3.34 into account,
we establish the autonomous modulation equations by separating the real part from the
imaginary part are given by Eq.3.35

aφ′ = aσ + 3
8γ3ω

−1a3 + ωβ−1(3γβ1
8 a2 − 1

2η
β)acos(1

2βπ)

− (χ3ω2

8ū2 a
2 + χ1

4 )au1cos(φ) +
K∑
k=1

f0kω
−1 sin(1

2φ+ ϕk)

a′ = −1
2ξa+ 1

2χ1ūa+ 3
8
χ3ω2

ū
a3 + ωβ−1(3γβ1

8 a2 − 1
2η

β)a sin(1
2πβ)

− (χ3ω2

4ū2 a
2 + 1

4χ1)au1 sin(φ)−
K∑
k=1

f0kω
−1 cos(1

2φ+ ϕk)

. (3.35)

The expression of the time dependent equation derived from Eq.3.23 is given by Eq.3.36

q(t) = a(t) sin(Ω
2 t−

φ(t)
2 ) (3.36)

The non-trivial periodic solutions of the cable stayed beam are obtained by setting a′ =
φ′ = 0. For investigating the stability of non-trivial periodic solution, the nature of fixed
points of Eq.3.35 is interesting. Introducing small perturbation such as Eq.3.37

a = a0 + a1

φ = φ0 + φ1
(3.37)
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where a0 and φ0 are non-trivial periodic solutions, a1 and φ1 are small perturbations.
Inserting Eq.3.37 in the modulations equations and keeping the linear terms of these two
variables we obtains Eq.3.38

4ωa′1 = a1Γ1 + φ1Γ2

4ωφ′1 = a1Γ3 + φ1Γ4
, (3.38)

where

Γ1 = −2ωbξ + 2ωbχ1ū+ 9
2
χ3ω3

b

ū
a2

0 −
3χ3ω3

bu1
ū2 a2

0 sin(φ0)− 2χ1u1ωb sin(φ0)
+ 9(ωb)αγα4

2 a2
0 sin(1

2πα)− 2(ωb)αηα sin(1
2πα)

Γ2 = −χ3ω3
bu1
ū2 a3

0 cos(φ0)− 2χ1u1ωba0 cos(φ0) + 8F0 sin(1
2φ0)

Γ3 = 3γ3a0 − 2F0
a0

cos(1
2φ0) + 3(ωb)αγα4 a0cos(1

2απ)− χ3ω2
b

ū2 a0u1ωbcos(φ0)
Γ4 = χ3ω2

b

2ū2 a
2
0u1ωb sin (φ0)− 2χ1u1ωb sin (φ0) + 4F0

a0
cos(1

2φ0)

, (3.39)

Then we derive Eq.3.40  a′1

φ1
′

 = 1
4ω

 Γ1 Γ2

Γ3 Γ4


 a1

φ1

 . (3.40)

Setting Eq.3.41

A =

 Γ1 Γ2

Γ3 Γ4

 , (3.41)

the stability of the non-trivial periodic solution depends on the eigenvalues of the Jacobian
matrix A. Then, the non-trivial periodic solution are stable if and only if the real parts
of the eigenvalues of A are negative.
For numerical analysis, wind loads and moving loads are separately investigated, since
the case of combined action these types of loads is well clarified in the literature [11, 69].

3.2.2.3 Analytical solution for the cable stayed-beam subject to wind load only

Consider the existing structure only under the action of wind loads, the modulation
equations are given by cancelling the terms related to platoon of moving loads in the
modulation equation (Eq.3.35). Taking φ as a slave variable and considering the trivial
solution a = 0, the parametric excitation due to wind load is responsible for the galloping
phenomenon appearance which cause a classic bifurcation when turbulence components
is absence (u1 = 0) [67]. In this case only the second modulation equation is concerned,
so Eq.3.35 becomes Eq.3.42

a =

√√√√ 4ū
3ω(θNL)2

ξ − χ1ū+ (ω(θnl))β−1ηβ sin(1
2βπ)

(χ3 + ū(ω(θnl))β−3γβ1 sin(1
2βπ))

(3.42)
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setting a = 0.0 Eq.3.30 is obtained, and the critical speed is reached. When σ 6= 0 and
u1 6= 0 using the combination cos2(φ) + sin2(φ) = 1 we obtains the quadratic equation at
the amplitudes Eq.3.43

η2
1

u2
1(χ3ω2

2ū2 a2 + χ1)2 + η2
2

u2
1(χ3ω2

ū2 a2 + χ1)2 = 1, (3.43)

where η1 = σ + 3
2γ3ω

−1a2 + ωβ−1(3γβ1
2 a2 − 2ηβ)cos(1

2βπ) and

η2 = −2ξ + 2χ1ū+ 3
2
χ3ω2

ū
a2 + ωβ−1(3γβ1

2 a2 − 2ηβ) sin(1
2πβ) .

The stability of the trivial solution is explored as indicated in the previous section.

3.2.2.4 Analytical solution for the cable stayed-beam subject to platoon mov-
ing load only

In this case the terms resulting of wind load is setting equal to zero in the modulation
equation (Eq.3.35) and following the same scheme for finding the trivial solution in the
wind load case, the resulting quadratic equation is given by Eq.3.44

a2ω2(η2
1 + η2

2) =
(

K∑
k=1

f0k cosϕk
)2

+
(

K∑
k=1

f0k sinϕk
)2

(3.44)

The stability of the trivial solution depend on the sign of the real part of the eigenvalues
of matrix A eliminating the terms.

For all above case the fractional and thermal loads affect the dynamics of the structure.
Following parts of this studies is devotes to numerical analysis.

3.2.3 Numerical analysis

To validate the analytical investigation, a good quantitative and qualitative agreement
between analytical and numerical solutions must be guaranteed. Therefore, a numerical
method based on the Grünwald-Letnikov definition of the fractional derivative order [141,
151] and the Newton–Leipnik algorithm is used to solve Eq.3.15 [150,160] The relation to
the explicit numerical approximation of qth derivative at the points kh (k = 1, 2, ...) has
the form Eq.3.45

Dβ
t q(tk) ≈ h−β

k∑
j=0

(−1)j
 β

j

 q(tk−j), (3.45)
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Table 3.1: Physical parameters and material properties.

Parameters Symbols Values Units

Length of the beam l 628.1 m
Density of the beam ρ 7850.0 kg.m−3

Elastic modulus of the beam E 210 GPa
Area moment of inertia of the beam I 12.0 m4

Cross-section area of the beam S 4.80 m2

Thickness of the beam b 10.0 m
Materials heat dissipation coefficient K 10−5 oC−1

Elastic modulus of stay cables Ei 210 GPa
Coefficient of viscosity µ 6.1.1010 N.Sα.m−1

Area of cross-sectional of stay cables Si 0.05 m2

Total horizontal tension Hc 10.0 MN
Inclination angle of the cables αi 30.0 o

where tk = kh , h is the time step of calculation and (−1)j
 β

j

 are binomial coefficients

noted C(β)
j (j = 0, 1, .... ). For their calculations, we can use Eq.(3.46)

C
(β)
0 = 1, C

(β)
j =

(
1− 1 + β

j

)
C

(β)
j−1 (3.46)

In the present study, we consider that cables have the same geometric and physical
parameters. The parameters of cables and the beam listed in Table3.1 are inspired by
models already studied in the literaturer [122,155,159].

As in the literature, the air density is set as ρa = 1.25kg.m−3 , the aerodynamic
coefficients confirmed via wind test tunnel [71, 161, 162] are given by A1 = 0.9298 and
A3 = −7.677. The non-dimensional damping coefficient of the beam is 0.05. In this study,
the analysis is extended to the case of extreme wind results to tornado, with velocity up to
570km/h which corresponds to ū = 160.0. As in the previous study [163], the temperature
change domain is set [−40; +40] oC and corresponds to the non-dimensional non-linear
thermal stress in the interval [−0.68; +0.61]. Investigations in the case of platoon moving
load are conducted for default dimensionless force f0k = 0.00025 and the number of loads
K = 10.
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3.2.3.1 Stability analysis

The results of previous studies can be confirmed on Fig.3.3 and Fig.3.4; indeed, turbulence
significantly affects the critical speed of the structure because it induces a dangerous
instability phenomenon in the structure. When the Hopf bifurcation is reached, the limit
cycle appears and the amplitude increases exponentially.

Figure 3.3: Stability domain of the trivial solutions for θnl = 0.0. (a) 3D plot for β = 0.1
(blue) and β = 0.8 (yellow) (b) (ū, σ) plane for u1 = 8.0 and (c) (ū, u1) plane for
σ = 0.055. β = 0.1 (black); β = 0.2 (red); β = 0.4 (blue)

The 3D plot of the stability domains is shown in Fig.3.3 for different values of β,
and the stability domains in two planes, as a function of β, are clearly represented. It is
observed that, when β increases, the stability domains are shifted upwards for both plane
and (ū, σ), (ū, u1) which means an increase of the critical speed. But, the first one shifted
to the left and the second to the right. This means an decrease in the values of σ (Fig.3.3b)
and an increase in turbulence values u1 (Fig.3.3c); for which Hopf bifurcation phenomenon
appears. Thus, it can be seen that great values of β are beneficial for stability; but, make
the structure more sensitive to small wind turbulence frequencies (Fig.3.3b), while the
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high values of β leads to good structural stability for high wind turbulences.

Figure 3.4: Stability domain of the trivial solution for θnl = −0.68 (black); θnl = 0.0
(red); θnl = +0.61 (blue)(a) (ū, σ) plane for u1 = 8.0 and (b) (ū, u1) plane for σ = 0.055.
β = 0.1

Fig.3.4 clarifies the effect of thermal fluctuations on the stability domains in the planes
(ū, σ) and (ū, u1). In the plane (ū, σ) (Fig.3.4a), one can observe that the increase of
the temperature causes an upward and to the right translation of the stability domain;
it therefore comes from the fact that, an increase in temperature causes the increase
in critical velocity as in the case of fractional order, the temperature is beneficial for
the structural stability at low frequencies. In the plan (ū, u1) (Fig.3.4b) , the effect of
temperature variations on the stability domain is depicted; from Eq.(3.30), we clearly
notice that the influence of the temperature on the stability diagrams is transported by the
fractional order, this justifies the non-linearity noticed in the impact of the temperature on
this domain which will be well elucidated in the following paragraph. Besides the observed
discontinuity for θnl = 0.0, one can notice that, an increase in temperature increases the
chance of the structure to avoid instability in the presence of small turbulence.

Fig.3.5 and Fig.3.6 present the variation of the critical velocity (obtained from Eq.(3.31)
and Eq.(3.32)). In figures Fig.(3.5b) and Fig.(3.5c), it is clear that the large values of the
fractional order are beneficial because it increases the galloping speed and the thermal
effect is small on speed variation due to β. But the critical speed increases with temper-
ature and more obvious for high values of fractional order (Fig.(3.5c) ).
Also from Fig.3.6, it is important to notice that thermal effect in presence of β is very
complex (Fig.3.6a); but, it is clear in Fig.3.6b that, when the fractional order increases,
the critical speed increases for positive variations in temperature, which is the opposite for
negative variations. Especially the critical speed remains unchanged when the fractional
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Figure 3.5: Critical speed variation (a) 3D plot; (b) versus β for θnl = −0.68 (black);
θnl = 0.0 (red); θnl = +0.61 (blue)and (c) versus θnl for β = 0.1 (black); β = 0.2 (red);
β = 0.4 (blue)

order increases in the absence of temperature variations (θnl = 0.0), which justifies the
results obtained from Fig.3.4c.

Figure 3.6: Critical speed variation versus (a) 3D plot (b) θnl for β = 0.1 (black); β = 0.2
(red); β = 0.4 (blue)
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3.2.3.2 Non-linear analysis

Periodic solutions of the non-linear system in the two types of loads are analysed sepa-
rately. In this part of the work dedicated to the numerical resolution, solid line denotes
the stable solutions and pointed line denotes the unstable solutions. So, from Fig.3.7 to
Fig.3.8 the case of the structure under the wind flow is depicted.

Figure 3.7: Response of the structure for θnl = −0.68 (a) In the absence of the turbulent
wind (u1 = 0.0) (b) In the presence turbulent wind (u1 = 8.0;σ = 0.055): β = 0.1 (black);
β = 0.2 (red); β = 0.4 (blue)

Regarding the effect of the fractional derivative order θ on the appearance condition
of classical Hopf bifurcation Eq.(3.42), Fig.3.7 is plotted. Thus, large values of θ lead
to small vibration of the amplitude after the appearance of Hopf bifurcation (Fig.3.7a).
The existence of a trivial solution is assumed and there are two branches: stable and
unstable. In the stable branch, the cable stayed beam exhibits periodic oscillations in the
wind direction, while it is stationary for subcritical wind speed values. Fig.3.7b shows the
amplitude response as a function of mean velocity in the presence of turbulence; for the
quasi-resonant case, the influence of the fractional order is highlighted; the peak amplitude
increases slightly with the order of the fractional derivative.

Fig.3.8 shows the effect of thermal loads on the bifurcation diagram. From Fig.3.8a,
the increase of the thermal effect causes the amplitude curves to bend to the right. After
the Hopf bifurcation occurs, the amplitude increases with temperature. Thus, temperature
is beneficial in mitigating the galloping phenomenon by increasing the galloping speed;
but in the event of the onset of galloping, temperature increases the amplitude of the
vibration, which is not suitable for the safety of the structure. One can confirm the result
obtained in Fig.3.5a; thus, for a value of fractional order, the influence of temperature on
the critical speed is less. But, it is consequent on the amplitude because it increases the
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Figure 3.8: Response of the structure for β = 0.1 (a) In the absence of the turbulent wind
(u1 = 0.0) (b) In the presence of turbulent wind wind (u1 = 8.0;σ = 0.0055): θnl = −0.68
(black); θnl = 0.0 (red); θnl = +0.61 (blue)

amplitude of the vibration after the appearance of the galloping phenomenon, which is
dangerous for the stability of the structure. In the presence of turbulence, as shown in
Fig.3.8b, the amplitude of vibration increases with temperature. The dangerous effect of
the thermal variation is thus highlighted, which is consistent with the classical case of
Hopf bifurcation.

Figure 3.9: Approximate analytic solutions and the numerical solution for the case of wind
loads (a) time history curves (b) phase diagrams

Fig.3.9 shows time history curves (Fig.3.9a) and phase diagrams (Fig.3.9b), obtained
via analytical (black line) and numerical (red line) procedures. These curves are plotted
for ū = 77.3; u1 = 0.0; θnl = 0.0 and β = 0.1. The numerical phase diagram is obtained
after transient regime exhausted. One observes that the motion stabilizes on a limit cycle
of amplitude q(t). A comparison of these curves shows a good quantitative and qualitative
agreement between analytical and numerical solutions.

Structural dynamic is investigated in the case of platoon moving loads. Only effect
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Figure 3.10: Response of the structure on the platoon moving load for θnl = 0.0 (a)
Amplitude response (b) Force amplitude responses. β = 0.1 (black); β = 0.2 (red);
β = 0.4 (blue)

of thermal loads; fractional order and loads spacing are studied conveniently. Fig.3.10
presents the effect of fractional order on amplitude response of the cable-stayed beam.
From Fig.3.10a, it is observed that, material with great values of fractional order is bene-
ficial to reduce the peak amplitude. It is also clearly shown that the system is more stable
for the highest order of the derivative. Looking at the effects of the fractional order on
the force amplitude response of the beam, Fig.3.10b is plotted. From this last figure, it is
necessary to conclude that, fractional derivative order does not have a significant effect
on the amplitude force response. Multi-value solutions and up to three coexisting solu-
tions are observed. Note that the bi-stability region (region with three periodic solutions)
gives the range of dangerous weights of moving charges, this region is slightly modified by
increasing the fractional order. Thus, by increasing the order of the fractional derivative,
the three simultaneous solutions gradually disappear.

Thermal effects on amplitude frequency response is illustrated in Fig.3.11a. The cu-
bic non-linearity is at the origin of the hardening behavior of the cable stayed beam as
well as an increase of the temperature. Then, with the increase in the thermal load, the
amplitude curve bends more to the right and the structure exhibits stronger hardening-
spring behaviour. It should be mentioned that, as the temperature increases the peak
amplitude increases, which is not in a good agreement with those reported in [152] for
linear thermal variation. As observed in Fig.3.11b, the jump phenomenon in the excita-
tion response curves results from the multi-value frequency response curves due to the
non-linearity. Thermal changes cause significant quantitative changes of this curve. We
can also say that, thermal effects are different, in the range of the large and small response
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Figure 3.11: Response of the structure on the platoon moving load for β = 0.1 (a)
Amplitude response (b) Force amplitude responses. θnl = −0.68 (black); θnl = 0.0 (red);
θnl = +0.61 (blue)

amplitudes. Specifically, for small value of the amplitude, as the temperature increases,
the response amplitude increases slightly. Whereas, for large one, the amplitude response
decreases significantly in the same condition. Moreover, the bi-stability is significantly
changed with temperature variation.

Figure 3.12: Response of the structure on the platoon moving load for θnl = 0.0 and
β = 0.1 (a) Amplitude response (b) Force amplitude responses. l0 = 0.01 (black); l0 = 0.1
(red); l0 = 0.15 (blue)

Looking at the loads spacing on the dynamic response, Fig.3.12 is plotted. From
Fig.3.12a, one can notice that great values of loads spacing decrease the amplitude re-
sponse. Investigating amplitude force response, Fig.3.12b is plotted. According to that, it
can be observed that, large values of loads spacing lead to enlarge the bi-stability region.
Although large values lead to a low amplitude response, the possibility of bifurcation is
increased. Thus, many loads with small load spacing can lead to a dangerous dynamic
phenomenon.
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Figure 3.13: Approximate analytic solutions and the numerical solution for the case of
platoon moving loads (a) time history curves (b) phase diagrams

As in the case of wind loads, Fig.3.13 shows time history curves (Fig.3.13a) and phase
diagrams (Fig.3.13b) obtained via analytical (black line ) and numerical (red line) pro-
cedures. These curves are plotted for f0 = 0.00025; l0 = 0.01; σ = 0.1; θnl = 0.0 and
β = 0.1. The numerical phase diagram is obtained after transient regime exhausted. A
comparison of these curves shows a good quantitative and qualitative agreement between
analytical and numerical solutions.

Ph.D in Fundamental Mechanics and Complex Systems by DJUITCHOU YALEU Thomas Bell ?UY1/FS?



Chapter III: Results and discussion 62

3.3 Effect of thermal and high static low dynamics

stiffness isolator with the auxiliary system on a

beam subjected to traffic loads

This section is devoted to study a high static low dynamic stiffness isolator with the
auxiliary system (HSLDS-AS) used to control the vibrations characteristics of a hinged-
hinged beam subjected to an axial and a constant moving load, taking into account
the effect of the temperature on the structure. After he mathematical model via the
newton second law of motion is obtained, the Galerkin’s discretization technique is used
to derive the modal’s equation, which are solved by the harmonic balance method (HBM)
coupled to averaging method for stability analysis. Following this the numerical analysis
are conducted.

3.3.1 Description of the system and mathematical modelling

Fig.3.14 presents the real struture studied; thus, Fig.3.15 shows the physical system as
hinged-hinged Euler Bernoulli beam isolated by a HSLDS-AS isolator. The simplified
mechanical model of the studied system derived from Fig.2.5 is shown in Fig.3.16. The
constituted system is placed in an environment where the temperature varies uniformly
considering an axial compression load P [145]. The moving load expression used in this
paper is given by Eq.3.47. δ is the Dirac delta function and V the velocity of moving load.

F (x, t) = Fδ(x− V t). (3.47)

The thermal stress due to the thermal change is given by Eq.3.48 [30].

Figure 3.14: Real model of the structure

θ= EK∆T, (3.48)
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Figure 3.15: Physical model of a the structure controlled by a HSLDS-AS isolator

Figure 3.16: Simplified mechanical model of the system

where ∆T is the uniform temperature variation and K the thermal expansion coefficient
of the material. Thus, the total stress in the structure is [126]

σ= Eε= E
∂U
∂x

+ 1
2

(
∂W

∂x

)2

− θ

E
, (3.49)

where E denotes the Young’s modulus of the material. Considering Eq.3.47, Eq.3.47,
Eq.3.49 and applying the Newton second law of motion [13, 126, 134], the equations of
motion are

ρA∂2W
∂t2

+ EI ∂
4W
∂x4 +c∂W

∂t
+(P+θA)∂2W

∂x2 − EA
2L

∂2W
∂x2

∫ L
0

(
∂W
∂x

)2
dx

+ 1
x12

(
k1`(α2 W(x,t)

`
+βW3

`3
) + c1

dW
dt
− k3Y − c3

dY
dt

)
G(x)=Fδ(x− V t)

md2Y
dt2

+ c2
dY
dt

+m∂2W
∂t2

+ c2
∂W
∂t

+ k2W + k2Y+c3
dY
dt

+ k3Y=0

, (3.50)

where G(x) is defined by
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G(x) = H(x− x1)−H(x−X2)

=


0 if x ≤ X1

1 if X1 < x < X2

0 if x ≥ X2

, (3.51)

where H(.) is a Heaviside function. Y = Y (t) is the relative displacement of the auxiliary
mass to the beam and t the time in second. In order to obtains the nondimensional
equation, the dimensionless constants are setting as

t∗=t
√

P
ρAL2 ; v2

f= EI
PL2 ; v2

1=EA
P

; θ1=Aθ
P

; k=k1Lα2

P
; β0=k1L3β

P`2
; ε=1

2c
√

L2

ρAP

ε1= c1
2

√
1

ρAP
; ε2= c2

2

√
1

ρAP
; ε3= c3

2

√
1

ρAP
; λ2=k2L

P
; λ3=k3L

P
; µ= m

ρAL

f0=F
P

; V ∗ = V
√

P
ρA

; x∗ = x
L

; y = Y
L

; w = W
L

x1 = X1
L

; x2 = X2
L

and x12 = X12
L

(3.52)
Omitting asterisk son t, x and V , the non-dimensional equations are derived as

∂2w
∂t2

+ 2ε∂w
∂t

+ v2
f
∂4w
∂x4 + (1 + θ1)∂2w

∂x2 − v2
1
2
∂2w
∂x2

∫ 1
0

(
∂w
∂x

)2
dx

+ 1
x12

(
kw + β0w

3 + 2ε1
dw
dt
− λ3y − 2ε3

dy
dt

)
g(x) = f0δ(x− V t)

µd
2y
dt2

+ µ∂
2w
∂t2

+ 2ε2
∂w
∂t

+ λ2w + 2(ε2 + ε3)dy
dt

+ (λ2 + λ3)y = 0

, (3.53)

where:

g(x) = H(x− x1)−H(x− x2) =


0 If x ≤ x2

1 If x1 < x < x2

0 If x ≥ x2

(3.54)

3.3.2 Modal equation

As indicated Wahrhaftig et al. [123, 124] the are many analytical procedures to solve
this mathematical problem. To obtain the modal equations, Galerkin’s technique is used.
According to this method, the solution of the partial differential Eq.3.53 for the hinged-
hinged beam, is assumed to be in the form [125]

w(x, t)=
∞∑
n=1

qn(t) sin(nπx). (3.55)

With this, the modal equations are given by q̈n(t) + 2εcnq̇n(t) + ω2
nqn(t) + Γnq3

n(t)− α1ny − α2nẏ = 2f0 sin(nπV t)
µÿ + β2nẏ + β3ny + µq̈n(t) + 2ε2q̇n(t) + λ2qn(t) = 0

, (3.56)
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where

α1n = 2
nπx12

(cosnπx1 − cosnπx2)λ3 ; α2n = 4
nπx12

(cosnπx1 − cosnπx2)ε3

β1n = 2(1−(−1)n)
nπ

µ ; β2n = 4(ε2 + ε3) (1−(−1)n)
nπ

; β3n = 2(1−(−1)n)
nπ

(λ2 + λ3)
ω2
bn = (nπ)4v2

f − (1 + θ1)(nπ)2 + k
x12

(x2 − x1 − 1
2πn(sin 2nπx2 − sin 2nπx1))

Γn = 1
4

(
2(nπ)4v2

1 + β0
x12

(3(x2 − x1) + sin(4nπx2)−sin(4nπx1)
4nπ − 2 sin(2nπx2)−sin(2nπx1)

nπ

)
εcn=ε+ ε1

x12
(x2 − x1 − 1

2πn(sin 2πnx2 − sin 2πnx1))

.

(3.57)

3.3.3 Dynamical responses and stability analysis

3.3.3.1 Resonance responses

The harmonic balance method offers an alternative for analysis of cases where steady state
periodic solutions to the non-linear equation of motion are sought. Furthemore, due to the
fact that simple HBM don’t give the stability of the solution, the averaging method and
the harmonic balance method [13, 134] are combined to analyse the stability of periodic
solutions for the system at the first mode of vibration. According to this method we set q(t) = a1(t) cosωt+ a2(t) sinωt

y(t) = b1(t) cosωt+ b2(t) sinωt
, (3.58)

where ω = πv is the excitation frequency due to the moving load. Substituting Eq.3.58
into Eq.3.56 for n = 1, and equating the coefficients proportional to, cosωt and sinωt, we
obtains with the conditions ä1 = ä2 = b̈1 = b̈2 = 0,

2εcȧ1 + 2ωȧ2 − α2ḃ1 + a1(ω2
b − ω2 + 3

4ΓA2)
+2εcωa2 − α1b1 − α2ωb2 = 0
−2ωȧ1 + 2εcȧ2 − α2ḃ2 + a2(ω2

b − ω2 + 3
4ΓA2)

−2εcωa1 + α2ωb1 − α1b2 = 2f0

. (3.59)

2ε2ȧ1 + 2µωȧ2 + β2ḃ1 + 2β1ωḃ2 + (λ1 − µω2)a1

+2ε2ωa2 + (β3 − β1ω
2)b1 + β2ωb2 = 0

−2µωȧ1 + 2ε2ȧ2 − 2β1ωḃ1 + β2ḃ2 − 2ε2ωa1

+(λ1 − µω2)a2 − β2ωb1 + (β3 − β1ω
2)b2 = 0

. (3.60)

To derive the amplitude responses equations let us set a1 = a sinϕ1 ; a2 = a cosϕ1 ;
b1 = b sinϕ2 and b2 = b cosϕ2. Where a and ϕ1 are amplitude and phase angle of q(t). In
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the same way, b and ϕ2 are amplitude and phase angle of y(t). At the stationary state,
we have ȧ1 = ȧ2 = ḃ1 = ḃ2 = 0, the amplitudes a and b satisfies the following non-linear
equations:

 4f 2
0P0(ω)− a2(P1(ω, a) + P2(ω, a) + P3(ω) + P4(ω) + P5(ω, a)) = 0

a2P6(ω) = b2P0(ω)
(3.61)

tg(ϕ1) = − (2εc(β3 − β1ω
2) + τ11) + χ1(4ω2εcβ2 − τ12)

1
ω

(τ22 + τ12) + χ1ω(2β2(ω2
b − ω2 − 3

4Γa2) + τ11) (3.62)

tg(ϕ2) = −(2τ21 + α2(λ2 − µω2)) + χ2(τ22 − 4ω2εcβ2 − 2ω2α2ε2)
1
ω

(τ22 − 4ω2εcβ2 + α1(λ2 − µω2)) + 2ωχ2(τ21 + ε2α1) , (3.63)

where:

P0(ω) = ((β3 − β1ω
2)2 + 4ω2β2

2)P1(ω, a) = ((ω2
b − ω2 + 3

4Γa2)(β3 − β1ω
2) + α1(λ2 − µω2))2

P2(ω, a) = 4ω2(β2(ω2
b − ω2 + 3

4Γa2) + α1ε2)2

P3(ω) = ω2(2εc(β3 − β1ω
2) + α2(λ2 − µω2))2

P4(ω) = 4ω4(2εcβ2 + α2ε2)2

P5(ω, a) = 4ω2(α2(ω2
b − ω2 + 3

4Γa2)− 2εcα1)× (β2(λ2 − µω2)− ε2(β3 − β1ω
2))

P6(ω) = (λ2 − µω2)2 + 4ω2ε2
2

χ1 = 2β2
(β3−β1ω2) ; τ11 = 2α1ε2 + α2(λ2 − µω2)

.

(3.64)

τ12 = −2ω2α2ε2 + α1(λ2 − µω2) ; χ2 = 2ε2
(λ2−µω2)

τ21 = β2(ω2
b − ω2 + 3

4Γa2) + εc(β3 − β1ω
2) ; τ22 = (ω2

b − ω2 + 3
4Γa2)(β3 − β1ω

2)

.

(3.65)

3.3.3.2 Stability analysis

For the stability analysis, we set ai = ai0 + δai and bi = bi0 + δbi (i = 1, 2); where δai and
δbi are small perturbations. Expanding for this small perturbations and keeping linear
terms, one obtains the following equations around the stationary harmonic oscillatory
state amplitudes ai0 and bi0

δṙ = Aδr, (3.66)
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where
δr = (δa1; δa2; δb1; δb2), (3.67)

A = M.D, (3.68)

M =



2εc 2ω −α2 0
−2ω 2εc 0 −α2

2ε2 2µω β2 2β1ω

−2µω 2ε2 −2β1ω β2



−1

, (3.69)

D11 = D22 = −(ω2
b − ω2 + 3

2Γ(2a2
20 + A2) ; D21 = −(3

2Γa10a20 − 2εcω)
D12 = −(3

2Γa10a20 + 2εcω) ; D13 = D24 = α1; D14 = −D23 = α2ω

D31 = D42 = −(λ1 − µω2); D41 = −D32 = 2ε2ω

D33 = D44 = −(β3 − β1ω
2); D43 = −D34 = β2ω

. (3.70)

The eigenvalues (s) is given by solving

Det(A− s ∗ I) = 0. (3.71)

The stability of the stationary oscillatory state solutions depends on the eigenvalues
of the Jacobian matrix A. Then, the solution is stable if a eigenvalues have a negative
real parts.

3.3.4 Force transmissibillty

At the first mode vibration, the expression of the force transmitted to the isolator support
is

ft(t) = 2εcq̇(t) + ω2q(t) + Γq3(t)− α1y − α2ẏ . (3.72)

The force transmissibillity when the dimensionless excitation force is fe(t) = 2f0 sin(πvt)
is given by [113]

Tf = | ft(t)
fe(t) |. (3.73)

By inserting the analytical solution at first mode in Eq.3.73, Tf is given as follows

Tf = 1
2f0

√
a2κ1 + b2κ2 + 2ab√κ1κ2 cos(φ2 − φ1), (3.74)

with
tg(φ1) = −(ω2+ 3

4 Γa2)+2εcωtg(ϕ1)
(ω2+ 3

4 Γa2)tg(ϕ1)+2εcω

tg(φ2) = −α1+α2ωtg(ϕ2)
α1tg(ϕ2)+α2ω

, (3.75)
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Table 3.2: Simulation parameters.

Parameters Symbols Values Units

Density ρ 7781.0 kg/m3

Length L 24.072 m
young’s modulus E 210.0 GPa
Area of cross section A 0.03 m2

Thermal expansion coefficient K 10−5 oC−1

Axial load P 130.0 KN
Area moment of inertia I 3.0 ∗ 10−4 m4

HSLDS Rod length l 0.35 m

κ1 = ((ω2 + 3
4Γa2)2 + 4ε2

cω
2),

κ2 = (α2
1 + ω2α2

2).

(3.76)

The absolute force transmissibillity of HSLDS-AS is defined as follow

Tfm = 20log(Tf ). (3.77)

3.3.5 Study parameters selection

For numerical investigation, the dimensionless material properties of the beam and fixed
parameters of HSLDS-AS are chosen from Table3.2. The current beam can be considered
as a idealist modified deck beam [122] a cable stayed bridge. In the following analysis
the non-dimensional transversal moving load magnitude is f0 = 0.05 and the damping
coefficient of the beam ε = 0.05. By using Eq.3.52, we have the dimensionless values
v2
f = 0.8866 and v2

1 = 50319.2308. Taking into account Eq.3.48 we have:

β0 = L2

`2
λ4(1− e)
1− 2λ4e

k, (3.78)

where k is the linear spring coefficient and β0 the non-linear spring coefficient of the
HSLDS isolator. For a fixed values of L, `, λ4 and e, Eq.3.78 shows that β0 and k are
directly proportional and have the same influences on the system; therefore, the analysis
of one of these parameters will be sufficient. Furthermore, for a performant control [117],
λ4e must be less than 0.5 so that the term α2 is close to zero. In the present analysis,
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the default values of isolator parameters are ε1 = 2.5; λ2 = 100.0; λ3 = 10.0; λ4 = 1.0;
ε2 = ε3 = 1.0; e = 0.4; µ = 0.003; k = 0.2. For the localization of HSLDS-AS isolator the
default values are x1 = 0.475 and x2 = 0.525. To study the performance of the isolator,
we focused on the effect of ε1, ε2, ε3, λ2, λ3, k, x1, x2 and x12 (thickness over which
the isolator is in contact with the beam). In order to study the effect of temperature on
the beam, with and without control, we set the variation of the non-dimensional thermal
stress θ1 in the interval [-20.03; +20.03], which corresponds to dimensional temperature
change domain
[−39.80oC; +39.80oC].

3.3.6 Dynamical explanation

We describe the effect of location, parameters of the HSLDS-AS and thermal variation
on natural frequencies, amplitude curve and force transmissibility of the system.

3.3.6.1 Natural frequency study

In order to clarify the effect of the temperature rise on the dimensionless frequency, we
consider a frequency variation factor as [126]

Rω=ωn(θ1 6= 0)− ωn(θ1 = 0)
ωn(θ1 = 0) . (3.79)

ωn(θ1 6= 0) and ωn(θ1 = 0) are the natural frequencies when θ1 is different from zero and
equal to zero respectively.
In Fig.(3.17), we note that for the controlled beam, increase in the temperature causes
the natural frequency to decrease and decreasing the temperature increasing the natural
frequency. Moreover, the thermal effect is more obvious at the first mode and the effect of
thermal change on natural frequency becomes less with the increase of the order’s mode.
With the uncontrolled beam, the same result was founded and the same conclusion is
drawn. The same effects on natural frequencies was observed in other studies [35,96]. The
influence of the linear spring coefficient, thickness of control’s force action x12 and the po-
sition of the HASLDS-AS Isolator on natural frequencies was investigated. By analysing
the results in Table 3.3 with θ1 = 0, we conclude that:
(1) Changing the HSLDS-AS positions from the left-end to the mid-span of the beam
results in an increase of the values of natural frequency of the system.
(2) Increasing the value of the thickness of action of the control, result in a decrease of
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Table 3.3: First natural frequencies for different values of location and linear spring coef-
ficient of the HSLDS-AS Isolator.

ω1

x1 = 0.275 x1 = 0.475 x1 = 0.675 x1 = 0.24 x1 = 0.44 x1 = 0.64
k x2 = 0.325 x2 = 0.525 x2 = 0.725 x2 = 0.36 x2 = 0.56 x2 = 0.76

x2 − x1 = 0.05 x2 − x1 = 0.05 x2 − x1 = 0.05 x2 − x1 = 0.12 x2 − x1 = 0.12 x2 − x1 = 0.12
0.02 8.746 8.746 8.746 8.746 8.7467 8.746
0.20 8.747 8.747 8.747 8.748 8.749 8.748
10.00 8.783 8.803 8.783 8.835 8,881 8,835
20.00 8.821 8.860 8.821 8.923 9.013 8.923
100.00 9.112 9.299 9.112 9.598 10.011 9.598

the natural frequencies.
(3) Increasing of the linear spring coefficient increase the natural frequencies.

Figure 3.17: Temperature effect on the first three natural frequencies of controlled and
uncontrolled beam.

3.3.6.2 Amplitude curves and force transmissibility

Numerical solutions are obtained by solving the equation Eq.3.56 using the fourth order
Runge-Kutta algorithm. Fig.3.18 show the amplitude and force transmissibility curves for
two types of solutions. by comparing these curves, we therefore end up with a validation
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of the results obtained with HBM.

Figure 3.18: a)Analytical and numerical Amplitude responses of the structure with
HSLDS-AS.b)Analytical and numerical Absolute force transmissibility of the system with
HSLDS-AS. Solid line denotes the stable responses and pointed line denotes the unstable
responses for defaults parameters.

Fig.3.19 illustrates the amplitude responses and force transmissibility curves for default
parameters. The peak amplitude is reduced close to 33 percent and the peak transmis-
sibility reduced close to 50 percent. Then, the isolator is very performant for amplitude
control and absolute force transmissibility reduction.

Figure 3.19: a)Amplitude responses of the beam without and with HSLDS-AS. b)Absolute
force ransmissibility. Solid line denotes the stable responses and pointed line denotes the
unstable responses for defaults parameters.
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Fig. 3.20 describes the amplitude responses and force transmissibility curves with
linear spring stiffness k. Theses two curves depend strongly on the values of k. Increasing
of k causes the hardening behaviour and peak transmissibility to increase. This is justified
By Eq.3.78. The least values of this parameter are beneficial for a performant control or
isolation. Especially the isolator can be ideal when the linear spring stiffness is set to zero
and we have a quasi zero stiffness isolator with auxiliary system (QZS-AS).

Figure 3.20: Effet of k on: a)Amplitude responses of the isolated beam. b) Absolute
force ransmissibility. Solid line denotes the stable responses and pointed line denotes the
unstable responses for defaults parameters.

Fig. 3.21 shows the dynamics behaviors, by using non-linear amplitude response and
absolute force transmissibility curves with damping coefficient ε1. It is pointed out that,
at the low velocity, increasing the value of damping ratio causes the peak amplitude and
transmissibility to decrease. But, this result is opposite at the high velocity. Then, the
greatest values of this parameters is beneficial for a best isolation or control in case of low
velocity.

Fig. 3.22 explains the amplitude response and absolute force transmissibility curves
with damping ratios ε2 and ε3. Increasing of these two paramaters reduce the peak am-
plitude of the system. At the low velocity, increasing these parameters cause the force
transmissibility to decrease, their effects are opposite at high velocity. It is convenient to
use a pratical value of these parameters. This result is opposite to the case of displacement
transmissibility as studied by [117]; in the present case, effect of ε3 is similar to that of ε1

and is more notable than ε2.
The amplitude and absolute force transmissibility curves with different values of stiff-
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Figure 3.21: Effet of ε1 on: a)Amplitude responses of the isolated beam. b) Absolute
force transmissibility. Solid line denotes the stable responses and pointed line denotes the
unstable responses for defaults parameters.

Figure 3.22: Effet of ε2 and ε3 on: a)Amplitude responses of the isolated beam. b) Absolute
force ransmissibility. Solid line denotes the stable responses and pointed line denotes the
unstable responses for defaults parameters.

ness ratios λ2 and λ3 are presented in Fig.3.23. For a smallest value of λ3, increasing
λ2 reduce the peak amplitude and absolute force transmissibility. Also we remarks that,
peak amplitude and transmissibility increase as λ3 increase. Especially, when λ2 is too
great, increasing λ3 may change the peak frequency and create a discontinuity in absolute
force transmissibility as shown in Fig. 3.23 (b). This discontinuity is due to instability
in dynamics of auxiliary mass. One can conclude that these last two stiffness must be
moderate, great λ2 and small λ3 is recommended for a perfomant isolator. In another
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these effect are the same for low and high frequency. Effect of x12 is depicted on Fig. 3.24.

Figure 3.23: Effet of λ2 and λ3 on: a)Amplitude responses of the isolated beam. b) Abso-
lute force ransmissibility. Solid line denotes the stable responses and pointed line denotes
the unstable responses for defaults parameters.

Since, at low velocity, increasing this value contribute to decrease the peak amplitude and
absolute force transmissibility. Furthermore, at high velocity, the effect is opposite to the
case of low amplitude. To be realistic for a practical application, a smallest value of x12

must be chosen.

Figure 3.24: Effect of x12 on: a)Amplitude responses of the isolated beam. b) Absolute
force ransmissibility. Solid line denotes the stable responses and pointed line denotes the
unstable responses for defaults parameters.

Figs. 3.25 and 3.26 displays the effect of thermal change in amplitude responses and
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Figure 3.25: Amplitude responses of the beam for different values of θ1: a) Without
HSLDS-AS b) and With HSLDS-AS for default parameters. Solid line denotes the stable
responses and pointed line denotes the unstable responses.

Figure 3.26: Absolute force transmissibility for different values of θ1: a) Without HSLDS-
AS b) and With HSLDS-AS for default parameters. Solid line denotes the stable responses
and pointed line denotes the unstable responses.

absolute force transmissibility. It can be observed that, for the uncontrolled and controlled
beam, decrease temperature increase the hardening behaviour and causes the amplitude
curves to bend right. In another, the reduction of peak amplitude with temperature rise is
more obvious for controlled beam (Fig. 3.25(b)). Besides, when the temperature increases,
the tranmissibility increase at low velocity and decrease at high velocity. This means that
the force transmitted to substructure increase with decreasing in temperature (Fig. 3.26).
We concluded that, the temperature do not only reduce or increase the natural frequency
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or amplitude of a structure but, this variation affect consequently the transmissibility of
the structure and can cause damage on the supports due to the redundant force trans-
mitted due to temperature variation. This results must be taking on to account when
designing isolator or supports.

3.4 Conclusion

The present chapter has presented the results obtained in this thesis work. Firstly, ther-
momechanical analysis of a cable stayed beam subjected to wind load and platoon moving
load is investigated. A partial differential equation governing the vibration is proposed
and deduced from a Bernoulli-Euler beam where the geometrical non-linearity is taken
into account. The analysis shows that, effect of thermal load on the structure depend
on the constituted material, types of loads and geometrical parameters of the structure.
Secondly, a beam isolated by a HSLDS-AS on the thermal condition is evaluated. It is
shown that thermal variation affect significantly the performance of the control system.
Comparing these results, it is obvious that effects of temperature variation on an struc-
ture are more complex and depend on the geometrical parameters, materials constitution
of the structure. Thus, taking into account thermal loads due to temperature change in
environment, materials properties and loads conditions, many complex phenomenon or
loss stability depending on the type of external loads can be avoided. Also, ignoring ther-
mal effect, the damaged detection based on the vibration characteristics and control of
structure will be no more efficient.
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This dissertation has dealt with dynamics analysis of controlled and uncontrolled struc-
ture subjected to thermal environmental change, under the action of traffic loads and wind
loads. The studied structures include simply support beam controlled by an non-linear
isolator, and a cable-stayed beam. The traffic loads has been modelled firstly as a simple
moving load and secondly as a platoon moving load which is an idealised multiple moving
vehicles with regular uniform intervals.

In the first chapter, the state of art on the structural modelling using dynamics of
Euler-Bernoulli, Rayleigh and Timoshenko beam via dynamics fundamental relationship
approach have been made. The mathematical models of used mechanical action and ther-
mal load due to environmental change in temperature have been done. Then the gener-
alities on vibration control systems are presented, by a review on some structural control
methods before the problematic of the thesis.

In the second chapter,analytical and numerical tools used for development and analysis
were presented. More precisely, four analytical techniques including the classical harmonic
balance method, multiples scales method to aproach the non-linear SDEs, Routh-Hurwitz
criterion to give the decision on the stability of the non-trivial steady-states solutions
of the non-linear ODEs. Numerical methods RK4 for the ODEs, the Newton-Leipnik
and the A-B-M predictor-corrector schemes to integrate the non-linear FDEs and the
Newton-Raphson method to solve complex or non-trivial polynomial equations, have been
presented. Furthermore the methods to assess performance of an isolator, and HSLDS-AS
mechanism are clearly explained.

The third chapter has been devoted to the dynamical behaviour of some models of
structure in thermal condition and subject to moving loads and/or wind flows. Two models
have been studied and the main results obtained have been presented and discussed. In
the first set of results, a cable-stayed beam having fractional derivative order subjected
to non-linear thermal load and loaded by a platoon moving loads and wind flow has
been investigated. On the basis of the multiple scales method, using linear analysis we
have demonstrated that wind flow leads to two types of bifurcation whose appearance
conditions are modified by thermal loads and fractional derivative order. Furthermore,
considering the two types of loads differently, and conducting a non-linear analysis, there
have been found that, thermal effect on structure is modified by the presence of fractional
derivative order and many dangerous effect can be observed and mitigated by choosing
a convenient structural parameter. In the second set of results, the problem of the non-
linear response of an axial compressing Euler Bernoulli beam, subjected to a moving single
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force and thermal loads and isolated by a non-linear isolator (HSLDS-AS isolator) has
been considered. Using the theory of Harmonic balance method, we have demonstrated
the effect of thermal loads on the performance of the isolator and the response of the
structure under traffic loads. The analytic approach has been also checked with numerical
simulations and we have observed a fairly good agreement. In this thesis, some of the
results have opened interesting perspectives for future investigations. For example, It
might also be interesting to extend this work to include the higher coupled modes which
have been neglected. Also developing novel active device for mitigated the thermal effect
on structure is a promised subject. So thermal effect can induce false damage detection,
it could be interesting to find suitable algorithm which taking into account the thermal
change in sensing; in this ways, Artificial Neural Network and Deep learning can be a
powerful tool for this issue.
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Abstract
Purpose A high static low dynamic stiffness isolator with the auxiliary system (HSLDSAS) is used to control the vibrations 
characteristics of a hinged-hinged beam subjected to an axial and a constant moving load, taking into account the effect of 
the temperature on the structure.
Method HSLDS-AS is insert between a support and the beam; after obtaining the mathematical model via the newton 
second law of motion, the Galerkin discretization technique is used to derive the modals equations, which are solved by the 
harmonic balance method (HBM) coupled to averaging method for stability analysis.
Results and conclusion The results of this research reveals that, the isolator, reduces significantly peak amplitudes and force 
transmissibility of the structure. Furthemore, thermal variation can mask damage detection based on amplitude or natural 
frequency, and create additionnal stresses in the support or compromise the performance of isolation systems. These results 
will attract the attention of designers of damage detection and isolation systems.

Keywords High static low dynamic stiffness · Force transmissibility · Moving load · Thermal effect · Vibration control

Introduction

Most civil engineering structures are often subject to adverse 
environmental events, their exploitation loads and disasters 
[1–6]. For this reason, some studies were carried out for 
structures subjected in their various applications to com-
bined actions of thermal and dynamic loadings. In fact, the 
temperature fluctuations create a thermal stress caused by 
contraction or dilatation of the materials (steel, concrete, 
etc..); this stress affects significantly the dynamics of the 
structure.

Although there are several research activities in the field 
of thermomechanical vibrations, we present here some 
works which have been done. The dynamics of a beam 
subjected to a magnetic field and thermal loads with the 
nonlinear deformation has been studied by Wu [7, 8]. Influ-
ences of the magnetic field parameters and temperature 
changes on the vibration characteristics of the beam have 
been discussed. The non-linear vibrations of moderately 
thick, curved and axially moving beams subjected to ther-
momechanical loads have been examined [9–11]. A spring-
mass-beam system on the thermomechanical loading were 
investigated analytically [12]; the mass, spring and thermal 
effects on a hinged-hinged Euler Bernoulli beam have been 
analysed. Non-linear dynamics of a beam under the influ-
ence of thermal and mechanical loadings were analysed and 
discussed by Warminska et al. [13, 14].

In the reports mentioned above, most studies have shown 
that temperature varies inversely with natural frequencies and 
could increase the hardening non-linearity of the structure. As 
a result, durability and most of the structural damages detec-
tion techniques will not be optimal [15]. Faced with this, 
researchers and engineers have therefore carried out research 
to set up active, semi-active or passive control devices to 
increase the ability of structures to dissipate energy.
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A review literature on nonlinear passive vibration isolators 
have been made by Ibrahim [16]. Their pros and cons have 
been made. High static and low dynamics stiffness (HSLDS) 
are the main properties required to have an effective isola-
tor which requires non-linearity. This principle was used by 
Shaw et al. [17] and Huang et al. [18, 19] to model this type 
of passive isolator. Recently, the HSLDS model isolators 
have gained more attention due to their strong conception 
and outstanding vibration isolation. Carrella et al. [20, 21] 
and Kovacic et al. [22] have carried out intensive theoretical 
work on HSLDS isolators having two horizontal spring pro-
viding negative stiffness and another one providing positive 
stiffness. Using planar springs, Lan et al. [23] have designed 
and experienced a quasi-zero stiffness (QZS) which is a spe-
cial type of HSLDS isolator. To overcome the limitations of 
the HSLDS isolators, Liu et al. [24] modelled an HSLDS-AS 
by adding a linear auxiliary mass to the HSLDS isolator, 
to eliminate the jump phenomenon and improve therefore 
the reduction of the peak of transmissibility. In this later 
work, only displacement transmissibility has been studied. 
A passive vibration isolator integrated a dynamic vibration 
absorber with negative stiffness was developed by Thakadu 
et al. [26]. The isolator developed bear static load while lim-
iting the static displacement and providing lower-even-zero 
dynamic stiffness, which are the qualities required for perfor-
mant isolator. Taking into account various types of uncertain-
ties, Bhowmik et al. [27] investigated on stochastic design of 
negative stiffness integrated tuned mass damper.

As a practical application of HSLDS isolators, Abbasi et al. 
[28] used a HSLDS for vibration control of a continuous rotat-
ing shaft and Sonfack et al. [29] investigated the performance 
of a quasi-zero stiffness isolator in vibration isolation of a 
multi-span continuous beam bridge under pier base vibrating 
excitation. The aims of this work are: to study the effects of 
HSLD-AS parameters and thermal variations on the natural 
frequencies, responses amplitude and force transmissibility of 
the system. To our knowledge, no work has been done yet for 
this purpose and specially for the force transmissibility of the 

HSDS-AS. For a good examination of the subject, in Sect. 2, 
an extent presentation of mathematical modelling is done, 
from this the HSLDS–AS mechanism are briefly explained, 
and the derivation of the dynamic equations of controlled 
beam has been done. Also, the equations of motion are dis-
cretized to second order ordinary differential equations using 
Galerkin’s technique. The equations of amplitude and force 
transmissibility are derived in Sect. 3 by means of harmonic 
balance and averaging method, which permits to establish 
the stability of periodic solutions. Section 4 summarized 
the selected parameters used in this study. In Sect. 5, the 
results and discussion are given to illustrate the influences of 
HSLDS-AS parameters and temperature variations on natural 
frequencies, responses amplitude, and force transmissibility. 
A numerical method based on the fourth order Runge–Kutta 
method is used to validate the analytical result.

Mathematical Modelling

HSLDS‑AS Mechanism

Figure 1a shows the structural model of HSLDS-AS carry-
ing an isolation object which is in the present case a beam. 
Figure 1b presents the schematic model of HSLDS charac-
teristic when a load is applied. In fact, HSLDS is a non-linear 
isolator which can induces in the isolated structure non-linear 
phenomenon like jump [20, 21]. Thus, including the auxiliary 
system contribute to eliminating the jump phenomenon due to 
the nonlinear stiffness of the isolator [24]. The advantages of 
HSLDS-AS are multiple tuned parameters and the elimination 
of jump phenomenon due to non-linear stiffness of the isolator.

A theoretical model of HSLDS-AS isolator consist of a 
vertical spring with stiffness k1 and two oblique springs with 
same stiffness k4 connected by two rods with the same length 
� . The auxiliary mass m is added via two vertical springs 
with stiffness k3 and k2 . The damping coefficients denoted by 
c1 , c2 and c3 , are introduced regards to the energy dissipation. 

Fig. 1  a Structural model of 
HSLDS-AS and b schematic 
model of HSLDS characteristic
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At the static position, springs k4 have a compression �4 and 
the rods are horizontal; the pre-compressed horizontal 
spring and the rods realizes negative stiffness mechanism 
when a load is applied as shows Fig. 1b.

The corresponding force displacement relation of HSLDS 
is given by [24, 28]

W = W(X, T) is the transversal displacement of the beam, X 
the coordinate measured along the length of the beam and 
T the time in second.

Setting W∗ =
W

�
 , the non-dimensional form of Eq. 1 is:

differentiating Eq. 2 with respect of W∗ , we obtain the non 
dimensional stiffness

Considering that the system exhibits small displacement, 
Eqs. 2 and 3 can be approximated by using Taylor series 
expansion at third order and we obtain

where

(1)

FHSLDS(W(X, T)) = 2k4

�
�−�4√

�2−W(X,T)2
− 1

�
W(X, t) + k1W(X, T) .

(2)F∗ =
FHSLDS

k1�
= 2�4

�
1 − e√
1 −W∗2

− 1

�
W∗ +W∗,

(3)K∗ = 2�4

(
1 − e

(1 −W∗2)
3

2

− 1

)
+ 1.

(4)F∗ ≃ �2W∗ + �W∗3,

(5)K∗ ≃ �2 + 3�W∗2,

(6)
�2 = 1 − 2�4e; � = �4(1 − e)

�4 = k4∕k1 and e = �4∕�
.

Figure 2a, b shows the comparative curves of F∗ and K∗ , 
for exact and approximate expressions. In case of small dis-
placement, one can conclude a good correlation. Because of 
the satisfactory precision, the following approximate expres-
sion of force displacement are used for our study:

Equation of Motion

Figure 3 shows a hinged-hinged Euler Bernoulli beam iso-
lated by a HSLDS-AS isolator. The simplified mechanical 
model of the studied system derived from Fig. 1a is shown 
in Fig. 4. The constituted system is placed in an environment 
where the temperature varies uniformly considering an axial 
compression load P [25]. The moving load expression used 
in this paper is given by Eq. 8. � is the Dirac delta function 
and V the velocity of moving load.

The thermal stress due to the thermal change is given by 
Eq. 9 [7].

where ΔΘ is the uniform temperature variation and K the 
thermal expansion coefficient of the material. Thus, the total 
stress in the structure is [34]

where E denotes the Young’s modulus of the material. Con-
sidering Eqs. 7, 8, and 10 and applying the Newton second 
law of motion [34–36], the equations of motion are

(7)F
HSLDS

≃ k1�

(
�2W

�
+ �

W3

�3

)
.

(8)F(X, T) = F�(X − VT).

(9)� = EKΔΘ,

(10)� = E� = E

(
�U

�X
+

1

2

(
�W

�X

)2

−
�

E
,

Fig. 2  Comparison between the exact and approximate non-dimensional expressions: a force-displacement relationships and b stiffness of 
HSLDS system for �

4
= 1.0 and e = 0.5
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where G(X) is defined by

where H(.) is a Heaviside function. Y = Y(T) is the relative 
displacement of the auxiliary mass to the beam and T the 
time in second. Omitting the asterisk on V, the nondimen-
sionalized equations of motion are

where:

(11)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

�A
�2W

�T2
+ EI

�4W

�X4
+ c

�W

�T
+ (P + �A)

�2W

�X2
−

EA

2L

�2W

�X2
∫ L

0

�
�W

�X

�2

dX

+
1

X12

�
k1�

�
�2W(X,T)

�
+ �

W3

�3

�
+ c1

dW

dT
− k3Y − c3

dY

dT

�
G(X) = F�(X − VT)

m
d2Y

dT2
+ c2

dY

dT
+ m

�2W

�T2
+ c2

�W

�T
+ k2W + k2Y + c3

dY

dT
+ k3Y = 0,

,

(12)

G(X) = H
�
X − X1

�
− H

�
X − X2

�

=

⎧
⎪⎨⎪⎩

0 if X ≤ X1

1 if X1 < X < X2

0 if X ≥ X2

,

(13)

⎧⎪⎪⎨⎪⎪⎩

�2w

�t2
+ 2�

�w

�t
+ v2

f

�4w

�x4
+ (1 + �1)

�2w

�x2
−

v2
1

2

�2w

�x2
∫ 1

0

�
�w

�x

�2

dx

+
1

x12

�
kw + �0w

3 + 2�1
dw

dt
− �3y − 2�3

dy

dt

�
g(x) = f0�(x − Vt)

�
d2y

dt2
+ �

�2w

�t2
+ 2�2

�w

�t
+ �2w + 2(�2 + �3)

dy

dt
+ (�2 + �3)y = 0

,

 The dimensionless constants of these equations are
(14)

g(x) = H(x − x1) − H(x − x2) =

⎧⎪⎨⎪⎩

0 If x ≤ x2
1 If x1 < x < x2
0 If x ≥ x2

(15)

t = T

√
P

�AL2
; v2

f
=

EI

PL2
; v2

1
=

EA

P
; �1 =

A�

P
;

k =
k1L�

2

P
; �0 =

k1L
3�

P�2
; � =

1

2
c

√
L2

�AP

�1 =
c1

2

√
1

�AP
; �2 =

c2

2

√
1

�AP
; �3 =

c3

2

√
1

�AP
;

�2 =
k2L

P
; �3 =

k3L

P
; � =

m

�AL

f0 =
F

P
; V∗ = V

√
P

�A
; x =

X

L
; y =

Y

L
; w =

W

L

x1 =
X1

L
; x2 =

X2

L
and x12 =

X12

L

Fig. 3  Schematic mechanical 
model of a beam controlled by a 
HSLDS-AS

Fig. 4  Simplified mechanical 
model of the system
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Modal Equation

As indicated Wahrhaftig et al. [31, 32] the are many analytical 
procedures to solve this mathematical problem. To obtain the 
modal equations, Galerkin’s technique is used. According to 
this method, the solution of the partial differential Eq. 13 for 
the hinged-hinged beam, is assumed to be in the form [33]

With this, the modal equations are given by

where

(16)w(x, t) =

∞∑
n=1

qn(t) sin(n�x).

(17)

⎧
⎪⎪⎨⎪⎪⎩

q̈n(t) + 2𝜀cnq̇n(t) + 𝜔2
n
qn(t)

+Γnq
3
n
(t) − 𝛼1ny − 𝛼2nẏ = 2f0 sin(n𝜋Vt)

𝜇ÿ + 𝛽2nẏ + 𝛽3ny + 𝜇q̈n(t) + 2𝜀2q̇n(t) + 𝜆2qn(t) = 0

,

(18)

�1n =
2

n�x12

(
cos n�x1 − cos n�x2

)
�3 ;

�2n =
4

n�x12

(
cos n�x1 − cos n�x2

)
�3

�1n =
2
(
1 − (−1)n

)
n�

� ; �2n = 4(�2 + �3)

(
1 − (−1)n

)
n�

;

�3n =
2
(
1 − (−1)n

)
n�

(
�2 + �3

)

�2
bn

= (n�)4v2
f
− (1 + �1)(n�)

2

+
k

x12
(x2 − x1 −

1

2�n

(
sin 2n�x2 − sin 2n�x1)

)

Γn =
1

4

(
2(n�)4v2

1
+

�0

x12

(
3(x2 − x1)

+
sin(4n�x2) − sin(4n�x1)

4n�
− 2

sin(2n�x2) − sin(2n�x1)

n�

)

�cn = � +
�1

x12

(
x2 − x1 −

1

2�n

(
sin 2�nx2 − sin 2�nx1

))
.

Dynamical Responses

Resonance Responses and Stability Analysis

The harmonic balance method offers an alternative for 
analysis of cases where steady state periodic solutions 
to the non-linear equation of motion are sought. Fur-
thermore, due to the fact that simple HBM don’t give 
the stability of the solution, the averaging method and 
the harmonic balance method [35, 36] are combined to 
analyse the stability of periodic solutions for the system 
at the first mode of vibration. According to this method 
we set

where � = �v is the excitation frequency due to the moving 
load. Substituting Eq. 19 into Eq. 17 for n = 1 , and equating 
the coefficients proportional to, cos�t and sin�t we obtain 
with the conditions ä1 = ä2 = b̈1 = b̈2 = 0,

To derive the amplitude responses equations let us set 
a1 = a sin�1 ; a2 = a cos�1 ; b1 = b sin�2 and b2 = b cos�2 . 
Where a and �1 are amplitude and phase angle of q(t) . In 
the same way, b and �2 are amplitude and phase angle of 
y(t) . At the stationary state, we have ȧ1 = ȧ2 = ḃ1 = ḃ2 = 0 , 
the amplitudes a and b satisfies the following non-linear 
equations:

(19)
{

q(t) = a1(t) cos�t + a2(t) sin�t

y(t) = b1(t) cos�t + b2(t) sin�t
,

(20)

2𝜀
c
ȧ
1
+ 2𝜔ȧ

2
− 𝛼

2
ḃ
1
+ a

1

(
𝜔2

b
− 𝜔2 +

3

4
ΓA2

)

+2𝜀
c
𝜔a

2
− 𝛼

1
b
1
− 𝛼

2
𝜔b

2
= 0

2𝜔ȧ
1
+ 2𝜀

c
ȧ
2
− 𝛼

2
ḃ
2
+ a

2

(
𝜔2

b
− 𝜔2 +

3

4
ΓA2

)

−2𝜀
c
𝜔a

1
+ 𝛼

2
𝜔b

1
− 𝛼

1
b
2
= 2f

0

2𝜀
2
ȧ
1
+ 2𝜇𝜔ȧ

2
+ 𝛽

2
ḃ
1
+ 2𝛽

1
𝜔ḃ

2
+
(
𝜆
1
− 𝜇𝜔2

)
a
1

+2𝜀
2
𝜔a

2
+
(
𝛽
3
− 𝛽

1
𝜔2

)
b
1
+ 𝛽

2
𝜔b

2
= 0

−2𝜇𝜔ȧ
1
+ 2𝜀

2
ȧ
2
− 2𝛽

1
𝜔ḃ

1
+ 𝛽

2
ḃ
2
− 2𝜀

2
𝜔a

1

+
(
𝜆
1
− 𝜇𝜔2

)
a
2
− 𝛽

2
𝜔b

1
+ (𝛽

3
− 𝛽

1
𝜔2)b

2
= 0.

(21)
⎧⎪⎨⎪⎩

4f 2
0
P0(�) − a2

�
P1(�, a) + P2(�, a) + P3(�) + P4(�) + P5(�, a)

�
= 0

a2P6(�) = b2P0(�)
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where:

Stability Analysis

For the stability analysis, we set ai = ai0 + �ai and 
bi = bi0 + �bi (i = 1, 2) ; where �ai and �bi are small pertur-
bations. Expanding for this small perturbations and keeping 
linear terms, one obtains the following equations around the 
stationary harmonic oscillatory state amplitudes ai0 and bi0

where

(22)

tg(�1) = −

(
2�c(�3 − �1�

2) + �11
)
+ �1

(
4�2�c�2 − �12

)
1

�
(�22 + �12) + �1�

(
2�2

(
�2
b
− �2 −

3

4
Γa2

)
+ �11

)

(23)

tg(�2) =
−
(
2�21 + �2

(
�2 − ��2

))
+ �2

(
�22 − 4�2�c�2 − 2�2�2�2

)
1

�

(
�22 − 4�2�c�2 + �1

(
�2 − ��2

))
+ 2��2

(
�21 + �2�1

) ,

(24)

P0(�) =
((

�3 − �1�
2
)2

+ 4�2�2
2

)

P1(�, a) =
((

�2
b
− �2 +

3

4
Γa2

)(
�3 − �1�

2
)

+�1
(
�2 − ��2

))2

P2(�, a) = 4�2
(
�2

(
�2
b
− �2 +

3

4
Γa2

)
+ �1�2

)2

P3(�) = �2
(
2�c

(
�3 − �1�

2
)
+ �2

(
�2 − ��2

))2

P4(�) = 4�4
(
2�c�2 + �2�2

)2

P5(�, a) = 4�2
(
�2

(
�2
b
− �2 +

3

4
Γa2

)
− 2�c�1

)

×�2
(
�2 − ��2

)
− �2

(
�3 − �1�

2
))

P6(�) =
(
�2 − ��2

)2
+ 4�2�2

2

�1 =
2�2(

�3 − �1�
2
) ; �11 = 2�1�2 + �2

(
�2 − ��2

)

�12 = −2�2�2�2 + �1
(
�2 − ��2

)
; �2 =

2�2(
�2 − ��2

)

�21 = �2

(
�2
b
− �2 +

3

4
Γa2

)
+ �c

(
�3 − �1�

2
)

;

�22 =
(
�2
b
− �2 +

3

4
Γa2

)(
�3 − �1�

2
)
.

(25)𝛿ṙ = A𝛿r,

(26)�r = (�a
1
;�a

2
;�b

1
;�b

2
),

(27)A =M.D,

The eigenvalues (s) is given by solving

The stability of the stationary oscillatory state solutions 
depends on the eigenvalues of the Jacobian matrix A. Then, 
the solution is stable if a eigenvalues have a negative real 
parts.

Force transmissibility

At the first mode vibration, the expression of the force trans-
mitted to the isolator support is

The force transmissibility when the dimensionless excitation 
force is fe(t) = 2f0 sin(�vt) is given by [20]

By inserting the analytical solution at first mode in Eq.32, 
Tf  is given as follows

with

(28)M =

⎡
⎢⎢⎢⎣

2�c 2� −�
2

0

−2� 2�c 0 −�
2

2�
2

2�� �
2
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�

−2�� 2�
2

−2�
1
� �

2

⎤
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−1

,

(29)

D
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2
Γ
(
2a

2

20
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2
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D
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a
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D
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10
a
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24
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D
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34
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(30)Det(A − s × I) = 0.

(31)ft(t) = 2𝜀cq̇(t) + 𝜔2q(t) + Γq3(t) − 𝛼1y − 𝛼2ẏ .

(32)Tf = | ft(t)
fe(t)

|.

(33)Tf =
1

2f0

�
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The absolute force transmissibility of HSLDS-AS is defined 
as follow

Study Parameters Selection

In this study, the dimensionless material properties of the 
beam and fixed parameters of HSLDS-AS are chosen from 
Table 1. The current beam can be considered as a idealist 
modified deck beam [30] a cable stayed bridge. In the fol-
lowing analysis the non-dimensional transversal moving 
load magnitude is f0 = 0.05 and the damping coefficient of 
the beam � = 0.05 . By using Eq. 15, we have the dimension-
less values v2

f
= 0.8866 and v2

1
= 50319.2308 . Taking into 

account Eq. 9 we have:

where k is the linear spring coefficient and �0 the non-linear 
spring coefficient of the HSLDS isolator. For a fixed values 
of L, � , �4 and e, Eq. 37 shows that �0 and k are directly 
proportional and have the same influences on the system; 
therefore, the analysis of one of these parameters will be 
sufficient. Furthermore, for a performant control [24], �4e 
must be less than 0.5 so that the term �2 is close to zero. In 
the present analysis, the default values of isolator parameters 
are �1 = 2.5 ; �2 = 100.0 ; �3 = 10.0 ; �4 = 1.0 ; �2 = �3 = 1.0 ; 
e = 0.4 ; � = 0.003 ; k = 0.2 . For the localization of HSLDS-
AS isolator the default values are x1 = 0.475 and x2 = 0.525 . 
To study the performance of the isolator, we focused on the 
effect of �1 , �2 , �3 , �2 , �3 , k, x1 , x2 and x12 (thickness over 

(35)
�
1
=

((
�2 +

3

4
Γa2

)2

+ 4�2
c
�2

)
,

�
2
=
(
�2

1
+ �2�2

2

)
.

(36)Tf m = 20log(Tf ).

(37)�0 =
L2

�2

�4(1 − e)

1 − 2�4e
k,

which the isolator is in contact with the beam). In order 
to study the effect of temperature on the beam, with and 
without control, we set the variation of the non-dimensional 
thermal stress �1 in the interval [– 20.03; + 20.03], which 
corresponds to dimensional temperature change domain

[−39.80 ◦C; + 39.80 ◦C].

Results and Discussion

We describe the effect of location, parameters of the 
HSLDS-AS and thermal variation on natural frequencies, 
amplitude curve and force transmissibility of the system.

Natural Frequency Study

In order to clarify the effect of the temperature rise on the 
dimensionless frequency, we consider a frequency variation 
factor as [34]

�n(�1 ≠ 0) and �n(�1 = 0) are the natural frequencies when 
�1 is different from zero and equal to zero respectively.

In Fig. 5, we note that for the controlled beam, increase in 
the temperature causes the natural frequency to decrease and 
decreasing the temperature increases the natural frequency. 
Moreover, the thermal effect is more obvious at the first 
mode and the effect of thermal change on natural frequency 
becomes less with the increase of the order’s mode. With the 
uncontrolled beam, the same result was found and the same 
conclusion is drawn. The same effects on natural frequencies 
was observed in other studies [12, 16]. The influence of the 
linear spring coefficient, thickness of control’s force action 

(38)R� =
�n(�1 ≠ 0) − �n(�1 = 0)

�n(�1 = 0)
.

Table 1  Physical parameters and material properties

Parameters Symbols Values Units

Density � 7781.0 kg/m3

Length L 24.072 m
young’s modulus E 210.0 GPa
Area of cross section A 0.03 m2

Thermal expansion coefficient K 10−5 oC−1

Axial load P 130.0 KN
Area moment of inertia I 3.0 × 10−4 m4

HSLDS Rod length l 0.35 m

Fig. 5  Temperature effect on the first three natural frequencies of 
controlled and uncontrolled beam
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x12 and the position of the HASLDS-AS Isolator on natu-
ral frequencies was investigated. By analysing the results in 
Table 2 with �1 = 0 , we conclude that: 

(1) Changing the HSLDS-AS positions from the left-end 
to the mid-span of the beam results in an increase of 
the values of natural frequency of the system.

(2) Increasing the value of the thickness of action of the 
control, result in a decrease of the natural frequencies.

(3) Increasing of the linear spring coefficient increase the 
natural frequencies.

Amplitude Curves and Force Transmissibility

Numerical solutions are obtained by solving the equation 
Eq. 17 using the fourth order Runge–Kutta algorithm. Fig. 6 
show the amplitude and force transmissibility curves for two 
types of solutions. by comparing these curves, we therefore 
end up with a validation of the results obtained with HBM.

Figure 7 illustrates the amplitude responses and force 
transmissibility curves for default parameters. The peak 
amplitude is reduced close to 33% and the peak transmis-
sibility reduced close to 50%. Then, the isolator is very per-
formant for amplitude control and absolute force transmis-
sibility reduction.

Table 2  First natural 
frequencies for different values 
of location and linear spring 
coefficient of the HSLDS-AS 
Isolator

�
1

k x
1
= 0.275 x

1
= 0.475 x

1
= 0.675 x

1
= 0.24 x

1
= 0.44 x

1
= 0.64

x
2
= 0.325 x

2
= 0.525 x

2
= 0.725 x

2
= 0.36 x

2
= 0.56 x

2
= 0.76

x
2
− x

1
= 0.05 x

2
− x

1
= 0.05 x

2
− x

1
= 0.05 x

2
− x

1
= 0.12 x

2
− x

1
= 0.12 x

2
− x

1
= 0.12

0.02 8.746 8.746 8.746 8.746 8.7467 8.746
0.20 8.747 8.747 8.747 8.748 8.749 8.748
10.00 8.783 8.803 8.783 8.835 8,881 8,835
20.00 8.821 8.860 8.821 8.923 9.013 8.923
100.00 9.112 9.299 9.112 9.598 10.011 9.598

Fig. 6  a Analytical and numeri-
cal Amplitude responses of the 
structure with HSLDS-AS. b 
Analytical and numerical Abso-
lute force transmissibility of the 
system with HSLDS-AS. Solid 
line denotes the stable responses 
and pointed line denotes the 
unstable responses for defaults 
parameters

Fig. 7  a Amplitude responses 
of the beam without and with 
HSLDS-AS. b Absolute force 
transmissibility. Solid line 
denotes the stable responses 
and pointed line denotes the 
unstable responses for defaults 
parameters
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Figure 8 describes the amplitude responses and force 
transmissibility curves with linear spring stiffness k. Theses 
two curves depend strongly on the values of k. Increasing 
of k causes the hardening behaviour and peak transmissibil-
ity to increase. This is justified By Eq. 37. The least values 
of this parameter are beneficial for a performant control or 
isolation. Especially the isolator can be ideal when the linear 
spring stiffness is set to zero and we have a quasi zero stiff-
ness isolator with auxiliary system (QZS-AS).

Figure 9 shows the dynamics behaviors, by using non-
linear amplitude response and absolute force transmissibility 
curves with damping coefficient �1 . It is pointed out that, 
at the low velocity, increasing the value of damping ratio 
causes the peak amplitude and transmissibility to decrease. 

But, this result is opposite at the high velocity. Then, the 
greatest values of this parameters is beneficial for a best 
isolation or control in case of low velocity.

Figure 10 explains the amplitude response and absolute 
force transmissibility curves with damping ratios �2 and �3 . 
Increasing of these two parameters reduce the peak ampli-
tude of the system. At the low velocity, increasing these 
parameters cause the force transmissibility to decrease, their 
effects are opposite at high velocity. It is convenient to use a 
practical value of these parameters. This result is opposite to 
the case of displacement transmissibility as studied by [24]; 
in the present case, effect of �3 is similar to that of �1 and is 
more notable than �2.

Fig. 8  Effect of k on: a 
amplitude responses of the 
isolated beam. b Absolute force 
transmissibility. Solid line 
denotes the stable responses 
and pointed line denotes the 
unstable responses for defaults 
parameters

Fig. 9  Effect of �
1
 on: a 

Amplitude responses of the 
isolated beam. b Absolute force 
transmissibility. Solid line 
denotes the stable responses 
and pointed line denotes the 
unstable responses for defaults 
parameters

Fig. 10  Effect of �
2
 and �

3
 

on: a amplitude responses of 
the isolated beam. b Absolute 
force transmissibility. Solid line 
denotes the stable responses 
and pointed line denotes the 
unstable responses for defaults 
parameters
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The amplitude and absolute force transmissibility curves 
with different values of stiffness ratios �2 and �3 are pre-
sented in Fig. 11. For a smallest value of �3 , increasing �2 
reduce the peak amplitude and absolute force transmissibil-
ity. Also we remarks that, peak amplitude and transmissibil-
ity increase as �3 increase. Especially, when �2 is too great, 
increasing �3 may change the peak frequency and create a 
discontinuity in absolute force transmissibility as shown in 
Fig. 11b. This discontinuity is due to instability in dynam-
ics of auxiliary mass. One can conclude that these last two 
stiffness must be moderate, great �2 and small �3 is recom-
mended for a performant isolator. In another these effect are 
the same for low and high frequency.

Effect of x12 is depicted on Fig. 12. Since, at low veloc-
ity, increasing this value contribute to decrease the peak 
amplitude and absolute force transmissibility. Furthermore, 
at high velocity, the effect is opposite to the case of low 
amplitude. To be realistic for a practical application, a small-
est value of x12 must be chosen.

Figures 13 and 14 displays the effect of thermal change 
in amplitude responses and absolute force transmissibil-
ity. It can be observed that, for the uncontrolled and con-
trolled beam, decrease temperature increase the hardening 
behaviour and causes the amplitude curves to bend right. In 
another, the reduction of peak amplitude with temperature 
rise is more obvious for controlled beam (Fig. 13b). Besides, 
when the temperature increases, the transmissibility increase 

Fig. 11  Effect of �
2
 and �

3
 

on: a amplitude responses of 
the isolated beam. b Absolute 
force transmissibility. Solid line 
denotes the stable responses 
and pointed line denotes the 
unstable responses for defaults 
parameters

Fig. 12  Effect of x
12

 on: a 
Amplitude responses of the 
isolated beam. b Absolute force 
transmissibility. Solid line 
denotes the stable responses 
and pointed line denotes the 
unstable responses for defaults 
parameters

Fig. 13  Amplitude responses of 
the beam for different values of 
�
1
 : a without HSLDS-AS b and 

With HSLDS-AS for default 
parameters. Solid line denotes 
the stable responses and pointed 
line denotes the unstable 
responses
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at low velocity and decrease at high velocity. This means 
that the force transmitted to substructure increase with 
decreasing in temperature (Fig. 14). We concluded that, the 
temperature do not only reduce or increase the natural fre-
quency or amplitude of a structure but, this variation affect 
consequently the transmissibility of the structure and can 
cause damage on the supports due to the redundant force 
transmitted due to temperature variation. This results must 
be taking on to account when designing isolator or supports.

Conclusion

The dynamic of a hinged-hinged beam controlled by an 
HSLDS-AS isolator under mechanical and thermal loads, 
has been investigated. The second laws of Newton with the 
laws of behaviour are used to establish the non-linear equa-
tions of the motion. The partial differential equations estab-
lished via Garlekin method, are evaluated via the technique 
of balance harmonics coupled to average method and vali-
date via RK4 method. The action of the isolator parameters 
and thermal effect on vibration characteristics of structure 
are analysed through a parametric study. It is shown that: 

(1) The controller is efficient for a large value of the appli-
cation thickness of the isolator force.

(2) The great values of vertical damping coefficient and 
low value of linear spring coefficient of the HSLDS 
isolator are advantageous for reducing the peak ampli-
tude and transmissibility. In another, for a performant 
isolator the linear spring coefficient value must be very 
small and ideally set to zero.

(3) Some parameters attached to auxiliary mass can be ben-
efit or not for a performant control, but a convenient 
choice is recommended.

(4) For the controlled and uncontrolled beam, a rise of tem-
perature does decrease natural frequencies and increase 
the transmissibility (vice-versa).

Although, temperature effects are more appreciable at the 
first mode and can mask the failure detection base on natural 
frequencies and peak amplitude,thermal variations, have a 
very significant impact on the transmitted force, which can 
either create additional stresses in the supports or affect the 
performance of the isolation system. This results should be 
attract the attention of designers of damage detection and 
isolation systems.
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