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& Résumé &

Nous caractérisons les poids pour lesquels les opérateurs intégraux standard induits par les
noyaux de Bergman-Besov sont bornés entre deux classes de Lebesgue sur la boule unité de C en
termes de conditions du type Békolle -Bonami sur les poids. Pour ce faire, nous utilisons la stratégie
de preuve introduite par Békolle [11].

Nous considérons les espaces de Hardy de series de Dirichlet H? et nous caractérisons les multipli-
cateurs c’est-a-dire les opérateurs m : f — mf qui sont bornés de H? a H9. Nous caractérisons
également les fonctions ¢ pour lesquelles f — f o ¢ est bornée de ‘H? dans H?. Plus généralement,

nous étudions 1’ opérateur de composition a poids borné uCy : f — u(f o ¢) de HP dans H7.



& Abstract &

We characterize the weights for which we have the boundedness of standard weighted integral
operators induced by the Bergman-Besov kernels acting between two weighted Lebesgue classes on
the unit ball of C¥ in terms of Békollé - Bonami type condition on the weights. To accomplish this we

employ the proof strategy originated by Békolle [11].

We consider the Hardy spaces of Dirichlet series H? and characterize multiplier i.e such a operators
m : f — mf which are bounded from H” to ¢ and we characterize functions ¢ so that f — fo ¢
is bounded from H” to H?. More generally, we study the boundedness of weighted composition
operator uCy : f — u(f o ¢) from HP to HA.
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& General introduction &

This thesis has two parts consisting of two chapters each. Part one is about weighted estimates
for operators associated to the Bergman-Besov kernels and the second part is about multipliers and

composition operators on Hardy Dirichlet spaces.

0.1 Introduction of part I

Weighted inequalities appeared almost simultaneously with the birth of singular integrals that stimu-
lated their development. In particular, a natural question is the characterization of positive functions
w for which a singular integral maps L”(wdpu) to itself. A famous example of a singular integral is
the Bergman projection, whose boundedness problem, solved elsewhere by Békolle and Bonami, is

historically linked to the duality problem for Bergman spaces.

The inner product and the norm in CV are (z,w) = 2,y + - - + zyWy and |z| = /(z, 2). We let
dpg(2) = ¢ (1 — |2|*)9du(z) where ¢ > —1 and p be the Lebesgue (volume) measure on the unit ball
B=1{zeC":|z] <1} of CVN = R?", and ¢, is the normalized constant, that is j1,(B) = 1. Take
(cqg = %,’Hjﬂ; ). When N = 1, B is the unit disc D. For a > —1, it is a well-known result of Békolle
and Bonami that the Bergman projection 7}, defined by

1) = [ G i)

is bounded on L”(wdy,) if and only if the weight w belongs to the so-called Békolle - Bonami class
[11]. The Bergman projection can be extended to all a less than or equal to —1. Therefore a natural
question is whether the Békolle - Bonami result can be generalized. To this setting, in this paper
we work with more general operators than the extended Bergman projection, and more generally we
characterize weights for which we have the boundedness between two weighted Lebesgue classes on
the unit ball of CV.

We set LP := LP(dy,), the Lebesgue space on B relative to y, with 1 < p < co. Let H(B) denote



0.1. Introduction of part I

the space of holomorphic functions in the unit ball B. For ¢ > —1, a function f € H(B) belongs
to the weighted Bergman space A? whenever f € LP(dj,). The norm || || Av is simply the LP norm of f.

Besov spaces extend weighted Bergman spaces to all q. To define them, we first take a radial
differential operator D’ of order ¢ for any s,¢ € R defined on H(B). Let f € H(B) be given by
its convergent homogeneous expansion f = Z fr in which f; is a homogeneous polynomial in

k=0
21, ..., 2y of degree k. We define, for s,t € R

DL =S di(s )i = 3 S0y
k=0

iz c(s)

where

k!

ﬁ if aé—(N—l—l)

Wrlbas if g > —(N +1),
ck(a) =

Consider the linear transformation [’ defined for f € H(B) by
Lf(z) = (1= [2]*)' Df ().

We say that a function f € H(B) belongs to the Besov space B whenever Ilf € L7 for some s, 1
satisfying
g+pt>—-1 if1<p<o
t>0 if p= 0.

It is well known [53] that the L?-norm, || ! f|| ¢, of any one of the functions I{f is an equivalent norm
for || f]| pr, the norm of f in BY. When ¢ > —1 we have A} = B! The space Bg is a Hilbert space
with reproducing kernel K, (see [53] or [9, Theorem 1.9] or [87]) defined by

1 (N + 1+
A—(zw))NFTFa = > Ll
Ky(z,w) = & w

2F1 (1,11 — (N +¢q); (z,w) = Z@iﬁiag

(z,w)*, if ¢ < —(N +1),

where o /7 € H(D) is the Gauss hypergeometric function and (u), is the Pochhammer symbol defined

by (u), = ng;r)v ) with T the gamma function. Namely, for a number s satisfying ¢ + 1 < p(s + 1), i ¢

satisfies ¢ + pt > —1 then for f € Bg (see [53, Theorem 1.2])

N!

(PSOIS)f:m

f7

where
Puf(2) = [ Ku(zw)f(w)(1 = ) du(w)

is the extended Bergman projection (s may be smaller than or equal to —1).
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0.1. Introduction of part I

Fora, b, s, t € R the operators that we are interested in are defined by (reproducing) Bergman-Besov
kernels. For f € L?(du,) we define

T0,f(2) = Tunf(2) = [ Kalzw)f(w)(1 = [wl’)"du,(w),
S = Sunf(2) = [ 1EKalzw)l|f(w)|(1 = [0l dp,(w),

PLIE) = Puf(z) = (1= [2P) [ Kopalew) )1 = wl)* gy (w)

Throughout the paper b > —1 and s > —1 because we want our operator to be well defined (see for

example Lemma 3.4.1). Note that
Ps,tf(z) = (1 - |2|2>th+t,sf<Z) (01)

and
Topf(2) = (1= |2)" " Pyanf(2). 0.2)

Our main motivation comes from the operators P; o, and P;LN +14» Which are the Bergman projection
and Berezin transform respectively, where Py, f(2) = (1 — |2[*)"Ss-n414s,6f (2). The operators
P+, T, and S, are important in the study of function-theoretic operator theory, see for example [88]

when ¢ = —N — 1.

The boundedness of the operators T}, , was already studied by Kaptanoglu and Ureyen [54] in the
cases where the operators Tf,b act from L2 to LE withge R, 1<p, P <o00,Q > —1.

0.1.1. [54, Theorem 1.2] Let a,b,q, Q) € R, 1 < p < P < 00, and assume () > —1 when

P < o00. Then, the following three conditions are equivalent.

I Top: L2 — LE;

2. Sap: LE— LE;

3. (a) %<1+banda§b+1“ny—Hg+q forl<p<P < oc;

(b) % <l+banda < b+ 1+]]\£+Q — 1“;“‘1 for1=p < P < oo, but at least one inequality

must be strict;

(c) %<1+banda<b+1+]]\i+Q—l+]§+q forl<p<P=cc.

This result is useful for our work, especially for the case p = P and ¢ = (), to investigate the
case where these operators F;; and T}, ; are bounded from Lé to Lé"’o. Here the weak Lebesgue space,
L;"X’, is the space of measurable functions f for which there exists A > 0 such that for all A > 0,

Mig{z € B:|f(2)] > A} < A. Our main result in this direction is the following.
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0.1. Introduction of part I

0.1.2. In the case ¢ = s, s +2t > —1 and s +t > —1 with s > —1 the operators P;, are

bounded from L}] to L;’OO and not from L; to L;.

In this paper we are mainly interested on the weighted estimates for the operators 7, or P ; from
LP(wdp,) to LP(wdpug). Here and throughout the paper w is a locally integrable positive function
called a weight. It follows from (0.1) and (0.2) that it will be enough to study weighted estimates for
one of these two operators since the (L”(wdp,), LP(wdjig)) inequality for the family 7, ; is equivalent
to the (LP(wdy,), LP(wdpg+pt)) inequality for the family P, and conversely. In the special case of
the Bergman projection 77, o, Békolle [11] obtained the characterisation of the weights w in terms of

the Békolle -Bonami condition.

Let d be the pseudo-distance in B defined by

oz w) = 2l = Jwl| + 1= (&, )|  zweB
’ 2| + |w] z=00rw=0.

We will consider pseudo-balls in B, B(z,r) as points w of B so d(z,w) < r and we say that B(z, )
touches the boundary of B if » > 1 — |z|, we then denote by B N 0B # &

DL 0.1.3 (Békolle - Bonami class). Let a > —1. Let w be a weight on B. We say that wdu,
belongs to (B}), 1 < p < oo, if there is a constant Bj(w) such that for every ball B (with respect to
the pseudo-distance d) of B that intersects the boundary of B, we have

(ua<13> Jyterie a(z)) <ua<13> /B“pll(Z)d““@))p_l < By(w).

Fora > —1, let

Tuf() = Taaf () = [ = vraradin(e)

be the Bergman projection. Békolle showed in [11] that

0.1.4. Let w be a weight on B. The operator T,, a > —1, is well defined and continuous
on LP(wdp,), 1 < p < oo, if and only if wdp, € (By).

The results we obtain depend upon the values of s + ¢, ¢ and Q. In the case s +t < —(INV + 1) we
have the following two main results.

0.1.5. In the case s +t < —(N + 1), there are no weights w such that P, is well defined
and continuous from LP(wd,) to LP(wdpg) for Q < q.

0.1.6. Let w be a weight on B. In the case s +t < —(N + 1), if QQ > q, then Py is well
defined and continuous from LP(wdp,) to LP(wdpg) if and only if

([ wiam() ( [@E) o o) <o
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0.1. Introduction of part I

Moreover

—1 p—l
1Pl = ([ w@dgum()) ( [@E) dugmi-a)
In order to give our necessary condition for the boundedness of 7,, when a > —(1 + N) we

introduce a Békolle -Bonami type class of weights denoted by (B;’b’q’Q).

0.1.7. Let w be a weight on B. For Q < q and a > —1, we say that w € (By"49)
(b>—1)if

BBOdRAo (Zgig Aw@)d#@(@) <5 ;’Eg; /B (=) dtgs (b_q)(z)>”‘1 .

where the supremum is taken over the pseudo-balls B.

For Q < qand a > —N — 1, we say that w € (B3"49) (b > —1) if

-1
m(B) 11(B) = '
B:Bsr%]%;éz (RQB(NJFHG) BW(Z)dMQ(Z)> (RQB(NHM) /B(W(Z))” digp (b-q)(2) <0

where the supremum is taken over the pseudo-balls B with radius Rp.
For Q > qand a > —1, we say that w € (B2"%%) (b > —1) if

ppo=a(B) o 0-a(B) 3 p-1
sup (M/Bw(z)d,u@(z)) (Mzo /B(w(z))mdqu(b_q)(z)) < 00

B:BNOB+£0 M?L(B) ,uﬁ(B)

where the supremum is taken over the pseudo-balls B.

For Q) > gand a > —N — 1, we say that w € (B;’b’q’Q) (b>—1)if

My Q=a (B) Hb+@(B) 1 ot
(R (R p—1 ’
BBrono \ RAVHITD Jy(dnal2) RANFLH) [ @@ (@) | < oo

where the supremum is taken over the pseudo-balls B with radius Rp.

A necessary condition for the boundedness of P,; when —1 > s 4+t > —(1 + N) is the following.

Vo estl 0.1.8. In the case both —(N +1) < s+t < —1l and s + 1 + % < —1 hold, and in
the case both s +t > —1 and () < q hold, there are no weights w such that P, is well defined and
continuous from LP(wdp,) to LP(wdpg).

For the remaining cases, we introduce another Békoll¢ -Bonami type class of weights, (K ;’t’q’Q),

in order to give our necessary condition for the boundedness of Ps; when s +¢ > —(1 + N).
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0.1. Introduction of part I

0.1.9. Let w be a weight on B. For s +1 + % > —land -1 >s+t>—-N —1, we
say that w € (K3"99) (s > —1) if

Q—q Q—q p—1
Ry’ Ry L
- W/Bw(@dwm(z) }W/B(w(Z))“dqu(sq)(Z) <0

where the supremum is taken over the pseudo-balls B with radius Rp.

For ) > qand s +1 > —1, we say that w € (K;’t’q’Q) (s >—1)if

Q—q Q—q p—1
RBP / RBp / -1
su w(z)d z WEN P Tty e (z < 00
B:BOBII)B%;AQ s+t (B) /B (2)dhig(2) frs+(B) B( (2))P~ T dpig1p (s—q) (2)

where the supremum is taken over the pseudo-balls B with radius Rp.

A necessary condition for the boundedness of P;; when s + ¢ > —(1 + N) is the following.

Theorem‘ 0.1.10. In the case both s + t + % > —land —1 > s+t > —N — 1 hold, and in
the case both s +t > —1 and Q) > q hold, if Ps, is well defined and continuous from L?(wdpu,) to
LP(wdpg), then w € (K3H9),

We introduce a maximal and a fractional maximal operator that will be used to establish a good

lambda inequality in order to give sufficient conditions for the boundedness of P ;.
If a > —1 we set

1

ma,bf(z) B CGB,R>1§1\1§1|D:ZGB(C,R) m /B(QR) \f(w)]d,ub(w),

more generally if a > —1 — N we set

1
)= s [ ) drw)

CEB,R>1—|¢|:2€B(C,R)

Before giving our good lambda inequality, we introduce here (D;’t’q’Q) a Békolle-Bonami type class

of weights.

0.1.11. Let w be a weight on B. For s +t + % >—1land -1 >s+t>—-—N—1, we
say that w € (D3"%9) (s > =1) if

p—1

1 —1
p—1 /
B;Bsr%%ﬂ Rg+1+s+t+% /B w(2)dpQpt(2) N+1+s+t+ / )P dpigp (s—q)(2) < 00

where the supremum is taken over the pseudo-balls B with radius Rpg.
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0.1. Introduction of part I

ForQ > qgand s+t > —1, we say that w € (D;’t’q’Q) (s >—1)if

1 1 -1 !
o (W /Bw<z>duQ+pt<z>) ((B) /B<w<z>>p—1duq%_qxz)) <o

Q—gq 1% Q—gq
s+t+ > s+t+ »

where the supremum is taken over the pseudo-balls B with radius Rg. In each case we denote by
D309 (w) the expression in the left hand side.

0.1.12. Constants and standard weights (w(z) = (1—|z[*)") are in (D3"*). We also have
(Dyhet) C (Dyh1@) C (K3h99). For Q = q we have (K3"9) = (D3h@).

Here is our good lambda inequality.

0.1.13. Suppose that 1 < p < oc. Let w € (D3"*%?) where both s + t + % > —1and
—1>s+t>—N —1hold, orboth s+t > —1and () > q hold. There are two positive constants C'
and (3 such that for all v sufficiently small, A > 0 and for all positive locally integrable functions f, if
—N—-1< s+tand5+t+% > —1, then

wdpgipt({z € B 1 Sepesf(2) > 20, miy  f(2) S 9A}) <
C’D;’t’q’Q(w)yﬁwduQﬂt({z €B: Seiisf(2) > A}). (0.3)

To show that (D3"%9) is sufficient for the boundedness of P,; when s +¢ > —1, we introduce the

following maximal and fractional maximal operator. If s +¢ > —1 we set

OS,tf<Z> = (1 - ’z‘2>tms+t,sf<z);

more generally if s +¢ > —1 — N we set

04 f(2) = (L= [2")'miyy o f (2):

The following theorem shows together with the good lambda inequality that (D;’t’q’Q) is sufficient for
the boundedness of P, ; from LP(wdy,) to LP(wdjg) when —N — 1 < s +tand s+t + % > —1.

oy 0.1.14. For —N —1 < s+t and s+t + % > —1, if wdpg € (Dy"99), there is a
constant Csy p, . o > 0 such that for all f € LP(wdyp,),

LOwf @Y w(=)dny(2) < Corpaa [[1F()Fo(2)dng(2)

Then for the case s + ¢ > —1 and ¢ = () we have

Corollary‘ 0.1.15. Let w be a weight on B. Then for s +t > —1,s > —1 the following assertions
are equivalent.

1. P, is well defined and continuous from LP(wdp,) to LP(wdy,);
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0.2. Introduction of Part I1

2. Ty s is well defined and continuous from LP(wdp,) to LP(wd iy pt);
3. Ssirs is well defined and continuous from LP(wdji,) to LP(wdfigipt);

4 we (K3taQ),

Rahm, Tchoundja and Wick settled in [67] the particular case of the operators P ; for s + ¢ >
—1,s > —1,Q = q = s. To this aim, they used dyadic methods that have been initiated by Aleman,
Pott and Reguera in the unit disk [3].

The outline of Part I is as follows. In the first chapter of part I, we define and give properties of
the space BY. In the second Chapter of part I, we provide proof of each of our mains theorems stated
in this introduction as follows: In Section 2 we briefly give requisite background information. We
prove Theorem 0.1.2 in Section 3. From Section 4 on, we look at weighted estimates; there we show
Theorem 0.1.5 and Theorem 0.1.6. The proof of Theorem 0.1.8, Theorem 0.1.10, Theorem 0.1.14 are
in Section 5. The proof of Theorem 0.1.13 is in Section 6. Corollary 0.1.15 appears in Section 7.

0.2 Introduction of Part I1

In [40] the authors considered the space H = L*(0,1) and ¢ € H, viewed as 2-periodic odd function

on R through its Fourier expansion

p(r) =Y a,V2sinnrr, Y |a,|* < 0. (0.4)
n=1 n=1

Now, let ,, € H be the dilated function of ¢ defined by ¢, (x) = ¢(nx). they observe that a
natural orthonormal basis of H is formed by the sequence of functions v/2sin nwz, n = 1, --- , which
are the dilates of the single function ¢)(z) = v/2sin 7z. They wanted to know for which functions
¢ € H the sequence (,,) formed an orthonormal basis of H. They observed that exact orthonormality
is surely too much to be required, because then the only possibility is easily seen to be the function
1! Therefore they weaken a little their ambitions and ask under which conditions the system (¢,,) of

those dilated functions verifies either of the conditions:

1. The system (y,,) is complete, i.e. the space generated by the ¢,, is dense in H.

2. The system (¢,,) is complete and, for some constant C', we have:

c (Z |cn|2> < <C (Z |cn|2> (0.5)
n=1 2 n=1

o0
> cabn
n=1

where all but a finite number of ¢,, are non-zero. One then says that (¢,,) is a Riesz basis in H

(the image of an orthonormal basis under an onto isomorphism).
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0.2. Introduction of Part I1

Surprisingly (cf. Theorem 5.2.1 to come), the (complete) answer to Question 1 will be in terms of
the forthcoming spaces of Dirichlet series, which had been suggested by Beurling as early as in 1945.
Let (a,),>1 be a sequence in C. We call Dirichlet series a series of the form:

fle)="2 sec.

57
n>1 1

Let Cp = {s € C;9Re > 0} be the right half plane. We will denote by D the set of series
>, a,n~® such that the abscissae of convergence o, is finite(c, < 00), equivalently the set of

series >.°° , a,n~° whose coefficients have at most polynomial growth. We will denote by H? the

space of Dirichlet series with square-summable coefficients, that is

feH & f(s) = am™™, with|f[3 = |an|* < co. (0.6)
n=1

n=1

We will denote by H>°(C,) the set of bounded analytic functions on C,, equipped with the norm
| fllec = sup,ec, |f(s)|. Now, the set H> of bounded Dirichlet series (later seen to be the set of
multipliers of H?) is by definition:

H> = H®(Co) N D. 0.7)

In others terms, a function f belongs to H> if it verifies two properties:

1. It is a bounded analytic function in C,.

2. It can be represented as a convergent Dirichlet series for Re s large enough.

The Dirichlet space H”, 0 < p < oo, will be defined as the completion of Dirichlet polynomials for
the norm || ||,, to be defined. This concretely means the following: a formal Dirichlet series > o | a,,n~°
is in HP if there exists a Cauchy sequence (for the ||||,-norm) P;(s) = S>%_, a¥)n=* of Dirichlet

polynomials such that

lim oY) = a, foralln =1,2,...
J—00

Our interest here is to characterize multiplier i.e such a m : f — mf which are bounded from
‘HP to H? and to characterize composition operators,that is functions ¢ so that f — f o ¢ is
bounded from H? to H?. More generally, to study the boundedness of weighted composition operator
uCy : f — u(f o ¢) from HP to H?. Our result Here, depend of p, ¢ and are stated as follows

0.2.1. Let M, , be the set of all m : f — mf such that m is bounded from H? to HI.
Then

(a) Myy G H®ifp<q
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0.2. Introduction of Part I1

(b) H>® C M, ,ifq<p.

0.2.2. Forq < p, ifm € Hi» thenm € M, 4

Let P(s) = >

n=1

c,n~° be a Dirichlet series, then AP(z) = 3 v,2%, where

2 =212

Qr

roand 7y, = cp ifn =pit .. ppT.

With these notations, we have the following result.
0.2.3. m € M, , ifand only if dju(z) = |Am(2)|%dp(2) is a (H?,q)-Carleson measure.

0.2.4. Forl <p<gq<oo meM,,ifand only if

L—lal* \? 1
ilelg oD (l]_—au;|2> |mg0¢c (w)|qd0'(w> < 0 \V/O<0-,(<OO
0.2.5. Let u be an analytic function on ID. Let @ be a Dirichlet series. Suppose ¢(s) = cos+
©(s) is holomorphic from C to C,. for ¢y € N. Let 1 < p < q < 00. Suppose o, ¢ = 1y 0 ¢y © wgl
(n = (0 + co)C) satisfies

1(u)(a) <oco V 0<n,¢<oo (0.8)

Sups>o glggo Supaenly, ..~

here I, (u)(a) / L= af
where _1(u)(a) =

oo ! oD |1 - ESOU:C,U(w)P
formation from C, to D. Then uCy : f — u(f o ¢) is bounded from H> to H".

> ’ |u(w)|?do(w) and Pg(s) = Z;g the Mobius trans-

The outline of Part II is as follows. In the first chapter of part II, we define and give properties
of Dirichlet series. In the second Chapter of part I, we start by the description of Hardy space of
Dirichlet series and provide, in the last section of the same chapter, proof of each of our theorems

stated in this introduction.
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L Chapter 1 EEEEY

Preliminaries Notions

We give here classical results which will help us in all the continuation of this work. For more details,
we invite the reader to consult [33],[34],[37] and [69].

1.1 Algebra tools

Definitions and results of this section come from [37].

L1.1. (Group)

Let G a non empty set endowed with an internal composition law denoted e.
We say that (G, ) is a group when the following properties are satisfy:
a) e is associative, i.e for all a,b,c € G, aebec= (aeb)ec=ae(bec);
b) e admits a neutral element e, i.e aeec=ecea=a forallac G;
c) e is such that every element admits a symmetric, i.e for a € G there is an element, a=* € G, such
that aea™' =coua'ea=c
A group (G,e) is commutative or Abelian when the law e is commutative i.e for all a,b € G,

(aeb=10bea).

Definition [ 8 WA Let (G, %) and (H, e) two groups and f an application from G to H.
[ is a morphism from (G, *) to (H, e) if:

Va,b € G, f(axb) = f(a) e f(b).

We say that a map fis an isomorphism if f is a bijective morphism.

Definition §HIRE A vector space on K = R or C, is a set E, whose elements are called vectors,
endowed with two laws:
-an internal law +,
-an external law on the left o,
such that
1) (E,+) is an Abelian group,
2) foru,v € Fand s,t € K



1.2. Topological tools

a)se(u+v)=(seu)+ (sev)
b)(s+t)eu=(seu)+ (teu)
c)(st)you=se(teu)

d) 1 e u = u We denote by (E,+, ®) a vector space or simply E.

Definition R K (A, +,e,%) is an algebra on K = R or C, if:
1)(A,+,e) is a vector space on K;
2) the law * is well defined from A x A to A;

3) the law * is bilinear.

1.2 Topological tools

Definitions and results of this section come from [33],[34].

Definition g AR A topological space T is any couple formed of a set E and a subset O of
P(E), (the elements of O are called open set for T), such that:
1)Dand E € O,

2) every union of open sets is an open set,
3) any intersection of a finite number of open sets is an open set.

If there is no confusion, we will often call E a topological space.
1.2.2. A subset A of E is a closed set if E \ A is an open set.

1.2.3. Let Oy and Oy two families of open sets of two topologies T; and T, on E
respectively. We say that T is thinner than T1 if O C Os.

DEANLGY 1.2.4. We call neighborhood of an element x of the topological space E, any part
V' of E such that there exists an open set O satisfying:

reOcCV.

We define in the same way the neighborhood of a set.

Definition AR Consider two topological spaces E and F. A map f from E to F is said to
be continuous at a point a € E if and only if for every neighborhood V' of f(a) in F, there exists a
neighborhood U of a in E such that f(U) C V.

If f is continuous at every point of E, we say that f is continuous on E.

1.2.6. Let E and F two topological spaces and a map f from E to F. f is continuous on
E if and only if for all open set O € F, f~'(O) is an open set of E.
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1.3. Complex integration

Definition g8 Consider E1, Es, ..., E,, n topological spaces, where n is an integer greater

than or equal to 2, and their product F = Fy X Ey X ... X E, = H FE; whose elements are the

i=1
n-tuples v = (x1, xs, ..., T, ). consider the n canonical projections p; : E — E; defined by

pi(z) = x;.

We call product topology on E the thinner topology making continuous the projections p;.

The open sets of this topology are the unions of elementary open sets, parts of type 2 = w; X
wsy X ... X w, where w; is an open set of £; We define in the same way the product topology on any

product of topological spaces.

Definition gk We call topological group a group endowed with a topology compatible with
the law of the group, i.e a topology which makes the operation of multiplication and the operation of

passing to the inverse both continues.

Definition g WA A topological space FE is said to be compact if and only if it is separated (two
distinct points admit disjoint neighborhoods), and has the following property: from any covering of &/

by open sets of E we can extract a finite subcovering.

The following properties holds:

Proposition ‘ 1.2.10. 7) Any closed part of a compact space is compact.
2) In separated E, every compact is closed.

3) A product space E = H E; is compact if and only if each E; is compact

i=1
4) If the space is separated, the continuous image of a compact is compact.

iy 1.2.11. We call a locally compact space any separated topological space E such

that each element x of E has at least one compact neighborhood.

Proposition ‘ 1.2.12. 1) In a locally compact set E, every closed set is locally compact.

2) A finite product of locally compact spaces is locally compact.

1.3 Complex integration

iy 1.3.1. We call a curve in a topological space X, a continuous map from a segment
[a,b] to X.
When ~ is a curve from [a,b] to X, such that

we say that -y is a closed curve.
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1.4. Holomorphic functions

IS0 1.3.2. We call path any curve in C of class C* by pieces, i.e continuous and differ-
entiable except possibly at a finite number of points. If the curve is closed, the path is said to be closed.

We note ~v*, the image of the path .

EaLGLY 1.3.3. Let Q) an open set of C, let f : Q0 — C a function. Let v be a path in )
defined in the interval [a,b] . Suppose that fis continuous on ~v*. We call integral of f along the path ,
the complex denoted by

[ 1= [ s @

a

1.4 Holomorphic functions

Definitions and results of this section come from [69]. Let 2z, € C and r > 0. We set by:

e D(zp,7) ={z € C:|z— 2| < r} the open disk of C with center 2, and radius r.
o D(zp,7) ={z € C:|z— 2| <r}is the closed disk of C with center z, and radius r.

e C(29,7) ={z € C: |z — 29| = r} is the circle with center z, and radius 7.

Let 2 an open set of C, let f : 2 — C a function.

1.4.1. We say that f has a limit | at a point a € S if for all € > 0, there exists 6 > 0 such
that, forall z € Q,0< |z —a| <d = |f(2) = | < e.
We then note lim f(z) =1L

1.4.2. We say that f is continuous at a point a € S, if f(a) exists and lim f(z) = f(a).

We say that f is continuous on () if f is continuous at every point of €.

1.4.3. We say that f is derivable at a point a € (), if lim J) = Jla)

zZ—a z —

a
We say that f is derivable on () when f is derivable at each point of ). In this case we say that f is

exists.

holomorphic in ).
Notation: We denote by H (X) the set of all holomorphic functions in Q.

1.4.4. Let f and g two functions in H(X).

1) We have f + g, f — g € H(Q).

2) If g(z) is nonzero for any point 7 of ), then g € H(Q).

3)Let$)y an open set of C such that f () C §y, let h € H(§)y), then ho f € Q.
Moreover, forall z € ), (ho f) = f'(2)(h o f)(2).
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1.5. Complex Analysis Tools

1.4.5. Let f € H(R2). Suppose that D(a,r) C €.

Then f admits a series expansion of the form

f(z)=> ca(z—a)", forall z € D(a,r)

n>0

. Moreover,
S (a)

n!

Cn = , forallm >0

1.4.6. Let { f,}n>1 a sequence of elements of H(SY), suppose f, — [ uniformly on all
compact subsets of Q). Then, f € H(Q2) and { f] },>1 converges to f’ uniformly on all compact subsets
of Q).

IS0k 1.4.7. (Schwarz)

Let f be a holomorphic function in the unit disk U such that: sup |f(z)| < 1 and f(0) = 0.

Then: <
1) Forall z € U,
2)[F'0) <L
If we have equality in 1) for a z € U — {0}, or if we have equality in 2), then f(z) = Az with A € C
such that |\| = 1.

f(2)] < || and

1.4.8. If a map defined on a complex-valued open set of C" is holomorphic with respect to

each of the coordinates z;, j = 1,2, ...,n then it is holomorphic in this open set.

1.5 Complex Analysis Tools

In multi-index notation, we denote by v = (71, ..., 7y ) € N an N-tuple of nonnegative integers,the

length of v is |y| = 7 + -+ + vy and 7! is defined by 7! = 3! - qy!, 0° = 1, and 27 =

. A . . N—-1+m
2"+ -+ 2}¥. The number of distinct multi-indices v with |y| = m, is 6, = ), where

N -1
a\ I'(a+1)
(b>‘r(b Db 1) Pt

The standard basis vectors of CV are e; = (0,...,0,1,0,...,0) with 1 in the jth position, j =

1,..., N. An overbar () indicates complex conjugate for functions and closure for sets.

1.5.1. Given a vector space X, a norm on X is a real-valued function p : X — R with
the following properties:

1) Forallz,y € X, p(z +y) < p(x) + p(y).

2) Forall x € X and all scalars s, p(sx) = |s|p(z).

3) Forallx € X, if p(x) = 0 then x = 0.

A quasi-norm is given by the inequality, p(f + g) < C(p(f)+ p(g)) for some constant C > 1, in place
of 1).
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1.5. Complex Analysis Tools

We steal use the term norm even when we mean quasi-norm. The inner product of a space of

functions X is denoted [, -] y. The pth power summable sequence spaces are denoted [”.

LetS = {z € CV : |z| = 1} be the unit sphere in C¥ and B = {z € C" : |z| < 1} the unit ball.
When N = 1, B is the unit disc D and S is the unit circle T. We let o be the Lebesque measure on S

normalized so that o(S) = 1. For 0 < p < oo, we denote the Lebesque classes with respect to o by
LP (o).

Let’s also recall the definition of the Hardy spaces on B. For 0 < p < oo, we say an [ € H(B)

belongs to H” whenever

11l = sup [ 17GOIdo(C) < oo.
0<r<17S
Since o is finite, clearly H*° C HP.

The Pochhammer symbol (a)y is given by

(a)p := P(lf(;r)b), (1.1)
when a and a + b are off the pole set —N of the gamma function I', where
(z) = /OOO letdt with Rz > 0, (1.2)
In particular, (a), = 1 and for k a positive integer, we have (a)y = a(a+1)---—a+k —1). The
Stirling formula yields
II:EZTF Z; ~ P EZ)): ~ " EZ;: ~ P (Re — o0) (1.3)

where s ~ y means both x = O(y) and y = O(x) for all z, y in question. If only x = O(y), we write
xSy

An f € H(B) can be written in terms of its homogeneous expansion and its Taylor series as
f2) =2 fulz) = > f,2
k=0 [71=0
in which f, is a holomorphic homogeneous polynomial in z1, ..., 2y of degree k.

1.5.2. A pseudo-distance on a non void set X is a non-negative real-valued function
d: X x X — R such that

1) Forany x,y € X, d(z,y) = 0 ifand only if x = y.

2)Forall z,y € X, d(z,y) = d(y, x).

3) There exists a constant 6(6 > 1) such that for all x,y,z € X,

d(z,z) < 6(d(z,y) + d(y, 2)).
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Throughout this document d is the pseudo-distance in B defined by

d(z,w):{ "Z|_|w||+’1_<ﬁaﬁ>‘ z,w € B

|z| + |w| z=0o0rw=0.

Throughout this paper K will be a constant such that

d(z,y) < K(d(z,z) +d(z,y)) (1.4)

for all x, y and z in B. We will consider pseudo-balls in B, B(z,r), as points w of B such that
d(z,w) < r and we say that B(z,r) touches the boundary of B if » > 1 — |z|. When B(z, ) is such

that > k(1 — |z|) for some absolute value k£ < 1, we say that B(z, r) almost touches the boundary of
B.

One can find the following two results in [11, 77].

1.5.3. Foreach z € Bandry, 0 < ry < 1, if we set 2° = (r(,0, -+ ,0), then we have

I 1= zym| > 3d(z,2°);
2. |21 — 1ol < d(z,2°%);

3. |z =20 <d(z,2%);

N
4.3 =] < 2d(z,2°).

k=2
Proposition‘ 1.5.4. There is a constant C; > 0 so that for all z,w,wy € B with d(z,wy) >
Crd(w, wy) we have
1
{2, wo) = {z, )| < S[L = (2, wo)|.
Then .
1=z w)| 2 51 = (2, wo)-

1.5.5. Let B = {z € CV : |2] < 1} be the unit ball of CN = R?N. The weighted Lebesgue
measure dy, in B is defined by du,(2) = c,(1 — |z|*)%du(z) when ¢ > —1 and p is the Lebesgue

(volume) measure on the unit ball B and c, is the normalized constant so that j1,(B) = 1, hence

. _ D(N+q+1)
7 NI(g+1)

When q < —1, we simply write du,(z) = (1 — |z|*)%du(2).

We then obtain the following result that will be heavily used throughout the paper. This extends to
all ¢ the result given in [11].
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[ 1.5.6. Foreachw € B, 0 < |w| =r < land0 < R < 2
N+1 q;
pe(B(w, R)) >~ R™ ™ [max(R,1 —r)]?if ¢ > —1.

Then for ¢ > —1, (B, d, p1,) is a homogeneous space in the sense of [20].

However, if B(w, R) is away from the boundary (R < 1_7‘“" ), the equivalence remains true if
q S _17 ie
po(B(w, R)) = R¥(1 — |w|).

Proof. Assume g < —1. Since z € B(w, R), we have |w| — |z| < R. Hence 1 — |z| <1 — |w| + R
and 1 — |w| < 1— |z| + R. Since R < 1= |w| , we have 1 — |w| < 2(1 — |z|) so that

1
SO—fw) <T—|o| 1wl + R <

N W

(1 — ). (1.5)

Hence, for all R € (0, I_T“”'), we have

Loy (L 1) = B0 ol

We recall the following well-known estimates in [68].

Proposition ‘ 1.5.7. Let

— [wP)?
|1 — (z, w)[1FN+e

dp(w)

ford > —1and c € R. We have, when |z| — 17,

(i) Ifc < d, then I ~ 1;
(iii) If c > d, then I ~ (1 — |z|>)~(¢=9),

1.5.8. F, is a homogeneous polynomial of degree s on C" if F is a polynomial and
Fs(A\z) = N Fy(z) forall X € C and for all z € C™.

The following result is in [68].
1.5.9. Suppose

(a) €)is an open set in C",

(b) fors =0,1,2, ..., Fy is a homogeneous polynomial of degree s and
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1.6. Harmonic Analysis Tools

(c) Sups|Fs(2)| < oo forevery z € Q.

The series Z F,(2) converges uniformly on every compact subset of 2.
0

1.6 Harmonic Analysis Tools

1.6.1. Let d be a pseudo distance (see Definition 1.5.2) on a non void set X. A non-
negative measure v is homogeneous or doubling if there is a constant 05 such that for all v € X and

r > 0 we have
v(B(x,2r)) < dv(B(x,r)) < oo,

where
B(z,r)={y € X : d(z,y) < r}.

We then say that (X, d,v) is a homogeneous space.

The following result can be found in [20] and will be helpful in the proof of Theorem 0.1.2 or
Theorem 3.2.1.

1.6.2 ([20]). Let (X, d, i) be a homogeneous space and let K (x,y) be a function such that
K(z,.):y — K(z,y) € L*(X). Suppose the operator T defined by

Tf(x) :/)(K(x,y)f(y)du(y),

satisfies the following two conditions

1. there is a constant C so that ||T flo < Cy|| f

25

2. there are two constants C'y and Cs so that for all y, yo we have

/ |K(x,y) — K(z,y0)|du(z) < C3 (Hormander Condition).
d(z,y0)>C2d(y,y0)

Then for all p, 1 < p < 2, there is a constant A, depending only on C;,i = 1,2, 3, so that for all
f € L*N LP we have

ITfllp < Apllfllpif p> 1,

and for all A > (0

pl{e € X £ Tf ()] > ) < 4000

One can find the following result in [35].

1.6.3 (Marcinkiewicz Interpolation Theorem). Let pg, p1 be so that 1 < py < p; < 0. Let

T be a sublinear operator defined from LP° + LP' to the space of measurable functions. Assume that
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1.6. Harmonic Analysis Tools

T is simultaneously of weak type (po, po) with operator norm Ay, ,, and of weak type (p1,p1) with
operator norm Ay, ,,,. Then for every 0 < t < 1, T is of (strong) type (p;, p:) where
1 t 1—1
_|._
bt Do P1

Moreover, if py < oo, then
1T fllpe < Ape el fllpe

with

1
Apo Ap1 s
A =92 P Po,Po P1,P1 ] )
o l t(pt —Po D1— pt)
If p, = 00, we can take

1
APpo Dt

Let (X, d, ) be a homogeneous space (see Definition 1.6.1).

The fractional maximal function is defined as follows

M) = sp s [ ldvte). 3 € .1)

B:zeB V v

where B are pseudo-balls with respect to d. When v = 0, M, is called the Hardy-Littlewood maximal
operator. The following result will be used in Section 3.4 in the study of our maximal and fractional

maximal function. One can find their proof in [22] or in [73].

1.6.4. Let X be a homogeneous space, 0 < v < 1,1 < p < r < oo and a pair of weights

(u, v), then the following are equivalent.

(i) There exists a constant C; > 0 so that

3 =

([t s@re@anm) <o ([ 1rerueie)

forany f € LP(X, udv);

(ii) There exists a constant Cy > 0 such that

([0, (o= @ o@an(a)) <

3|
A
S
VRS
5
e
-
=
&
.
N
—
8
N——

forany ball B C X.

We will also make use of the following classes, in Section 3.4, in the study of our maximal and

fractional maximal function and to establish the good lambda inequality.
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1.6.5. A measure wdyi,, is a Muckenhoupt weight or is in the (A,, @) (1 < p < 00) class
if there is a constant C,(w) so that for all pseudo-balls B := B((, R) we have

1.6.6. A measure wdji,is a Muckenhoupt weight or is in the (A, ) class if there exist
0, B with 0 < ¢, 3 < 1, so that for all pseudo-balls B of B and for all measurable subset E of B we

have

a(E) < 641a(B) = wdpa(E) < fudpa(B).

We give now two properties of Muckenhoupt weights that we will need later (see [36]).

1.6.7. If 0 € (A, «) then there are two positive constants A and [3y so that for all balls B

and a measurable subset I/ of B we have

LﬂmmwwSA@%wﬁ%édmmww

dpa(B)

1.6.8. The Hardy-Littlewood maximal operator is bounded on LP(wdpu,),1 < p < o0, if
and only if wdp, € (A,, a).
The following lemma [75, Lemma 2-Chapter IV] will be used in Section 3.5.

MBS 1.6.9. Let (X, A, (1) a measure space. Let [ and g be two positive measurable functions so
that for all t > 0

p{x e X : f(x) >t g(x) < ct}) <au({x e X : f(x) > bt}),

where a,b and c are positive constants such that a < b” (1 < p < 00). Then

Cp
1712 < =l

We will use the following lemma in Section 3.4 to show Lemma 3.4.1. One can find itin [11, 77].
I EY 1.6.10. For a > —1 — N, there are two constants Cy,Cy (Cy > 0) so that, for z, w, wy € B

with |1 — (z,wg)| > Crd(w,wy), we have

1 — 1 d(wawO)
(1— (z,w))NHlta (1 — (2, w))Ntita| = 2 T (2, wo) Vo2

1.7 Smoothness of functions

IS 1.7.1. Let Q) be a domain or a closure of a domain in CV. Consider the class C™(S),

8&
m € Zy thatis [ € C™(Q) if and only if for any a(on, ..., an) € ZY with |a| < m, 0°f = ?JLN
xl -.-QZN
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exists and belongs to C(2) := C°(Q) the set of continuous functions in €.

Let 0 < € < 1, we define two Lipschitz classes of order €, Lip.(§2) and A.(€2), as follows:

1.7.2. f € C(Q) is said to belong to Lip.(S2) or to \.(S2) if there exists a constant A > 0

such that | f(2¢) — f(2)| < A[|C|| or [f(z 4+ ¢) + f(z = () = 2f(2)[ < Al|¢
2 € Qandall ¢ € CN such that z7( € Q

¢, respectively, for all

Note that for every 0 < € < 1, Lip;(Q2) C A1 (Q2) C A(2) = Lip(Q).
We now define A,(€2) for every a > 0 as follows:

1.7.3. Ifa =m+ewithm € Zy and 0 < ¢ < 1, then f € N\,(Q) if and only if
f€C™Q) and 9*f € N\.(Q) for every a € ZY with |a| = m.

For future reference we recall two classical results due to Hardy-Littlewood and Zygmund see [9].

TS 1.7.4. Let f € H(D). Then f € A\.(D), 0 < e < 1 ifand only if sup{(1 — |z)*~<|f'(2)| :
2z €D} < ooand f € \{(D) if and only if sup{(1 — |2])| f"(2)] : 2 € D} < 0.

1.8 Special functions

These definition and basic facts are in [9]

L(r)T'(s)

DENNVGY 1.8.1. The familiar beta-function is B(r, s) = T ts)
”

defined by equation (1.2).
Fora,b,c € R and z € B, the hypergeometric function is defined by

for Rr > 0, Rs > 0 where I is

> m b m
Fla,bc:2) =) wzm, (1.6)
where (a),, is defined in equation (1.1), and hence F(a,b;b : z) = (1 — 2)® We note the identity
F(a,bic:2)=(1—=2)"""Flc—a,c—Db;c: 2),

and the integral representation, for c > b > 0,

1

1
F(a, b, C: Z) = _B(bc_b)/o (1 _ tz)*atbfl(l o t)cfbfldt.

We also consider the related function Gy, for a,b € R, defined by

e (@)m
— _ \Bm om D
Gap(2) mgzo il(m 1)bz , 2z €D,

and thus G, o(z) = (1 — 2)™
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1.8. Special functions

We recall that for r, s € C
() = I'(r+1)
Y T(s+ D (r—s+1)

(1.7)

One can see the following result in [9, Corollaire 2.4]

1.8.2. For a,b € R the function G, admits the followings properties:
(i) When a > b, Gy is of the form
Gap(2) =(1—=2)""DF(2) (2 €D)

where F € H(D) N\ Au_p(D) (see Definition 1.7.3). If, in addition, —b = k € Z, then F is a
polynomial of degree k if a # 1 or k = 0, and of degree k — 1 otherwise;

(ii) When a = b and —a is not in Z.. then G, is of the form

—-11

Gap(2) = T(a) 2 log(1—2)+ F(z) (2€D)

where F' € H(D) N\, (D) (see Definition 1.7.3). If. in addition, a = 1 then F' = 0;
(iii) When a = b= —k, k € Z, then G, is the polynomial
k

Gap(2) = D (=1)"(m +1)*(5,)2™;

m=0

(iv) When a < b, Gop is in H(D) N\ A\y_o(D) (see Definition 1.7.3). If, in addition, —a = k € Z,
then G, is the polynomial

One can see [9] for more details about these special functions.

The following Propositions are in [53, Proposition 2.1,Remarque 2.2]

Proposition‘ 1.8.3. For a multi-index o, 0 < p < oo, and s € C such that Rs > —1, we have

(N = DI T+ a;p/2)
L(N + |alp/2)

| Ic o () =

and
NITIY, T(1 + ajp/2)

(N +1+ s+ |alp/2)

12 = 2y du(z) =
1.8.4. [5 2%28dpu, = 0if o # f.
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1.9 Integration theory

1.9.1. A tribe on X or o-algebra on X is a non-empty set of part of X stable by passage

to the complement and by countable union (therefore also by countable intersection).

1.9.2. A measurable space is a couple (X, A) where X is a non-empty set and A is a

o-algebra on X.

1.9.3. Amap p: A — [0, +00] is a measure when the following two propositions are
satisfied.:

1) pu(0) = 0;

2) pis o — additive i.e for Ey, Fs, ... € A a countable family of parts of X pairwise disjoints,

umzi

1.9.1 Haar Measure

1.9.4. A Haar measure on a locally compact group G is a non-zero quasi-regular Borel
measure \ invariant under left translation.

In other words, for any Borel subset B of G, and for any g in G, we have:

MgB) = A(B).

For the following theorem see [82].

1.9.5. Let G be a topological group. If G is locally compact, then there exists a Haar
measure \ on G finite on the compact subsets of G. Moreover, any complex Borel measure invariant

under left translation is written a\ where « is a complex number.

1.9.2 L? spaces

Definitions and results of this subsection come from[69].
Let (X, A, 1) be a measure space. For 0 < p < oo, LP(X, 11) denotes the set of (or class of) function

f, p-measurable on X and with values in C such that | f|P is u—integrable.

L>(X, u) denotes the set of ( or class of) functions f p-measurable on X with values in C such
that there is a constant ¢ > 0 so that u ({z € X : |f(z)| > ¢}) = 0 or | f| < ¢ u-almost everywhere.

For1 <p<ooand f € LP(X, u) set

00 = ([ 17@)Pdn(a) )

=
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1.9. Integration theory

and for f € L*>(X, ) set
[fllzoe (x4 = ess sup [f| = inf{c > 0 [f] < ¢, p—p.p}.

In the following, L”(X, 1) will be denoted simply L” and || f||zr(x,) = [|f]|, When it will not
cause confusion. Unless otherwise stated, when X = R" the measure considered will be the Lebesgue

measure on R".

1.9.6. ( Holder inequality)
1 1

Let f and g two measurable functions on X and 1 < p,q < oo such that — + — = 1. If f € LP and
p q

g € Lithen fg € L'. Moreover,
1fglly < L fllpllgllq

Recall that a measure v is o-finites means there is a sequence { X, },, pairwise disjoint elements of
Averify X = J X, et v(X,) = cc.
n

1.9.7. (Minkowski inequality)

(1) Let (X, A, ) and (Y,B,v) where 1 and v are measures o-finites. Let f be a measurable
function of (X x Y, A® B). We then have:

(/X(/Y f(=, y)dV(y))pd,u(:L’)>

where 1 < p < ooand f > 0.

Sl
D=

< [ () @ yrau)” aw.

(2) Let (X, A, 1) a measure space, f,g € LP with 1 < p < oo then we have:
1f 4+ glly < If1lp + llgllp-

1.9.8. Let {f, }nen a sequence of positive p-integrable functions on X. Then
/ liminf f,dy < lim inf/ frndp.
b's X

1.9.9. Let { f, }nen a increasing sequence of positive pi-integrable functions.

Ifsup | fndp < oo then {f,}n converges p-almost everywhere to f = sup f,. Moreover, f is
neNJX neN

u-integrable and
[, = f

Vo 1.9.10. Let (X, A, i) a measure space and {fn}nen a sequence of p-integrable functions
which converges point-wise p-almost everywhere and such that there is a p-integrable function g such

that for n € N, we have: |f,| < g p-almost everywhere. Then f = LHE fn is p-integrable and :

lim / fdp= [ Tim fodpu
X

n—+oo X n—-+oo
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Theorem‘ 1.9.11. Let (X, A, 1) a measure space and f : X x E — R, a function where E is a

metric space. Set
o) = | S, )dp(x)
and suppose:
(1) Forallt € E, f(-,t) is p-integrable on X;
(2) Foralmostall x € X, f(x,-) is continuous on E;

(3) Forallty € E, there is V, an open set such that t, € V' C E and there is a y-integrable function
g on X depending only on the variable x satisfying: ¥t € V,
|f(-,t)| < g p-almost everywhere.

Then the function ¢ is continuous on E.

Theorem‘ 1.9.12. Let (X, A, i) a measure space and f : X x I — R, where I is an open interval
of R. Set

ot) = [ f(, ()
and suppose:
(1) Forallt € I, f(-,t) is u-integrable on X ;
(2) The function f(x,-) is derivable on I, for almost every x € X;

(3) There is a p-integrable function g on X such that for all t € I,

of
E('vw

< g p-almost everywhere.

Then the function ¢ is derivable on I and

1.9.13. For1 <p < oo, (L*,| - ||,) is a Banach space.

1.9.14. If {f.}nen is a sequence of elements of LP which converges in LP to f € LP
then we can extract from the sequence { f,}, a sub-sequence { f,, }r and we can find a function
g € LP such that the sequence { f,,, }i. converge pointwise to f ji-almost everywhere and for all k € N,
| fre| < g p-almost everywhere.

1.9.15. (Fubini theorem)

Let (X1, Ay, p1) and (Xo, As, 112) two measured spaces o — finite and f a measurable function on
(X1 X X9, A1 ® Ag, 1h ® pa).

(A) If f is measurable and positive, then:
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1) the function 1 — / f(x1, x2)dpo(x2) is measurable on (X1, Ay);
X2

2) the function xo — / f(z1, x2)dpy (z1) is measurable on (Xs, As);
X1

3) we have the following equality:

//XMX2 fdp @ po = /X1 (/X2 [z, xg)dMQ(xQ)) dgiy (21)
~ (/X1 f(xl,%)dm(%)) dps(z2).

(B) If f is integrable on (X x X3, A1 ® Ag, p1 ® puz), then
1) for almost every x1 € Xy, the function xo — f(x1, x2) is integrable on X;
2) the function xy —> /X2 f(x1, 2)dua(zs) is integrable on Xy;
3) for almost every xo € X, the function x1 — f(x1, z2) is integrable on X1;
4) the function x, — /X1 f(x1, z2)dp (1) is integrable on Xs;

5) we have the following equality:

//X1 % Xo fu ® pp = /X1 (/X2 f (2, 552)dM2(332)> dp (1)

= . (/X1 f(z, x2>dﬂl(x1)) dpiz(72).

Theorem‘ 1.9.16. Let (X, i) be a measure space. For 1 < p < oo, the topological dual (L?)" of L?
is isometric to the space L9, where q is such that — + — = 1. More precisely, for T' € (L)', there is a
q

function g € L? such that for all f € LP
rf=(f.9)= [ fodn

Moreover, by duality: ||T||(try = ||g||Le = sup
lfllLp=1

/ fgdu’ . Thus we identify (L?)' to L9 thanks to
X

the isometric isomorphism:

() LT — (L")
g +—{(,g9):LF —C
f—ifg) = [ fadn.
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1.10 Functional analysis tools

Definitions and results of this section come from [33],[34].

L0 1.10.1. Let E be a vector space on K = R, C. We call norm on E any map N from
E to R such that:

(1) Forallz € E, N(x) > 0and N(z) =0 <= x =0,

(2) Forallx,y € E, N(z +y) < N(z) + N(y),

(3) Forall s € K, forall x € E, N(sx) = |s|N(x).

In this case E is then a normed vector space of norm N denoted (E, N).

1RO 1.10.2. -There can be several norms on E
-If E is a normed vector space of norm N, we equip E with the topology of metric space, it is the one
whose open sets are defined as follows:

O is an open set for E if for all x € O, there exists r(x) > 0 such that
{ye E:N(x—y) <r(zx)} CO.

1.10.3. Let E be a normed vector space with norm ||.|| andl € E.

We say that a sequence (u,,) of E converges to [ if:
Ve >0, dng € N/ Vn > ng, ||lu, =1 <e.

1.10.4. Let E be a normed vector space of norm ||.||.
We say that (u,,) is a Cauchy sequence if:

Ve >0, Ing € N/ Vp > ng, Yg > no, ||u, —ugl| < e

1.10.5. Let H be a vector space over K = R or C. We call inner (or scalar) product on
H and we note (,) any positive definite Hermitian form on H. i.e amap (,) : H x H — K such that
forall z,2',y,y € H and s € K we have:

if and only if x # 0.

1.10.6. If (, ) is a positive Hermitian form on H, then we have:

(2, 9)|* < (2, 2)(y, y).
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1.10.7. - A Pre-hilbertian space is a vector space H endowed with scalar product.
- A Hilbertian space (or Hilbert space) is a pre-Hilbertian space in which any Cauchy sequence

converges for the associated norm given by
|2l =/ (x, z).

1.10.8. Let H be a pre-Hilbertian space. We say that (e,,)nen is a orthonormal system of
H if (ej, er) = 0k, where §;, = 1if j = k and 0 otherwise.

1.10.9. Let H be a pre-Hilbertian space. If (€, )nen is a orthonormal system of H, then

Z|<xv€n>’2

o0

converges to Y _ |(z, e,)|* and for x € H,
n=0
o
> el < [l
n=0
oy 1.10.10. Let ! be a normed vector space. A series with general term u,, in E is said

to be convergent , with sum U, if and only if the sequence of partial sums U,, = u; + ... + u,, converges,
with
U= nl_l)ijoo U,.

We say that the series converges absolutely if the series of general term ||u,|| is convergent.
1.10.11. We call Banach algebra a quintuplet (A, +, e, x, ||.||) such that:
- (A, +, e, |.]|) is @ Banach space, a norm vector space in which any Cauchy sequence converges. We
also say complete normed vector space
- (A, +, e, %) is an algebra such that

s+ yll < [lzllllyll,  Va,yeA

Theorem‘ 1.10.12. The Bertrand series, of positive general term

1

tn = n(lnn)?

is convergent for « > 1, or for « = 1 and 3 > 1 and is divergent otherwise.

1.10.13. Let u and v be two series of general terms u,, and v, in R (or C). The product of

u and v is a series w of general terms w, = UgV, + U1V,_1 + ... + UyV.

1.10.14. We call product series in C an expression of the form

ITan.
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Theorem ‘ 1.10.15. The product series H a,, converges if and only if the sequence (a,,),, converges to
1.

1.10.16. The product w (of sum W) of an absolutely convergent series u (of sum U) and of

a convergent series v (of sum V'), is itself convergent, and for the sum we have the equality W = UV

1.10.17. Let a series of general term u,, in E, a complete normed vector space, and ¢ a
permutation of N. If u is absolutely convergent, the series v of v,, = Uy (y) is absolutely convergent,
and with sum'V = U.

1.10.18. Consider a series of functions (uy,),, , i.e each u, is a function from E to F
where E and F' are two vector spaces with F' a normed space. We define partial sums as follows:
Un(t) = up(t) + ... + un(t) forall t of E.

1) We will say that the series u,, is simply convergent to a function U if and only if the sequence of

partial sums (uy,),, is simply convergent to U. i.e
Vt, Ve > 0, Ing, Yn > ny, ||U.(t) —U ()| < €

2) We will say that the series u,, converges uniformly if and only if the sequence of partial sums (U,),,

converges uniformly. i.e
Ve > 0, Ing, Yn > ng, ||U,(t) —U(t)|| <e Vt € E

3). If F' is a Banach space, we will say that the series (uy,) is simple absolutely convergent (respectively
uniform absolutely) if the series of functions from E to R defined by t — ||u,,(t)|| converges simply
(respectively uniformly).
4). If F' is a Banach space, we will say that it converges normally (or in norm, or that there is dominated
convergence) if and only if there exists a series of positive term «.,, convergent, and such that for any
integer n and for any element t € I,

[lun()]] < an.

1.10.19. For a series of functions (u,,), we have:
(1) simple absolute convergence implies simple convergence
(2) uniform absolute convergence implies uniform convergence

(3) normal convergence implies uniform absolute convergence.

1.10.20. Let a series of functions have values in a Banach space F'. The normal conver-

gence is equivalent to the existence of each

[unlloo = sup{lun(2)||; = € E}

and the convergence of the numerical series ||ty ||

Theorem ‘ 1.10.21. Let E be a topological space, F' a normed vector space. If the series of functions
(Un)n from E into F converges uniformly, and if the functions u,, are continuous, the sum function is

continuous.
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1.10. Functional analysis tools

1.10.22. Let H be a Hilbert space, Let p be a continuous linear form on H.
Then there is a unique x € H such that:

o(y) = (y,x),Vy € H.

Moreover:

ol = Tl

1.10.23. Let X be a topological space. We denote by C°(X,R) the set of continuous
functions from X to R.

1.10.24. It is said that a part A of C°(X,R) separate the points if V(x,y) € X* x #
y.3h € A h(z) # hiy)

1.10.25. Ifan algebra A of C° (X, R) separate the points and if Vx € X,3h € A, h(x) # 0,
then for any pair {x,y} of X,Vf € C°(X,R),Ve > 0,39 € Awith |f(x) — g(x)| < e and | f(y) —
9(y)| <e

Theorem‘ 1.10.26. Let X be a compact topological space, and E = C°(X,R) the vector space
normalized by the uniform convergence norm. If A is an algebra of E which separates the points, and

such thatVz € X,3f € A, with f(z) # 0, then A = E.

Corollary‘ 1.10.27. Let X be a compact topological space, and E = C°(X,C) the vector space
normed by the norm of uniform convergence. If A is an algebra of E which separates the points,
and such thatVx € X,3f € A, with f(x) # 0, such that Vg € A, g € A, then the algebra A is

everywhere dense in E.

Theorem‘ 1.10.28. (Closed graph theorem)
Let E/ and F' be two Banach spaces. Let u : E — F' be a linear map. Then if the graph of u is closed

in E x F, uis continuous.

Theorem‘ 1.10.29. Let H be a Hilbert space of functions defined in X. If L, : H — C such that

L.(f) = f(z) is continuous, then H is a reproducing kernel Hilbert space.

DN 1.10.30. We call reproducing kernel for a Hilbert space H of functions defined in X, a
function K defined by

K(z,y) = K,(y) with K, such that f(z) = (f, K;)u Vf € H
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Bergman-Besov spaces Bl,p > 0,q € R.

The purpose of this chapter is to provide a complete description of Bergman-Besov spaces BY(B). In
particular, we will show that Bg (B) are reproducing kernel Hibert spaces. We will obtain inclusion
relations among these spaces and the Block-Lipschitz spaces an the space of bounded function. We

will exhibit explicit examples in cases that the inclusions are strict and when these inclusions are sharp.

2.1 Radial differential operator

Let B be the unit ball in C with respect to the usual hermitian inner product (z, w) = 2,y + - - - +
z,wy and the associated norm |z| = /(z, z). Let H(B) and H* denote the spaces of all bounded

holomorphic functions on B, respectively.

We let 11 be the Lebesgue measure of B normalized so that ;(B) = 1. For ¢ € R, we also define on
B the measures

dptg(2) = (1= |2?)" du(2),

See Definition 1.5.5 for more details.
For 0 < p < oo, we denote the Lebesgue classes with respect to y1, by L2(B). For o € R, we also
define the weighted classes L°(IB) by

LX(B) := {gp measurable on B : (1 - |z]2)a p(z) € LOO(IBB)}
so that L°(B) = L*°(B), which are normed by

lplleze = ess sup (1= 12F) ().

For ¢ > —1and 0 < p < oo, we define the weighted Bergman spaces by A?(B) = L2(B) N H(B).
To extend this family to all real ¢, we need to derivatives. Given ¢ € Rand 0 < p < oo, let m be a

nonnegative integer such that ¢ + pm > —1. Then the Bergman-Besov space BE(B) consists of all

33



2.1. Radial differential operator

f € H(B) for which
o f

(1=12P) o oy € L®)

for every multi-index v = (71, ..., ynv) Withy + -+ - + vy = m.

2 . . .
The spaces B; are reproducing kernel Hilbert spaces whose kernels occupy large part in our
study of all B! spaces. Consequently, even to define the spaces of interest in this work, it is more

advantageous to use certain radial differential operators that are compatible with the kernels.

Besov spaces extend weighted Bergman spaces to all q. To define them, we first take a radial
differential operator D’ of order ¢ for any s, ¢ € R defined on H(B).

Let us recall here the Pochhammer symbol (a),, is given by equation (1.1)

_ TI'(a+0b)
(a)p := W

when a and a + b are off the pole set —N of the gamma function I" (see equation (1.2)). In particular,
(a)p = 1 and for k a positive integer, we have (a); = a(a+ 1) --- (—a + k — 1). The Stirling formula
yields

Tleta) oy (e Oa ot (jesoo) @)

where s ~ y means both x = O(y) and y = O(x) for all z, y in question. If only x = O(y), we write
x <.

We recall that f € H(IB) can be written in terms of its homogeneous expansion and its Taylor

series as

CEDWICED s

[v|=0

in which fj, is a holomorphic homogeneous polynomial in z1, ..., 2y of degree k.

2.1.1. Let f € H(B) be given by its convergent homogeneous expansion f = Z frin
k=0

which [y is a homogeneous polynomial in z1, . . ., zy of degree k. We define, D, for s,t € R

Dif =S di(s i) fo =3 D
k=0 = ck(s)
where ( +t)
Cr\S
A=
with

k!

ﬁ if CLS—(N—Fl)

WHELRE g > —(N + 1),
ce(a) =

and (a)y is define by equation (1.1).
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2.1. Radial differential operator

We also consider the linear transformation I. defined for f € H(B) by
Lf(z) = (1= [21") D/ (2). (2.2)
Note that do(s,t) = 1, di(s,t) > 0 for any k, and using equation (2.1)
dy(s,t) ~ k' (k — o0), (2.3)

for any s, t.

2.1.2. Any D! is a continuous operator on H(B).

Proof. Let f € H(B) be given by its convergent homogeneous expansion f = Z fx in which fj
k=0
is a homogeneous polynomial in zy,. .., 2y of degree k. Set F}, = k' fj, for k > Ny, where N is a

large integer. F}, is a homogeneous polynomial of degree k because of f;. Let z € B, then there exists
1>r, > Osuchthat |z| <7,

Suprsne | Fi(2)| = Suprsno |k fi(2)]
= SupkzNofktfk(Tzi)\
= Suprsn, [k fi ()]
< Suppsn, [k | Supys |fk<i>|
< CzsupkzNo ‘ktekln(rz)’
< o0
Where the third equality is because f}, is homogeneous of degree k, the second inequality is because f

is uniformly convergent on every compact subset of B, and the last inequality is because kfeF("=) —

0 (k — 00). Then by Theorem 1.5.9 one have the uniformly convergence on every compact subset

of B of the series ) _ Fj, so that the sum of the series is holomorphic. Then D! f € H(B) by Definition
0

2.1.1 and equation (2.3). L]

From (2.3), D! is of order ¢. In particular, D’ 27 = djy|(s,t)2” for any multi-index v, and hence

D!(1) = 1. More importantly, one verifies easily that

D% =1

S Y

DY,D\ =D, and  (D)7'= D, 2.4)

for any s, ¢, u. Thus any D’ maps H(IB) onto itself.

For a,b € C and suitable g, consider the operator

Vig(z) = (1- |z’2)a/ﬁ = <Z,w1>>N+1+a+bg(w)(1 — Jw|?)bdu(w). (2.5)

one can found the following result in [53, Theorem 2.4].
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2.1. Radial differential operator

o 213, (a) Forl < p< o, V& is bounded on LP(p..) if and only if

1
—%a<i<§]%b+1.

p

(b) ForO <p < 1,if
0< 3%—1—1—]\7(%0—1) and —Ra < (:%1 < §Rb+1—N(%—1),thean“ is a continuous map
from LP(u.) N H(B) to LP ().

The following result is in [53, Theorem 3.4]

2.14. Suppose b > —land u —t+b > —(N + 1). Let f € H(B). Then (1 —
|2]2)4=tDu(f) = M(DL(f)) for an operator M of type V,"~". In particular, DL(f) = M(DL(f)) for
an operator of type V0.

Proof. We show the details only for the case when s, s + ¢, r, 7 + u are greater than — (N + 1); the

other cases are similar. Following [9, p.41], for b > —1, we consider

i(N+1+r+u)k (N+1+4+8) (b+ 1Nk

h(\) =
*) = (N+1+47) (N+1+s+t)r N

)\k’

which belongs to H (D). Taking M to be defined as
Mf(z) = (1— |2 /B Dy f(w)h({z,w))(1 — [w|*)’dp(w),
it is easy to check that using Proposition 1.8.3 for f(z) = z*, we have
(1= [)""' Dy f(2) = MD f(2).
Hence, by virtue of Theorem 2.1.2, we have for f € H(B)
(1= [)""' Dy f(2) = MD f(2).

By Stirling’s formula (see equation (2.1)) we have

E(N+14+b)k 4
hANE:—)\ e —a(N),
( ) = k"(k’-}-].)t_u N+1+b,t ( )

see Definition 1.8.1. Then by the assumption on b and Theorem 1.8.2 (i),

hi(A)
(1 _ )\)N+1+u7t+b

h()\) =

for a holomorphic h, in the Lipschitz class Ay11y_¢15 on D. This finally implies, Arg(1 — \) is

bounded, that
C

|1 _ )\’N+1+u7t+b

(M) <
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2.2. BP': Definition and first properties

as in the proof of [9, Lemma 5.6]. The proof is now completed. [

2.2 B!: Definition and first properties

In this section, we define the space BY for p > 0 and ¢ € R, and we show that Bg are reproducing

kernel Hilbert spaces.

2.2.1. For q € Rand 0 < p < oo,we define the Bergman-Besov space Bl to consist of all
f € H(B) for which I f (see equation (2.2)) belongs to LY for some s, t satisfying

q+pt>—1 (2.6)

The quantity || f|| gz := 1L f] |z for any such s, t defines a norm on BY, for p > 1 and a quasi-norm
(see Definition 1.5.1) for 0 < p < 1.

2.2.2. For o € R, we define the Bloch-Lipschitz space B to consist of all f € H(B) for
which I f belongs to L for some s,t satisfying

a+t>0. 2.7)

The quantity || f||pze := |[I¢f|| Lo for any such s, t defines a norm on By

Explicit forms of the norms of B and BZ° given in Definition 2.2.1 and 2.2.2 are

3=

iy = ([ IDLF P = 2Py du())" (g pt > 1), )

1£llsz = sup D f ()L = [2)* (a+t>0). (2.9)
ze
We first make sure that the BY spaces are well-defined.

2.2.3. Suppose f € H(B), ¢ € Randr, s, t,u € R.

(a) Let 0 < p < oo. For ¢+ pt > —1 the function I.f belongs to L”(y1,) if and only if for some
r and u satisfying q + pu > —1 the function I} f belongs to LP(j1,), and the LP(u,) norms of

these two functions are equivalent.

(b) Let p = 0. For t > 0 the function I.f is bounded on B if and only if for some r and u > 0
the function 1" f is bounded on B, and the supremums of each of these two functions on B are

equivalent norms for f.

Proof.  (a) The relation I'f € LP(u,) and I*f € LP(u,) can be restated in the forms D!f €
LP(pigipe) and (1 — |2[*)* "' DY f(2) € LP(g4pt), respectively. So we apply Theorem 2.1.3 with
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2.2. BP': Definition and first properties

¢ = q+ pt and a = u — t. These values satisfy the first inequalities there since ¢ + pu > —1.
We take a sufficiently large real b in Theorem 2.1.4 which also satisfies the second inequality in
Theorem 2.1.3. Theorem 2.1.3 then says that if I € L”(u,), then I € LP(u,).

In the opposite direction, we interchange the roles of the pairs s, ¢ and 7, u, and use the condition
q+pt>—1.

(b) By choosing a large enough b in Theorem 2.1.4 and replacing b by b — ¢, we can write [ =
(M o I') with an operator M; of type V;*,. Interchanging the pair s,¢ and r, u, we get an
operator M, that is of type V;' , such that I’ = (M, o I*). We take first c = 0, a = u, and b
large, and then ¢ = 0, @ = ¢, and 0 large in Theorem 2.1.3 (a) to obtain that V", is bounded on
LP(u1) and Vi!_, is bounded on L” (). The inequalities on a and c are satisfied by the hypotheses
u > 0 and t > 0, respectively. Then I* is uniformly bounded on B if and only if I? is uniformly
bounded on B.

]

The following two results are immediate consequence of Theorem 2.2.3 and can be found in [53].

Corollary ‘ 2.2.4. The space B! is independent of the particular choice of s,t as long as q + pt > —1
holds. The LP(j,) norms of Il f and I1? f are equivalent as long as q + pt; > —1 and q + pty > —1.

2.2.5. Let q,p, a, s,t be arbitrary. Then the maps DY, : BY — By, and D} : BY —
B, are isomorphisms, and isometries when the parameters of the norms of the spaces are chosen

appropriately.

In order to show that each Bg is a reproducing kernel Hilbert space, we recall some facts.
Let $ a Hilbert space of complex-valued functions on a non-void set X with a reproducing kernel K
see 1.10.30. One verifies easily that K is positive-definite, and we write K > 0, in the sense that for
any finite sequence z1, ..., z,, € X, the matrix [K(x;, z;)] is positive-definite.

The following results are in [9].

2.2.6. Assume that K > 0 on X. Then there is a unique functional Hilbert space $) on X

with K as its reproducing kernel. Moreover, if X is a complex manifold and K is a sesqui-holomorphic
(sesqui-linear and holomorphic) on X then $ C H(X).
We will denote $ = $H(K; X).

Thus there is a one-to-one correspondence between positive-definite kernels A on X and functional

Hilbert spaces $).

Proposition ‘ 2.2.7. Let ¢; > 0 and let K; > 0 be positive-definite kernel on X, j = 1,2. Then:

(i) a1 K1 + oKy > 00n X;

(ii) Ki. Ky > 0on X;
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2.2. BP': Definition and first properties

(iii) ®(K1) > 0 on X whenever ® is an entire function on C with non-negative Taylor coefficients.
In particular e > 0 on X.

For kernels K; and K5 on X, we write K; > K5 on X if K1 — K5 > 0 on X. we have

Proposition ‘ 2.28. Let K; > 0on X and let §); = $;(K; : X) be the associated functional Hilbert
space on X (j = 1,2). Let ¢ > 0. Then the following statements are equivalent:

(i) K> K, on X;

(ii) $1 = $Hand || f|l2 < || f]|1 for every f € $o;

In particular, $); ~ s (i.e H1 — H2 and H5 — 1) if and only if (c1¢2)* K1 > 3Ky > Ky on X
forsomec; >0(j =1,2).

Many interesting examples of sesqui-holomorphic kernels on the Ball B of C* are of the form

K(z,w) =) caz®w® (z,w € B)

where ¢, := ¢,(K) € C, o € Z%. The family of such kernels is denoted $)(B). For any K € §(B)
we associate the index set
[(K)={a € ZY : co(K) # 0}.

By $. (B) we denote the positive cone in £(B) which consists of all K € $(B) such that K > 0 on
B. We then have:

2.2.9. For K € $(B), the following statements are equivalent:

(i) K € $,(B);

(ii) co(K) > 0 forevery a € I'(K).

Moreover, in both cases the associate functional Hilbert space $) := $)(K : B consists of functions f
in H(B) of the form
f(z)= > a.z* (2€B)

a€el(K)
such that

Ifllf = > ca'laal® < oo

a€el'(K)

In particular, {\/coz* : a € T'(K)} forms an orthonormal basis for $).

QUMY 2.2.10. Let K; € . (B) with $; := 9;(K; : B) and i) := co(K;) (j = 1,2) for
o c Zf , and let a > 0. Then the following are equivalent:

(i) *K; — K> € 94(B);
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2.2. BP': Definition and first properties

(ii) $2 = 1 and || f||k, < al f||k, for every f € $;

(iii) 2 < acV) for every a € 7Y, and thus T'(K,) C T'(K)).
In particular $, ~ $ if and only if ) ~ @) on Z¥ (and hence I'(K5) = T'(K})).

We are now able to show that each Bg is a reproducing kernel Hilbert space.

2.2.11. Forq € Rand z,w € B, the Bergman-Besov kernels are

1 = (I N+ k
(1 — (z,w))+N+a *%T@’W , ¢>—(1+N),

K, (z,w) := < l(z, w)

2F1(1,1;1 — (N +q); (2,w)) = : ¢g< —(1+N),
L T— (-0
or
(N+1+q)04 a—Q -
)~ = Yt ifg> (N +)
K,(z,w) = o |

BT = (Vg () = 35— age g < (v 1)

where o | € H (D) is the hypergeometric function (see Definition 1.8.1).

The following growth rate appearing in [52] will be use to obtain that Bg are reproducing kernel

Hilbert spaces.

2.2.12. If f € BY, then for any s,t satisfying q + pt > —(1 + N), we have

[1£1 5

t <
D f(2)] S (1- ’ZP)(1+N+q+pt)/p

(2 € B)

Proof. When [ belongs to the Bergman-Besov space BY, with ¢ > —1, then BY = AP and the result
is well known. If f belongs to the general Besov space BY, by Definition 2.2.1, D.f e Ab.,; for any
s, t satisfying (2.6) and || f|[gr = [|I{f|| 2 = [| DL f] |4#, .- The result for ¢ satisfying (2.6) follows by
applying the Bergman space case to D’ f.

What we have so far can be written also in the form || f| |Bf’f+N+q)/p S |[f| gz But, by Remark 2.2.17,

the parameter ¢ used in the norm || f||gee can be as low as to satisfy ¢ + pt > —(1+ N). O

(1+N+q)/p

(ONIPYE 2.2.13. If f € B” |\, then || f|lz~ < || f]]5

a+N)’

This corollary appeared also in [38, Proposition 3.3 ], as well as in [?, Corollary 5.5] more generally.
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2.2. BP': Definition and first properties

2.2.14. Each Bg space is a reproducing kernel Hilbert space equipped with the several

equivalent inner products
Af.9)y = [ 14/ Tigan,

for each s,t such that q + 2t > —1, the reproducing kernel of Bg is (more precisely is equivalent to)
K,
Proof. By Theorem 1.10.29, we first showed that L, : B — C such that L.(f) = f(z) is continuous
for any z € B.
Let ¢ € R and v > 0 such that ¢ + 2u > —1. Take ¢ such that ¢ + 2(u — t) > —1. Let f € B2, then
by Theorem 2.2.5,

D f € Bg—%»

and because ¢ — 2t < q¢ — 2t 4+ 2u we have

Set ) = q — 2t + 2u. then @ + 2t = ¢ + 2u > —1, and equation 2.4, Theorem 2.2.12, Theorem 2.2.5

allow us to have

~ D f1] 52
’f<z)’ = ‘DgDs—ﬁtﬂ S (1 B Z|2)1+N+2QQ+215

g2

Q+2t
Z|2) 1+N+2Q+2t
B2

q+2u

1+ N+qg+2u
2

N

(1-

|
(1 -1z
|52

1
1+ N+qg+2u

(1= z2)" =
where the last inequality is because Bq2 C Bg 1o, Since ¢ < q + 2u. Then L, : Bg — C such that

L.(f) = f(z) is continuous for any z € B.
Now we show that the reproducing kernel of Bq2 is (more precisely is equivalent to) /.
Let

Hy(z,w) =) co(Hy)z 0w = i > ca(Hy)zw™ = Hi(w)

1=0 |a|=I

be the reproducing kernel of B}. By Corollary 2.2.10 it is sufficient to show that c,(H,) ~ co(K,).
First, let us find ¢, (H,). By definition of the reproducing kernel (see Definition 1.10.30), if

f(z) = Zaaza = i Z n 2™

k=0 |o|=k

is in Bg, then we have for s, ¢ such that ¢ + 2t > —1,

f(2) =q (f. HI)y.
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2.2. BP': Definition and first properties

Since )
DHw) =3 Y LD oz
1=0 |aj=t C Cals)
and
Ck: S +t
-y ¥ aw”
k=0 |a|=k )
then
e Ck(S—Ft) Cl<8+t)
(f, HI) = > ———a,cs(H /w whdp (2.10)
! k=0 (=0 |a|=k |3|=l ck(s) als -

Hence by Proposition 1.8.3 and Proposition 1.8.4 we have

NIT(1 4+ q + 2t)a!
g2
N+1+q+2t+ |af)

«

Jf HOY _Zzlcks+)|t2 a(Hq)F(

k=0 |o| =k lex(

so that )
lee(s)]? T(N+14q+2t+|af)

k(s +1))2  NIT(1+q+2t)a!l

co(H,) =

where I is the function Gamma see (1.2). By Stirling’s formula (See equation (2.1)), we have

|| N1
co(Hy) ~
and o N+
187 q
Ca(Ky) o
Then ¢, (H,) ~ c,(K,) and the proof is completed. O

The following lemma is obtain by direct computation and by the virtue of Proposition 1.8.3 and

Proposition 1.8.4.

22 15. For f(z Zaaz € B?, we have

Nla!|ag|?|dia (s, t)]?
1% = o ,
i TN+ 14q+2t+|al)

where d|o|(s,) is defined in Definition 2.1.1 and I in (1.2).

The following result can be found in [54].

IMSEY 2.2.16. 1. Forq < —(N + 1), each |K,(z,w)| is bounded above as z,w vary in B.
2. Foreachq € R,

(a) each |K,(z,w)| with ¢ € R is bounded below by a positive constant as z,w vary in B. In

particular, no K,(z,w) has a zero in B x B.
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2.2. BP': Definition and first properties

(b) thereis a py < 1 such that for |z| < py and all w € B, we have RK ,(z, w) > %

Proof. 1. We recall that

(N+14+¢ .
(=Fmcee = Z(k,)k<2,w>ka if ¢>—(N+1)
KQ(’Z?w) = kO:OO kl )
2Fl<1a 1; 1 - (N+ Q); <Z,’LU>) = Z —.<Z>w>k7 if q < _(N + 1)
im0 (1=N =)
s0 Ky(z,w) = Y @)z, w)* = > cr(q)v* = ky(v) where v = (z,w) and ¢ (q) is defined in
k=0 k=0

Definition 2.1.1. By Stirling’s formula ¢ (¢q) ~ k¥ (k — o0), so that when ¢ < —(N + 1), the
power series of k,(v) converges uniformly for v € D. This shows boundedness. When ¢ < —(N + 1),
see that k, is not zero on a set containing D — {1}. The reason for this is that the first term 1 of the
hypergeometric function k, is positive see [60, Equation 15.13.1]. But also k,(1) # 0. Thus |k,| for
q < —(1+ N) is bounded below on D.
2. If ¢ = —(1 4+ N), then k_14n)(v) = vlog(l —v)™'. On D — {1}, k_(14n) is not zero and
|k_ (143 (v)| blows up as v — 1 within D. So |k_(14~)| is bounded below on D.
The claim about |k,| for ¢ > —(1 + N) is obvious and the lower bound can be taken as 2~ *N+2),
Then (a) follows.
We have -

Ky w)] < 14+ C 3 ¥4 (2w

k=1

for some constant C' and

C Y Rz w)* < C Y ke wlt < O] 30 kMM

k=1 k=1 k=1

1 1

for all z,w € B. The last series converges, say, for |z| = %; call its sum W and set pg = min{3, 55y }-

If |z| < po, then
1O BNz w)| < CW 2| <

k=1

This is, | K,(z, w) — 1| < § for |z| < po and all z € B. This implies the desired result (b). O

(z € B).

DN | —

One of the best things about the operator D? is that it allows us to pass easily from one kernel to

the other and from one space to the other of Bg Hilbert spaces family. For instance
D Ky(z,w) = Kqyi(z,w) (2.11)

for any ¢, t, where differentiation is performed on the holomorphic variable z (see [53]).

NGB 2.2.17. By now, it is well-known that Definition 2.2.1 and 2.2.2 are independent of s, t under
(2.6) and (2.7), respectively, and also of the particular type of the derivative. Further, the norms on
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2.3. Examples of functions in Besov or Bloch spaces

a given space depending on s, 1 are equivalent to each other under (2.6) or (2.7). For these, see, for
example, [?, Theorem5.12 (i)], [48],[50],[?]. So given s,t, I imbeds Bg isometricaly into L{; if and
only if (2.6) holds, and I imbeds BS° isometrically into L if and only if (2.7) holds.

If ¢ > —1, we can take t = 0 in (2.6) and recover the weighted Bergman spaces BY = AY. Further,
B? | is the Hardy spaces while Bz(l +n) is the Dirichlet space, and B? , is the Drury-Arveson space.
If o > 0, we can take t = 0 in (2.7) and obtain the weighted Bloch spaces. If o < 0, then the

corresponding spaces are the holomorphic Lipschitz spaces A_, = B, see, for example, [?, Section
6.4].

The usual Bloch space Bi° = B* corresponds to o = 0. Most other authors use o + 1 while [?]

uses —a where we use . There is no discussion of little Bloch spaces in this thesis.

2.2.18. If X, is a family of spaces indexed by a € R, the symbol X, denotes any one of

the spaces X, with b < a. For functions, h., has a similar meaning.

2.2.19. Invertibility of D' implies that only the zero function has zero norm in BY or By
The other types of derivatives mentioned in Remark 2.2.17 that can be used in place of the D%, are

powers of the holomorphic gradient and the radial derivative given by

Vfz)= <ng1’ ,(iil) and Rf(z) = (Vf(2),2z).

Integrals of these derivatives define seminorms for the spaces Bl or 5.

The holomorphic automorphism of B that exchanges 0 and z (z # 0) is the map

oo () = z— P,(w) — /1= |2]2(I — P)(w) (weB), 2.12)

B 1—(w,z)

where Py(w) = (w, 2)z/|z|? is the projection on the complex line passing through 0 and z. It reduces
to the well-known function ps(w) = (z — w) /(1 — Zw) for w € D when N = 1. The Bergman metric
on B is defined by

1 1
d(z,w) = =log * lp-(w)

2 —tanh o, (w)| z,w € B.
21— () et

This metric is invariant under composition with the automorphisms of B. We denote the balls centered

at a with radius r in the Bergman metric by B(a,r). A sequence {ay} in B is called separated if there

is a p > 0 such that B(ay, a,,) > p for all k # m, and we call p the separation constant.

2.3 Examples of functions in Besov or Bloch spaces

We now develop and collect interesting functions that live in certain Besov or Bloch spaces. These

examples can be found in [52]
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2.3. Examples of functions in Besov or Bloch spaces

2.3.1. The functions in the Hilbert spaces Bg can be characterized by their Taylor series.
Let ¢ < Q. Set
Zk, +q+Q/4k (ZEB)
Then from Lemma 2.2.15 and by (2.1),
h||F L hil hl3 L
“”%”;mmmw_m whtte ””%Ngmwmm<m

2.3.2. An example that is essential for the Bloch-Lipchitz spaces is the family of functions

o

Z “(1+ N (zeB)

indexed by o € R. For any branch of the logarithm, by Definition 2.2.11 of Bergman-Besov kernels,

1 1 1
A=) (a>0) and  fo(z) = Z—llog1 .

Note that, by (2.11),

falz) = (2 € B) (2.13)

Dt (1+N)fa fOl+t' (214)

Now Definition 2.2.2 show immediately that f, € B5° since

1— |2

< 2.
[1— 2]

The same Definition 2.2.2, shows that also fi ¢ By if 3 < 1. Applying (2.14) and Theorem 2.2.5
vields

fo € B\BZ, (o € R) (2.15)
Assume that
f<# € A} but f% ¢ Al (2.16)
then
f<w € By but fw ¢ B (2.17)

by applying (2.14) and Theorem 2.2.5.

We give here proof of (2.16). For a > 0, by (2.11), for w = r{ with ¢ € Sand r > 0, we have

p 1 B 1
‘foc(w)’ - ‘1_w1’ap - ’1_ <TC’61>‘ap'

Then by polar coordinates,

apd N// 2N_1d.
/’f| v |1_ reyq, C |ap r
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2.3. Examples of functions in Besov or Bloch spaces

Ifa = (14 N)/p, then ap = 1 + N, and Proposition 1.5.7, yields

2N -1
Iy
B Jo 1 —1r2

which diverges. If « < (14 N)/p, then ap — N = ¢ < 1, and Proposition 1.5.7, yields

/\fa|pdV</1 ﬂdr
B ~Jo (1—r2)e

which converges, where we use < to incorporate the cases ¢ < 0 too.

We say that a sequence {ny} in N has Hadamard gaps if there is a r > 1 such that ng, 1 > 7ny.
For such a sequence, if the homogeneous expansion of an f € H(B) has the form f =Y, f,,, we
write f € HG. The following theorem is in [52].

It 2.33. Let H =Y, H,, € HG.
(i) We have h € BY if and only if >y, ng |\ H,, 1700y < 0.
(ii) We have h € BY if and only if supy, ny, || Hy, || Lo (o) < 00.

2.3.4. Ryll-Wojtaszczyk polynomials are polynomials (W), each W, is a homogeneous

polynomial of degree m with the properties

Wl ooy =1 and [Winllr@e) 21 (0 <p < o0). (2.18)

Several of these examples are constructed using the Ryll-Wojtaszczyk polynomials W,,, m =
0,1, 2, ... see Definition 2.3.4 These polynomials were invented for p = 2 in [70, Theorem 1.2]. The

general case p is due to [78, Corollary 1]. Clearly also
IWinllzr@) < Wil = 1. (2.19)

When N = 1, we can simply take W,,, = 2. However, taking something like 27" for simplicity when

N > 1 would not be as useful, because it does not satisfy the second property in (2.18).

Proof. See [49, Lemmas 9.4 and 9.2], see also [?, Proposition 61 and 63]. For unweighted Bergman
spaces Aj, see also [85, Proposition 3]. For the spaces B> with o > —1, see also [85, Proposition
2]. ]

The example that is indispensable for the Bergman-Besov spaces is the family of functions
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2.3. Examples of functions in Besov or Bloch spaces

2.3.6. Let p, q inR and denote by
Gp(2) = 2Hra/ryy,, (2) (z €B).

Then

(i) Gop & BE
(ii) Gy € BYifand only if (1 +q)/p < (1 +Q)/P
(iii) Gy € BX ifand only if (1 +q)/p < a.
Proof. (i) By Theorem 2.3.3 and (2.18), it is clear that G, ¢ B?. But the real question is to determine

those spaces By, that G, lies in. The answer is that G, € By, if and only if (1 +¢)/p < (1 + Q)/P.
(i) If (1 + ¢q)/p < (1 + Q)/ P, then Theorem 2.3.3 and (2.19),

1
< Z SRP((14Q)/P—1(140)/p)

22 Q@D P W[ Lo o) < o0,

and Gy, € BY). On the other hand, if (14 ¢)/p > (1 + Q)/P, then by Theorem 2.3.3 and (2.18),

1

and Gy, ¢ Bj. By Theorem 2.3.3 and (2.18), it is clear that Gy, € B if and only if (1+¢)/p < o. [

Further, G, € H* by (2.18) if ¢ < —1. On the other hand, if G, € H* were true then also
G_1, € H% Then we would have ||G_1,|lm2 = (X4 ||W2k||%2(a,)>% < oo by [?, Proposition 1.4.8].
But this is impossible since Yy, ||War || 12(5) = 00 by (2.18).

The use Ryll-Wojtaszczyk polynomials to show exclusions between pairs of function spaces is
advocated in [85] and [62].
We now conctruct functions in every Besov space using the atomic decomposition idea. The atomic

decomposition of Besov spaces is developed in several places starting with [19, Theorem 2].

Proposition ‘ 2.3.8. Let a sequence {ay} in B that is merely separated with separation constant 2p.
Given q and p, we also take a sequence o = {\} in IP. For 0 < p < 1, we take an s satisfying the
inequality L + N +q < p(14+ N +s); for 1 < p < 0o, we take an s satisfying 1 +q < p(1+ s). We set

) = ;Ak (1= Jax]?

1+N+s—(14+N
)+ +s—(1+ +q)/pKS<Z,CLk> (z € B).

We have F, € BY.
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2.3. Examples of functions in Besov or Bloch spaces

Proof. We start by showing that the series defining F, converges uniformly on any compact set
K C B and hence F,, € H(B). Let z € K then |K,(z, a)| ~ 1 for any k, and

1+ N+s—(1+N+q)/p
IS el (1= laxl?) :
k
First, for 0 < p < 1, by the first choice of s, the power on 1 — |ak\2 is positive and hence

DI SD M <D IMfP < o0 (z € K).
p P

Second, for 1 < p < oo, by the Holder inequality and that A\ € /7, we have

(p=1)/p

(p(A+N+s)—(14+N+q))/(p—1)

P 5 (£ (1= o) ) (= € M)
k

Call the power on 1 — |ay|? by p. By the second choice of s, we see that p > N. Then, since the balls

B(ay, p) are disjoint, using Lemma 1.5.6 we obtain

IF, <>|p/<p1<z(1—|ak| ~3 Jo (1= Tl 27 w)

- (1~ ) 1+Ndu )< [ (1= Py Vdv(w)

Urb(ak.p)
for all z € K. But the last integral is finite. We conclude that F,, € H(B).

To show that Fy, € BP, we consider the linear map 7" defined by 7' : [ — H(B), such that
TX:= Iy, for A\ € (P. Let t > 0 satisfying (2.6); then s + ¢ > —1 for any value of p. Using (2.11) we

have
)1+N+s—(1+N+q)/p

<Z, ak>)1+N+s+t

\al

DITA(2 Z e (2 € B).
First, since I'F(z) = (1 — |z]*)! DSF(Z), for0 <p <1,

|ay,|?)? p(1+N+s)—(14+N+q)

ETAP < (1= PP S =

| <Z, a >’p 1+N+s+t) ’

then by, Proposition 1.5.7,

|Z| )q+pt

5|1 — (z, ak>|p (1+N+s+t)

HT)\HP < Zp\k’p 1 _ |a ‘ ) p(1+N+s)—(1+N—+q)

~ Z Al” = (A
k

dv(z)

Second, for 1 < p < oo, by Theorem 1.5.6,

1— |Clk| ) (14+N)—(1+N+q)/p (1 _ |w|2)s
DITAG)] < 3™ Al / d
‘ ’ Z‘ | V(B(ak,p)) Blag,p |1 _ <Z,w>’1+N+S+t V(u))
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2.4. Some inclusions relations on Besov or Bloch spaces

and [I'TA(z)| < V2, ,4(z), where

1 . |ak| ) (14+N)—(14N+q)/p
=X el B Blasp)w)

v

and Vs(ﬂrt is defined in (2.5) , and X p(q,,,) denotes the characteristic function. Now since {ag} is

separated, from Theorem 1.5.6 we have

lol; = 31 p L PP )
— v, ag,
L ¢ v?(B(ax, p)) WA P
(1— ,a |2)p(1+N) = (1+N+q)
~ Z |>‘k|p — | [2)PH+N) (1- |ak|2)1+N+q

= Z Akl” = ||)‘||£P
k

Applying Theorem 2.1.3 implies that V,, : LB — LY is bounded by the conditions imposed above on
s, t. It follows that || TA|| gz < [V, 0l < [[A]]ev-

Thus 7" : (7 — BP is bounded and Fy, = T'A € BY for any of p.

2.4 Some inclusions relations on Besov or Bloch spaces

Here we take care of a few better-known and straightforward inclusions that are part of the full picture.

Theorem ‘ 24.1.

(i) If ¢ < Q, then BY C By).
(ii) If a < B, then By, C B

Proof. For both (i) and (ii), the inclusion follows directly from Definitions 2.2.1 and 2.2.2 and Remark
2.2.17. [

The inclusion in (i) is strict too, because G, € B{ o \B? by Example 2.3.5, since 1+q < 1+Q . A

similar example when N = 1 appears earlier in [51, Example 4.5].

2.4.2. BX, C H® C B™

Proof. The left hand inclusion on B is in [?, Theorem 6.4.10]. There is a different proof in [50,
Theorem 5.4], using Bergman projections. Both proofs show also B, C A(B).

Let N > 1. Let f € H™, and without loss of generality, assume f : B — D so that || f|| < 1.
Let also w = f(z), and set g = ¢, o f o p,, where ¢,, on D and ¢, on B are as in (2.12). Then
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2.5. Sobolev imbeddings

g € HB), g(0) =0, and |¢'(0)¢| < 1 forall ¢ € B, where ¢'(0) is called the hyperbolic derivative
of f at z; see [46, p.65]. Applying the chain rule yields that ¢'(0) = (1 — |w|?) "'V f(2)¢’(0), where
©.(0) = —(1z]*) P, + /1 — |2[>(I — P.) by [?, Theorem 2.2.2 (ii)]. Since |w| < 1, using the special
value ¢ = z, we obtain that |V f(z)(1 — |z|?)|z| < 1 for all z € B. This proves that f € B>.

By Example 2.3.2, the function fy € B>\ H* shows that the right hand inclusion is strict. If
a < 0, choose [ such that & < § < 0. Then fg € H>*\BY by (2.15), and the left hand inclusion is
also strict. [

These are others inclusion relations.

2.4.3. Given Bg, we have the inclusions
Bj’l# - Bg’ - B?i,zﬂ
2.4.4. Let BY be given.

(i) If p < P, then BY C BS if and only if

1+N+q<1+N+Q
P - P

(ii) If P < p, then BY C BS if and only if

1 1
+q - +Q‘

’ Iz (2.20)

ey 2.4.5.

(i) BY C H® ifand onlyif ¢ < —(1+ N),orq=—(1+ N)and 0 < p < L.

(if) H> C BV ifand only if ¢ > —1,orq= —1landp > 2.

2.5 Sobolev imbeddings

Our final intention is to compare the inclusions in Theorem 2.4.3 and 2.4.4 with those predicted by the
holomorphic versions of the Sobolev imbedding theorems. Following [1, chapter 3], for 1 < p < oo,
we let the Sobolev space WP be the space of all locally integrable functions on B all of whose
generalized partial derivatives of order up to and including m = 1, 2, ... belong to LP. The subspace of
W™P consisting of holomorphic functions on B can be regarded as the Besov space B”,,, in which

always ¢ = —mp < —1.

The Sobolev imbedding theorem we are interested in is [1, Theorem 4.12], and concerns the

continuous inclusion of W™? in Lebesgue or Lipschitz spaces. It is for Sobolev spaces defined on
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2.5. Sobolev imbeddings

some types of domains in R" for all of which B is a standard example. We read this theorem by setting
n = 2N and taking the intersections of all spaces with H (B). We analyze our findings in five regions

of the parameters.

(a) If mp < 2N (thatis, —2N < ¢ < —1), the Sobolev imbedding is W™? C LP", which translates

to the holomorphic setting as B”,,,, C B ", where :z% = ;1) — o%. The sharpest (that is, into

smallest space) inclusion that Theorem 2.4.4 (i) gives is B”,,, C B{?, where p% = Il? — i

Since ps < p*, our inclusion is sharper than that of the Sobolev imbedding theorem for N > 1.

The two results say the same for N = 1.

(b) If mp = 2N (that is, ¢ = —2N), the Sobolev imbedding is W™P C L*" for any p* > 1,

which yields B_,y C BY . The inclusions that Theorem 2.4.4 (i) gives B” o C BY?, where

1 1-N 1
pz2 = 1+Np’
q= —2N.

which says 0 < ps < oo for all N. So the two imbeddings are equivalent for

(¢) If 2N < mp < 2N + p (thatis, —2N — p < g < —2N), the Sobolev imbedding is W™ C Ag,
where 3 =m — 2N/pand 0 < 3 < 1, which yields B”,,, C B>;. The inclusion that inclusion
Theorem 2.4.3 gives is B”,,, C By, where o = (1 + N)/p — m. Since this o < —f3, our
inclusion is sharper than that of the Sobolev imbedding theorem for N > 1. The two results say

the same for N = 1.

(d) If mp = 2N +p (thatis, ¢ = —2N —p), the Sobolev imbedding is W"™? C Agforany 0 < 3 < 1,
yielding B” ,_, C B>. If also p = 1, then W' C Ay, thatis, Byy_, C B>. The inclusion
that Theorem 2.4.3 gives is B”,y , C By forany 1 < p < oo, where a = (1 — N)/p — 1.
Since this & < — /3, our inclusion is sharper than that of the Sobolev imbedding theorem for
N > 1orp > 1. The two results say the same when both N =1 and p = 1.

(e) If mp > 2N + p (thatis, ¢ < —2N — p), the Sobolev imbedding is W"™P? C A, which yields
B?,., C B>,. The inclusion that Theorem 2.4.3 gives is B”,,,, C B2, where v = (14+N)/p—m.

—mp

Since now av < —1, our inclusion is sharper than that of the Sobolev imbedding theorem.

We can compare the number of derivatives lost in the embeddings in (c), (d) and (e), which are all
in the form W™? C Ag. The number of derivatives needed for B”,,,, is given by —mp + pt > —1 and

ist > m — 1/p, while for A,,, 5 N/pitis givenast > m — 2N /p; hence the number of the lost in the
Sobolev imbeddings. This difference has already been noted in [9, PP.39-40].

The fact that our inclusions are stronger and our loss of derivatives is less in general than those
predicted by the Sobolev imbedding theorem should come as no surprise, because our spaces consist

of holomorphic functions that are very smooth on very nice domain.
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Weighted estimates for operators associated

to the Bergman-Besov kernels

3.1 Introduction

As said in the general introduction, weighted inequalities appeared almost simultaneously with the
birth of singular integrals that stimulated their development. In particular, a natural question is the
characterization of positive functions w for which a singular integral maps LP(wdpu) to itself. A
famous example of a singular integral is the Bergman projection, whose boundedness problem, solved

elsewhere by Békolle and Bonami, is historically linked to the duality problem for Bergman spaces.

Recall that Besov spaces extend weighted Bergman spaces to all ¢. A function f € H(B) belongs
to the Besov space BY whenever Ilf € LT for some s, t satisfying

{q+pt>—1 if 1<p<oo

t>0 if p=o0.
Where for f € H(B) be given by its convergent homogeneous expansion f = Z fr in which fy isa
k=0

homogeneous polynomial in 21, ..., 2z of degree k,

Lf(z) = (1= [z[*)' Def(2),

Dif = S di(s = >0 B
k=0 = k(s
with
]

ﬁ if CLS—(N+1)

Wras if g > —(N +1),
ce(a) =

I'(u+v)

(u), is the Pochhammer symbol defined by (u), = T

with ' the gamma function see (1.2).

52



3.1. Introduction

The space Bg is a Hilbert space with reproducing kernel K, defined in Definition 2.2.11, but we

recall it here:

X (N+1+¢q ,
e = 2 B i s (v )
K (z,w) = k=0 :
ne 0 k! .
DFLLL= (N4 )i (mw) = 3 (), if < —(N+1)
k:o(l_N_Q)k

where o F; € H(D) is the Gauss hypergeometric function see (1.6). For a, b, s,t € R the operators
that we are interested in are defined by (reproducing) Bergman-Besov kernels. For f € LP(du,) we
define

T3S = Tunf(2) = [ Kalzyw) fw)(1 = [wf)~dpy(w),
SE() = Saf(2) = [[IKalzw)LF@)I(L ~ fwf)dpy (w)
PILGE) = Puf(2) = (U= o) [ Koo, w) f() (1= )y ).

Throughout this thesis, b > —1 and s > —1 because we want our operator to be well defined (see
for example Lemma 3.4.1). Our main motivation comes from the operators P, and P; Ntltss
which are the Bergman projection and Berezin transform respectively, where P;“ Ne1asf(2) = (1 =
|212)! S5 N 41155 (2). The operators P, Ty, and S, , are important in the study of function-theoretic
operator theory, see for example [88] when ¢ = —N — 1. In this chapter we are mainly interested
on the weighted estimates for the operators 7, or P, from LP(wdp,) to LP(wdyug). Here and
throughout the paper w is a locally integrable positive function called a weight. It follows from (0.1)
and (0.2) that it will be enough to study weighted estimates for one of these two operators since the
(LP(wdpiy), LP(wdpg)) inequality for the family 7, is equivalent to the (LP(wdp,), LP(wdiigpt))
inequality for the family P ; and conversely. The results we obtain depend upon the values of s + ¢,
g and Q. In the case s + t < —(N + 1) we have the following two main results. The outline of this
chapter is as follows. We prove Theorem 0.1.2 in Section 2. From Section 3 on, we look at weighted
estimates; there we show Theorem 0.1.5 and Theorem 0.1.6. The proof of Theorem 0.1.8, Theorem
0.1.10, Theorem 0.1.14 are in Section 4. The proof of Theorem 0.1.13 is in Section 5. Corollary 0.1.15

appears in Section 6.

Recall that, throughout this document d is the pseudo-distance (see Definition 1.5.2) in B defined
by

oz ) = 2l = Jwll + 1= (& )| zweB
7 12| + |w| z=0o0rw=0.

Throughout this paper K will be a constant such that

d(z,y) < K(d(z,z) +d(z,v)) (3.1

for all x, y and z in B. We will consider pseudo-balls in B, B(z,r), as points w of B such that
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3.2. Weak Type L' Inequality for P, and T, .

d(z,w) < r and we say that B(z,r) touches the boundary of B if » > 1 — |z|. When B(z, ) is such
that > k(1 — |z|) for some absolute value k& < 1, we say that B(z, ) almost touches the boundary of
B.

3.2 Weak Type L' Inequality for P;; and T, .

In this section, we will prove Theorem 0.1.2 that we first recall here.

3.2.1. In the case ¢ = s, s + 2t > —1 and s +t > —1 with s > —1 the operators P, are
bounded from L; to Ly> and not from L), to L.

Proof. The kernel of P, is H, (2, w) = Mm% We are going to proceed in three steps.

Step 1: Show that H,,(z,.) € L,Vz € B.

Indeed, we have

— 1z
/‘Hst Z,Ww ‘ d:uq ’1 _ Z w |2(N+1+S+t)dluq(w)

< (1 _(|z|)2|fJ\LJ31+s+t) /]B<1 B |w|2)qd,u(w)

where in the second inequality, the member of the right hand side is finite because ¢ = s > —1.
Step 2: Show that P, is bounded from L2 to L.

We have to show the boundedness of T, from L? to L?,,,. By Kaptanoglu and Ureyen, for
a=s+tb=s,p=P =2and Q) = q+ 2t (this is the reason that ¢ + 2t > —1 is needed), this holds.

Step 3: Show that there are two constants C'; and C5 so that Vw, wy € B we have

HS - HS 9 d < C .
‘/d(szo)>C1d(w,w0)| t(Z w) ’t<z wO)' MQ(Z) 2

This was already done in [11] (see the proof of [11, Proposition 1] choose a = g +t + 1).

Because of Step 1, Step 2 and Step 3 we have by using Theorem 1.6.2 that the operators F; ; are
bounded from L, to L,>°. Observe that P, is bounded from L, to L; if and only if T, . is bounded

from L1 to L; 4> and by Theorem 0.1.1, i ; is not bounded from L1 to Lé 4, because g = s. U]

RGPS 3.2.2. In the case a > —(N + 1), the operators T ap are bounded from L1 to L1 > if we

have the following two conditions
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3.3. Weighted estimates: Preliminary necessary conditions and the case where s +¢ < —N — 1

i) a<b

ii) —1<qg<b

The case a = b = q > —1 is due to Békolle in [11]. The remaining cases are obtained by using
Theorem 0.1.1.
3.2.3. In the special case b = q, Tib is self adjoint and bounded from L1 to itself for
1 <p < oo. Indeed, let f € L} and g € ng’_ Then
(T fog)ez = [ [ Kalzw)f(w)(1 = ) duy(w)g(Z) (1 = =) du(2)
= [ F@) @ = [Py [ Ka(w,2)g()(1 = |22 du(z) (1 = ) du(w)
= [ F@)TEg0w)dig (w)
=(/, (Tf,b)*ghg,

where
() g(w) = (1 — |w|*)*~ /B Ko(w, 2)g(2)(1 — |2*)%dp(2).

Observe that when b = q, (T},)* = T, and since T, is bounded from L} to Lt when 1 < p < 2,
then T}, = (Tf,b)* is bounded from qu’/ to Lg/ with 2 < p' < oo.

3.2.4. By Remark 3.2.2 we have that qb is of weak type (1,1) and let A, be the operator
norm. By Theorem 0.1.1 we have that Tqb is of strong type (2,2) and let Ay 5 be the operator norm.

Applying Theorem 1.6.3 leads us, with a better estimation of the operator norm

A A\
App =2 L
p,p [p<p_1 2_p )

to a new way to have the boundedness of T apJrom LE to LY when 1 < p < 2. In the special case b = q

we have the boundedness from Lb to L when 1 < p < oo because in this case Tmb is self adjoint.

3.3 Weighted estimates: Preliminary necessary conditions and
the case where s +¢t < — NV — 1
In this section we will give a proof of our criterion for the weights that provide boundedness of P ;

when s +¢ < —N — 1) (respectively T, , when a < —N — 1). We start first with some general

necessary conditions.
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3.3. Weighted estimates: Preliminary necessary conditions and the case where s +¢ < —N — 1

3.3.1 Preliminary Necessary Conditions

3.3.1. Let w be a weight. For q,Q) € R, if Py, is well defined and continuous from LP (wdji,)
1o L (wdpg), then w must be in L' (djig pt)-

Proof. Let f(w) = (1 — |w*)~*xp,r)(w) where B(0, R) is the Euclidean ball. Then
Py f(w) = (1 = Jw]?)’ /B Kose(w, 2)(1 = [2[*) " xpo.m (2)(1 = |2[*)"du(2)
— (L= wP) [ Koplw, 2)du(z)
B(0,R)

= (=) [ Kz w)du(z)
= (1 - [wP) Ko a0, w)n(B(0, B))
= (1 [wP)'u(B(0, B)).

Since P, is well defined and continuous from LP(wd,) to LP(wdjig),

1Pt (2)Pe(=)dug(2) < .

so that
W(BO, B)) [ w()dgim(z) < oo,
then
| @@dngin(z) < .
and w € L' (dugipt)- O

3.3.2. Let w be aweight and q, Q) € R. If T, ;, is well defined and continuous from L* (wdji,)
to LP(wdpg), then Wit € LY(dpigip (—q))-

Proof. Assume that T, ; is well defined, that is for any z € B

Saof(2) = [ [Kale,w)][£(w)ldus(w) < oc.

and continuous from LP(wd,) to LP(wdug). We want to show that Wit € LY(dpigipp—1)(b—g))s IN
other words we want to show w™ € L (wdjty 1 p(r—1)(b—q))- Assume that w™ is notin L' (wdityppr—1)6—q) )»
then by the Riesz representation theorem there exists a positive function A in LP(wdtg4p@r—1)(6—q)) SO

that

<haw_1>w,q+p(p’fl)(bfq) = ©0.

This means that
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3.3. Weighted estimates: Preliminary necessary conditions and the case where s +¢ < —N — 1

g
I

T~

h(z)(L = [P =000y, (2)

h(z ( ’z‘ )[pp —1)-1)(b— q)d,ub( )

h(z) (1 = [P IO Ddp (2).

Since h € LP(wdiiy1pp—1)(b—q)) then g € LP(wdp,), where g(2) = h(z)(1—|z|?) P~V vz €
B. So

Tsg(0) = [ h()(1 = o) 10 Ddp (=) = oo,

contradicting the fact that T, ;, is well defined and continuous from LP(wd,) to LP(wdpug). O

Proposition ‘ 3.3.3. Inthe case s+t < —1and Q) < q, orin the case s+t+ % < —1, for any pseudo-
ball B that touches the boundary, there are no weights w so that, both conditions w € L*(B, dpgpt)
and wi T € LY(B, djig+y(s—q)) hold at the same time.

Proof. Lets+t < —1,Q < qand B be a pseudo-ball that touches the boundary see Definition 1.5.2.

Then
= / :us+t

= | (1= [z[*)""du(2)

= [ (=127 du(z)

qa+pt

= [ wi(2)(1 - |2) T w T (2)(1 — |2[)* Fdpu(z)

< ([ @ = 1P du()” ([ o 1@ - 2R () )
< ([ wea- |z|2>Q+pfdu<z>)’l’ ([ @M= [ - Dau(z))

e

so that necessarily w ¢ L*(dpgipt) or = ¢ L' (dptgip (s—q))-
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3.3. Weighted estimates: Preliminary necessary conditions and the case where s +¢ < —N — 1

Lets+1t+ % < —1, and B be a pseudo-ball that touches the boundary. Then

g
e

< ([ w0 = B du() " ([ @ 10 - R Ddu(z) )

so that necessarily w ¢ L*(dpgipt) or = ¢ L' (dptgip (s—q))-

3.3.2 Thecase wheres+t< —N —1

Here we are going to characterize the boundedness of the operators P;; from LP(wd,) to LP(wdpug),

where w is a weightand s +¢t < —N — 1.

3.3.4. In the case s +t < —(N + 1), there are no weights w such that P is well defined
and continuous from LP(wd,) to LP(wdpug) for Q < q.

Proof. This is due to Proposition 3.3.3, Lemma 3.3.1 and Lemma 3.3.2. [

3.3.5. Inthe case s+t < —(N + 1), if Q > q, then P, is well defined and continuous
from LP(wdyp,) to LP(wdug) if and only if

(/IBW(Z)dMQJFPt(Z)) (/B(w(z))p_lldﬂq+p’(3q)(z)>p1 < 0.

Moreover,

1Pl = ([ i) (L) g a)
Proof. Assume that

(/IRM<Z>duQ+pt(Z)> (/IB(M(Z»I:Iquer’(s—q)(Z))p_l < 0Q.

We have

[1Pas@le@dio() s [0 =12 ([ 1F©ldu®) w(=)duo()

-/ (/|f Ndss(v)) =)z
~ ([w)ngun) ( [I#@ldna())
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3.3. Weighted estimates: Preliminary necessary conditions and the case where s +¢ < —N — 1

where the first inequality is due to the fact that K., is bounded when s +¢ < — (N + 1). We also have

([17@)1d02)" = ([IFOI@E)T @E)H1 = 22 du(2))

<([ !f(z)!pw(Z)duq(2)> (L) V10— Y Pdu ()

< s

Then P ; is well defined and continuous from LP(wdy,) to LP(wdg) when

(/Bw<z>du@+pt(z)> (/B(w(z))P—lld,uq+p’(s—q)(z))p_1 < 00.

Now assume that P ; is well defined and continuous from LP(wdp,) to LP(wdug). Let po be as in

Lemma 2.2.16, then for positive functions f we have

LIPat@Podia() = [[| [ Kotz f @) w@digim(:)

> [ | [ RE G w) () () (2 g (2)

|2]<po

— 5 ([r@adn@) [ wdugunc).

By continuity of P;, there exists a constant C ¢, , o > 0 such that

L 1Pt ()Pw(2)dio(2) < Cuspaa [ £ (2),

forall f € LP(wdp,). Hence,

;(/ZKPO (g2 )(/ 1)) < Cornaa [ 1) Po(:)dn (2

for all positive f € LP(wdp,). Let f(z) = (w(z))pill( —|22)P'=DE=0) vz € B. Then f € LP(wdy,)
by Lemma 3.3.2. Replacing this choice of f in the last inequality we obtaln

—1 p—l
([ cCnen) ([ a2 Curpaa <.
|z|<po B

Then bt
(L@@ g () <oe.

Using Lemma 3.3.1, we get

([ wam) ( [@E) o o) <o
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

3.4 Weighted estimates: The case wherea > — N —land s+ ¢ >
—N —1

Here we are going to start the study of the boundedness of the operators T}, ;, and P, from L?(wdy,)
to LP(wdpg) in the case a > —(N + 1) and s +t > —(N + 1) respectively.

3.4.1 Necessary Conditions

To obtain our necessary conditions, we are going to use the following lemma. This is an extension to

the analogue lemma in [11].

MBS 3.4.1. Let By = B(wo, R) be a pseudo-ball of sufficiently small radius R touching the
boundary of B. There is a pseudo-ball By with the same radius touching the boundary of B, sufficiently
far from By, but such that d( By, By) ~ R, for which for all non negative functions [ with support in
B; we have ifa > -1 — N

1
Lsd ()] 2 Con s [, Fw)dp(w),

forall z € B;, i # j, 1,5 = 1,2. In particular, if a > —1 then

1

T ()] 2 Canips [ f(w)din(w)

forall z € B;,i # j, 1,j = 1,2. The constant C,, does not depend of B;, B; or f.

Proof. Let wy be the center of B;. If R is sufficiently small, we take B; such that for all z in B; and
for all w in B;, we have d(z,wg) > Cid(w,wy) where C} is as in Lemma 1.6.10. Let f be a non

negative function with support in ; and let = € B;, we have

1

oo () = (T aruggyversa J, F0) ()

+ /Bi l“ — <Z’3U>)N+1+a T (1- <27;0>)N+1+a] J(w)dpy(w).

Then

T () > s, {dm()

s

1 - 1
(= (e )75 (1= (2, wo) Vo150

f(w)dpu(w)
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

By Lemma 1.6.10 and Proposition 1.5.4 we have

1 _ 1
(1~ () Ve (1= (2, wg)) Ve

1 1
21 — (z,wg)|Ntatl’

<

so that . )
T f N 2 gy, f@)dm(w)

Since our pseudo-balls touch the boundary and since d(B;, B;) ~ R, we have
11— (z,wo)| < R.

Hence L1

Tapf(2)] 2 > RNiite /Bi f(w)dps(w).
By Lemma 1.5.6 and [77, Lemma 2.8], if a > —1 and because B; touches the boundary we have
pra(B;) ~ RN+t 5o that

1

2| >
Tasf () 2 t1a(B;)

/Bi f(w)dpp(w).

N | —

We are now ready to prove Theorem 0.1.9.

3.4.2. If T, is well defined and continuous from LP(wdp,) to LP(wdpug) for Q@ < q then if

a > —1 we have .
Mb(B)/ )(Mb(B)/ =L )p
su w(z)duo(z w(z))r1d v (2 < 0.
o (uZ(B) [ wliiole)) (02 [ (w2 P o)

More generally if a > —(N + 1), then

sup (% /. W(Z)dMQ(Z)) (% /. (w(z))pﬂdqu,(bq)(z)) o

pseudo—balls B:BNOB#Y
where Ry is the radius of B.

Proof. Assume that @ > —(N + 1) and T, is well defined and continuous from LP(wdy,) to
LP(wdpg) for Q) < g. Then there exists a constant C,, 3, ,, , o > 0 such that

[ Tosf )P2)dia() < Caspaa [ 1FE)P()dia2).

Let f be a positive function with support in B; (we take B;, B; as in Lemma 3.4.1). By Lemma 3.4.1,

we then have in the case ¢ > —1

ety [, =zt (], Fdm) w@)dno(2) < Conpaa [ 11 (In (o)
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

hence

w(z)duQ(z)> <Clyno /B TP 32

< Chipaa [ 17w ()dug(2)
Choosing f = “" ))XB in the last inequality we get

1h(Bi)
B;) <! PalZi) (B,
W( ]) — a,b,p,q,Q“iJ(Bi)w( )

where w(By) = / w(z)dpg(2), k =1, j.
B
As B; and B; toucﬁ the boundary of B and have the same radius, by Lemma 1.5.6 we have

We then have

15(B;)
w(B) <, HalBi)
J 7b’p7q7Q Mi) (BJ)

Interchanging B; and B; (See Lemma 3.4.1) we get

a(Bi)
Bi < 1 lua B
O.)( )— a,b,p,q,Q Z(Bz>w( J)J
so that "B,
Hp\ Di 1"
< B
/J[/g(Bz) ( ) Ca’b7p7q7Qw( )

which together with (3.2) leads to

L (], St ([ wlia(2)) < Ol [ WIPlhfo).

Then choosing f(z) = wi- 1( (1 — |2)2)P'=D0=Dy 5 (2) (f € LP(wdp,) by Lemma 3.3.2) in that

last inequality we obtain

(By) #o(Bi) =T - 1"
(u;;(B» e Q<Z>> <u§(Bz~> Jp “p’“"q’(z)> = Cabpaa

When —1 — N < a < —1 it is sufficient to replace y,(B;) by RN+ in the proof. N

3.4.3. If T, is well defined and continuous from L*(wdp,) to LP(wdpug) for QQ > q then if

a > —1 we have

04 (B) o(B) .
sup (” /B w(z)duQ<z>> (” /B (W))de(b_q)(z)) < 0.

B:BNOB+£o p2(B) p2(B)
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

where the supremum is taken over the pseudo-balls B.
More generally if a > —(N + 1), then

Hyy @0 (B) Hyy @=a(B) ) !
sl R BW(Z)dMQ(Z) RQB(NM/B(OJ(Z))”‘ digip (b—q) (2) < 00

where the supremum is taken over the pseudo-balls B with radius Rp.

Proof. The proof is similar to the proof of Theorem 3.4.2, except that we choose the first testing
function to be f(z) = (1 — |z|2)%xgi(z). O

ENTEIS 3.4.4. Inthe case —(N +1) < s+t < —1 and Q < q, or in the case s + t + % < -1,
there are no weights w such that Ps, is well defined and continuous from LP(wdy,) to LP(wdpg).

Proof. This is due to Proposition 3.3.3, Lemma 3.3.1 and Lemma 3.3.2. L]

V) 3.4.5. Inthe case —(N 4+ 1) < s+t < —1, with s +1 + % > —1if Py is well defined
and continuous from LP(wdy,) to LP(wdpg) then

Q—q Q—q p—1
Ry’ Ry L
- W/BW(Z)WQW(Z) }W/B(W(Z))“dqu'(sq)@) <0

where the supremum is taken over the pseudo-balls B with radius Rp.

Proof. Assume that —1 > s+t > —(N + 1), with s + ¢ + % > —1 and P, is well defined and
continuous from L”(wdp,) to LP(wdpg). Then there exists a constant C;,, , o > 0 such that

L 1Pt IP)dio(2) < Cuspa [ 1F(E)Pw()duy(2).

Let f be a positive function with support in B; (we take B;, B; of radius I as in Lemma 3.4.1). By

Lemma 3.4.1, we then have

1 P :
[ o (L F@dn@)) w(:)digm(=) < Coa [ £GP0 ().

7

hence

R(N+11+S+t)p (/Bz f(w)dﬂs(w))p (/B

J

w(z)duQm(z)) < iy [ VP ). 33)

Choosing f(z) = (1 — 12\2)%“)@9 (2) in the last inequality we get, because N + s +t > —1,

i

RO [ w(@)dpgun(=) < [ w(2)dngun(2)

J
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

Interchanging B; and B; (See Lemma 3.4.1) we get

RO [ w(@)dugin() £ [ w(2)dngun(2)

which together with (3.3) lead to

ez ([ £)n(@))” ([ oCnom(=)) € Oy [ 7P ()

Then choosing f(z) = wp;—ll(z)(l — [P DDy (2) (f € LP(wdp,) by Lemma 3.3.2) in that
last inequality, we obtain

Q—q Q—q p—1
R P R P =1
(RN+1+S+t /Bl W(Z)dMQ+pt(Z)> (RN+1+3+1§ /;Z (w(z))pfl duqup’(sfq) (Z)) S ;/,/t,pﬂ,Q'

In the same way we have

3.4.6. If P, is well defined and continuous from LP(wdj,) to LP(wdpg) for Q > g, then
if s+t > —1we have

Q—q Q—q p—l
RBP / RBP —1
su w(z)d z / w(z))r=1d e (2 < 0
pseudo—balls%:Bﬁ@IB;éQ ﬂs—i—t(B) B ( ) ,uQ-l-pt( ) MS-H(B) B< ( )) Fa+p/( Q)( )

where Rp is the radius of B.

Proof. The proof is similar to the proof of Theorem 3.4.5, we choose the first testing function to be
Q=q
fz) =1 =127 xz,. [

3.4.7. In the case s +t > —1 there are no weights w such that P, is well defined and
continuous from LP(wd,) to LP(wdpug) for Q < gq.
Proof. We are going to proceed in two steps.

Step 1: Show that in the case s + ¢ > —1, if P, is well defined and continuous from LP(wdj,) to

LP(wdpg), for () < ¢, then we have

1 1 . p—1
su w(z)d z / wlizN71d e (2 < 0.
pseudo—balls %:BOBB#Z <M5+t(B) ~/B ( ) MQ+pt( )> ([”'s-{-t(B) B( ( >> Feg-+p/( Q)< ))

Assume that s + ¢ > —1 and P, ; is well defined and continuous from LP(wd,) to LP(wdjiq) for
() < q. There exists a constant Cj ¢ ,, , o > 0 such that

L IRt P()dna(2) < Caspaa [ Pw()dpy(2), | € DP(wdy).
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

Let f be a positive function with support in B; (we take B;, B; as in Lemma 3.4.1). By Lemma
3.4.1, we then have

o ([ )’ ( /

Hign() < Chupae [, AP G

< Clupaa J, 1(@P()dng(2).

J

Choosing f(z) = (1 — |2]*)!xp, () in the last inequality we get

Js

J

() dpigip(2) < [ w(2)dngrn(z).
Interchanging B; and B; (see Lemma 3.4.1) we get

/Biw(z)dNQert(Z) S/B w(2)dugp(2),

which together with (3.4) lead to

1 P
25 U S ([ wEnaimn(2) < Clipag [ 17GIPEm()
Then choosing f(2) = (w1 (2))(1 — |2[2)PD6=Dyp (2) (f € L?(wdp,) by Lemma 3.3.2) in that
last inequality we obtain

71 1 =L o "
<Ms+t(B) /B w(z)d/“LQ-HUt(Z)) (HS—H(B) /B(w(z))pfl d:uq-i-p’(s—q) (Z>> S $,.0,0,Q"

Step 2: Show that

(o ) (o <w<z>>p‘—11dquqs_@(z))p_l=oo.

pseudo—balls B:BNOB#D Ms+t(B) Ms-{—t(B)

Let
-1
1 1 =1 P
1T = B w(2)dpgpt(2) B (w(2)) P~ dptgip (s—q)(2) :
ts+(B) /B ps+(B) /B
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—-N -1

Let B be a pseudo-ball that touches the boundary and Rp its radius. By Holder’

fsit(B) :/ dpsy1(2)
_/ 12)5*tdu(2)
/<1 — |2P > Fdu(z)

B
q+pt

= [ wh 1= W )1 - |2 du()

IA

Note that for z € B we have 1 — |z| < 2Rp. Then

1
7

(/Bw(z)(l |2 2) P (2 )) (/Bw_f’il(z)(l _ |Z|2)q+p/(sq)du(z))p |

a(B) < ([ w20~ 122y du()) ([ o P51~ o (=)

= (/B w(z)(1 — |z|2)q_Q+Q+ptd,u(z)> (/B W_p%l(z)<]_ _ |Z|2)q+p’(s—q)dlu(z))p

-1

s inequality we have

< @R ([ w1~ o) (=) ( [ o P ()1 e an(a))

Hence
1 1 ’ pfl
@Re) < e ([ w21 = R0 dp(2)) ([ P12 0du2))
W2 (B) \Js p
=11I.
Taking the sup over smaller radii, we get sup /] = co [
3.4.2 The Associated Maximal and Fractional Maximal Functions
We introduce for b > —1 and s > —1 the following maximal functions. If a > —1 we set
(2) s [ L)) (35)
Mapf(2) = sup — w)|dpp(w), .
CeB,R>1—|(|:zeB((,R) Ha(B(Ca R)) B(¢,R)
more generally if a > —1 — N we set
mfz)= s [ 1wl w) (3.6)
a SNTiTa o (w). :
b ceB,R>1—|c|:zeB(c,R) RN T4 JB(¢,R) ’
If a > —1 we set
Mysf(2) = swp s [ 1(0)ldi( (3.7)
B:zeB ,ua
and more generally if a > —1 — N we set
M F() = sup ——— [ |f(w)|dps(w) (3.8)
a,b - B;zepB RN+1+a B Ho . .
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

If s+¢ > —1 we set

1
O, = (1—1z|?) - dps , 3.9
’tf(Z) ( |z| ) CEIB,R>1§\HCI|):,Z€B(§,R) Ms+t(B(§,R)) /B(QR) |f(w)| s (w) G-

more generally if s +¢ > —1 — N we set

1
/ _ 2\t
Oy = =P) sy o [ @) @10

CEB,R>1—(¢|:z€B
Let finally define the following fractional maximal function

wa(Z)zgggBM [ 15@)ldm(w). 7 € (0.1) G.11)

Note that for a < b we get by Lemma 1.5.6 M, ~ M, with y = 1 — {25+

For all k € (0, 1), we define the operator of regularisation R}

_
p(Br(2))

where By (z) ={w € B : d(z,w) < k(1 — |2|)}.

RLf(z) = [, F©iin(<), (3.12)

We will need the following lemmas to show Theorem 0.1.14 (see [11]).

3.4.8. Letk € (0,3). If 2/ € By(z), then z € By(2'), where k' = {%;

-k
Proof. We have
2] = 2] < d(z,2") < k(1 = [2]).

Therefore 1 — |z < £1-(1 — |2/]), so that d(z, 2') < k(1 — |2|) < & (1 — |2/]). O

1
&
3.4.9. If B := B(xz, R) touches the boundary then if we take B’ = B(x, K(1 + 2k1)R),
then for all w € B, By, (w) C B’ (See (1.4) for the definition of K).

Proof. Letw € Band z € By, (w). We have

IN

d(z, z) K(d(z,w) +d(w, 2))
< K (RA+ k(1= [w]))

K (
< K(R+k(2R)) = K(1 + 2k))R.

N

O

The next three lemmas are generalizations of their analogues in [11] to the maximal functions m, ,

and Oy ;. For the sake of completeness and for the reader convenience, we include their proofs.

Doctor of Phylosophy/PhD of Mathematics : Weighted estimates for operators associated EI KEUMO NGUEKENG Adriel Raoul © UY1 2022

to the Bergman-Besov kernels and Hardy Dirichlet spaces



3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

3.4.10. Forall k € (0,1), there is a constant Cy, such that for all positive locally integrable
function f we have if a > —1
ma,bf S Ckma,b(RZf)a

and more generally ifa > —1 — N

abf < Ckmab(R f)-

Proof. We have to show that for all z and all pseudo-balls B containing z which touch the boundary

of B, there is a pseudo-ball B’ containing z, which touches the boundary of B so that

wwmwsqm@méLwéw»émymwmﬂwmw

By Lemma 3.4.8, xp,w)(C) > X8y, () (w), where k; = k:+1 If B= B(z,R) (R >1-—|z|), by

Lemma 3.4.9, for B’ = B(z, K(1 + 2k1)R), we have Yw € B, By, (w) C B’. Note that

(B, (€)) =~ pp(Br(w)) when w € By, ((). (3.13)

Hence

1

/B, RZf(w)de(w) ) m

Am)ﬂowmﬂd%w>

Bt o T dm@ﬂmmw

v

: m /Bf XBh«)(w)dub(C)] dp(w)

[/B’ ,ub(Bi())XBkl ( ) (w )] F(Q)dpp(C).

Using (3.13), we get

[, Bt 2 [ s [ o otw)di()| 1Qdm()
= [ FOdu(©).

Since (i, 1s a homogeneous measure we have

1
< R f (w)dpy(w).
)5 )y B ) )
For my, ;, it is sufficient to observe that B and B’ have equivalent radii. [

The following lemma appears as a corollary of the preceding one by observing that

Os,tf(z) = (1 - |z|2)tms+t,sf<z)
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

and

O;tf( z)=(1—1z | ) s+tsf(z)'

3.4.11. Forall k € (0,1), there is a constant Cy, such that for all positive locally integrable
functions f we have if s +t > —1

stf<0k st( f)

and more generally if s +t > -1 — N
O,.f < CLO, (R;.f).

One can find the following lemma in [11] but for b = Q).

3.4.12. Forallk € (0, %), there are two constants C and k' < 1 depending only on k., b, ), N
such that for all f,g € L'(duy), f > 0,9 >0

| FERg(dugl=) < C [ 9B F(2)]dum(2),

where
1

b,Q —
RIOFG) = gy o F(QdalC) (3.14)

Proof. By Lemma 3.4.8, xp,(:)(w) < Xp,w)(2), where k' = 2. Because of (3.13) there is a

constant C' such that
1 C

B (o) ) = Gt o )

We want to form the quantity f(z)[R%g(2)] on the left while controlling it on the right in order to use
Fubini’s theorem to bring out the quantity g(z)[R> f(z)]. Then, for w € By(z)

1 C

mXBk(Z) (w)g(w) < mXBk,(w) (2)g(w).

We form R%g(z) on the left

1 C
/Bk(z) mXBk(z)(w)g(UJ)dﬂb(w) < /Bk(z) mXBk,(w)(Z)g(w)d,ub(w),

by a multiplication by f(z) we have

R <CFG) [

ey (B () (B 0 ()9 (w)dpis(w).

After integration, we obtain

[ 1R g <€ [ [/B o Ty e (D) () | dig(2)
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

Recall that (z € Band w € By(z)) = (2 € By (w) and w € B), hence using Fubini’s theorem

[ R < € o) | [, il mn (el o)

hence
1

[ R < € o) |t [ fohie(a) duafw),

then
| F@Rg(dio(z) < C [ 9B F()]dp(2)
O]

The following result will be used in the proof of Theorem 0.1.14. This extends Lemma 9 in [11].

We give a proof for the reader convenience.

3.4.13. Let k € (0,1). There are two constants c, C' depending only on a,b, N, k such that
for all positive locally integrable functions g if a > —1

cmapg < R (mapg) < Cmapg,
and more generally ifa > —1 — N
Cm;,bg < Ri(mé,bg) < Omiz,bg
Proof. Ttis sufficient to show that there are two constants 0 < ¢ < C' such that Vw € By(2)
cmapg(2) < mepg(w) < Cmgpg(2).

We are going to show the two inequalities. More precisely we are going to show that there are two
constants 0 < ¢ < C' such that, for each pseudo-ball B containing z and touching the boundary, there
is a pseudo-ball B’ containing w and touching the boundary so that

O)ldps (¢ Q)| dpy(C)

and show for each pseudo-ball B containing z touching the boundary, there is a pseudo-ball B’

containing w touching the boundary so that

Q)| dp(C) Oldp (<)

In each case, by Lemma 3.4.9, it is sufficient if B = B(z, R) to take B’ = B(z, K(1 + 2kK)R). For

the result with m, , it is sufficient to notice that B and B’ have equivalent radii. O]

In the same way as Lemma 3.4.13, since O, f(2) := (1 — |2]*)'msresf(2) and O, f(z) =

(1 —|z[*)'m/, . f(z), we obtain the following result.
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

3.4.14. Let k € (0, 1). There are two constants c, C' depending only on s,t, N, k such that
for all locally integrable function g if s+t > —1

COs,tg S RZ(Os,tg) S COS,?ﬁQ?
and more generally if s +t > —1 — N
CO/ 9 < Rb(O;tQ) < CO;,tQ

Now we give a useful characterization of elements in (B;’b’q’Q), see Definition 0.1.7.

IMankY 3.4.15. Fora > —land Q) > q, w € (Bl‘f’b’q’Q) (b > —1) if and only if there is a constant
Cappq.o > 0 such that

(MHQqB/ f(2)d ))p/B (2)dpq(z )<Cabqu/ fP(2)w(2)dpg(2).

More generallyifa > —1— Nand Q) > q, w € (Bg’b’q’Q) (b > —1) if and only if there is a constant
Cappq.o > 0 such that

(lngv:ua /f )dpn(2 ) /B (2)dpuq(= )<Cabqu/ fP(2)w(z)dpg(2),

for all positive f € LP(wdu,) and all pseudo-balls B of radius R that touch the boundary.

Proof. Assume w € (Bg’b”’Q). Let 0 < f € LP(wdy,) and B be a pseudo-ball of radius R such that
R >1—|z|. Then

"d\‘-s

< ([, @) ([ (@EDT) 0= R (=)
fp(z)w(z)d,uq(z)> </Bwp1( Vbt st ooy (2 ))p—l.

Hence

Ub+Q o (
( /f )dpu(z )W(B)S

( / PPNl (2)) [“";f;;()mw(m] (”b;;g;(f) / wﬂz)dum«bq)(z))%

a
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

and because w € B3"%9 there is a constant Cy 4 > 0 such that

F‘b+Q a (
( 2(B) /f ) (2 ) w(B )<Cabqu/fp w(2)dpg(2).

For the general case it is sufficient to replace i, (B) with RN*1+e,

If we assume that there is a constant C, 5, ;o > 0 such that

“b+Q a (

R2N+1+a /f )dpun (= ( )<Oabqu/fp w(z)dpq(2),
for all positive f € LP(wdp,) and all pseudo—balls B of radius R such that R > 1 — |z| it is sufficient
to take f(2) = (1 — |z[2) P~ Db-a)=1 1( )xs(2) to getw € (Bab@). O

3.4.16. The result remains true even if B almost touches the boundary.

In the same way, for (D;’t’q’Q) (see Definition 0.1.11), we have the following lemma.

34.17. ForQ)Q > qand s+t > —1,w € (Df)’t’q’Q) (s > —1) if and only if there is a constant
Cs.tpa.0 > 0 such that

( Moyt Q0 o /f Jdpis (2 ) /BW(Z)dMQﬂ)t(Z) < Cs,t,p,q,Q/Bfp(Z)w(z)ol,uq(Z)7

for all positive f € LP(wdy,) and all pseudo-balls B that touch the boundary.

For s+t + % >—land —1>s+t>—1—N,w e (Dy"9) (s > —1) if and only if there is
a constant Cy p, o o > 0 such that

f(z)dps (2 w(2)dpQpi(2) < Cstpaq | f1(2)w(2)dpg(2),
(Ms+t+Q a / ) /B /B

for all positive f € LP(wdy,) and all pseudo-balls B that touch the boundary.
3.4.18. The result remains true even if B almost touches the boundary.
Corollary ‘ 3.4.19. ForCy > 1, ifw € D;’t’q’Q then there exists a constant Cy > 0 such that for any

pseudo-ball B := B(y,r) which touches or almost touches the boundary, we have

/. o AOdHa(0) £ C [ wlQdugum(@).

B(y,r)

Proposition ‘ 3.4.20. Let X be an homogeneous space. Let w be a weight in X. For —N —1 < a < b,
Q > qand k € (0, ) assume that there exists a constant Cy > 0 such that

D=

(/B[M'y(XBulp’)(;p)]rv(x)dy(x)>’l“ <0, </B ulp/(x)dl/(x)> (3.15)
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

for any pseudo-ball B C X, where v(z) = RPPuw(2), u(z) = RUCPw(z)(1—|z[?)2Pb-0+Q=a g, — dp
k k

Mt Ifw e (ByheQ), there is a constant Cyppq0 > 0 such that for all

p=randvy =1-—
f € LP(wdu,),
[ masf () w(2)dpo(2) < [ 1£(2)Fw=)dng(2)

Proof. Let set
111 = [ (maaf () w(2)dq(2)

Using in this order Lemma 3.4.10, Lemma 3.4.13, Holder’s inequality and Lemma 3.4.12 we have,

IS CY [ (map B f (2))e()dug(2)
<y [ [Rymas B (2))] w(=)dno(2)
CPAP/Rb (mapBLS ()] w(2)dpq(2)
< CRAYC [ (s BLF(2)) RO (2)dja(2).

For a < b, assume that there exists a constant Cs > 0 such that

(/B[M,Y(XBulp/)<x)]TU(l’)dy(x)>i <c, </B u1p/<x>dy(x)>;

for any ball B C X, where v(z) = R\Cw(z), u(z) = RoPw(2)(1 — |22)% dv = duy p = r and

N+1+4a

v =1— s With ¢ to be determined. Then we have

[ masd (2)Vw(2)dng(=) < CRAYC [ (mapBLF () B () dpu(2)
< CRAPC | (MR G)Y R (=) dyu(2)
S CPAC [ (MR () By () dpu(2)

< QAT [ (BLF()P (1= o) RyRw(2)dn(2),

where for the last inequality we used Theorem 1.6.4. Now let us control (R? f(z))? R%w(z). We have

AR = (s [ 1000 (s [ el0ie)

< (mm o 10000) (g (0l

1 p 1
< (o oo 9190) () o =Oel))
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

where the second inequality is because &’ > k, the third one is because i, (By/(2)) 2 pp(Bk(z)). Then

(RLf ()P Rifw(2) S

12 (B (2)) Py 2za(Br (2)) !
€+1(Bk’<z>>/$§+ﬂ (Bk/(Z)) ( MZ(BI@’<Z>> Ak/(z) f(C)de<C) </Bk/(z) C«J(C)dﬂQ(C)) )

so that

pa (B (2))
(Bi ()1}, a=s (B (2))

(RLI G RE%(2) S Cunpaa [ o PP i(€),

because of Lemma 3.4.15 since it is possible to dilate the pseudo-balls By so that they touch the
boundary and the fact that the measures dji, and dfiq4,(,—q) are homogeneous. By Lemma 1.5.6, since
By (z) = B(z,k'(1 — |z])) with 0 < k&’ < 1, we have

. /’Lip(Bk/(Z)) - (1 _ ‘Z‘2)2pa—2pb—b—(Q—q)—(N+l)‘
b (B (2)Hy, oo (Br(2))

Recall that we already have
L manf (@)Y e(2)dug(z) < CLATC! [ (1= |z =) (RLF(2)) By (2)da(2).

Let us set
IV = [(L=2P) O R () By l2)dpal2).

Hence, using the previous control of (R f(z))? RY%w(z) and Fubini’s theorem, we have
s ( / fp(é)w(C)duq(C)> (1 [22)Hbmarsamaab-@romiNgy, (o)
By (2)

S [ (O = [+ aatV gy (2) ) 17(C(C) <)

(
(/E XBk//(()(Z)(l _ |Z’2)c+(12p)(ba)bQJrqlNd,ua(Z)) FP(Ow(C)dpg(C)
(
(1-

AN

AN
@\@\@\@\ &

[ B ()1 = )00 N () ) (e i(€)
[¢[2)em2rem =@ (O (C)dpag ().

S

The proof is complete if we take
c=2p(b—a) +(Q — q).

]

3.4.21. The result in Proposition 3.4.20 says that if we assume that the Sawyer type condition
(3.15) holds, then the necessary condition w € (By"*?) for the boundedness of Ty, from LP(wdju,)
to LP(wdyuiq) is also sufficient by the good lambda inequality in Theorem 0.1.13. Since we do not know
ifwe (B;7b’q’Q) implies the Sawyer type condition, we will provide in the sequel a testable sufficient
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

condition for the boundedness of I, in this situation.

3.4.22. Letk € (0, ). Fors+t > —1,orfor =N —1 < s+t < —1 with s+t+% > —1,
Q—gq

if w € DM we have o(z) = RECPL()(1— 227 € (A, yry0=a)-
’ P

Proof. Wehave o(z) = RS w(2)(1 — |2)2) ™" S e (Ap75+t+%) if

p—1

1 1 -1

Vo= —/O—zdﬂs 0ma(z —/gﬁzdus ) <.

(lus-&-t-&-qu(B) B ( ) +t+ - ( )) <Ms+t+qu(B) B ( ) +t+ - ( ) p( )
s Q-q ) '

Note that o(z) ~ RJH g Q+ptw(z) since dyuy( By (2)) =~ (1 — |2|*)""1*°. We consider two cases.

First case: B := B(y,r) withr < 1 — |y|.

In this case, since R%f (x) is defined as in (3.14), Corollary 3.4.19 shows that there are two
constants 0 < ¢ < C such that

s+t4+ 94 Q4pt s+t+E2,Q+pt s+t+92,Q+pt

cRy w(y) < Ry, w(xz) < CRy, w(y)

for all x € B. We then have

Horroza(B) (1o 0-a(B) -
V>~ = =1.
e—q(B)

]

Fog et

Second case: B := B(y, ) touches the boundary.

Recall that our measures are homogeneous, and recall that if z € B and x € By(z), then

2 € By(z) and z € B' := B(y,2k'Kr + Kr), where k" = {2 Let

VI = [ (i oy 0 0en@)) (0= 15 (),

Doctor of Phylosophy/PhD of Mathematics : Weighted estimates for operators associated EI KEUMO NGUEKENG Adriel Raoul © UY1 2022

to the Bergman-Besov kernels and Hardy Dirichlet spaces



3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

Then by Fubini’s theorem we have,

VI= [ (g ooy “Can)) ()

- /B /B (@) /Ww(x)d“s(z)dﬂmpt(x)
-1 us(f;«(Z))XB(Z)XBk'(Z) () () dpts(2)dpig i pr ()

5 / /B ,usBiu())XB,<I>XB}¢”(1’)(Z)w(‘r)dﬂs(z)dlﬁQ_@t(l‘)
</ T)dpQ+pt(T)-

So we have

S _4_Q—q
Vi= /B R Pw(z) (1= |27 d“s+t+%(2) S / w (@) dpqpi (). (3.16)

/

Let us now control (R4 ™w(z)(1 — |z|2)*t*%)1*7’/. We have

()1 - ) = (1 [ sl

Setting

VII = [( /B k/(z)w(x>d,LLQ+pt(x)> B ( /B " dumﬁgq(w))r'l,

we have, by Holder’s inequality

— /

Q+tpt

e </Bk/<z)w(x)dw+pt($)>l (ék,(z)w;(iv)w?’l( )1 = |22) 5 du(e )>r_1

B 1_q , L p'—1
d / T2yt s '
(i asn@)” (f, ¢ @>Mw<@@0]

(@M@w@m@m@ﬁ1<éﬂaw5@m%ﬂ%ﬂ@0]

—1

Q=g p-1
vir = [ (R - 1075 ) 7 i e o)

VAN

LA

IA

Let us set
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

then we have

1
P

VIII < /
B

N———

</Bk/<z) w(x)dMQ+pt(x)> _1 </Bk/(z) w%/(l’)dqu%s—q) (z) | w(z)(1— \zlz)Q+pt]

W (2)(1 = |2[?)* R dp(z)

so that by Holder’s inequality and Fubini’s theorem, we have
VIS ([ ¥ Gdngroa())]

(/ [(/Bk“(x)w(odu@wt(f)) ) (/Bk”(m)w(Z)dqut(z))] W_”ﬂ(-%)dﬂﬁp/(sq)(x))

Finally, we obtain

D=

!

VIIT< /B W (g oo (2): (3.17)

Where on the last but one inequality we used Fubini’s theorem (as in the control of VI) and the fact
that for x € By/(2) we have z € By (x) and

/Bk//(m)w(C)dMQﬂot(C) S /B )W(C)d,uQert(C)-

W (Z

This is a variant of Corollary 3.4.19 or simply the application of Lemma 3.4.17 for f(¢) = (1 —
|g|2)t+?13k,(z)(g) with B := B(z, 2Kk (1 + k")(1 — |z|)) 2 By (z) (Lemma 3.4.9) and the fact
that our measures are homogeneous. Since w € Dg’t"Y’Q, we use (3.16) and (3.17) to conclude that
oge (A O

sttt Lt )-

3.4.23. In the case both () > q and s+t > —1 hold, and in the case both s+t + % > —1
and =1 > s+t > —N — 1 hold, if w € D39 there is a constant Csypqq > 0 such that
Vf € D (wdpy),

LOwf@Yw(2)dno(=) < Cupag [ 1F(E)Fw()dpy(2).

Proof. Using in this order Lemma 3.4.11, Lemma 3.4.14, Holder’s inequality and Lemma 3.4.12 we

have

LOwf @Y a)dpg(z) = [ (e f(2)Ve(2)dngm(2)
< Y [ (mese s By ()P 0(2)dpigin(2)
< A" [ [Ri(mosis B (2))Pe(2) g m(2)
< LA [ Ril(m s RS ()P o(2) i (2)

< CRAC [ (mor By () R (=) dp(2)
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3.4. Weighted estimates: The case wherea > —N —lands+t > —-N —1

QL—gq

By Lemma 3.4.22, RE97P () (1 — |22) % e A orpra-a

our maximal operator defined by equation 3.5 and equation 3.7, we have

. Using natural domination between

L (0wt () w(2)diq(z) < CRAPC [ (masss Bif (2)) Ry 'eo(2) s ()
< CPAPC [[(Myyu R () B o(2) s (2)

= CLAPC [ (Mestand (1 = |2P) R (] R (2 (2).

O

Because in each case we have =2 > 0, using Theorem 1.6.8, we have that

Nd ‘

(M [(1 = 21) R f(2))P Ry o((2) dpas (2)

s+ Ll st

(M

sttt st 94

L(Ouf2)Pw(z)dug(z) £
(L= =) 5 R ) RS e ) (2)

S [ 2P) QDR f(2) Ry¥ T w(2)dpas (2). (3.18)

A
5

Now let us control IX = (R; f(2))?Ri%™w(z). We have

1 P 1
I1X = (Hs(Bk(Z)) /Bk(z)f(odus(C)) <us(ka(Z)) /Bk,(z)w(C)dﬂQWt(Q)
1 P 1
< (MBH ik f(C)dus(<)> (MBM =), k/(Z)W(C)dMQert(O)
1o (Bi(2)) . »
5 M€+1(Bkl(2’)) (M5+t+QP‘J(Bk’(z)) /Bk/(z) f(g)dus(C)) </Bk/(2) W(C)dﬂQ-‘!—Pt(C))

#. . aa(Be(2)
< Cuipa > P dyu,
S Cotma@ i oo P1O(O0

S Coapal(l = [P0 N1 [ p(0a(Chapy (€),

B,/ (2)

where for the last but one inequality we used Lemma 3.4.17. Hence using (3.18) and Fubini’s theorem

we have

LOuf@)e)duo=) 5 | ( L f”(C)W(Oduq(C)> (1= [=P) N du(2)
@)1= 27N dp(2)) £ dng(€)
S [ F©0w()dny(C):

24N
T
/—\
=

=

2

Here we used Lemma 3.4.8 with k” := (k’)’. The proof is complete. O
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3.5. Good lambda inequality and sufficient conditions

3.5 Good lambda inequality and sufficient conditions

In this section we will establish the good lambda inequality that allow us to provide sufficient conditions
for the boundedness of our operators. We first need some preliminary results. The first result extends
to the maximal function m ,, , the analogue result in [11]. For the sake of completeness, we include

the proof.

Proposition ‘ 351, Let > 0and s +t > —1 — N there is a constant A > 0 such that for all ¢ € B
R > 1 — |z0| and a positive locally integrable function f and for all z € B(zy, R) if s +1 > —1, then

f(€
& '/‘1(2075)>R d(zo, f)]§+2+8+t+ﬁ dps(§) < Amgprs f(2)-

More generally if —1 — N < s+t then

G ,
R /d(z(),g)>R d(zo, é’)]\§+)1+s+t+ﬂ dps(§) < Aml,,  f(2).

Proof. Recall that if s +¢ > —1, by Lemma 1.5.6, there is a constant a > 0 such that for all £ € N,
we have pi,4+(B(20, 281 R)) < a(2FFLR)NF1Hs+ 5o that setting

f(§)
=1 /d(ZO,g)>R d(zo, §)N+1+s+t+,3 Hs(f)

we have
400 1
X < kz:%) Qk(N+1+s+t+8) RN+1+s+t /CI(ZO’£)<2k+1Rf(§>d'US<€>
< gNHItst Jio 9—kB 1 — / f(&)dus(€)
k=0 pst(B(20, 257 R)) JB(z0,27 1 R)
Neltsit +oo k8 a2N+1+s+t
< a2 Mt f(2) Z 27 = ﬁmsﬂ,sﬂz)-
n=0

2N+ 1+s+t

We can take A = BT to conclude. U]

3.5.2. Let w € (D3"%9), we set again o(z) = Ry (2)(1 — |z\2)_t_% with k €
(0,1/2). Set B = B(Z',r)with1 —|2'| < cr and L = {z €eB:1-]z] < C’é’ymr} where C{, >
0,0 <~ <1 r>0andc > 0 are constants. Then if we set L' = {z €cB:1—|z| < 20(’)7N+++s+tr}
and B = B(%',ar) with a = K(C{, + 1), there are two constants Cy and Cy > 0 independent of
such that if s +t + % > —1 then

sttt Q;q+1

wdpoip (L) < C’lad,uSJrH%(L’) and us+t+%([/) < Coyry NFTFsFE M5+t+%<é>' (3.19)

Proof. Let ky = 1%@’ then for z € L and { € By, (2) we have z € B = B(Z,r), 1 — |z| <
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3.5. Good lambda inequality and sufficient conditions

C’{ﬁmr and z € By (&) because k) = k. Then
d(2,€) < K(d(2,2) + d(2,€)) < K[r + k(1 — |2))] < K[r + ki Clyveirir] < (Ch + 1)rK
because 0 < k1, < 1. Then £ € B = B(%,ar) with a = K(C}, + 1). Moreover,
1— €] < 1—|2] +d(2,€) < (k1 + 1)(1 — |2]) < 2CgyFmssir
because 0 < k; < 1,sothaté € L' = {z €eB:1—-z| < QCévmr}. Then we have

X2 (2)X By, ()(€) < XL (E)XBue) (2).
Remember that
“s+t+%(3k(f)) & Ns+t+%(Bk1<Z>>-

Hence,
wdpgipt(L) = /

ne dus(€)> o

X (2 )XB,cl ) (§w(z)
[ MR o)) e

w02
[ ARBOIC 2 ai

XL’(g) 2 —t—%
) Maen)) (= 6 a6

= [ (Bw©) 0 —16R) " iy 0a(©)

Let us show the second inequality. Let z € B, then, d(z/,2) = ||2/| — |z|| + ’1 - >
|2’ —|#|| < ar and ’1 — IjHZ>| < ar. Moreover, as 1 — |2/| < crthenl — |z| =1 — |z’| + 12| — |z\ <
cr + ar. Then for z € L', setting 5 = 2067N+11+s+t7‘ and 5y = (¢ + a)r, we get 1 — |z| < fy,
1 —|z|] < B2 and ‘1 Z,H'?' < ar.Then, ' C {z € B:1—|z| < min(f1, 52), |1 fz/”;‘ < ar}. In
spherical coordinates we have, for s + ¢t + % > —1
l < Q —q
Hoprpaza (L) S (54 == +1) (1= A5 pdp do(§)
17p<min(51,52) |1 ‘<Z,HZ‘|<CLT‘
Q-
< (s+t+ ©Q—q +1) / (1—p) 5 dp / do(€)
p 1—min(,81,,32)<p<1 |1 (2',2) \<ar

127112

s Q= . s Q—q
PN = (1= )T iy = 7 (min(Br, B5))T T

AN
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3.5. Good lambda inequality and sufficient conditions

Then,
Q—gq
s+ 41 Q-qyq SHETH AL
M5+t+M(L/) S TNBI p “ rN+s+t+ » +1’Y N+1+ps+t ' (320)

P
On the other hand, as 1 — |2’| < ¢r, we have by Lemma 1.5.6

B N+1 / stt+ 90 - Nlstt+ 94

“s+t+%(3) ~ (ar)™ " (max(1 — |2, ar)) P O

]

We are now ready to prove our good lambda inequality (Theorem 0.1.13) that we recall here for

the reader convenience. It is used to show that S, . f € LP(wdpiqp) Wwhenm{, . f € LP(wdpiqgypr)-

3.5.3 (Good lambda inequality). Let w € (D5"*%) (1 < p < +00) in the case both
s—i—t—l—% >—land —1 > s+t > —N — 1 hold, or both s +t > —1 and () > q hold. There are
two positive constants C and [3 such that for all v sufficiently small, A > 0 and for all positive locally

integrable functions f, we have

wdpgpt({z € B : Ssyrsf(2) > 2, m;th,sf(Z) <A} <
CD P (W)Y wdpgip({z € B: Seprsf(2) > A}). (321

Proof. Let A > 0,0 < v < 1 and f a positive locally integrable function. Let F)\, = {z € B :
Ssttsf(z) > A}. By the Whitney decomposition Lemma (see [36]), there are a positive integer .J,
d > 1 and a sequence of pseudo-balls { B;}52,, with B; = B(z;,7;), such that

(] E)\ = U B]7
7j=1

e cvery point of £y is at most in J balls B;;

e the balls B} = B(2;, ;) touch the complement of E) in B.
To obtain (3.21), it is then sufficient to show that

WiQpt({2 € Bt Seprsf(2) > 2X,ml, f(2) <A}) < C’D;’t’q’Q(w)'yﬁquert(B), (3.22)

where B = B(z/,r) is a ball in the Whitney decomposition of E). From the third property of the
Whitney decomposition, there is zp € B’ = B(2’,dr) such that Ssy;sf(20) < A. Without loss
of generality, assume that there is {; € B such that m/,  f(&) < yA. Let B = B(z, R) with
R = max(1 — |2, Cor) where we choose Cy > max(c; K (1 + 0),d) where ¢, is the constant C in
Lemma 1.6.10.
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3.5. Good lambda inequality and sufficient conditions

Weset fi1 = 15/ and f, = 1B\§f, then f = f; + f» and we have

S,
Sottsfa(2 /||1_ (20, E)|[NF1+st

djis (€)+

1 1
<Z’£>|N+1+S+t B |1 — <z0’£>’N+1+s+t f(g)dﬂs(f)

B\B

So that, by Lemma 1.6.10 and Proposition 3.5.1, we finally have, for z € B

Seresfa(2) < Seprsf(20) + Amiy, f(&) < A+ Ay

So, since
Sett,sf(2) < Ssirsf1(2) + Sstsfo(2) < Seprsfi(z) + X+ Ay,

we have that S, f(z) > 2\ implies that S, s fi(2) > (1 — A’y)\. Therefore, to prove (3.22), it

will be enough to show that
wdpgipt({z € B Ssirsfi(z) > bA}) < CD;’t’q’Q(w)’waduQert(B), (3.23)

where b = 1 — A’~y with an appropriate choice of 7. We are going to discuss according to the values of
the radius R = max (1 — |z, Cor) of B = B(zo, R). Let B} = {Ssssf1 > bA} N B.

First case: Cor < 1 — |z|.

Then, B = B(z,1—|2]).
so that for all z € B,

—(2,0)1 2 1=]2[ > C"(1—|20]),

dus §) 1
B

Then
Serrsfi(2) < C'miy, f (&) < C"yA.

Hence, if we take 0 < v < 79 = min(; 1 Ci) then it remains only to prove the following case.

Second case: 1 — |zg| < Cor.

Then B = B(zo, Cyr) and E} C L for L defined in Proposition 3.5.2. In fact, if z € E}, then
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3.5. Good lambda inequality and sufficient conditions

z € B and
dus £) 1
bA < Siesfilz / |1 — (2, &) |NH1tstt < (1 — |z|)NH+1+s+t N/f(ﬁ)dus(ﬁ)
B
(C’OT)N+1+s+t
= (1 - |Z’)N+1+S+t 5+t sf(fO)
(COT)N+1+s+t

- (1 _ |Z|)N+1+s+t

For o(z) = Ry w(2)(1—|22) " %", with &’ € (0, ), by Lemma 3.4.22 we have o € (A

p,s+t+%)
so that o € (A ) because (A C(A

o0, stt+ 24 pstt+ 1 ) 00,5414 24 )-

Given the fact that I is a measurable subset of B = B(2’, ar), we have by Proposition 3.5.2 and
Lemma 1.6.7

wdpigpt(L) < ngﬂs+t+% (L)

B
s Ms-{-t-‘r%([/) 0 d (B)
<O|—2—| odu_, o
Ms+t+@(3) e
9+f+Q 441 D,
< Cﬁmﬁoadﬂﬁﬁﬂ(B)‘
p

s+ E41

As E}isasubsetof L={z€ B:1—|z| < C’(’)ny+11+s+tr}, it follows that for 8 = — 52—

we have

wdpgip(EY) < CyPodu B). (3.24)

s+t+% (

One shows by Fubini’s theorem that adus+t+Q_q (B) < deuQ+pt(§) with B = B(Z', (2k+1)arK).
And by Corollary 3.4.19 we get wd/LQﬂ,t( ) < D39 (w)wdpigp(B). Then

wiiqip(E}) = wdiiqin({z € Bt Seyafi(2) > bAY) < CD3MQ(w)y wdpigp(B).
This ends the proof. [

The following results appear as consequences of Theorem 3.5.3 and Lemma 1.6.9.

3.5.4. Letp > 1. ForQQ > qand s+t > —1,ifw € D;’t’q’Q there is a constant C ;4 o > 0
such that

[ St ()11 2) < Curag [ (Mesanf ()P dpicn(2).

Proof. It is enough to apply Lemma 1.6.9 to Sy, f and mg ;s f witht = 2\, ¢ = 3,0 = % and

a = CD3"9(w)y”. We just need to take - small enough so that a < b?. O

3.5.5. Letp > 1. Fors—l—t—l—% >—land —N -1 <s+t<—1,ifwe D;’t7q’Q there
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is a constant Csy o o > 0 such that

/IB(Ss+t,sf(Z>)deQ+pt(Z) < Cs1.4.0 /B(m/sﬂﬁf(z))pdu@wt(z).

3.6 Final remark

This part is simply a direct application of the two preceding sections and Remark 0.1.12. Therefore for

1 < p < +o00 we have the following two corollaries.

Corollary ‘ 3.6.1. Let w be a weight on B. Then for s +t > —1 and q = @), the following assertions

are equivalent.

1. Py, is well defined and continuous from LP(wdji,) to LP(wdj,);
2. Ty s is well defined and continuous from LP(wdyp,) to LP(wdpigpt);
3. Ssits is well defined and continuous from LP(wdji,) to LP(wdfigipt);

4 w e (Kstaa),

Proof. By Remark 0.1.12, we have that (K;"%9) = (D3"%9), so that by Theorem 3.5.4, since
(1= 12?)!Sssesf(2) = P f(2) and Oy, f(2) = (1 — |2]?)"ms1s6f(2) and Theorem 3.4.23, we have
(4) implies (1). [

3.6.2. Let w be a weight on B. In the case both s—i—t—l—% > —land —1 > s+t > —-N—-1
hold, and in the case both s +t > —1 and ) > q hold, if w € (D;’;t’q’Q) then P, is well defined and
continuous from LP(wdyi,) to LP(wdpg), so that Sy s is well defined and continuous from LP(wdyu,)
to LP(wdpiqpt)-

In Theorem 3.4.5 and in Theorem 3.4.6 we show that being in (K ;’t’q’Q) is a necessary condition
for the continuity of P;; from LP(wdy,) to LP(wdg ), while in Corollary 3.6.2, we have that being
in D3"%9 s a sufficient one. When Q = ¢, we find out that (K3"%%) = (D>"%4), so that we have
a necessary and sufficient condition. But when @ > ¢ we have (D3"49) C (K3%%). It is an open

question to find in this case a necessary and sufficient condition for the boundedness of P, ; from
LP(wdp,) to LP(wdpg).

Doctor of Phylosophy/PhD of Mathematics : Weighted estimates for operators associated EI KEUMO NGUEKENG Adriel Raoul © UY1 2022

to the Bergman-Besov kernels and Hardy Dirichlet spaces



& Part II: Hardy Dirichlet spaces &




****_

Dirichlet Series

In this chapter we define and give some properties of Dirichlet series and we establish the
isometric isomorphism between H(B) (the set of Dirichlet series to be defined) and the Hardy
space H?(ID*) on the polydisc of infinite dimension.

In the following lines, for a complex number s, $(s) will designate the real part of s. For more
details, we we invite the reader to consult [64],[40] and [65].

4.1 Definitions and first results

Let (a,)n>1 be a sequence in C. We call Dirichlet series a series of the form:

fs)=2 sec.

n>1 ns’
4.1.1. Let 0 < a < B. For all z in C, such that x = R(z) > 0, we have

|efaz . efﬁz’ < M(efax . efﬁx)'
X

Proof. We have
d t
e — P = z/ e Fdt

To obtain the result, we pass to the module, noting that |e_tz\ = etz O]

Qn . .
4.1.2. If the series Z —, s € C converges for a sy € C. Then it converges in the
n>1 n
half-plane R(s) > R(so). Moreover, it converges uniformly on any sector of the type

Agp0 = {5 € C;R(s) > R(s0), |[Arg(s — sp)| < a}, 0 <a < g

Proof. Let s € C, such that R(s) > R(sg). To Show that the series of general term a,,n~* converges,

set a,n"* = a,n S0+,

86



4.1. Definitions and first results

Let u,, = a,n"* and v,, = n*°~%, then a,n~° = u,v,. Let

q q

—S

Apg = Z Up Uy = Z an,n_°.
n=p n=p

Forn > p,letU,, = > u;. Thus,

i=p

Upp = up and forn > p,u, = Uy, —

a?’l
As Z —— converges, one have
= %
n>

Ve > 0,3N(e) such that for p,q € N we have q >

Lete > 0.
- For ¢ > p, using (*)

q
Apg = upvy + Z Uy Upy
n=p+1

q
= U,pv, + Z Uy Upy
n=p+1

q
= Uppvp + Z (Up — Upn_1)vn

n=p+1

Upn—1 (*)

p>N(e) = Uy, <e.

q q
= Upptp+ Y. Uppn— Y. Upno1vy

n=p+1 n=p+1
q q—1
= Uppp+ Y. Uppvn — > Upnpia
n=p+1 n=p

q—1

q—1
= Uppvp + Upqvg + Z Upnvn — UppUpt1 — Z UpnUn+1

n=p+1
q—1

n=p+1

= Upqvg + Upp(vp — vpy1) + Z Upn(V — Unt1)

n=p+1
q—1

= U,qv,+ Z Upn(Vn — Upt1). (%)
n=p

By (4.1), there is N (¢) such that for ¢ > p > N(¢), one have, using (**)

q—1
‘Ap,q‘ < 5’“q|+52|vn_vn+l|

n=p

q—1
< (14D Jvp — vntal)
n=p

where we used the fact that |v,| = —isesy < 1 since R(s) > R(so).

4.1
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4.1. Definitions and first results

On the other hand, we have

1 1
ns—3s0 (n+1)5750
‘e—(s—so)lnn _ 6—(s—so)ln(n+1)"

’Un - UnJrl’

By Lemma 4.1.1 with 2 = s — 5o, a = lnnand § = In(n + 1)

one gets
o |s — s 1 1
vy, — ’U(n+1)| X R(s) — R(so) nR(s)—R(s0) (n + 1)%(5)—%(30) :
Hence,
q—1
[Apgl < e |1+ gzl 3 S .
Dl R(s)—R(s0) = nR(s)—R(s0) (n + 1)?]?(5)—?]?(80)
= ¢ [1 - &e(szg(lso) (pwsﬁ%m - qms)iwso))} (3 %)
|s—sol
< e mg—we)-
- By (4.1), for ¢ = p > N(¢) one have
[ Appl = lupllvp| < fuy| <e.

Therefore we have just shown that the series of general term a,,n~° satisfies the Cauchy criterion, so it
converges. Now show the second part

Lets € A, o .Setz = s — soand @ = arg(z). Then cos(f) = 21 =Rl

50)
e and |0] < « so that

|s — sof _ 1 o 1
R(s) —RN(sg) cos(d) ~ cos(a)’

This implies that for s € A, ., from (***) we will have |4, ,| < e(1 + —2—). Here the estimate does

cos(a)
not depend on s, therefore on this set the series of general term a,,n ™ satisfies the Cauchy criterion
uniformly, hence the uniform convergence, which is what we wanted. O

Here is a result similar to that of the existence of the radius of convergence for the power

series.

Corollary ‘ 4.1.3. Let (ay,)n>1 a sequence in C. Set

o0
E.={c€R:> a,n7 converges }
n=1

and
infE., E. # 1,
Oc =
00, E.=10.,
Then
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4.1. Definitions and first results

o IfR(s) > o, the series Z ap,n”® converges;
n>1

o IfR(s) < o, the series Y _ a,n”* diverges.

n>1

o, is the abscissa of convergence of the Dirichlet series and the half-plane R(s) > o is the

half-plane of convergence.

Proof. Suppose E. = (). We have to show that for all s € C the series Z a,n”*® diverges. Suppose
there is so € C such that Z a,n~*° converges. Then from Theorem 4.1n.2, for all s € C, such that
R(s) > R(sp) the series Znann’S converges. Thus, if we take o = R(s) for s such that R(s) > R(so),
then o € F,, thus E,. # @nwhich is absurd. Thus for all s € C the series Z a,n~° diverges.

Suppose E. # 0. If E. = R, then 6. = —oo and for s € C as Z apn converges, then Z a,n_°

n
converges.

Suppose E. # () and E. # R. In this case 0. is finite. Let s € C, such that %*(s) > o,. Then there exists
oo € E, such that R(s) > oy > o.. By Theorem 4.1.2 we deduce that the series Z a,n”° converges.

n
It remains to show that if for all s such that R(s) < o, the series » _ a,,n~* diverges. Indeed if there
n
exists a s € C, such that R(s) < o, and the series » _ a,n"* converges, then for R(s) < o1 < 0. we
n

deduce from Theorem 4.1.2 that the series Z a,n~ ! converges, which contradicts the fact that o.. is
n

the lower bound of F.. L]

Corollary ‘ 4.1.4. Let (ay,)n>1 a sequence of C. Set

E,={0c€R:> a,n 7 converges absolutely }

n=1
and
Z.nfE(M Ea 7é @,
Oy =
00, E,=10
Then,

o IfR(s) > o, the series Z an,n”® converges absolutely;
n>1

o IfR(s) < 0, the series Z ann”° does not converge absolutely.
n=1

0, is the abscissa of absolute convergence of the Dirichlet series and the half-plane R(s) > o, is

the half-plane of absolute convergence.
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Proof. Observe that
E,={ceR:> |ayJn"7 converge}.

n=1

It suffices then to use Corollary 4.1.3 to conclude. U

Here is a result which links the abscissa of convergence to the abscissa of absolute convergence of

a Dirichlet series.

Proposition ‘ 4.1.5. Let (a,,)n>1 a sequence in C. Suppose E. # ) then

0,—1<o0.<0,.

Proof. 1If the series Z a,n”® converges absolutely , then it converges, hence 0. < 7,.
n

Let us now show that o, — 1 < o, . If we show that for all ¢ > o, + 1, the series Z a,n~“ converges

n
absolutely, it will be done. Let o > 0.+ 1, then 0 —1 > o, so there exists oy such thatc—1 > 0y > o..

As the series Z a,n~ " converges (because oy > o.), the sequence (a,n"°),, is bounded. Let M>0

n
be such that |a,n~7°| < M, we therefore have

. la,| 1 M
nT | -

Qa .
| no'o no’—o’o - na—oo

The series Zn’(”’m’) converges since ¢ — gy > 1 (Riemann series), then the series Z a,n"° is
n

absolutely convergent. Hence o, < 0. + 1. [

The following result tells us that the sum of a Dirichlet series is a holomorphic function in the

half-plane of convergence.

Theorem ‘ 4.1.6. Let (a,)n>1 a sequence in C such that o. < co. The function

[e.e]

F:s— F(s)=)

n=1

an
ns

is holomorphic on the half-plane R(s) > o. and, for all k > 0, one have

o0 . k
Fi(s) = 3 = Inn)” nlf W R(s) > o
n=1

Proof. LetK be a compact set contained in the half-plane $(s) > o.. Thereare sp € Cand0 < o < §
such that R(sop) > 0. and K C Ay, o where A, . = {s € C;R(s) > R(so), |Arg(s — s0)| < a}.
According to Theorem 4.1.2, the series Z a,n”° converges uniformly to " on Ay, ,, hence on K .

Theorem 1.4.6 then allows us to deduce that F' is holomorphic on R(s) > . and that

F®(s) = i an(—Inn)Fn=*.

n=1
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4.1. Definitions and first results

The next result shows uniqueness for the coefficients of a Dirichlet series.

Proposition ‘ 4.1.7. Let (ay,)n>1 a sequence in C such that E. # (). Let

Zan s ) > o.

If for all N > 0, one has
lim N°F(0) =0

g—00

then a,, = 0, for alln > 1.

Proof. We proceed by strong induction on n. Let’s show that a; = 0.

Let 01 > o.. By Theorem 4.1.2, the series converges uniformly on [0, oo[. Hence for N=1, we have

lim F(o Z lim (a,n"7%).

o—-+00 cr~>+oo
Since
. a1, if n=1
0,1_1>r_~r_100( nTl ) {0 else. ’

as lim F(o) =0, we get that a; = 0.

o—+00
Suppose a; = as = ... = a,_1 = 0. Let us show that a,, = 0. For N = n,
NUF Z(ZkNO/{Z 7 Zanﬂ,lN”(n—i—l— 1)70
k=n =1
By stretching ¢ — 400, we obtain as in the previous case that a,, = 0 [

Here is a direct consequence of Proposition 4.1.7.

Corollary‘ 4.1.8. Let F(s Z a,n"° and G(s Z b,n" % two Dirichlet series. Suppose that

there is a real oy such that F( ) G(o), forall o > 00 Then an = by, foralln > 1
Proof. Let H(o) = F(0) —G(0) = > (a, — b,)n 7 =0foro > 0o. So, for N > 1
n=1

lim N°H (o) = 0.

T—00

So foralln > 1, a,, — b,, = 0 by Proposition 4.1.7, hence the result. O]
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4.2. Euler product

4.2 Euler product

We give here result due to Euler see [64]

DAV 4.2.1. We say that a map [ is multiplicative arithmetic if f is defined from N* to C such
that the image by f of 1 is equal to 1, and, if n and m are two strictly positive integers, prime to each

other, then
f(nm) = f(n) f(m).

If moreover for any prime number p we have

f is said to be completely multiplicative.

In the following lines P denotes the set of all prime numbers.

4.2.2. Let f be a multiplicative arithmetic function and o, the abscissa of absolute
convergence of the Dirichlet series »  f(n)n™*. Then

n

gfézb) 1 (i f(p”)> CR(s) > o

ns
peP \n=0 p

Moreover, the infinite product converges uniformly on any half-plane R(s) > R(sg) > 0.

Proof. LetT > 0. Set X(T') the set of natural numbers whose prime factors are less than or equal to

T'. Let py, ..., p be the list of prime numbers < 7. We have, by multiplicity of f

I <§f<pn>> . f(p?fl)...J;(kz;gk)

ns 1
2<p<TpeP \n=0 P N1y >0 (p1" Pk

S
nex(T)

Hence

S (L) s e s UL

prs ns
2<p<T,peP \n=0 ngX(T) ngX(T)

Note that, {n € N:n ¢ R(T)} C {n € N:n > T} hence

S gy (S

S S
n=1 " 2<p<T,peP \n=0 P

For R(s) > R(sg) > 04, we have

S (S U

ns
n 2<p<T peP \n=0 p
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4.2. Euler product

and since the series Y _ f(n)n~° converges absolutely on R(s) > o, then

. |f(n)]
lim Rleo) — 0.

T—o0 T n

Thus,

!if(n)— I1 (iﬂpn)>y—>o, when T — .

s
2<p<T,peP \n=0

this yields the result. 0

Corollary‘ 4.2.3. Let f be a completely multiplicative arithmetic function and o, the abscissa of
absolute convergence of the Dirichlet series Z f(n)n=*. Then

n

i o) <1 B f(p))l’ R(s) > 0.

S
n pEP p

Proof. Since f is completely multiplicative, we have f(p") = (f(p))P. By Theorem 4.2.2 we have
plcetely P y

S I(E)

Since the left hand side is finite, so is the right hand side. Hence for any prime p, the series

Z(f(p))n

w D’

converges. So we have |f(p)| < [p®| and we get that:

()

= ps ps

and the result follows. [

Consider two sums of the type

> f(n)n™ and Yy g(n)n?, (4.2)

where

f,g : N* — C are two arithmetic functions that are zero except at a finite number of points. Thus

the two sums of (4.2) are finite and

(i f(n))(i M) S f(n)g(m)

s Sy S
n=1 n n,m>1 n'm
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4.2. Euler product

By grouping in the double sum the terms with the same denominator, we have

SINSC LD -S> ey =y 00,

S S
n=1 1 n=1 1 n=1 d,d':dd'=n

where

(f*xg)n)= > fld)g(d). (4.3)

d,d' eN*:dd’'=n

In this section we have worked with f and g null except at a finite number of points, which avoided

convergence problems. Here is a more general result see [64].

Theorem \ 4.2.4. Let

o)

= ilf(n)n_s and G(s Z

two Dirichlet series of abscissa of absolute convergence ¥ and 0¥ respectively. Let us denote by o,

(f*g)( )

the abscissa of absolute convergence of the Dirichlet series Z

n=1

. Then, the following hold:

(i) We have o, < maz(cf,c%).
(ii) Forall s € C such that R(s) > maz(cl’ c%), we have

—+o00

d_(fxg)n)n = F(s)G(s).

n=1

Proof. To show that o, < max(c?,c?), it suffices to show that for all s € C such that R(s) >

maz(cl, o), the series > (f * g)(n)n

a’ra

—S8

converges absolutely. Let s € C such that £(s) >
n=1
max (ol o%), then for fixed N, we have

a’’a

S l(fxg)n)n~®| = Z I f:;Rgs) (n)]

n<N

= > | > fdg(d)[n "

n<N dd'=n

> > If@llg(d)n™"

n<N dd'=n

< (d;V |§§]§ ) (Z |d/?R(s )

By letting N — oo we have that > _(f  g)(n)n~* converges absolutely,this proves (i). To show (ii),

n=1

IN
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4.2. Euler product

since the series » _ f(n)n~° converges absolutely and » _ g(n)n~° converges because it converges

absolutely on the half-plane R(s) > maz (ol %) then from Theorem 1.10.16, the series

3 f(n)g(m)

n,m=1 (mn>s

converges to F'(s)G(s). In fact this double series converges absolutely, according to Theorem 1.10.17

we can therefore group the terms arbitrarily and we obtain

F<s>G<s>=§f( 3 f(d)g(d’)) = 3O (f # g)(m)n .

n=1 \dd'=n;d,d’eN n=1

Example: Riemann zeta function

NS00 4.2.5. The Riemann zeta function, is defined by

The Riemann zeta function converges absolutely on the open set R(s) > 1 and by Theorem 4.1.6

this series is holomorphic on this open set.

4.2.6. For R(s) > 1, one have

<<s>:H<1—1>1-

S
peP p

Proof. Tt suffices to notice that the function defined on N* by f(n) = 1 is completely multiplicative
and we conclude using Corollary 4.2.3. [

We are now interested in a particular class of Dirichlet series; that is the series

0o a,
f(s) = ; e

such that -
Z |an)? < 0. 4.4)
n=1
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4.3. Hilbert space of Dirichlet series

4.3 Hilbert space of Dirichlet series

Let f be a Dirichlet series satisfying (4.4), we have

] = 32 1521 < (3 fauf) (0 20,

We deduce that there is absolute convergence of f for R(s) > % therefore o, < % We can have

04 = % For this, take the Dirichlet series D with a,, = %, we have > ’%’2 < 00 (see Theorem
1.10.12) )
Since - .
D(s) =
(5) T; nst1/21n(n + 1)’

by Theorem 1.10.12, D(s) does not converge absolutely if $(s) < 1/2.

IS 00N 4.3.1. We denote by

1= {16 = 2 2 = 3 ol < o

the Hilbert space of Dirichlet series.

4.3.2. Observe that elements of H are defined in R(s) > 1/2.

4.3.3. We define the product

<f7 g>’H = Z anma
n=1

where f(s) = Y a,n® and g(s) = > _ byn~" Then (,)y is a scalar product and H is a Hilbert
n=1 n=1

space.

Proof. The product (, ) satisfies Definition 1.10.5 so that (, )4 is a scalar product. It remains to show
that A is complete. Let (), be a Cauchy sequence of elements of H, show that it converges in .
We denote f)(s) = S uP)n=*. The sequence (f?)), being Cauchy, we have

Ve > 0, Ipg, Vp > po, Vg > po, ||f(p) — f(q)||3{ = Z |u£Lp) — u$f)|2 <e. 4.5)
n=1

For each n fixed in N*, we have [u) — u(9|? < ¢ as soon as p > py, ¢ > po, po being associated
with €. Thus, the sequence (ugp))p with fixed n is of Cauchy in C which is a complete space, so it

converges. Let u,, = plg& uflp). Relation (4.5) also implies that, for /V fixed in N*, we have

N
Ve > 0, dpg, Vp > po,Vq > po, VN € N* Z \uﬁlp) — uELQ)P <e. (4.6)

n=1
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4.3. Hilbert space of Dirichlet series

In (4.6) doing ¢ — oo we have

N
Ve > 0, 3po, ¥p > po, VN € N* 3 [ul?) — o, |* < ¢, (4.7)
n=1
which implies the convergence of the series (|u!P) — u,|?), since the sequence of partial sums is
bounded by . So we deduce from (4.7) that

+o0
Ve > 0,3po, Vp > po, Y u® — |2 < e (4.8)

n=1

Fixing p > po, denoting u the sequence of u,, and u”) the sequence of u(P), we have u® — v € I2(C).
Note that u®) € [?(C) because f?) € H thus u € [*(C). Let f(s) = > u,n"°, then f € H. Therefore
(4.8) reads

Ve > 0,3p0,¥p > po, || fP = fll5 < &

This translates the convergence of the sequence ( f (p))p to fin H. [

4.34. Let Cy = {s € C; R(s) > 0} where 0 is a real.

Theorem ‘ 4.3.5. The space H is a reproducing kernel Hilbert space with reproducing kernel K given
by
K(s,a) =((s+a),

where ( is defined in Definition 4.2.5.
Moreover we have

1 Kall3; = Kala) = <(2R(a)).

Proof. By Theorem 1.10.29, it suffices to show that for all a € C, ) the linear map L, : f — f(a) is

continuous. Let a € C, ;. We have, using Theorem 1.10.6

La(f)] < |f(a)l

[o@)
= ’ Z ann_a|
n=1

1 =

< (S (5]

= CaHfH'Ha

which proves the continuity of L,. By Theorem 1.10.22, for any a in C, /5, there exists a unique

element K, of H with the property that

fla) = (f, K,) forall f € H.

Let K,(s) = Z bnan”°. So, for a € Cy/ and f(s) = n~%, we have
n=1

n " =by,
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4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

SO
o0
:ZFnS Zns_a ((s+a),
n=1

where ( is defined in Definition 4.2.5.

Furthermore

1 Kall3 = Kala) = <(2R(a)).

4.4 The space H*(D>): the Hardy space H* on the polydisk of

infinite dimension

A fundamental observation made by Bohr in [1] is the following; Let us set
21 = 2_8, 29 = 3_S, ey Bm — p;j, ceey

where p,, designates the m-th prime number Given the decomposition of any integer into a product of
prime factors, f € H such that f(s Z a,n"° can be considered as a power series over an infinite

number of variables, where the Varlables are the z,,, = p, °.
Indeed if we set z = (2y,)m = (21, 22, 23, ...) and we write n = p;'p;%...p;", the decomposition of n

into prime factors, we thus have formally f which is on the form

Z UnZp) Zpo o2 (4.9)

From now on, for f in H, we call Q f the power series given by (4.9) associated with f, without taking

into account of the relation that links z to s.

4.4.1. A quasi-character on N* is a mapping ¢ : N* — C, such that

o(mn) = ¢(m)op(n) and (1) = 1 with ¢p(n) € D forn > 1.
Another way to think of the Q f extension of f is to write

n=1

where ¢ is a quasi-character and ID is the unit disk. From the decomposition of any integer into a
product of prime factors, we deduce that ¢ is entirely determined by the data of its values on the prime
numbers (p,,). Thus for m — th prime number p,, by setting ¢(p,,) = z,,. and by identifying ¢ with

z = (zm)m» We see that it is equivalent to consider either expression (4.9) or (4.10 ) of Qf.
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4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

Now, taking f(n) = |¢(n)[*n® in Corollary 4.2.3
1Qf(=)]7 = [1Qf(o)f

< (O laal?) Zlqb

n=1

= 1R T = o™ = 11715 T 0= It )

peP

= [If15 11(1 = lzm|?) ™

Then Q f(z) is well defined if

oo
12| < Land Y |zm]* < co.

m=1
Then
1Qf(2)] < C@)|[f]|n-

4.4.2. We call polydisk of infinite dimension, the set of z = (21, 23, ...) with |z,,| < 1 for

all integer m. We denote it D*°.

4.4.3. We call I*(N) the set of sequences (a,), C C such that

oo
> am|* < +oc.

m=1

4.4.4. We call H?*(D™) the set of series of the form (4.9) with z € D> N [*(N).
Proposition ‘ 4.4.5. We have that H*(D™) is a Hilbert space endowed with the scalar product

<Qf Qg H2 (De) — Zan ns

where

= anz 72z and Qg(z Z bnZp 24 2p
Proof. We proceed as in the proof of Theorem 4.3.3. [l

It should be observed that H?(ID>) differs from H only by the set where their elements are taken,
one on D> N [*(N) the other on C; s.

4.4.1 Definition of the space H>(D>)

Hilbert showed that it is possible to go beyond D*° N [?(N) under certain conditions see [40].
Let (5,,)m be a sequence of positive numbers such that 0 < 3, < 1.

Doctor of Phylosophy/PhD of Mathematics : Weighted estimates for operators associated EI KEUMO NGUEKENG Adriel Raoul © UY1 2022

to the Bergman-Besov kernels and Hardy Dirichlet spaces



4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

Consider the following set

Q={z=(zZm)m € D*: |z2| < By for all m}

Let us set

Z(m) = (ZlazZa "'7277170707 )
for z = (21,29, ...) € Q.

[e.e]
Let f(s) = Z a,n”° be a Dirichlet series, we only ask it to have a finite convergence abscissa, we no
n=1

[e.e]
longer ask to satisfy the condition ) _ |a,|* < co. We want to define Q f on such a f.

n=1

4.4.6. We denote by Q f(2\™) the series obtained by replacing in (4.9) z by 2™
4.4.7. For z € Q, let Q f(z) = lim_ Qf(z™).

4.4.8. We say that Qf is finitely bounded on ) if the series Qf(2™)) (m-th abscissa of
Qf) absolutely converges on < for all m, and if there exists a constant C = C( f) such that

Q< 2,

C does not depend on m.
4.4.9. The set of Q f which are finitely bounded on D™ is denoted H* (D>°). We define

the following norm on H>(D>)

19/|lz=@=) = sup_[Qf(z™)].
m>1,z€D>°

4.4.10. We denote by cy(N) the space of sequences (zy,)., C C which converges to zero.
soss) 4.4.11. Given f(s) = Ya,n~*, we have Qf € H>®(D*) is holomorphic and bounded on
e ﬂ Co (N)

Proof. Let Qf € H>®(D>). Let us show that 9 f(2(™)) is holomorphic. For that let us show that
0 f(2(™) is holomorphic with respect to each variable.

Fix 21y ey Zj—1y Zj41y -3 Bm and set
v
9i(z;) = Qf(z(m)) = Z Auoyoom 21 o2 2y 2j €D

and

(>.) = . v1 vj—1 v )
hi(z) = Y. Vjluwn 2tz oz z; €D

It suffices to show that }llin% 9i(% +h) = 9;(2)
.

h
Let ¢ > 0 and r; such that 0 < |z;| < r; < 1. Consider h € C with 0 < |h| < r; — |z;|. Then
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4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

|z; + h| < ;. Note that
gj(ZjJrh})L*gj(zj) — Z (2 + )" =z

h

vl[

v
Ay ooy 210 ]...z

m
m
V15eee,Um 20

V1 h vj— vi— v;—2 vj—1
= > Gyt [E«Zj +h)" T 4 (2 + W) P 4 (2 h)z T 2 )]z

V1 4oy U, >0
= Y e (R (7 R)Y T 4 (2 + h)z;-)j_2 - z;j_l]...zfn’"
V1 yeeny U, >0
GEHNZ06ED p(z) = 3 et (5 R T A (2R h) Y TR (2R h) 2 T T
V1,4t U, >0
vz .z,
Setu(zj, h) = (z; + h)" 1+ (25 + )% 2z + .. + (z; + h)z;-}j_2 + z;"_l — vjz}]j_l then

lu(z;, h)] < QUjT;']jil.

On D, g; converges absolutely i.e Y |ay, v, |[21"]-..]7j"|...] z;| converges. Let r such that

V14 Um >0
r; < r < 1. One have
u vl v _ Y V1 Ti\v; Vi v
Ujavl,,,vmzl 7'] me == Tjavl-nvmzl (7) Jfr'j me
Y (Ti\v; U1 iy v
_ E(T) TQyy v ”1 - J...me
Let
w, = YTy
vy T )
T] r
then ,
Uy;41 v+ 17y Up. 41 T5 r
J _ J . ' Ty j
= —=, lim ——=—=and |=| <1
uvj 'Uj r vj—+oo uvj r r

according to the Cauchy criterion, the series of u,, converges, therefore it is bounded. So there exists
M > 0 such that |2 (22)% | < M.

T‘J T
Then

V1 v;—1
|Vj @y 27015

7zt < Mlay, . v, |27 | 2]

Thus > G021 ] [2057) ~!...|2""| converges as soon as the m-1 other components are

fixed. Then

j — 9
Ino, Z ’avl--“’mHZfl’---[21)]'7’;.)3 1]~-~‘Z:}nm < 5’

V1.0, Um >N0

one then have, for all A with 0 < |h| < r; — |2/,

|gj(zj +h) —g;(z)

€ v Um
: SRD DU TN £ B TEN A IE

andlim Y |ay,. v, ||2]]--Julz, h)|...|z0m | = 0 as a finite sum of limits each worth 0. Thus to

h—0
V1,0, Um SNQ

¢ we associate « > 0 such that 0 < |h| < « implies

L E
S o |23 20 T 2 < S

V1,...,Um <No

Doctor of Phylosophy/PhD of Mathematics : Weighted estimates for operators associated I:l KEUMO NGUEKENG Adriel Raoul © UY1 2022

to the Bergman-Besov kernels and Hardy Dirichlet spaces

Um
m



4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

and finally we have

|gj(2j +h) — g;(z;)

0 < |h] <inf(a,r; — |z]) = h

~hy(z)l <e

Hence Qf(2(™) is holomorphic with respect to each variable and by Theorem 1.4.8 Qf(2(™) is
holomorphic. To show that Q f is holomorphic it suffices then to show that Q f is the uniform limit of
Qf(2™)) and Theorem 1.4.6 will allow us to conclude that £ f is holomorphic. Let z € D> ¢y(N)
and let n, m such that n < m, then

]Qf(z(m)) — Qf(z("))] = | Z Ay oo 21 2z

V140, >0,/Fin<i<m and v;#0

Let,n < j < m. Set

. ) — v1 Un Um
Lj(z) = Z Ay ooy 21 L 2 2
V1,...,0m>0,/3Fi,n<i<m and v;7#0

and

L;(z)
Pz = \&E)
1) = Sy

L; and P; are holomorphic on D as the sum of holomorphic functions on D,
|P;(%)] < 1surD
By Lemma 1.4.7, one has
[Py (25)| < [z e |[Lj(z5)| < 2/[Qf|[moeme<)|z;] for alln < j < m.

Let € > 0, as the z; tend to zero, there is a j, from which |z;| < e for j > jj.

For n > j, one have

1Li(z)] = | > oy 200 20020
V10,0 2>0,/Fin<i<m and v;#0

< 2|1Qf|| e eeymaz{|z;| : n < j < m}
< 2€||Qf [ oo ),

thus the Qf(2(™)) are uniformly Cauchy and therefore converges uniformly. Since by definition
Qf(z) = Jim Qf(2'™) the Qf(2™) converges uniformly to Q.

Let us show that Qf is bounded. Each Qf(2(™) is bounded because Qf € H>(D>) and since
Qf(2™) converges uniformly to Q f, then Qf is bounded. N
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4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

4.4.2 The space H?(T™)

We denote by T = {z € C: |z| = 1}. T is a subgroup of the multiplicative group of the group
(C*,.). We consider the space H?(D*) as the Hardy space H? on the infinite polydisk. It can be

identified with a space of functions on T°°. Definitions and results of this section come from [82].

4.4.12. A character over a group G is a morphism from G to the multiplicative group
(T,.). The set of characters on G which are continuous is called the dual of G and is denoted by G.

Let y be a character on the multiplicative group (N*,.), in other words x : N* — C is such that

@ x(mn) = x(m)x(n),m,n=1,2,3, ..

(i) [x(n)| = 1.

We observe that  is entirely determined by the data of its values on the prime number (p,, )., It is
-1

possible to extend y on Q7. It suffices to set x(n™') = x(n)™! = x(n) and x(nm™") = x(n)x(m)
The set of y defined on Q. is denoted £

4.4.13. The set & is in bijection with the infinite dimensional polycircle T*.
Proof. 1f we take z = (21, 22, ...) € T, we then define x as
X(2) = z1, X(3) = 22, ..o, X(Pm) = Zm, ..., where py, is the m — th prime number

and we extend the definition multiplicatively over N* using the fact that any integer can be broken
down into a product of prime factors, then over Q. We therefore have a bijection between £ and
Tee. ]

We equip T with the product topology, Q. with the discrete topology so that each y € £ is
continuous. We equip £ = @: with the law * defined as follows:

O )(2) = x(e)y(z) =€ Qy.

4.4.14. Let (G;);cs be a family of compact topological groups (without assumption on
the cardinality of J), the product group G = H G is a compact topological group.
j€J

Proof. We endow G with the product topology, i.e with the least fine topology making the projections
7j : G — G continuous. Let us show that G is a topological group; we must show that the product
on (G and the inversion are continuous. Let us denote by p : G X G — G the point-by-point product
defined on G and p; the product on GG;. We know that p is continuous if and only if 7; o p is continuous.
Let g, ¢’ € G then we have

mi0op(g,9') = 9;9; = i (m;(9),7;(9))-

Doctor of Phylosophy/PhD of Mathematics : Weighted estimates for operators associated I:l KEUMO NGUEKENG Adriel Raoul © UY1 2022

to the Bergman-Besov kernels and Hardy Dirichlet spaces



4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

7; o p is then continuous as composition of continuous maps. We also show that the inversion on G is

continuous. We then have that GG is compact as a product of compact topological groups. [l

The next result is in [82]

4.4.15. Let G be a discrete Abelian group. Let G be the dual of G. G is a closed subgroup
of TC and therefore a compact Abelian topological group.

Since Q, is discrete, a direct application of Theorem 4.4.15 shows that the topological group
(€, x)(see Definition 4.4.12) is compact. Thus T and £ are compact.
Since £ is compact, by Theorem 1.9.5 there exists a unique Haar measure on £ that we identify with
the product measure p defined on T°°. More precisely if we denote A\ the measure of length on T
normalized such that A\(T) = 1 and if for the Borel F, Fs, ..., Ey C T wenote £ = F; X Ey X ... X
En X T xT x ... C T then we have

p(E) = AENA(E:)... AM(E);

We admit that this one has total mass 1. In the following lines we assume T°° equipped with the
measure p.

We can now use the bijection between T* and £ to define an integration on £ in the following
manner:

If n = ppipps...ppe and m = py'p;...p)°, as x is multiplicative then

and

x(m) = AR I

SO we set
/gx(n)x(m)dp(x) = /Too 2 22t 2 2z dp(2).

We arrange (****) to have the same decomposition with certain exponents equal to zero. So

1 else

[ xtxmdpte) =11 [ e

£ T

Now let f(s) = > a,n~° € H where H is defined in Definition 4.3.1.
n=1

Proposition ‘ 4.4.16. Let f(s) = > a,n™° € H. The sequence of functions ( f,)nen+ where for all
o n=1
n € N¥,

fn: £€—C

X 1200 = Y e
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4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

is a Cauchy sequence in L*(E, p). This sequence therefore converges in L*(E, p) to a function denoted

Bf(x)

Proof. Let m and n such that m < n, then

15200 = fn Ol Z2ey = 11 2 aix(d) Zazx DZ2e.p)
= I X ax()llZze,)

i=m-+1
= fg( > ax(G))( D ax(@)dp(x)
=m+1 i=m-+1
. aa; [ X(G)x(@)dp(x)
Jyi= m+1
= Z |a2|2-
1=m+1
Wehave > |a;|* — 0 whenm,n — oosince Y _ |a,|* < oco. O
i=m-+1 n=1

Proposition ‘ 4.4.17. The function B f(x) is completely characterised by the fact that

LX@BI)dp() = 0 a € Qs

witha, =0, for ¢ € Q;\N.

Proof. From Proposition 4.4.16, for f,(x Z a;x (1), the sequence ( f,,)nen-converges to B f(x)

in L?(€, p) we can extract a subsequence always denoted ( f,,) which simply converges for almost
everything y to B f(x).
- For ¢ € Nand n > ¢ we have

A@fn(x)dp(x) = a,

x(q) fo(x) is then integrable. x(q) f,(x) simply converges for almost everything y because ( f,,) simply
converges for almost everything . We deduce that x(q) () is bounded for almost all  and the fact
that £ has total mass 1 ensures that the constants are integrable we can therefore apply the dominated

convergence theorem to conclude that

/g@%f (X)dp(x) = aq

-Suppose ¢ € Q, \N. without compromising generality suppose ¢ = m~! with m € N* then

Thus

/gman()de() :/EX(m)fn(X)dp(X)
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4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

Je x(m)x(k)dp(x) = 0 forall k € Nso [. x(m)fn(x)dp(x) = 0 and by an argument similar to the

previous case we have
JX@BF()dp(x) =0

hence the result. O]

4418 Let f(s Zann € H then

L1mf2dp =3 lanl? = II£1
n=1
Proof. By Proposition 4.4.16 the sequence of function ( f,,),en+ Where for all n € N*,

fn: £€—C

X—>fn ZazX

converges to B f(x) in L*(&, p). Set || fu(x) — B (X)||Z2(5) = un then

o =13 0 = B e

= (3 aaxti) - 93f<x>><i oix(i) ~ B ())dox)

= [ 32 @ GIX) - w1l )3 an D - BI00 3 aax(i) + B0 R)p(x)
= = S [ XOBSO0dot) — S [XOBIdp) + [ 117y
—Zml —Zaaz Zazaz+/ B/ 1%dp

o +/g|%f| d.
=1

Since lim [ £,(x) = BF(0)|Fae) = 0 then

L1 Rdo = 3 laul = 111,
n=1
hence the result. L
From the relations between B f(x) and the coefficients {a, }, in Proposition 4.4.17, and Lemma

4.4.18, we will denote B f () by Z anx(n) for all y € €. Note that B f( Z anx(n) when

Z a,x(n) makes sense in C, for all X € &; this is the case when only a finite number of coefficients

n
ay, is not zero. Hence ‘B f is seen as an extension on the characters of Q f defined in (4.10) on the

quasi-characters ¢.
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4.4. The space H?(D>): the Hardy space H? on the polydisk of infinite dimension

4.4.19. We call H?*(E) (or even H?*(T)) the closed subspace of L*(E, p) formed of

functions which can be written as a series of the form

> anx(n) with Y |an|* < .
n=1

n=1

IS 4.4.20. We call H>(E) the intersection L>=(E, p) N H*(E) which is a subspace of L= (€, p).

Since we seek to identify the Hardy space on T with the Hardy space on D*°, we need of an

operator F : H?*(T>) — H?*(D>°) which for a function g(x) ~ > _ b,x(n) of H*(T>) associates
n=1

Fo(6) = 3 bat(n)

where ¢ is a quasi-character such as ¢ € D> [*(N). The following lemma tells us that F is an

1sometric isomorphism and that

0 = FB.
The following Lemmas are in [40].

4.4.21. The operator B : H — H*(T*) and the operator F : H*(T>) — H?*(D>)

are isometric isomorphisms and we have Q = F*B.

Proof. By construction of § we have = F*B. To complete the proof it suffices to show that these
operators preserve the norm. It has already been demonstrated that

L1 1do = 11415

Let g(x) ~ > byx(n)in H*(T*). By definition of 7 and by the norm on H*(D*) we have » _ |b,|> =
n=1

n=1

||]-"g|]§{2(Doo). Note that g(x) = B f(x) with f(s) = > _ b,n"*, hence
n=1

[ 19%dp = 11 Fglifn o,
]

|2V BY 4.4.22. The restriction of F to H* (&) is also an isometric isomorphism from H*(T*) —
H> (D).
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Multipliers and composition operators on

Hardy spaces of Dirichlet Series

In this chapter we define the Hardy spaces of Dirichlet Series and we study their multipliers, and

weighted composition operators between two different Hardy spaces of Dirichlet Series.

5.1 The Banach space H™

5.1.1 Definition and first properties of 7>

Given 0 € R, recall that Cy = {s € C;Rs > 6}. We will denote by D the set of series >0 ; a,n~*
such that 0. < oo (the set of convergent Dirichlet series see Definition 4.1.3), equivalently of series
5% | a,n~* whose coefficients have at most polynomial growth. We will denote by #? the space of

Dirichlet series with square-summable coefficients:

feH* & f(s) =D am™®, with Y |a,> = [|f]5 < oc. (5.1
n=1

n=1

We will denote by H>°(Cy) the set of bounded analytic functions on C,, equipped with the norm
[flloe = sup [f(s)]- (5.2)
s€Cq

5.1.1. The set H* of bounded Dirichlet series (later seen to be the set of multipliers of
H?) is by definition:

H> = H®(Co) N D. (5.3)

108



5.1. The Banach space H>

In others terms, a function f belongs to H° if it verifies two properties:

1. It is a bounded analytic function in C,.

2. Moreover, it can be represented as a convergent Dirichlet series for Jts large enough.

Let us examine some examples:

L f(s) =527 L & 3> Indeed, f is analytic and bounded by 1 in Cy, but f & D.
2. f(s) =e* & H™, for the same reason.

3. f(s) = (1 —275)C(s + 1) = 30, (=1 In=*71) & H>. We have well the membership of

n=1

fin D, but f is not bounded in C,, for example because of Theorem 5.1.7 and the fact that

1
ZPEZOO'

4. Let g(z) = 300 o bpz™ € H*(B), the space of functions which are analytic an bounded in the
open unit disk D, equipped with the norm ||¢||oc = sup,cp |g(#)|. Then the mapping

g Alg) = f, f(s) =g(27%), isanisometry : H> 2% 4.
This is obvious since g(s) = 302 1 b,(2") 7% € H>™.

To estimate the coefficients of a function in H*°, we have the following starting point, of basic

utility appearing in [65].

51.2. If f(s) =200 apn™® € H™, then for all n € N*
|an| < [[flloo; and oa(f) < 1. (5.4)

Proof. Let p > 0 such that >2° | |a,|n"” < oo. Such a p exists since o,(f) < o.(f) + 1. We can

then write the Fourier-Bohr formulas see [15]:

ap,n”’ = hm T/ (p + it)n'dt,

T—o0 2
equivalently
1 p+iT 5
a, —Tlgrgoﬁ . f(s)n’ds.

By the Cauchy integral theorem for a rectangle, we have as well
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e +iT p+iT

e—1iT p—1T

1 p+iT eHT p—iT
a, = lim — </ f(s)n’ds —I—/ f(s)n°ds —/ f(s)nsds>.
€ e—iT iT

N TLOO 1T +4T e—i
The first and third terms are dominated by pn”|| f||o/27" and tend to 0 as 7" — oo. The second term is

majorized by n°|| f||«, s0 that |a,| < || f||o, by letting e tend to 0. This implies that o, (f) < 1, since
S e < 3 [Wee) < o0 for p > 1. O
n>1 n>1

The following result gives some information on the structure of H> see [65, Theorem 6.2.1].

5.1.3. The space H*>, equipped with the norm || ||, is a unital and non-separable Banach

algebra. Its inversible elements f are characterized by the relation | f(s)| > d for some § > 0.

The partial sums of a function in H* are well-controlled as shown by the following theorem see
[65, Theorem 6.2.2].

Theorem ‘ 5.1.4. (Balasubramanian-Calado-Queffélec)
Let us consider a function f(s) = ¥°°  a,n~° € H>® and Sy(s) = 2V

ne1 Gnn "%, its partial sum of
index N > 2. Then

[Snllee < Clog N flloc (5.5)

where C'is a numerical constant.

Proof. From Theorem 5.1.2, we know that |a,| < ||f]|«, S0 that o,(f) < 1. We can apply the
Perron-Landau formula [65, Theorem 2.3 of Chapter 4] with p = 2and z = N + % a half-integer,

namely

2

A ==Y an=g [ 1) ds + 0 (3} > ‘a”') -

~ , 2] oo &
< 2im Jo—ir =7 n?|log 7|
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We easily see that |log(z/n)| is > 1/4(N + 1) if n > z and is > 1/4N if n < z, so that the error
term is dominated by Cz3(|| f||oo/T) = C|| f]|o if we adjust T' = z®, the constant C' being absolute.
Now, we shift the integral term using the Cauchy integral formula as follows (with 0 < ¢ < 2):

24T xsd e+iT xsd 9 gutT . 9 queiT .
/Z—iT f(s)g 5= /a—iT f(s)g S /e f(u + ZT)u + 1T v /g f(u B ZT)u —T -
e+1T 24T
0
e —1T 2 — T

The last two integrals are uniformly dominated by (22 /T)|| f|loc = ||.f||co/x since T' = x3. For the first

integral, we have

strit
—qdt
+ 1t

/€E+T f(s)x—sds

=T S

= ‘/_if(a—l—z’t)

3

T xs
< 0o ———dt
< [l 7o

R T/€ du
2z Hf“oo/o W

T/E d/u/
22| 1l (1+ / )
1 u

< 427 f]llog (Z).

IN

N

Now, we take € = 1/ log = so that 2° = e, and we finally obtain (changing C' if necessary):
[A(@)] < O fllsc log(a?logz) < C||fllwcloga < C'|| flloclog N ()

which ends the proof of Theorem 5.1.4. Indeed, if g(s) = f(s + so) where sy € Cy, we have from
(**) that

< Clog N||gllec < Clog N||f]loo-

N
Z an,n” %
n=1

This implies that || Sy ||cc < C'log N|| f]|c- O
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5.1.2 Some applications of the control of partial sums

As a first consequence of Theorem 5.1.4, we have a simple proof of the following Theorem of Bohr in
[?], see [65, Theorem 6.2.3].

5.1.5. (Bohr’s theorem)

Let f(s) = >0 a,n~° € H™®. Then, the associate Dirichlet series converges uniformly in each

half-plane C., € > 0. In other terms, we have o,(f) < 0.

Proof. We must show that >~ ; a,,n~°"¢ converges uniformly in C, for each € > 0. To that effect,

we set Sy, (s) = >7_; a;j~°, So(s) = 0 and perform and Abel’s transformation:
N N N-1
> an T = [Su(s) = Spmi(s)n =D Su(s)[n" — (n+1)"°] + Sn(s)N .
n=1 n=1 n=1

Now, the series in the RHS is normally convergent in C,, since its general term is dominated by
C.(logn)/(n®*1)|| |l by Theorem 5.1.4, while the remaining term Sy (s) N ~¢ is dominated in Cy by
C'log N/N¢|| ||, which ends the proof. O

An interesting aspect of that theorem is that, in the end, the Dirichlet series attached to a function

f € H converges to that function where it is defined, namely in C,!

5.1.6. Bohr [?] actually proved his theorem on uniform convergence for more general
Dirichlet series -

Z ane * with A1l — Ap > Je~AAn

n=1

where § and A are positive constants. This condition holds with A = 1 for \,, = logn (ordinary
Dirichlet series) but fails to hold if for example \,, = (logn)® with 0 < o < 1. This general version
can be proved essentially in the same way as Theorem 5.1.4, using the elementary Perron-Landau
formulas of Chapter 4 with z = (Ay + Ay41)/2 and y = e*~*», to get control of A*(z) = doa, <z Qn-

As a second consequence of Theorem 5.1.4, we can now extend Bohr’s inequality from Dirichlet

polynomials to an arbitrary element of H> see [65, Theorem 6.2.4]

5.1.7. (Bohr’s inequality)
Let f(s) = >00  apn=° € H™. Then we have

S lap] < 11 flloos (5.6)

p

where the some is on prime number.

Proof. Forg € H> ande > 0, set (1.g)(s) = g(s+¢). Wehave T.g € H and [|7.9||cc < ||9]loo-

Now, by Theorem 5.1.5, there is an integer Ny = Ny(¢) such that

I T-Sn oo S N Teflloo +& < [[flloc + &, VN > N
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The Bohr inequality for the Dirichlet polynomial 7.5 therefore gives

> laplp® < I TeSwlloo < Ml £l + e

p<N

Let N = coto get Y |ay[p” < || f|l« + €. Let now ¢ — 0 and use Theorem 1.9.8 to get (5.6). [
p

The following theorem is [65, Theorem 6.2.5].

Vo) 5.1.8. (Carlson’s identity)
Let f(s) =300 a,n* € H™ and € > 0. Then, we have

1T NP 2, -2 2
—_— € <
Thm T/o |f(e +1it)] dt—n§:1\an\ n Il (5.7)

In particular, we have the contractive inclusion H* C Hs, namely

feH* = feH and | fllz < || fll-

Proof. 1Tt suffices to notice that the series >.°°, a,n °n """ converges uniformly on R by Theorem
5.1.5, and that for a series of the type f(t) = 3°°, b,e~*»!, uniformly convergent on R, we always
have (here with \,, = logn)
— 2
[ rora= e
This can be checked by hand thanks to uniform convergence, or can be viewed as the Parseval formula
for f in the Bohr compactification R of R. In any case, we have (5.7) and we get the second assertion

by letting ¢ tend to 0. O

5.2 The Hilbert space >

In this section we recall the definition of the Hilbert space H? and we give some basic properties.

5.2.1 Definition

In the introduction, we saw that a companion space to 1> is the space H? of Dirichlet series with

square-summable coefficients:
feH* s f(s) Zann with || f||3 = Z|an]2.

It is easy to see that 2 is a Hilbert space with the scalar product

9) = ayb,
n=1
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and that moreover it is a Hilbert space of analytic functions on the half-plane C, /, (whereas H is
a space of analytic functions on the half-plane C,!), with the natural orthonormal basis e,,, e, (s) =

n~°,n > 1, so that its reproducing kernel K, a € C, , is given by

K, (s) = i en(s)en(a) = ((s+a) and f(a) = (f, K,) forall f € H*

We shall see later that H is exactly the space of multipliers of H2. Now, the answer to the initial
question of this chapter is the following criterion [?], which combines the use of H? and H™ see [65,
Theorem 6.4.1] or [40].

Theorem‘ 5.2.1. Let (y,) be the system of dilated functions given by (??) and S, € H?* be the

associated generating function, namely: S,(s) = >_0° 1 a,n"°. Then the following are equivalent:

n=1

1. The dilated system (p,,) is a Riesz basis of H.

2. Both S, and 1/S,, belong to H™.

An immediate, but useful, property is:

Proposition ‘ 5.2.2. Let f(s) = X2 a,n~* € H2 Then, 0,(f) < 1/2 and the result is optimal in

general.

Proof. Just apply the Cauchy-Schwarz inequality: If Re s = o > 1/2, then

00 00 1/2 / = 1/2
Z la,|n~7 < <Z |an|2> (Z n_2‘7> < 00.
n=1

n=1 n=1

The function f(s) = 32, n~%/\/nlognisin H? and o,(f) = 1/2. O

Here is a more refined result, due to Hedenmalm and Saksman [41]:

5.2.3. Let f(s) = 30°, ayn—* € H2 Then, the series
S aun Y/
n=1

converges for almost every real t.

Proof. We indicate (see [55]) a simpler proof than the original one, based on Carleson’s convergence
theorem for integrals: let f : [1,00[— C be defined by

flz)=a,ifn<z<n+1l,n=12....
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Clearly, [[°|f(z)|*dz = 3°°, |a,|?. Now, the change of variable x = ¢¥ shows that g : RT™ — C
defined by g(y) = f(e¥)e¥/? is in L2(R*) with [3°|g(y)|?dy = [°|f(x)|*dx. Using Carleson’s
theorem for integrals ([12]), we get that lim 4, [i* g(y)e™¥dy = [ g(y)e™dy exists for almost all

t, equivalently that

A ‘
lim / Me“”og”"dx exists for almost all . (5.8)
A—oo J1 \/E
Now,
v f(@) N 1 itog
. + Teztlogwdaj — anl f:-&- aanx

itlogx eit log z

I
Vz )dﬁzg:la"n o

= 27]2[:1 bn<t) + Zfzvzl ann—%Ht

N +1 €
= En:l f: an <

) = O(x*3/2), The integral [;° f\(/{)eitlogxdx
xr

. d eitlogm
with b, (t) = O(n~%?), since a, — 0 and dr ( VT

and the series > ; ann_%“t are thus simultaneously convergent and the result follows from (5.8). [

5.3 The embedding theorem

5.3.1 Relation between % and 7*(C.)
The usual Hardy-Hilbert space of the half-plane C, ,», H 2(Cy /2), is defined as the space of functions f
analytic in the half-plane C, /, such that

£, = swp [ 1f(o +it)dt < o,
o>1/2J—00

Those functions have almost everywhere radial limits f(1/2 + it) and the norm can be calculated by
computing the L?-norm. This space is more flexible than H?, and familiar to analysts, therefore the
comparison of the two spaces, when available, sheds some light on 2. In particular, the following

theorem [59] turns out to be especially useful:

o 5.3.1. (Olsen-Seip)
Let F € H2. Then, the function f defined by f(s) = 22 is in H(C, s5), and moreover

s
o S IFlhe.
1 e,

Proof. Without loss of generality, we can assume that F'(s) = > a,n° is a Dirichlet polynomial.

Then, using in a crucial way the [65, embedding theorem of Chapter 1] with a,,/+/n instead of a,,, we
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get:
1 ey = I |F (5+it)| (3+12) dt
= Yhez i ’F (% + Z'Zf)’2 (i + tQ)il dt
S S B E (i) (L)
< Shez(T+HE)TES, |an? < X2, an]?
So

£ 2y ) S I N2
/

]

5.3.2. The embedding theorem and some variants play an important role [32] in the
characterization of bounded composition operators on H? see [65, Theorem 6.4.5].

Let ¢ : Cyj5 — Cy)o be an analytic function so that the map f — f o @ = C,(f) (a composition
operator) sends H? to H?. Then:

Theorem \ 5.3.3. (Gordon-Hedenmalm)

The function ¢ determines a bounded composition operator C, on H? if and only if

@(s) =cos + D cun™® = cos + Y(s)
n=1

where cq is a non-negative integer and 1) is a Dirichlet series that converges in Cy for some 0 > 0 and

has the following mapping properties:

1. If cg > 1, then either 1) = 0 or ¥(Cy) C C,.

2. IfCQ = O, then ¢(C0) C Cl/g.

Further work on composition operators on spaces of Dirichlet series can be found in [28, 27, 7, 66].

5.3.2 Multipliers of #>

The Banach space H? is not an algebra (i.e. is not stable under products), but nearly! Indeed, we have

the following property, in which d(n) denotes the number of divisors of the integer n:

EEIEIR 5.3.4. Let f(s) = 350 apn ™, g(s) = 50, byn~* € H2 and h(s) = Y50, ¢,n™*, where
h = fgand c = axb (see (4.3)). Then, we have

00 |Cn‘2

2 2
ity < I l3alalie 59)

n=1

In particular, o,(fg) < 1/2.
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Proof. Since ¢, = };;_,, a;b;. Cauchy-Schawrz gives

enf? < (z 1) (z |ai|2|bj|2) = d(n) (Z |az-|2|bj|2) .

Therefore

RAEDY (Z laiIQijP) ~ (1) (S 1) = Bl

iJ i=1 =1

Let 0 > 1/2, and ¢ > 0 such that ¢ < 20 — 1. As it is well-known [76, page 84]: d(n) < C.nc.

Cauchy-Schawrz once more gives

00 © | |2 1/2 / o 1/2
ek < (L) (Srdem) <o

n

]

To see how far 2 is from being an algebra, we have the following basic theorem, which gives a
link between both spaces H? and H™ see [?] or [65, theorem 6.4.7].

5.3.5. (Hedenmalm-Lindqvist-Seip)
The space of multipliers of H? is exactly the space H*>. In other words, a function f defined on H?
verifies fg € H? for all g € H? if and only if f € H>®. Moreover

[flle =" sup gl (5.10)

geM? llgll2<1

5.4 The Banach spaces H”

We extend the basics results given in sections before to the general Banach space of Dirichlet series

5.4.1 A basic identity

Let p > 1. We have already defined H? and H°°. We wish to define more generally a space HP on the
unit disk. To that effect, we recall the Birkhoff-Oxtoby theorem, see [65, Theorem 6.5.1], in which p

denotes the Haar measure of T and e the vector (1,1,...,1,...).

5.4.1. The Kronecker flow (K;)>o on T associated with a sequence (z1,...,xq,...)
of independent real numbers is the family of the mappings K; : T — T defined for each z =
(2j)j=1 € T* by

Ki(2) = (e 2y, €22y, . e 2y, ).
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5.4.2. (Birkhoff-Oxtoby Theorem for the Kronecker flow)
Let us denote by (K,) the Kronecker flow on T> associated with a sequence (z1,...,Zq,...) of

independent real numbers, and let f : T> — C be a continuous function. Then we have, as T" — oo

21T /_7; f(Ke)dt — /Too f(z)du(z); (5.11)
and
;/()Tf(Kte)dt — /Too f(z)du(z). (5.12)

Now, denote by P the set of Dirichlet polynomials P(s) = Zanl con~? (here, n=° appears essentially
as a free variable). If P € P, let AP(z) = > 7,2 the associated algebraic poynomial, following the

Bohr point of view, where we recall that

« o728

2 =2z and v, =c,ifn=p*t .. . ppT.

With these notations, we have the following result.

5.4.3. Foreach P € P and each 1 < p < o0, one has

|

p

. 1 T .
1Pl = i [ [ 1PGPae) = AP,

In particular, P — || P||,, is a norm on P.

Proof. Let x; = logp; where p; is the j-th prime number, and let (k) be the Kronecker flow
associated with this independent sequence. Let also f(z) = |AP(z)|P, which is continuous and clearly
verifies f(Ke) = |P(it)|P. Applying the Birkhoff-Oxtoby Theorem above to f, we, at once, obtain

Theorem 5.4.3, since moreover

||P||p:0:>HAP||LP(T00)=0:>AP:O:>P:0,

5.4.2 Definition of Hardy-Dirichlet spaces

5.4.4. For 0 < p < oo,the Dirichlet space HP,0 < p < oo, will be defined as the
completion of Dirichlet polynomials for the norm ||||, above. This concretely means the following:
a formal Dirichlet series Y, | a,n"° is in H” if there exists a Cauchy sequence (for the ||||,-norm)
P;(s) = M, aYIn~* of Dirichlet polynomials such that

n

lim ag) =ayforalln=1,2 ...
j—oo
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With this definition, the following first two items are easy, since
AP Lo (ree)y < [[AP]|pa(re) for p < q.

PRSI 5.4.5. Let 1 < p < q < oc. Then:

1. The space H? is a Banach space, isometric to H?(T).

2. Forall f € H?we have || f|, < || f

¢ then H? C HP.

3. The definition of HP coincides with the previous one for p = 2.
Proof. 1. Recall that, by definition,
HP(T%) = {f € L"(T%); f(a) = 0if a ¢ N},

The set of all elements o € Z(>) = T with all coordinates non-negative, i.e. the set N () is
called the narrow cone by Helson. The rest is an easy consequence of Theorem 5.4.3 and of a

density argument.
2. This is clear from the identity of Theorem 5.4.3.

3. This is clear, since the “new” space H? is just the completion of the prehilbertian space of finitely

supported sequences of complex numbers.

]

A nice property of the Banach space H? was recently established by Aleman, Olsen, and Saksman

[2] is the following

5.4.6. (Aleman-Olsen-Saksman)
Let 1 < p < oo. Then, the sequence (n~*) is a Schauder basis of HP. In other terms, if f(s) =

e}

o1 apn~® € HP, the partial sums of that function converges to it in HP.

That theorem, and the previous proposition, say nothing of a half-plane where the Dirichlet series
of some element >-°° , a,n"* € HP? would converge pointsize. Since the biggest space is H!, a nice
theorem, due to Helson [42], will give a complete answer, and is a significant extension of Theorem

6.4.6. But the proof requires preliminaries of harmonic analysis which we begin by describing.

5.4.3 A detour through harmonic analysis

We begin with a version of Hardy’s inequality, which expresses that the canonical injection of the

Hardy space H' into the Bergman space B2. The usual inequality in Hardy space is as follows

170 = S enet € ' then (3 L2L) < i
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The next inequality, independently due to Helson ([42]) and Vukotic ([81]), is in some respects
worse, since we get rid of the constant 7 > 1. It will lend itself to iterations, which would not be the

case of Hardy’s inequality.

IS NnEY 5.4.7. Let f(s) = 0 Cn2™ € H'. Then, we have the contractive inequality

(Z iad ) < |1 fl1- (5.13)

Proof. Let f(s) = >0°,¢,2". We can assume that || f||; = 1. We use the classical and usual fact

according to which f can be written as

f = ghwith ||g|s = ||h]|2 = 1, with ¢, = ab,_x where
k=0

f(s) =302 a,z" and h(s) = 3°0° b, 2" and

[ee] o0
Y lar)? = |bel* =
k=0 k=0

We next use Cauchy-Schwarz inequality without separating the a; and the b,,_,. We get

2
C
Lol Z\a 2B, .

Summing with respect to n and using a Cauchy product in the right-hand-side, we get (5.13). Since
r<l1/ V2= <1 /(n+1)¥n > 0, (5.13) proves in passing the contractivity of the Poisson kernel
P, : H' — H? forr < 1/4/2, a result first proved in ([83]) in the general case of P, : H? — H4
(contractivity holds iff r < \/]%). This notion of ”hypercontractivity” had been introduced by A.

Bonami in her thesis see [16], for other semi-groups. 0

As we already mentioned, this lemma can be iterated using a clever induction and a reverse Holder

inequality to give [42] the following Lemma, see [65, Lemma 6.5.6]

|20k 5.4.8. (Helson)
Let f(s) = Y00 €az® € HYT"),r > 1. For a multi-index o = (ay,...,qa,) € N, set w(a) =
(I1+ay)--- (1 + ap). Then, we have

eal? |
> <[ £l (5.14)

Two nice applications of Lemma 5.4.8 are a "dimension-free” inequality and the Lemma of Helson

previously mentioned:

Doctor of Phylosophy/PhD of Mathematics : Weighted estimates for operators associated I:l KEUMO NGUEKENG Adriel Raoul © UY1 2022

to the Bergman-Besov kernels and Hardy Dirichlet spaces



5.5. Composition operator and multipliers

Proposition ‘ 5.4.9. Let P(r,d) the set of homogeneous polynomials of degree d in r variables, namely
the set of
P(z) =) caz®witha = (o, ... o) and |a| = a; + -+ + o, = d.

If P € P(r,d), it verifies
|Pll2 < 22| (5.15)
Proof. For a = (av,. .., ) and |a| = d, note that
w(a)=(1+a1) - (1+a,) <2%...2% =27,

We then have from Lemma 5.4.8:

1/2

||P||2 _ <Z|Ca|2)1/2 < <2dzluc€c‘j)> < 2d/2||P||1

e 5.4.10. (Helson)
Let f(s) =300 con™* € H'. Then, we have

(> ‘d@l))/ <l

n=1

where d(n) denotes the number of divisors of n. In particular, o,(f) < 1/2.

Proof. Let f(s) = M | ¢,n~* be a Dirichlet polynomial, and let A f(2) = 3, 7,2 be the associated

algebraic polynomial (Bohr’s point of view). If n. = p{* - - - p&, we have d(n) = (14+ay) -+ (1+a,) =
w(«). Therefore, using Lemma 5.4.8 and Theorem 5.4.3, we get

()

and by density, of Dirichlet polynomials in /2, the inequality holds for any f € H!. It implies that

9\ 1/2
Bel) ™ <parh = i,

o4(f) < 1/2since d(n) < C.n for each € > 0 and it remain to follows the same way as in the proof
of Theorem 5.3.4. U

5.5 Composition operator and multipliers

In this section we establish our results stated at the introduction of part II.

Let recall these two theorems due to Cuckovic-Zhao [23].
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5.5.1. Let u be an analytic function on D and p be an analytic self-map of D. Let 0 < p <
q < oo then the weighted composition operator uCl, : f — u(f o ) is bounded from H? (D) into

1—la?> \»
HY(D) if and only l'ﬁggﬂ%?]%_l(u)(a) < oo where I, _1(u)(a) = /am) (H—czg!‘(iu)P) lu(w)|9do (w).

5.5.2. Let u be an analytic function on D and ¢ be an analytic self-map of . Let
1 < g < p < oo then the weighted composition operator uCy, : f — u(f o ) is bounded
from HP(D) into HY(D) if and only 1']‘/27r (/ Apia ()

0 co) 1 — |w|?
dv,(z) = |u(z)|%do(z) with do(z) the normalized measure of 0D, and G(0) is the Stolz angle at 0,
which is defined for real 0 as the convex hull of the set {e?} U{z : |z| < ?}

prP—q
) df < oo, where ji, = v, 0 o~ and

This our first result.

5.5.3. Let u be an analytic function on ID. Let @ be a Dirichlet series. Suppose ¢(s) = cos+
¢(s) is holomorphic from C to C. for co € N*. Let 1 < p < q < 00, Suppose o, ¢ » = 1,0 ¢4 o;/)gl
(n = (0 + ¢o)() satisfies

Sup lim Supl, 1(u)(a) < oo forall o,n,¢ € R andn = (c+ )¢, (5.16)

>0 §0 gD 1

where .
_ Lo\
vl = [ (i ) it
and 5
vs(s) = S5

the Mobius transformation from C,. to D. Then uCy : f — u(f o ¢) is bounded from HP to HA.

Proof. Let 0 < ( < oo large enough. Let H?(,() the image of the Hardy space H?(DD) by the

transformation 1) which preserves the norm. This space is independent of ¢. more precisely

£y 0 = I1f 0 ¥ oy = /_ :!fowgl(e“ﬂpdt: /R [ (@)["dA¢ (2), (5.17)

where d\:(t) = 7r(t2§—i—C2)dt and for the last equality we made the change of variable e = ¢ (ix).

Let ¢p € N*. Then ¢ is an holomorphic self-map of C so that ¢, . = ¢, 0o ¢ o wgl is an holomorphic
self-map of D. Assume 1 < p < ¢ < o0. Set C,, = Supl, (u)(a) < oo forall 0<n,(<oo.
achD

Then by Theorem 5.5.1

n,Cv_l

|uF o oy cllge < CpcllFllme  for allF € HP(D).

Hence for
F = f o QO;I with f S Hip(Jr?n)a
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we have
Huf o ¢||H;1(+7C) < Cn,c||f||H§’(+,<) Vf e Hf)(+,77),

hence using (5.17), we have

[ f

.0 <Oy,

v,y forallf € HY(+,m). (5.18)

Let f(s Z a,n”® be a Dirichlet polynomial, for N € N. We have that f is bounded on C,

therefore [ € Hf (+, ¢)(0 < ¢ < o0). One knows that n=?, f o ¢ are Dirichlet series see [64]. Since
¢ is by assumption a self-map of C, then f o ¢ is a bounded holomorphic function on C, so that
fopeH>®andso fop e HI Letg e H™, for 0 < o < oo by Theorem 5.4.3, we have

lim T/ g(o +it)|%dt = ||go|lna where g,(s) = g(s+ o), (5.19)

T—>002

and

Supssollgollra = llgllna see [65].

By equation (5.19) one has

903, ) = [ l9(o +i0)"AA(E) = lgalfs, € = oo (520)

Replacing ¢ by ¢, in equation (5.18) one have

luf o ¢a”H§(+,<) < CmCJHfHHf(Jr,n)» (5.21)

where C, ¢ = Supacnly, . ,.-1(u)(a) and @, s = 1, 0 ¢y © 2/151. Since n = (0 + ¢)¢ and
¢ — oo, then by equation (5.20) and equation (5.21) we have

J1ef © golls < Jim Cocollf o (5.22)
and then

luf o dllua < Supsso glggo Co.c.oll fllme-

The result then holds since

Sup lim C ¢ , < 00.

o>0 <*>OO

]

It is knew that m : f — mf is bounded from H” to HP if and only if m € H* This is due to

Bailleul in his thesis. Such et m is call a multiplier.

5.5.4. Let M,,, be the set of all m : f — mf such that m is bounded from H? to HI.
Then
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(a) Mypy GH®ifp<q

(b) H* C M, ,ifq <p.

Proof. (a) Letm € M, . As 1 € H?, One has m € H9. Because p < ¢, H? G H? see Proposition
5.4.5, so that mf € HP and m is a multiplier on HP?, then m € H*>°. Note that be cause H? ; HP,
1¢ M, Butle H>, and then M, , G H®if p < ¢.

(b) For ¢ < p, H? ; HI. Let m € H°. Then m is a multiplier on H?. So that, for all f € HP, because

HP CHI,mf € H'and m € M. N

5.5.5. Forq <p, ifm € Hir thenm € M, .

Proof. Letr = g. Choose t such that

iSEES)

By Holder’s inequality, one has

([ 1am()mdp(z))

hSES]

L@ ram) o) < ([ I6F)Pdp(2))

Then we will have

/Too |AF ()" Am(2)*dp(z) < [ f]l50
if
([ 1am@Itdp()) " < o.

Note that gt = >, then if m € Ha5 then m € M, .

]

Now let’s give some criterion. Observe that m € M, , if and only if there is a constant C' such that
Imfllaa < C||f |3 forall f € HP, this is

(L. 187G am() 1 dp()" < Cllf s for allf € 17
this means that du(z) = |Am(z)|%dp(z) is a (HP,q)-Carleson measure. So the following holds

5.5.6. m € M, if and only if dju(z) = |Am(2)|%dp(2) is a (H?,q)-Carleson measure.

We also obtain the following criterion for the space M, , for 1 < p < ¢ < 0.

5.5.7. For1 < p < g < 00, we have that m € M, , if and only if

1—|a? \7
[ (o8 ) o @il < o0 forait0 < o, < 0
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Proof. Since ||mf||ys < C||f||3» means that
Supl|(mf)ellrs < CSup| folle,
>0 >0
this is equivalent to
lim ||(mf)ollnge < C lim || f5|l3r  for all 0 < o < 0.
(—o0 (—o0

we then use Theorem 5.5.1 to have

1— a2 \*
[y (o8 ) o @) < 0 forait0 < 0,6 < .
N
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& Conclusion &

The aim of this thesis was twofold, namely, in partl, characterize the weights for which we have the
boundedness of standard weighted integral operators induced by the Bergman-Besov kernels (see
Definition 2.2.11) acting between two weighted Lebesgue classes on the unit ball of C" in terms of
Békolle - Bonami type condition on the weights, employing the proof strategy originated by Békolle
[11], and, in part II, to study the boundedness of weighted composition operator uCy, : f — u(f o ¢)
from HP to H?, where H" designed the Hardy-Dirichlet space (see Section 5.4.2).

In part I, for a, b, s,t € R the operators that we were interested in were defined by (reproducing)
Bergman-Besov kernels (see Definition 2.2.11). For f € L?(du,) we define

T0f(2) = Tunf(2) = [ Kalzw)f(w)(1 = [wl’)"duy(w),
SIF(E) = Sunf(2) = [ 1EKa(zw)l|f(w)|(1 = [0l dp,(w),
PLI) = Puf(z) = (U= ) [ Koz, ) f()(1 = fuf?) "dpy (w).

We first made the following observation

Poif(2) = (1= |2]) Topas f(2) (5.23)

Tupf(2) = (1= |2)" " Poasf(2), (5.24)

Which allows us to work with the desired one an get the result for the others. The results we obtained
depend upon the values of the parameters a, bs, t, ¢, (): see Theorem 0.1.2, Theorem 0.1.5 and Theorem
0.1.6, Theorem 0.1.8, Theorem 0.1.10, Theorem 0.1.14, Theorem 0.1.13 and Corollary 0.1.15. In
Theorem 3.4.5 and in Theorem 3.4.6 we show that being in (K jt’q’Q) 1s a necessary condition for the
continuity of Py, from L?(wdyi4) to LP(wdjig), while in Corollary 3.6.2, we have that being in D3%%
is a sufficient one. When Q = ¢, we find out that (K>%%%) = (D3"%9), so that we have a necessary
and sufficient condition. But when () > ¢ we have (Df;t’q’Q) C (K;’t’%Q). It is an open question to

find in this case a necessary and sufficient condition for the boundedness of P, from L”(wdp,) to
LP(wdpg).
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5.5. Composition operator and multipliers

In part II, our interest here was to characterize multiplier i.e such a m : f — mf which
are bounded from H” to H? and to characterize composition operators,that is functions ¢ so that
f — f o ¢ is bounded from H? to H9. More generally, to study the boundedness of weighted
composition operator uCy : f — u(f o ¢) from H? to 9. Our result Here, depend of the parameters
p, q: see Theorem 0.2.1, Theorem 0.2.2, Theorem 0.2.3, Theorem 0.2.4, Theorem 0.2.5. In Theorem

0.2.1 and in Theorem 0.2.5, it is an open question to find if they give a complete characterisation.
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ABSTRACT. We characterize the weights for which we have the boundedness of standard weighted integral operators
induced by the Bergman-Besov kernels acting between two weighted Lebesgue classes on the unit ball of C* in terms of
Békolle - Bonami type condition on the weights. To accomplish this we employ the proof strategy originated by Békolle.
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1. Introduction

Weighted inequalities appeared almost simultaneously with the birth of singular integrals that stimu-
lated their development. In particular, a natural question is the characterization of positive functions w for
which a singular integral maps LP(wdp) to itself. A famous example of a singular integral is the Bergman
projection, whose boundedness problem, solved elsewhere by Békolle and Bonami, is historically linked
to the duality problem for Bergman spaces.

The inner product and the norm in CV are (z,w) = 27 + - -+ + z2yWx and |z]| = 1/(2,2). We let
dpg(z) = ¢4(1 — |2|?)%du(z) where ¢ > —1 and p be the Lebesgue (volume) measure on the unit ball
B={z€CN:|z|] <1} of CN¥ = R?N, and ¢, is the normalized constant, that is 1,(B) = 1. Take
(cq = %). When N = 1, B is the unit disc D. For a > —1, it is a well-known result of Békolle
and Bonami that the Bergman projection 7, defined by

x
B

is bounded on LP(wdy,) if and only if the weight w belongs to the so-called Békolle - Bonami class [3].
The Bergman projection can be extended to all a less than or equal to —1. Therefore a natural question
is whether the Békolle - Bonami result can be generalized. In this paper we work with more general
operators than the extended Bergman projection, and more generally we characterize weights for which
we have the boundedness between two weighted Lebesgue classes on the unit ball of CV.

We set LP := LP(dp,), the Lebesgue space on B relative to y1, with 1 < p < +o00. Let H(B) denote
the space of holomorphic functions in the unit ball B. For ¢ > —1, a function f € H(B) belongs to the
weighted Bergman space Al whenever f € LP(dp,). The norm |[| f[| 4» is simply the L} norm of f.

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |9



Besov spaces extend weighted Bergman spaces to all g. To define them, we first take a radial differential
operator D! of order ¢ for any s,¢ € R defined on H(B). Let f € H(B) be given by its convergent

homogeneous expansion f = E fr in which fj is a homogeneous polynomial in z1, . .., z)y of degree

k=0
k. We define, for s,t € R

o0

t
D=3 s g = Y M D
where
() = WHbale if g > —(N 4 1),
K - ﬁ if CLS—(N‘i‘l)

Consider the linear transformation 7 defined for f € H(B) by

I f(2) = (1= [2[*)' Df ().
We say that a function f € H(B) belongs to the Besov space B whenever Ilf € L7 for some s,t
satisfying
g+pt>—-1 ifl1<p<oo
t>0 if p=o0.
It is well known [9] that the LP-norm, ||T{f||z», of any one of the functions I is an equivalent norm for

|fll gz, the norm of f in BY. When g > —1 we have A} = Bl. The space Bg is a Hilbert space with
reproducing kernel K, (see [9] or [2, Theorem 1.9] or [16]) defined by

(

— (N +1+q); .
W = Z%(z,w)k, if g>—(N+1)
KQ<Z7w) = 9 lgo l{j‘
WFi(L 11— (N4 q)i(zw) = Y (zw), if ¢ < —(N+1),
\ k=0 I_N_Q>k

where o F; € H(D) is the Gauss hypergeometric function and (u), is the Pochhammer symbol defined
by (u), = (F“(’L)” ) with T' the gamma function. Namely, for a number s satisfying ¢ + 1 < p(s + 1), if ¢
satisfies ¢ + pt > —1 then for f € B? (see [9, Theorem 1.2])

(PsoI)f =

where

/sz w)(1 = o) du(w),

is the extended Bergman projection (s may be smaller than or equal to —1).

For a,b,s,t € R the operators that we are interested in are defined by (reproducing) Bergman-Besov
kernels. For f € LP(dyu,) we define

T9,f() = Tusf(z /sz w)(1— ) dpy ),

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 10



SII(2) = Sunf(z) = / Kz [ ()| (1 = |02y (u0),

B
Piof(z) = Pof(z)=(1- |Z|2)t/Ks+t(sz)f(w)(1_ [w]?)*~dpg (w).
B

Throughout the paper b > —1 and s > —1 because we want our operator to be well defined (see for
example Lemma 5.1). Note that

Poif(2) = (1= [2]) Torss f (2) (1.1)
and
Tupf(2) = (1= |2*)" " Poavf(2). (1.2)

Our main motivation comes from the operators P, and P, 414 Which are the Bergman projection
and Berezin transform respectively, where P;LN i1asf (2) = (1 = |2)! SsyN414s,5f (2). The operators
P, Ty p and S, 5 are important in the study of function-theoretic operator theory, see for example [17]
when ¢ = —N — 1.

The boundedness of the operators Ti , Was already studied by Kaptanoglu and Ureyen [10] in the cases
where the operators T;b act from L to LE withge R, 1 <p, P <o00,Q > —1.

Theorem 1.1. [10, Theorem 1.2] Let a,b,q,QQ € R, 1 < p < P < oo, and assume () > —1 when
P < 00. Then, the following three conditions are equivalent.

1. Top: P — LE;

2. Sup: LP— LE;

3. (a) %<1—|—bana’a§b+l+]]\i+Q—1+];+qf0r1<p§P<oo;

(b) % <l-+banda <b+ 1+JI\£+Q — H]X’Lq for 1 =p < P < oo, but at least one inequality

must be strict;

(c) %<1+banda<b+l+§vf@—1+]Z+qf0r1<p§P:oo.

This result is useful for our work, especially for the case p = P and ¢ = @), to investigate the case
where these operators P, ; and T,; are bounded from Lé to Lévoo. Here the weak Lebesgue space,
Lé’oo, is the space of measurable functions f for which there exists A > 0 such that for all A > 0,
Mig{z € B :|f(2)] > A} < A. Our main result in this direction is the following.

Theorem 1.2. In the case ¢ = s, s +2t > —1 and s +t > —1 with s > —1 the operators P;; are

bounded from Lé to Lévoo and not from Lé to Lé.

In this paper we are mainly interested on the weighted estimates for the operators 7, or Ps; from
LP(wdpiy) to LP(wdpig). Here and throughout the paper w is a locally integrable positive function called
a weight. It follows from (1.1) and (1.2) that it will be enough to study weighted estimates for one

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |11



of these two operators since the (LP(wdy,), LP(wdpg)) inequality for the family 7, ; is equivalent to
the (LP(wdpy), LP(wdpg+pt)) inequality for the family P, and conversely. In the special case of the
Bergman projection T, , Békolle [3] obtained the characterisation of the weights w in terms of the
Békolle -Bonami condition.

Let d be the pseudo-distance in B defined by

R

ﬂ%mz{ﬂd—uﬂ+1—v——ﬂ suweB

|z] + |w| z=0o0rw=0.

Definition 1.3 (Békolle - Bonami class). Let a > —1. Let w be a weight on B. We say that wdp,
belongs to (B}), 1 < p < oo, if there is a constant B, (w) such that for every ball B (with respect to the
pseudo-distance d) of B that intersects the boundary of B, we have

p—1

1 1 "
!w@mwd M@%!WPQMM@> < By(w).

1
fta(B)

Fora > —1, let

Tof(2) = a,Of(Z> = / (1— <Zf€;))N+1+adua(I>

B

be the Bergman projection. Békolle showed in [3] that
Theorem 1.4. Let w be a weight on B. The operator T,,, a > —1, is well defined and continuous on
LP(wdp,), 1 < p < oo, if and only if wdp, € (By).

The results we obtain depend upon the values of s + ¢, ¢ and ). In the case s +¢ < — (N + 1) we have

the following two main results.

Theorem 1.5. In the case s +t < —(N + 1), there are no weights w such that Py, is well defined and
continuous from LP(wdji,) to LP(wdpq) for Q < q.

Theorem 1.6. Let w be a weight on B. In the case s +t < —(N + 1), if Q > q, then P, is well defined
and continuous from LP(wdji,) to LP(wdpq) if and only if

p—1
[e@nom) | | [ F dun) ] <.
B B
Moreover
p—1
1Pl = { [ (i) | | [ 6D Pl (@
B B

In order to give our necessary condition for the boundedness of 77, , when a > —(1 4+ N) we introduce
a Békolle -Bonami type class of weights denoted by (Bgvb’q’Q).

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 12



Definition 1.7. Let w be a weight on B. For ) < g and a > —1, we say that w € (Bgvb’q’Q) b> —-1)if

p—1

o (5 [wtna(a) ) [ 22 [P o o) ] <o

B:BNOB+£o p2(B) p12(B)
B B

where the supremum is taken over the pseudo-balls B.

For Q < ganda > —N — 1, we say thatw € (B4>%) (b > —1) if

p—1
Nb(B) /Jb(B) =1
L W /W(Z)dﬂcz(z) W (w(2)) P T dpgip (b-g)(2) < 00
B B
where the supremum is taken over the pseudo-balls B with radius Rp.
For Q > gand a > —1, we say that w € (B24?) (b > —1) if
p—1

Mb—l—% (B)
sup _
B:BNOB+w M3(3>

Mb+% (B)

B/ (o) | |~

[ T o) <0

where the supremum is taken over the pseudo-balls B.
For ) > gand a > —N — 1, we say that w € (Bg’b’q’Q) b> —-1)if

p—1

Mb—l—@(B) / ( )d ( ) Myt Q=g (B) /( ( )) 1 d ( )
Sup I wlz z R wlz p—1 o > < 00
B:BNOB#D RJZB(N +lta) J He RJZB(N“M) J Heq-+p' (b—q)

where the supremum is taken over the pseudo-balls B with radius Rp.

A necessary condition for the boundedness of P;; when —1 > s+t > —(1 + N) is the following.

Theorem 1.8. In the case both —(N +1) < s+t < —land s +t+ % < —1 hold, and in the case
both s +1 > —1 and () < q hold, there are no weights w such that Py, is well defined and continuous
from LP(wdy,) to LP(wdjig).

For the remaining cases, we introduce another Békolle -Bonami type class of weights, (Kg’t’q’Q), in
order to give our necessary condition for the boundedness of P when s +¢ > —(1 + N).

Definition 1.9. Let w be a weight on B. For s + ¢ + % > —land -1 > s+t > —N — 1, we say that
we (K3H9) (s > —1)if

Q—q Q-4 p—1
Ry Ry’ =
B:BSF%I?B#Q WB w(z)dpqgpe(2) WB (W(2)) 7T dptgp (s—q) (2) < 00

where the supremum is taken over the pseudo-balls B with radius Rp.

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |13



For Q > qand s+t > —1, we say thatw € (K3"%9) (s > —1) if

Q=g Q=g p—1
o = /w(z)d“ (2) s /(w<z))P_‘11du (2) < o0
B:BroBAo \ Hstt(DB) J Q-+t fhsqit(B) J q+p'(s—q)

where the supremum is taken over the pseudo-balls B with radius Rp.

A necessary condition for the boundedness of P;; when s +¢ > —(1 + N) is the following.

Theorem 1.10. In the case both s + t + % > —land —1 > s+t > —N — 1 hold, and in the case
both s +t > —1 and Q) > q hold, if Ps; is well defined and continuous from LP(wdp,) to LP(wdpg),
then w € (K3'49).

We introduce a maximal and a fractional maximal operator that will be used to establish a good lambda
inequality in order to give sufficient conditions for the boundedness of ;.
Ifa > —1 we set

/uwwmm

B(¢,R)

1) 1
mapf(2) = sup _—
ceB,R>1—|cl:2eB(C,R) Ma(B(C, R))

more generally if a > —1 — N we set
1
b= sw s [ p)ldme).

CeB,R>1—|¢|:2z€ B(¢,R)
B(¢,R)

Before giving our good lambda inequality, we introduce here (Df;t’q’Q) a Békolle-Bonami type class of
weights.

Definition 1.11. Let w be a weight on B. For s + ¢ + % > —land -1 > s+t > —N — 1, we say that
w € (DghrQ) (s > —1) if

p—1
: (2)d1g (=) 1 (w(2))7d o) <
P /
B;BS%%;A@ ng+1+s+t+Q;q ) W2 )apQ+pt\Z RgJFHHH% ) w(z Hatp' (s—q) (2 o0

where the supremum is taken over the pseudo-balls B with radius Rp.
For Q > qgand s+t > —1, we say that w € (D5"%9) (s > —1) if

p—1
1

sup | —————¢ / w(2)dpqpt(2)
B:BNIB#£ ﬁ‘s+t+%<B)B o

——Jjg/wmﬁwwwma <

Q—q
P v+ 2 A

where the supremum is taken over the pseudo-balls B with radius Rp. In each case we denote by
D3:43:9(w) the expression in the left hand side.

Remark 1.12. Constants and standard weights (w(z) = (1 — |2]?)") are in (D;’t’q’Q). We also have
(Dgtea) C (DsteQ) C (K399). For Q = q we have (K314%) = (D5"4:Q),
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Here is our good lambda inequality.

Theorem 1.13. Suppose that 1 < p < oo. Let w € (Df;t’q’Q) where both s + t + % > —1 and
—1>s+4+t>—N —1hold, or both s+t > —1 and ) > q hold. There are two positive constants C
and [ such that for all ~ sufficiently small, A\ > 0 and for all positive locally integrable functions f, if
—-N—-1< s—l—tana’s—l—t—l—% > —1, then

Wd/vLQ—i-pt({Z €B: Ss—i-msf('z) > 2)‘7m;+t,sf<z) < ’7)‘}) <
CD;’t’q’Q(w)yﬁwduQert({z €B: Ssrrsf(z) > A}). (1.3)

To show that (D;’t’q’Q) is sufficient for the boundedness of F;; when s + ¢ > —1, we introduce the
following maximal and fractional maximal operator. If s +¢ > —1 we set

Os,tf(z) = (1 - |Z|2)tms+t,sf(z);
more generally if s +¢ > —1 — N we set
0L f(2) = (L= |2 'mipy  f(2).

The following theorem shows together with the good lambda inequality that (Df;t’q’Q) 1s sufficient for
the boundedness of P; ; from LP(wdp,) to LP(wdpg) when —N —1 < s+tand s+ ¢+ % > —1.

Theorem 1.14. For =N =1 < s+ and s + 1 + % > —1, ifwdpy € (Dy49), there is a constant
Cs tp.q.0 > 0such that for all f € LP(wdpy,),

/(wa(Z))pw(Z)d/wq(Z) < C&Lp,q,Q/ |f (2)[Pw(2)dpy(2).

B

Then for the case s +¢ > —1 and ¢ = () we have
Corollary 1.15. Let w be a weight on B. Then for s +1t > —1,s > —1 the following assertions are
equivalent.

1. Py is well defined and continuous from LP(wdy,) to LP(wdp,);

2. Tsyy s is well defined and continuous from LP(wdyiy) to LP(wdfigpt);

3. Ssit,s is well defined and continuous from LP(wdjiy) to LP (wdptgypt);

4. we (K3heQ),

Rahm, the third and the fourth authors settled in [11] the particular case of the operators Ps; for
s+t >—1,s > —1,Q = q = s. To this aim, they used dyadic methods that have been initiated by

Aleman, Pott and Reguera in the unit disk [1]. It might be interesting to see if the dyadic methods used
in those papers extend to the situation studied in this paper.

The outline of the paper is as follows. In Section 2 we briefly give requisite background information.
We prove Theorem 1.2 in Section 3. From Section 4 on, we look at weighted estimates; there we show
Theorem 1.5 and Theorem 1.6. The proof of Theorem 1.8, Theorem 1.10, Theorem 1.14 are in Section
5. The proof of Theorem 1.13 is in Section 6. Corollary 1.15 appears in Section 7.
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2. Main tools

2.1. Complex Analysis Tools

Throughout this paper d is the pseudo-distance in B defined by

d(z,w){ el =l + |1 = (g )| zweB

|z| + |w] z=0o0rw=0.

Throughout this paper K will be a constant such that
d(z,y) < K(d(z,2) + d(z,y)) 2.1

for all z, y and z in B. We will consider pseudo-balls in B, B(z, ), as points w of B such that d(z, w) < r
and we say that B(z, ) touches the boundary of B if » > 1—|z|. When B(z, r) is such thatr > k(1—|z|)
for some absolute value k < 1, we say that B(z,r) almost touches the boundary of B.

One can find the following two results in [3, 15].

Lemma 2.1. For each = € B and ro, 0 < rg < 1, if we set 2° = (14,0, - - ,0), then we have

1|1 = ziro| > 3d(z, 2°);
2. |21 — 1ol < d(z,2%);

3. |z = 2% < d(z,2%;

N
4. Z |21]? < 2d(z, 2°).

k=2
Proposition 2.2. There is a constant Cy > 0 so that for all z,w,wy € B with d(z,wy) > Crd(w,wq) we
have
1
[z, wo) = (2, w)] < 5[1 = {2, wo).
Then

1
|1 - <Z7w>| > §|1 - <Z7w0>|'

We recall that dyi,(2) = ¢, (1 —|z|*)?du(z) where ¢ > —1 and y be the Lebesgue (volume) measure on
the unitball B = {z € CV : |2| < 1} of C¥ = R?", and ¢, is the normalized constant, that is /z,(B) = 1.
When ¢ < —1, we simply write dpu,(z) = (1 — |z|?)9du(z). We then obtain the following result that will
be heavily used throughout the paper. This extends to all ¢ the result given in [3].

Lemma 2.3. Foreachw € B, 0 < |[w|=r<1land0 < R <2
tig(B(w, R)) ~ RN max(R, 1 —r)]%if ¢ > —1.
Then for ¢ > —1, (B, d, j14) is a homogeneous space in the sense of [5].

1w
2

However, if B(w, R) is away from the boundary (R < ), the equivalence remains true if ¢ < —1,

e

pg(B(w, R)) =~ RVH(1 — |wl)".
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Proof. Assume g < —1. Since z € B(w, R), we have |w| — |z| < R. Hence 1 — |z| < 1 — |w| 4+ R and
1 —|w| <1—|z|+ R. Since R < L ,we have 1 — |w| < 2(1 — |z]) so that

1 3
SO —fw) 1|2 S 1wl + R < 50— ). (2.2)

Hence, for all R € (0, 1_TM), we have

/ (1 |2))tdpu(z) = RV (1 — ).
B(w,R)

We recall the following well-known estimates in [12].

Proposition 2.4. Let

— [w]?)?

|1 —(z,w) |1+N+cd“(w)

ford > —1and c € R. We have, when |z| — 17,

(i) I ~1ifc<d;
(ii) Iwﬁlogﬁ ifc=d

(iii) I ~ (1 —|z>)~ (D jfe > d

The following results can be found in [9] and [10] respectively.

Theorem 2.5. Let ¢ € R. Lett,s € R such that q + 2t > —1. Equipped with the following equivalent

scalar product

A9 = [ 1T o)
B

2 . . . . .
B is a Hilbert space with reproducing kernel given by

( @]
N+1+4+q)k )
W = Z%(z,w)k, if ¢>—(N+1)
KQ<Z7w) = lgo l{j‘
oF1(1,1;1 — (N +q); (z,w)) = Zm<z,w>k, if g<—(N+1).
k=0

Lemma 2.6.

1. Forq < —(N + 1), each |K,(z,w)| is bounded above as z,w vary in B.

2. Foreachq e R,

(a) |K,(z,w)| is bounded below by a positive constant as z,w vary in B. In particular, K,(z, w)

is zero free in B x B.
(b) there is a py < 1 such that for |z| < py and all w € B, we have RK,(z,w) > 1.
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2.2. Harmonic Analysis Tools

The following result can be found in [5] and will be helpful in the proof of Theorem 3.1.

Theorem 2.7 ([S]). Let (X,d, ) be a homogeneous space and let K(x,y) be a function such that
K(x,.):y — K(z,y) € L*(X). Suppose the operator T defined by

/ny duly),

satisfies the following two conditions

1. there is a constant C so that ||T f||2 < Cy

2. there are two constants Cy and Cs5 so that for all y, 1o we have

/ |K(x,y) — K(x,yo)|du(z) < C3 (Hérmander Condition).
d(x,y0)>C2d(y,yo)

Then for all p, 1 < p < 2, there is a constant A, depending only on C;,v = 1,2,3, so that for all
f € L*NLP we have | T f|, < Al fll, if p> 1, and VA > 0

pl{e € X < [Tf(@)] > A < 4,121

One can find the following result in [7].

Theorem 2.8 (Marcinkiewicz Interpolation Theorem). Let py, p1 be so that 1 < pg < p1 < oc0. Let T
be a sublinear operator defined from LP° + LP* to the space of measurable functions. Assume that T' is
simultaneously of weak type (po, po) with operator norm Ay, ,, and of weak type (p1, p1) with operator
norm Ay, ,,. Then for every 0 < t < 1, T is of (strong) type (pt, p:) where

1 t 1—t
— =4 .
Pt Po P1
Moreover, if py < oo, then ||T |, < Ap,p,|| flp, with
1
A :le(Aggpo . Agipl ]pt.
o Pt—po  PL—Di
If p1 = 00, we can take
1
APo Pr
A =9 lpt Po,Po ] ]
o Pt — Do

The fractional maximal function is defined as follows

M, f(z) = sup 1—v /|f Jdv(w), v €]0,1).

When v = 0 it is the Hardy-Littlewood maximal operator. The following result will be used in Section 5
in the study of our maximal and fractional maximal function. One can find their proof in [6] or in [13].
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Theorem 2.9. Let X be a homogeneous space, 0 < v < 1,1 < p < r < oo and a pair of weights (u,v),
then the following are equivalent.

(i) There exists a constant C7 > 0 so that

r

/[wa(x)]rv(x)dV(fB) <G /|f($)|pU(x)dV(x)
X X
forany f € LP(X, udv);

8=

(ii) There exists a constant Cy > 0 such that

3
D=

[ttt )@ @) | <6 | [ @ant)

B B
forany ball B C X.

We will also make use of the following class, in Section 5, in the study of our maximal and fractional
maximal function and to establish the good lambda inequality.

Definition 2.10. A measure wdji, is in the (A4,, o) (1 < p < 0o) class if there is a constant C(w) so that
for all pseudo-balls B := B((, R) we have

p—1
1

o) | | 5 [P e | <G

B B

1
1o (B)

Definition 2.11. A measure wdy,is a Muckenhoupt weight or is in the (A, ) class if there exist d, 3
with 0 < §, 8 < 1, so that for all pseudo-balls B of B and for all measurable subset £ of B we have

pa(E) < 0pa(B) = wdpa(E) < fwdpa(B).

We give now two properties of Muckenhoupt weight that we will need later (see [8]).

Lemma 2.12. If 0 € (A, @) then there are two positive constants A and [y so that for all balls B and
a measurable subset E/ of B we have

[ ot)inate) < 4 (d““w))ﬁo [ oo

dpia(B)

Theorem 2.13. The Hardy-Littlewood maximal operator is bounded on LP(wdy,),1 < p < oo, if and
only ifwdp, € (Ap, a).

The following known lemma [14, Lemma 2-Chapter IV] will be used in Section 6.

Lemma 2.14. Let (X, A, 1) a measure space. Let [ and g be two positive measurable functions so that
forallt >0

p{r € X2 f(2) >t g(x) < ct}) <ap({z € X : f(x) > bt}),

where a,b and c are positive constants such that a < bP (1 < p < 00). Then

p ¢ p
171 < ———llgll
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We will use the following lemma in Section 5 to show Lemma 5.1. One can find it in [3, 15].
Lemma 2.15. For a > —1 — N, there are two constants C1,Cy (Cy > 0) so that, for z,w,wy € B with
|1 — (z,wo)| > C1d(w,wy), we have

1 B 1 <C d(w, w)
(1 — (z,w))N+l+e (1 — (z,wp))Nt1+e| = 2|1 — (2, wo)|N+at2’

3. Weak Type L' Inequality for P,; and 7, .

In this section, we will prove Theorem 1.2 that we first recall here.

Theorem 3.1. In the case ¢ = s, s +2t > —1 and s +t > —1 with s > —1 the operators P;; are
bounded from Lé to Lévoo and not from Lé to Lé.

Proof. The kernel of P ; is Hy (2, w) = = <§1’L;>|)Z ]@j —+7- We are going to proceed in three steps.
Step 1: Show that H,(z,.) € L2,Vz € B.

Indeed, we have

2 —[=1)*
/|H8t Z w d:uq |1 _ Z w |2 (N+1+s+t) d/’Lq( )

S (1 _(|Z|_>2|(ZJ\|7+)1+s+t) /(1 = o) dpu(w)
B

where in the second inequality, the member of the right hand side is finite because ¢ = s > —1.
Step 2: Show that P, is bounded from L to L2.

We have to show the boundedness of 7T ; from Lg to Lg 1o;- By Kaptanoglu and Ureyen, for a = s+,
b=s,p= P =2and ) = q + 2t (this is the reason g + 2t > —1 is needed), this holds.

Step 3: Show that there are two constants C; and C5 so that Vw, wy € B we have

/ |Hs (2, w) — Hs (2, wo)|dpg(2) < Co.
d(z,wo)>C1d(w,wo)

This was already done in [3] (see the proof of [3, Proposition 1] choose a = ¢+t + 1).

Because of Step 1, Step 2 and Step 3 we have by using Theorem 2.7 that the operators P ; are bounded
from L; to L;>. Observe that P, is bounded from L/ to L if and only if T}, is bounded from L, to
L. ;; and by Theorem 1.1, Ty,  is not bounded from L to Lé . because ¢ = s. O

Remark 3.2. In the case a > —(N + 1), the operators T;{ , are bounded from Lé to L;’OO if we have the
following two conditions

1)a<b
i) —1<qg<hb.
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The case a = b = ¢ > —1 is due to Békolle in [3]. The remaining cases are obtained by using Theorem
1.1.

Remark 3.3. In the special case b = g, Ta‘ib is self adjoint and bounded from L# to itself for 1 < p < oo,
Indeed, let f € LE and g € Lg/. Then

(Towf 9) 1z = //Ka(z,w)f(w)(l— [wl*)* ™ dpig (w)g(2)(1 = |2[) dp(2)

=/?wxr4MWw/kum@m@a—vmwmaa—mmwmm

=/f wai

= <f, (Tap)*9) 2

where
(T3,) g(w) = (1 - |w|2)bq/Ka(w,Z)g(2)(1 — |2*)%du(=).

Observe that when b = ¢, (T,)* = T, and since T}/, is bounded from L% to L) when 1 < p < 2, then
TY, = (ij) is bounded from L' to L? with 2 < p/ < cc.

Remark 3.4. By Remark 3.2 we have that T;{ , is of weak type (1, 1) and let A; ; be the operator norm.
By Theorem 1.1 we have that Ti , is of strong type (2,2) and let A, > be the operator norm. Applying
Theorem 2.8 leads us, with a better estimation of the operator norm

A1,1 B A%Q
b p—1 2-—p

to a new way to have the boundedness of 77, from LEto LY when 1 < p < 2. In the special case b = ¢
we have the boundedness from L7 to LI when 1 < p < oo because in this case T, is self adjoint.

1
P

Anp =2

)

4. Weighted estimates: Preliminary necessary conditions and the case where s +¢ < —N — 1

In this section we will give a proof of our criterion for the weights that provide boundedness of P ;
when s +t < —N — 1) (respectively 7, , when a < —N — 1). We start first with some general necessary
conditions.

4.1. Preliminary Necessary Conditions

Lemma 4.1. Let w be a weight. For q,(Q) € R, if P, is well defined and continuous from LP(wdji,) to
LP(wdpg), then w must be in L' (dpgpt)-
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Proof. Let f(w) = (1 — [w]*)"*xp(o,r) (w) where B(0, R) is the Euclidean ball. Then

Pouf(w) = (1 — |w]?) / Koo(w, 2)(1 = |22 "x0.m (2) (1 — |212) dp(z)
B

— (1 P / Kov(w, 2)du(2)

B(0,R)

— (1 - uP) / Ko o(zw)dp(2)
B(0,R)

(1 - |w|2)th+t(O7 w):u<B<07 R))

— (1 [wP)'u(B(0, R)).

Since P is well defined and continuous from LP(wdp,) to LP(wdpg).

/ IPof(2)P(2)dpg(z) < oo,

so that
/w d:uQert < 00,
B
then
/W(2>d/~LQ+pt(z) < 00,
B
and w € L' (dpgpt)- O

Lemma 4.2. Let w be a weight and q,Q) € R. If T, ;, is well defined and continuous from LP(wdji,) to
LP(wdpig), then Wit € LN gt (p—q))-

Proof. Assume that Ty, ;, is well defined, that is for any 2 € B

Sunf(z /|K 2 w)||f () dpap(w) <

and continuous from L (wdy,) to LP(wdpg). We want to show that Wit € [ (dptgp(p'—1)(v—q)), in Other
words we want to show w™' € L (wdjty s pr1)(s—q))- Assume that w™" is not in L¥ (wdpty s pr—1)(6—q))»
then by the Riesz representation theorem there exists a positive function i in LP(wd g1 p(p—1)(6—q)) SO
that

<haw_1>w7q+p(p’—1)(b—Q) = 00

This means that

OOZ/h(z)d“qw(p’—l)(b—q)(z)
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h(z)(1 = [z PP D Ddpy(2)

h(z)(1 — |z|2)[p(p’fl)fl}(bfq)dlub(z)

h(z)(1 — |2 0D gy, (2).

|
B B B

Since h € LP(wdfigspp—1)(—q)), then g € LP(wdy,), where g(z) = h(z)(1— |2)2)@' D=9 v e B.
So

Tuag(0) = [ )1 = 2P 10 D) = o,
B
contradicting the fact that 77, ; is well defined and continuous from LP(wdy,) to LP(wdpg). ]

Proposition 4.3. In the case s+t < —1 and () < q, or in the case s+t+ % < —1, for any pseudo-ball
B that touches the boundary, there are no weights w so that, both conditions w € L*(B,dug,t) and

wiT € LY(B, dhigsp (s—q)) hold at the same time.

Proof. Let s+t < —1, () < q and B be a pseudo-ball that touches the boundary. Then

oo = /d/~b5+t(z)

(1= J2") " du(z)

U:J\ UUL W\U:J

(1= |25 dp(z)

q+tpt

= [ wr(2)(1 = 2w (2)(1 - |2?) Fdu(z)
< /w )P () /@viwu—vmﬁ““wma
B
< /w )@ () /wfﬂdﬂ—VW““HWMd
B B

so that necessarily w & L'(dpgpt) or Wit ¢ LY (dptgrp(s—q))-

Lets+1t+ % < —1, and B be a pseudo-ball that touches the boundary. Then

oo=/d,us+t+%(z)

=l/k1—-u|>“f+Q du(z)

B
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s—2449Q
(1= [=*) "5 dp(z)

U:Ji UU\

Q+pt 1

(2)(1 = |27 w3 (2)(1 = |2*)" Fdu(2)

S

W

Sl
~

IA

< | [e@- 1P | [ur e e ddue)

B

so that necessarily w & L'(dpgpt) or Wit ¢ LY (dptgrp(s—q))-

4.2. The case wheres +t < —N — 1

Here we are going to characterize the boundedness of the operators P;; from LP(wdj,) to LP(wdpg),
where w is a weightand s +¢ < —N — 1.

Theorem 4.4. In the case s +t < —(N + 1), there are no weights w such that Py, is well defined and
continuous from LP(wdji,) to LP(wdpuq) for Q < q.

Proof. This is due to Proposition 4.3, Lemma 4.1 and Lemma 4.2. ]

Theorem 4.5. In the case s +t < —(N + 1), if Q > q, then P, is well defined and continuous from
LP(wdpy) to LP(wdpg) if and only if

p—1
[e@nom) | | [ dun) ] <.
B B
Moreover;
p—1
1Pl = { [ whnguna) | | [ 6D ditgyig @
B B
Proof. Assume that
p—1
[e@nom) | | [ )| <o
B B
We have
p
/ Paf@Pal2)digl2) § [ (1= R / @) | w()dno(2)
B
p

L

/mwwm>w@me@
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p

= [wenamte) / F)dns(z) |

B

where the first inequality is due to the fact that K, is bounded when s + ¢ < — (N + 1). We also have

p p

/ FOlus) | = / FON@E) T @) (1 — 2 dpy ()
B

: /|f(Z)I%(Z)duq(Z) /((W(2>)71) (1= PP Ddpg(2)

B

D=

~|

Then P ; is well defined and continuous from L”(wdp,) to LP(wdug) when

p—1

[e@nom) | | [ dun)] <.

B B

Now assume that P;; is well defined and continuous from LP(wd,) to LP(wdpug). Let py be as in
Lemma 2.6, then for positive functions f we have

b

/ Py f (2)Peo(2) gz / / Kova(z, ) f(w)dpis(w)| w(2)dpigp(2)

/ / RE (2, 0) f (0)dpa ()P (2)dpigapn (2)

|2]<po
p

0 / fw)dps(w / W(2)dpQ+pi(2)-

|2|<po

By continuity of P ; there exists a constant C ; , , o > 0 such that
/ |Psef(2)[Pw(2)dng(2) < Cstpa / |f(2)FPwlz)dug(2),
B B

forall f € LP(wdp,). Hence,

p
1
3| [ @) / FENE) | < Connaa [P
z|<po B
for all positive f € LP(wdpy,). Let f(z) = (w(z))7! 1(1 — 22169z e B. Then f € LP(wdp,)

by Lemma 4.2. Replacing this choice of f in the last inequality we obtain

p—1

/W(Z)dumpt(z) / @) gy (2) | < 2Carpag < 00

z|<po B
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Then

p—1
/(w(z))ﬁduqﬂ?/(sq)(z) < 00.
B
Using Lemma 4.1, we get
p—1
[e@nom) | | [ o)) <o

B B

5. Weighted estimates: The case wherea > —N —lands+¢ > —N —1

Here we are going to start the study of the boundedness of the operators 7, , and P ; from LP(wdy1,)
to LP(wdpg) in the case @ > —(N + 1) and s + ¢ > —(NN + 1) respectively.

5.1. Necessary Conditions

To obtain our necessary conditions, we are going to use the following lemma. This is an extension to
the analogue lemma in [3].

Lemma 5.1. Let By = B(wg, R) be a pseudo-ball of sufficiently small radius R touching the boundary
of B. There is a pseudo-ball By with the same radius touching the boundary of B, sufficiently far from
By, but such that d( By, B2) ~ R, for which for all non negative functions f with support in B; we have
ifa>—-1—N

1
|Ta,bf(z>| 2 Ca,bm/f(w)dub(w)a

i

forall z € Bj, 1 # j,14,j = 1,2. In particular, if a > —1 then

Tusf () = Coprs /f e

forall z € Bj, i # j, i,j = 1,2. The constant C,, does not depend of B;, B; or f.

Proof. Let wy be the center of B;. If R is sufficiently small, we take B; such that for all z in B; and for
all w in B;, we have d(z,wq) > Cid(w,wq) where C is as in Lemma 2.15. Let f be a non negative
function with support in B; and let z € B;, we have

1
Tupf(2) = 0= (z.wo)) NHM/JC )dpip(w)

Z

1 1
+/ l(l — (z,w))NFt1Ha (1 — (z,wy))N+1+e

B;

f(w)dps(w).
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Then

Tl ()] > =i | J(wdite)

1 1
- / ‘ <1 - <va>)N+1+a B (1 — <Z,w0>)N+1+a f(lU)d,ub(w)

B;

By Lemma 2.15 and Proposition 2.2 we have

1 B 1
(= o)V (L= (2w * o

so that

Topf(2)| > %| y ;O>|N+1+a/f(w)dub(w).

1 1
2 |1 _ <Z, wo>|N+a+1’

<

Since our pseudo-balls touch the boundary and since d(B;, B;) ~ R, we have
1 — (z,wo)| < R.

Hence

—_

1uf () 2 g s | Flw)din(u).

B;

By Lemma 2.3 and [15, Lemma 2.8], if « > —1 and because B; touches the boundary we have p,(B;) ~
RN*1+a 5o that

—_

|Ta bf(

w)dpip(w

l\D

We are now ready to prove Theorem 1.9.

Theorem 5.2. If T}, ;, is well defined and continuous from LP(wdj,) to LP(wdpug) for Q < q then if
a > —1 we have

p—1

pn(B) / p(B) / =1
su w(z)duo(z w(z))r1d 1b—a) (2 < 00.
pseudo—balls %:Bﬁ@[ﬁ%#@ M%(B) ( ) MQ( ) ME(B) J ( ( )) Hg+p' (b CI)( )
More generally if a > —(N + 1), then
p—1
fy(B) / py(B) / L
su ———— [ w(2)dug(z ——— [ (w(z))P1d (h—a) (2 < 00,
pseudo—balls %:Bﬁ@[ﬁ%?’é@ R%NJFIJFG) J ( ) MQ( ) R%N+1+a) J ( ( )> Hatp/ (b q)( )

where Rp is the radius of B.
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Proof. Assume that ¢ > —(NN + 1) and Ty, ;, is well defined and continuous from LP(wdj1,) to LP(wdig)
for () < q. Then there exists a constant C,  ,, ;0 > 0 such that

/ T ()Pw(2)dio(2) < Cappa / () P2 dpg (2).

Let f be a positive function with support in B; (we take B;, B; as in Lemma 5.1). By Lemma 5.1, we
then have in the case a > —1

p

cr, B/ ﬁ (B/ Fw)dpp(w) | w(2)dig(z) < Canpac B/ () Pw()dy(2),

hence

1 p
(B, (B/ J(w)dpp(w) B/ w(2)dpg(2) | < Chynao B/ |f(2)[Pw(2)dpag(2) 5.1)

J

S C(/z,b7p7q7Q |f(Z)|pCL)<Z)d/,LQ<Z)
B;

Choosing f = %X B, 1n the last inequality we get

15 (B;)
B' < C/ a
w( J) = “’b’p’q’Q,ng(B)

7

w(Bi),

where w(By) = /w(z)duQ(z), k = i,j. As B; and B; touch the boundary of B and have the same

By,
radius, by Lemma 2.3 we have

h(Bi)  ph(B))
my(Bi) oy (By)

‘We then have

1k (B;)
w(B) S (/z/ w(Bl)
J ,0,0,¢,Q ,ng(Bj)

Interchanging B; and B; (See Lemma 5.1) we get

15 (B;)

¢ ’(Bl) < C” —_—( 7(B‘)7
T /,LZ (BZ) J
SO that

MQ(B'L)(U(BZ) < Cg,b,p,q,Qw(Bj)
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which together with (5.1) leads to

)dpip(w (B/ 2)duq(z) | < Coypao / | f(2)Pw(z)dpg(2).
B;

Then choosing f(z) = wr= 1 )1 — |2 xB:(2) (f € LP(wdp,) by Lemma 4.2) in that last
inequality we obtaln

p—1

w(B;) / ws(B;) / 1 .
d p_ld 7(h_ < .
25 ) M) || ey [T eye0(@) | = Clag
B; B;
When —1 — N < a < —1 it is sufficient to replace 11,(B;) by RN in the proof. n

Theorem 5.3. If T}, ;, is well defined and continuous from LP(wdj,) to LP(wdpg) for Q > q then if
a > —1 we have
p—1

Py 9= (B) Hy 9= (B) .
B:Bsr%]%#@ W/W(Z)dll@(z) W/(W(z))p‘ldﬂqup’(b—q)(Z) < 00.

B B
where the supremum is taken over the pseudo-balls B.

More generally if a > —(N + 1), then

p—1
“b+%(3)/ (2)diio(2) Mb+%(3) /( ( ))__1d )
su _ z R S w(z2))r=1 v < 00
BBroR£o RAN*I+a) J He RV ) Hq+p' (b-q)

where the supremum is taken over the pseudo-balls B with radius Rp.

Proof. The proof is similar to the proof of Theorem 5.2, except that we choose the first testing function
tobe f(2) = (1— |2%) 7 xs,(2). O

Theorem 5.4. In the case —(N + 1) < s+t < —1land Q < q, or in the case s +t + % < —1, there
are no weights w such that P ; is well defined and continuous from LP(wdy,) to LP(wdpg).

Proof. This is due to Proposition 4.3, Lemma 4.1 and Lemma 4.2. O]

Theorem 5.5. In the case —(N + 1) < s+t < —1, with s +t + % > —1if Py is well defined and
continuous from LP(wdp,) to LP(wdpg) then

Q—q Q-4 p—1
Ry Ry’ =
B;B?@%;é@ WB w(z)dpqgpe(2) WB (W(2)) 7T dptgp (s—q)(2) < 00

where the supremum is taken over the pseudo-balls B with radius Rp.

Proof. Assume that —1 > s+t > —(N + 1), with s + ¢ + % > —1 and P, is well defined and
continuous from LP(wdi,) to LP(wdfig). Then there exists a constant C ¢, , o > 0 such that

/ Py f (2)P(2)di0(2) < Carpa / () P2 dpg(2).
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Let f be a positive function with support in B; (we take B;, B; of radius R as in Lemma 5.1). By Lemma
5.1, we then have

p

1
C&/m (B/f(w)dus(w) w(2)dpqpt(2) < Cs,t,pg/|f(z>|pw(z)duq(z)7
B; f B;

hence
1 /
R(N)<B/ fdnw) | | [w@dioum() | <€l / FEP(En(z). 52
i B;

Choosing f(z) = (1 — |z|2)%+txgi(z) in the last inequality we get, because N + s +t > —1,
q

RO [w@dngum() < [ wl@)dgunlo)

Bj Bi

Interchanging B; and B; (See Lemma 5.1) we get

RO [ wldigun(2) § [ w@digun(z)

B; B;

which together with (5.2) lead to

RQ q
(VT (B/ f(w)dps(w / 2)duQip(2) | < Clipao / ()P (z)dpg(2).

B;
Then choosing f(z) = wi- 1 (2)(1 — |2 D60y (2) (f € LP(wdp,) by Lemma 4.2) in that last
inequality, we obtaln
—q —q p_l
RQT RQT —L "
RNF1+s+t w(z)dpgpe(2) RN+ITs+t (w(2)) 7= dpigp(s—q)(2) < Cytpa.0-
B-L' Bi

In the same way we have

Theorem 5.6. If P, is well defined and continuous from LP(wdp,) to LP(wdug) for Q@ > q, then if
s+t > —1 we have

Q=g Q—q p—1
Ry / Ry’ / 1
su w(z)d z w(z)7=1d o (2 < 00
pseudo—balls %:Bﬂ@ﬂ%;&@ Ms+t(B) ( ) MQ—i—pt( ) MS-H(B) Z ( ( )> ’LLq+p( Q)( )

where Rp is the radius of B.
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Proof. The proof is similar to the proof of Theorem 5.5, we choose the first testing function to be f(z) =
Q—q

(L= 1*)7 "xa, O

Theorem 5.7. In the case s+t > —1 there are no weights w such that P ; is well defined and continuous

from LP(wdyiy) to LP(wdpg) for Q < q.

Proof. We are going to proceed in two steps.

Step 1: Show that in the case s + ¢ > —1, if P, is well defined and continuous from L”(wdj,) to
LP(wdpg), for QQ < ¢, then we have

p—1

/vLs-l—tl(B) /<w(z>)ﬁduq+P’(SQ)(z> < o0.

@/
sup w(z)d z
pseudo—balls B:BNOB#Y Ms—i-t(B) 7 ( ) MQ—H?L‘( )

Assume that s +¢ > —1 and Ps; is well defined and continuous from L”(wdp,) to LP(wdpg) for
() < q. There exists a constant Cs ; ,, , o > 0 such that

/ | Ps i f(2)[Pw(2)duq(2) < Csipaq / 1f(2)Pw(2)dpy(2), [ € LP(wdp,).
B B

Let f be a positive function with support in B; (we take B;, B; as in Lemma 5.1). By Lemma 5.1, we
then have

1 /
m (B/ flw)dps(w) /W(Z)d#Qﬂ?t(z) = Citpa

B;

2)Pw(z)dpg(z)  (5.3)

/ ()P
B;

<Clio / () Pa(2)dpg ).
B;

Choosing f(z) = (1 — |z|*)'x5, (2) in the last inequality we get

o) < [ wldngun(z)

Bj Bi
Interchanging B; and B; (see Lemma 5.1) we get

[w@nomtz) < [w@dngum (o)

B; B;
which together with (5.3) lead to

(B/ () (B/ Eigun(z) | < Cupaa [ EPLE)du2)

B;
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Then choosing f(z) = (wp_*ll( N(1 = [2[)P DDy p (2) (f € LP(wdp,) by Lemma 4.2) in that last
inequality we obtain

p—1
1 1 .
w(z)d z /wz p—1( sy (2 C;”
— g [ @) | | s [ (@) .
B B
Step 2: Show that
p—1
5 ] “ [ @) P g o)
sup CL) w(z))r—1 s—a) (2 = 0.
pseudo—balls B: BNOB#2 /vLert /VLQert /LSH(B) Fq+p'(s—q)
B B
Let
p—1
I 1 /()d (2) . /(())_ld (2)
- wiz)a z wlz))r-1 /(s—a) | 2
ps+t(B) J Q+pt 1ore(B) ) Ha+p'(s—q)

Let B be a pseudo-ball that touches the boundary and Rp its radius. By Holder’s inequality we have

posiB) = [ a2

(1= |2 dpu(z)

I
B— T — B — @

(1= |2 e dp(z)

q+p 1

T (2)(1 = |2*)wdp(z)

D=

W

(2)(1 = |2*)

D=
~l

IA

/ w(z)(1— )P dp(2) / WP ()L — |22 Ddp(2)

B

Note that for = € B we have 1 — |z| < 2Rp. Then

W i(B) < / w()(1— [2)r7du(z) / W)L — BT Ddp(2)
- / w(z)(1 = [2)1 QP gy ) / WP ()L — 22T Ddp(2)
< (2Rp)19 / w(z)(1 = 222 Pdu(2) / W)L — 22T Ddp(2)

B B
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Hence

1
(QRB)Q_Q

:uert
B

=11.

Taking the sup over smaller radii, we get sup /] = oo

5.2. The Associated Maximal and Fractional Maximal Functions

We introduce for b > —1 and s > —1 the following maximal functions. If a > —1 we set

1
masfG) = s e [ p(w)ldi(w)
CeB,R>1—|(|:z€ B(C,R) a(B(¢, R))
B(¢,R)

more generally if a > —1 — N we set

o (2) sup = [ lwldm)

a = —a b .
& CeB,R>1—|C|:2€ B((,R) RN*LF
B(¢,R)
If a > —1 we set
1
M,,f(z) = su / w)|dpy(w
o) = swp s [ 17wl
and more generally if a > —1 — N we set
1
Miuf(2) = swp o [ 15@)dimtw)
' B
If s+¢>—1weset
1
Ouaf(2) = (A= |2 sup [ 1rwldnw),
t CeB,R>1—|(|:2€B((,R) ps+(B(¢, R))
B((,R)
more generally if s +¢ > —1 — N we set
1
()= (=P s e [ )i w),
! CEB,R>1—|C|:2€B(C,R) RN“’LS”B(C o

Let finally define the following fractional maximal function

M) = sup / F()ldmw), € (0,1).

Note that for a < b we get by Lemma 2.3 M, ~ M, withy =1 — %ﬂi‘;
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For all k € (0, 1), we define the operator of regularisation R?

RZf(“”):m / F(O)dunl©), 5.11)

where By (z) = {w € B : d(z,w) < k(1 — |z])}.
We will need the following lemmas to show Theorem 1.14 (see [3]).

Lemma 5.8. Let k € (0,3). If 2 € By(2), then z € By/(2'), where k' = {£.

Proof. We have

2] = |2]] < d(z, 2) < k(1 = |z2]).
Therefore 1 — |z| < (1 — [2]), so that d(z, 2') < k(1 — |2|) < £-(1 —|2)). ]
Lemma 5.9. If B := B(x, R) touches the boundary then if we take B' = B(x, K(1 + 2k1)R), then for
allw € B, By, (w) C B’ (See (2.1) for the definition of K).

Proof. Letw € B and z € By, (w). We have

d(x, z) K(d(z,w)+ d(w, z))
K (R+ k(1 —|w|))

K (R+ki1(2R)) = K(1 + 2k1)R.

IAINAIA

[
The next three lemmas are generalizations of their analogues in [3] to the maximal functions m;, , and

O ;. For the sake of completeness and for the reader convenience, we include their proofs.

Lemma 5.10. For all k € (0,1), there is a constant C}, such that for all positive locally integrable
function f we have if a > —1

Mapf < Camap(RLS),

and more generally ifa > —1 — N

m;,bf < Ckm&,b(RZf>-

Proof. We have to show that for all z and all pseudo-balls B containing z which touch the boundary of
B, there is a pseudo-ball B’ containing z, which touches the boundary of B so that

1
<
W) < Oz [ | s [ 7O | dif).
B Bk( )
By Lemma 5.8, x5, (u)(C) > XB,,(¢)(w), where ki = k:+1 If B=B(z,R) (R >1- |z|), by Lemma

5.9, for B' = B(z, K(1 4 2k;1)R), we have Vw € B, By, (w) C B’. Note that

(B, (€)) =~ pp(Br(w)) when w € By, (€). (5.12)
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i (Br(w))
B B | By (w)
1
~ [ = / X2 (Odpan(C) | dpay(a0)
B’ L B
1
> | | B/ F(OX B, 0 ()i () | dpay(aw)

:B/ B/ mXBh@)(w)dub(w) F(Qdm(C).

Using (5.12), we get

1
B/ R f (w)dpn(w) 2 B/ BT / Vo (@)dpn(w) | F(Cdun(0)
- / FOdpun(C).

Since i, 1s a homogeneous measure we have

1
fa(B)
B

F(w)dp(w) < / RY f (w)dn(w).

B/

,Ua(B/)

For m,, , itis sufficient to observe that B and B’ have equivalent radii. N

The following lemma appears as a corollary of the preceding one by observing that
Osf(2) = (1= [2[*)'mspesf(2)
and
O f(2) = (L= |2)'mipy  f(2).

Lemma 5.11. For all k € (0,1), there is a constant C}, such that for all positive locally integrable
functions f we have if s +1 > —1

Os,tf S CkOs,t(Rlsgf)a
and more generally if s+t > -1 — N

O f < CrO(RLS).

One can find the following lemma in [3] but for b = Q).
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Lemma 5.12. For all k € (0, ) there are two constants C' and k' < 1 depending only on k,b,Q, N
such that for all f, g € Ll(d,ub) f>0,g>0

/f )RYg(2)]dpo(z SC/ 2)]dus(2),
B
where
b,0Q B 1
Rt f () = Mb(Bk;f(z»B[ | J(Qdnal0) O

Proof. By Lemma 5.8, x, (- (w) < XB,,(w)(2), Where k' = ﬁ Because of (5.12) there is a constant C
such that

1 C
B ) = Gy e

We want to form the quantity f(2)[R.g(z)] on the left while controlling it on the right in order to use
Fubini’s theorem to bring out the quantity g(z) [RZ’,Q f(2)]. Then, for w € By(z)

1 C
mXBk(Z) (w)g(w) < mXB’“'(w) (2)g(w).

We form R?g(z) on the left

1 C
/mXBk(z)(w)g(w)dﬂb<w)§ / mXBk,(w)(Z)g(w)dlub(w),

By (2) Bi(2)
by a multiplication by f(z) we have

1

f(2)Rlg(z) < Cf(2) / m?@k,(w)

By(2)

(2)g(w)dpp(w).

After integration, we obtain
b 1
[ 1R < [ | [ —txn w@a(wf Gto) | duot).
B B Bk(z)

Recall that (z € Band w € By(z)) = (2 € Bp/(w) and w € B), hence using Fubini’s theorem

/ FRL(dua(=) < € [ glw / (2 ()ita(2) | dinw)
B By (w

hence

/ F(2)Reg(2)dpg(z) < © / g(w) m / F(2)dpg(2) | dun(w).

B By (w)
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then

/f(2>[Rk9( Ndpqg(2) < C/Q(Z)[RZ’/Qf(Z)]dub(z>-
0

The following result will be used in the proof of Theorem 1.14. This extends Lemma 9 in [3]. We give
a proof for the reader convenience.

Lemma 5.13. Let k € (0,1). There are two constants ¢, C' depending only on a,b, N, k such that for all
positive locally integrable functions g if a > —1

cMapg < RZ(m%bg) < Cmapg,
and more generally ifa > —1 — N

Cmiubg < RZ(m;bg) < Cm;bg

Proof. Tt is sufficient to show that there are two constants 0 < ¢ < C such that Vw € By(z)

cMapg(2) < mapg(w) < Cmapg(2).
We are going to show the two inequalities. More precisely we are going to show that there are two
constants 0 < ¢ < C' such that, for each pseudo-ball B containing z and touching the boundary, there is
a pseudo-ball B’ containing w and touching the boundary so that

| Mb |dﬂb

and show for each pseudo-ball B containing z touching the boundary, there is a pseudo-ball B’ containing
w touching the boundary so that

| Mb |dﬂb

In each case, by Lemma 5.9, it is sufficient if B = B(x, R) to take B’ = B(x, K(1 4+ 2kK)R). For the
result with m], , it is sufficient to notice that B and B’ have equivalent radii. N

In the same way as Lemma 5.13, since Oy, f(2) := (1 — |2[*)'myyrsf(2) and O}, f(2) = (1 —
|2?)'m/, ., ,f (2), we obtain the following result.

Lemma 5.14. Let k € (0,1). There are two constants ¢, C depending only on s,t, N, k such that for all
locally integrable function g if s +t > —1

0519 < Ry(Os49) < COyg,
and more generally if s+t > -1 — N
CO;,tg < RZ(O;,tg) < CO;,tg

Now we give a useful characterization of elements in (Bg’b’q’Q), see Definition 1.7.
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Lemma 5.15. For a > —1land QQ > q, w € (Bg’b’q’Q) (b > —1) if and only if there is a constant
Cappq.0 > 0 such that

p

“”Q; /f Ji2) | [ (o) < Canpac /f (2)d2)

B

More generally ifa > —1 — N and () > q, w € (Bg’bﬂ’Q) (b > —1) if and only if there is a constant
Cabpqo > 0 such that

p
My Q—q
o / 1) | [ @l2)nolz) < Cunnag / PNl 2),
B

for all positive f € LP(wdpu,) and all pseudo-balls B of radius R that touch the boundary.

Proof. Assume w € (B3"49). Let 0 < f € LP(wdp,) and B be a pseudo-ball of radius R such that
R >1—|z|. Then

p

[ me) | -

IA

Hence

and because w € Bgvb’q’Q, there is a constant Cy 3 5, 4,0 > 0 such that

ﬁ‘b+Q a (
B /f d,ub ( < C’ab;mq7 /f d/qu )

For the general case it is sufficient to replace p,(B) with RN 1+a,
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If we assume that there is a constant Cy, 4 0 > 0 such that

p

Hpt Q=g o
R2(N+1ta) /f Jdpn(z w(B )<Cabqu/f (2)dpq(2),

for all positive f € LP (wduq) and all pseudo-balls B of radius R such that R > 1 — |z| it is sufficient to
take £(2) = (1 — [22)0 D007 (2)yp () to getw € (Bub4Q), X

Remark 5.16. The result remains true even if B almost touches the boundary.

In the same way, for (D3%<) (see Definition 1.11), we have the following lemma.

Lemma 5.17. For Q > qand s +t > —1, w € (Df;t’q’Q) (s > —1) if and only if there is a constant
Cs.t.p.q.0 > 0 such that

p

1
M/f(z>dus(z> / (2 )dUQ+pt< ) < Cstp.a.Q /f )duq( ),

B B
for all positive f € LP(wdy,) and all pseudo-balls B that touch the boundary.

For s+t + % >—land -1 >s+t>—-1—-—N,we (Dg’t’q’Q) (s > —1) if and only if there is a
constant Cy 1, o 0 > 0 such that

p

: P
mf}/ﬂz)dus(z) / (2)dpgpt(2) < Csipao /f (2)dpg(2),

B

for all positive f € LP(wdp,) and all pseudo-balls B that touch the boundary.
Remark 5.18. The result remains true even if B almost touches the boundary.

Corollary 5.19. For C; > 1, if w € D;’t’q’Q then there exists a constant Co > 0 such that for any
pseudo-ball B := B(y, r) which touches or almost touches the boundary, we have

/ (O dpigun(Q) < Co / () dpigrp(0).

B(yaclr) B(yar)

Proposition 5.20. Let X be an homogeneous space. Let w be a weight in X. For —N — 1 < a < b,
Q >qandk € (0, %), assume that there exists a constant Cy > 0 such that

r

/ (M, (xpu' ) ()] v(z)dv(z) | < Cy / u' P (2)dv(z) (5.14)

B B
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for any pseudo-ball B C X, where v(z) = RZ’,Qw(z), u(z) = RZ’,Qw(z)(l — [2]?)P-tR=a = dy

p=randy =1— %ﬂig If w e (B;vb’q’Q), there is a constant Cyyp 00 > 0 such that for all
f e LP(wduy,),

[ tmast ) w(e)dnols / () P2 (2).

B

Proof. Let set

11 = [ (s () (2ol

B

Using in this order Lemma 5.10, Lemma 5.13, Holder’s inequality and Lemma 5.12 we have,

II1 < C’,f/(m&bRZf(z))pw(z)duQ(z)

B

<L [ [BimasBf ()] w()dnol2)

B

<covar / RY [(may RLF(2))7] w(2)dpo(2)

B

< CPAPC / (MapRYf(2))PRYPw(2)dps(2).
B

For a < b, assume that there exists a constant C'y > 0 such that

1

r

JL 6t @) | < | [u @dvte)
B B

for any ball B C X, where v(z) = R\Cw(2), u(z) = RiCw(z)(1 — |2[?)°

N+14a

,dv = duy p = r and
v =1— F7153 With ¢ to be determined. Then we have

[ Onas )P l2)dgl) < CLAC [ (masRLF ()Y R o))
B B
< CLAC [[(MypRLF ()Y RS ()
B
S CLAC [ R )P Rl dn2)
B
< CzApC//(RZf(z))p(l — |z|2)CRZ}Qw(z)dub(z),
B

where for the last inequality we used Theorem 2.9. Now let us control (R} f (z))pRZ’,Qw(z). We have

p

(RLf(2))PRECuo(z) = / F(O)dmy(C m w(C)dg(C)

By (2)
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1 1
|, [ 10w | | [ “(0dal0

1
N \mB : f(C)dpp(C) Mb(Bk’(Z)>B : w(Q)dpg(Q) |

where the second inequality is because k&’ > k, the third one is because p;( By (z)) = uy(Bg(2)). Then

(REf(2))PRyPw(z) <

12P(Byy (2)) My =0 (Br(2)) ’
Tt Bl | ) [ #0am@ | | [ wdio |
P By(z) By (2)
so that
(REFP R () 5 Cappaqmr e DD JREGEGINGE!
b

(Bk’(z))“iJr%(Bk/(Z))B ()

because of Lemma 5.15 since it is possible to dilate the pseudo-balls By so that they touch the boundary
and the fact that the measures dy, and djiy 1, (5—q) are homogeneous. By Lemma 2.3, since By/(z) =
B(z,k'(1 —|z|)) with 0 < k" < 1, we have

ng(Bk:'(Z)) o (1- |Z|2>2pa—2pb—b—(Q—q)—(N+1)
- S )
iy (B (2)Hy, oy (Bu(2))

Recall that we already have

/ (mapf(2))'w(z)dug(z) < CyAPC / (1= [z O (R f (2) Ry eo(2)dpra(2).

B B

Let us set

V= / (1= 220 (R £(2)) R (2)dptal2).

Hence, using the previous control of (R? f(z ))pRZ}Qw(z) and Fubini’s theorem, we have

V< / PO dig(C) | (1 — [2[P)e+bmart2m=2pb—b-Qra=1=N g ()
B \Bk’(z)
< / / N () (O (1 — [Py 0=2PC-0=b-Qa=1=N gy oy ) £2(0)ao ()l (C)
B B
< / / o) (2) (1 — |22y -2 0-0=b=Qra=1=N g oy ) 2(C)o(C) g (€)
B

\5
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s/ﬁb/xmwo@xr—m%c%“@C%qlewa POWC)dpg(C)
B B

< / (1 — [¢)e20-0~@=0) £2(¢)uo(C)djag ).
B

The proof is complete if we take

¢=2(b—a) +(Q - q).
U]

Remark 5.21. The result in Proposition 5.20 says that if we assume that the Sawyer type condition
(5.14) holds, then the necessary condition w € (Bgvbﬂ’Q) for the boundedness of 7}, from LP(wdju,)
to LP(wdug) is also sufficient by the good lambda inequality in Theorem 1.13. Since we do not know
ifw € (Bg’bﬂ’Q) implies the Sawyer type condition, we will provide in the sequel a testable sufficient
condition for the boundedness of 7, ; in this situation.

Lemma 5.22. Let k € (0,1). For s+t > —1,orfor —-N —1 < s+t < —1Wl'l‘h8—|—t—|—% > —1,if
Q—q

wE D;’t’q’Q, we have o(z) = R;}Qﬂ)tw(z)(l — 2P € (AP’SJFH%).
Proof. We have o(z) = Ry w(2)(1— 277 € (A, aa) if
p—1

v = [y aal) [ D as)] <Gw

= | —————= [ o(2)dp, ., o-a(z —————— [ o7 (2)dp,  ,, 0-a(z < COp(w).

Ns+t+u(B) A Ns+t+ﬂ(B) S g
P B p B
st Q=a

Note that o(z) ~ R;H P ’Q+ptw(z) since duy (B (2)) ~ (1 — |z|?)"+1+°, We consider two cases.

First case: B := B(y,r) withr < 1 — |y|.

In this case, since RZ}b f(z) is defined as in (5.13), Corollary 5.19 shows that there are two constants
0 < ¢ < C such that

CRTHITOI ) RIS ) < o )
for all x € B. We then have
“s+t+%(3) F‘s+t+%<B) !
“s+t+%(3) <F‘s+t+QP‘1<B)> o

~Y

Second case: B := B(y, ) touches the boundary.

Recall that our measures are homogeneous, and recall that if 2 € B and © € By/(z), then z €

By (z)and x € B := B(y,2k'Kr + Kr), where k" = lflk,. Let

1 Q—gq

I = — d 1— |z d —¢(2).

Vi- [ | =gy | “@dngunta) | (= 1B i aa()
B By (2)
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Then by Fubini’s theorem we have,

1
Vi- / T / (@) g (e) | diis(2)

By (2)

//us B (2 (x)dps(2)dpgpe(z)

BBk/Z

/

B/mXB(Z)XBk’(Z)(x)w(x)dﬂs(z)dﬂczmt(aﬁ)
1

B

S A B () "\ nx 2 )W T d s\Z d T
B B

S [w@hngun(a)
B/

So we have
5 _}_Q-a
VI:/Rk}thw(Z)(l_ |27 dﬂs+t+%(z) S/w(af)dMQert(:E). (5.15)

B J

Let us now control (R5% ™ w(2)(1 — 1212) 7" )17, We have

o

$,Q-+pt 2yt (1= o w(x (T
(RO o() 1= )5 = | 1= BB [ w@digunte)

12
—
=
=
O
_|_

=l
S

—

QU
=
V)
%
_|_

©
S

i B (%) B (2)
Setting
1 p'-1
VII = / w(x)dpgpr() d“s+t+%<x) ,
B/ (2) k(%)
we have, by Holder’s inequality
~- 1 p'—1
1 =1 2\s— 4+ 9tet
VII = w(@)dpq+pt(x) wr (z)w? (z)(1 — |z[7) > 7 du(z)
I B,/ (z) B (2)
_ 1 1 p' -1
< w()dptq-pt() w7 ) dfig sy (s—q) (T)
i B/ (2) B/ (2)
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|
_
S0

(@) dpqpi(z) W () dptgp (s-q) (7)
Bk’ k’(z)
Let us set
R L4 Q@-a\ 7T
VIII / Py (1= ) 1dﬂs+t+%<z)a
B

then we have

D=

-1

/
D

V[I[g/ / w(x)dpgpt () / W (2)dptgip(s—q)(T) w(z)(1 — |2
B k’( ) Bk’(z)

W (2)(1 — |22 P dp(z)

so that by Holder’s inequality and Fubini’s theorem, we have

Vs | [ @dgipie-o
B
1 >
T ] c@iom© ] | [ w@uom) ||« @digpn
B | \By(a) o ()
Finally, we obtain
VIIIT < / W (2)dpgsp(sg)(2)- (5.16)

B/
Where on the last but one inequality we used Fubini’s theorem (as in the control of VI) and the fact that
for x € Bk/(z) we have z € Bk//(x) and

/ () dpgam(€) / (O dpgip(C).

Bk//(l') Bk’(z)

This is a variant of Corollary 5.19 or simply the application of Lemma 5.17 for f({) = (1 — |¢ |2)t+%
1p,,(»(¢) with B := B(z, 2Kk (14 k")(1 —|2|)) 2 By(x) (Lemma 5.9) and the fact that our measures

are homogeneous. Since w € D#19Q we use (5.15) and (5.16) to conclude that o € (A Q). [
p D,s+t+

Theorem 5.23. In the case both () > q and s+t > —1 hold, and in the case both s+t + % > —1 and
—1>s+t>—N —1hold, ifw € Dy"%9 there is a constant Cy 4 > 0 such thatV f € LP(wdp,),

/(Os¢f(2))%(2)d/w@(2) < Cs,t,m,cg/ |[f(2)Pw(2)dpy(2).

B
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Proof. Using in this order Lemma 5.11, Lemma 5.14, Holder’s inequality and Lemma 5.12 we have

/(Os,tf(z))pw(Z)duQ(Z) = /(ms+t,sf(2))pw(Z)duQ+pt(2)

B B

< Cf [[mese B 1Pl diigrn (2

< CLAP [ IRimst B ()Pldhigin (2
< CLA7 [ Ril(mesn RSP drigrn (2

< CpArC / (Mg, RES (2)) R P eo(2)dpas (2).
B

- : o
By Lemma 5.22, RE9™w(2)(1 — [2)) 77 € A, 11+ 6-a. Using natural domination between our
’ P

maximal operator defined by equation 5.4 and equation 5.6, we have

/ (Ouef (2)PPw(2)dpiqlz) < CLAPC / (e RLF(2)P RS Phs(2)dpas (2)
B B

< CLAC [ (Moo RGP R o))
B

= cpare / (Mystoel(1 = [2P) R F ()P RES P w(2)dp(2).
B

Because in each case we have % > 0, using Theorem 2.13, we have that

(M 1— |2 'Ry f(2)])P RyC P w(2) dpss(2)

s+t+%,s+t[(

/ (Outf (2)Pl2)dpo(2) <

B
—t— Q—q

(M 1= |27 Ry f(2)])P R w(2)dps(2)

s+ s i4 94 [(

S [ (= [2P) P @R f () R w () dps (). (5.17)

W @2\/\ W

Now let us control IX = (R; f(2))PRE% ™" w(z). We have

P
( 1 1

IX = \us(Bk:(ZDBé) F(Q)dps(C) mB [z) W()dpg Q)
L 1
< e, ()f(C)dus(C) e [ | Qg en(C)
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s (B (2) 1
> diis d
) MW#T“%@G{;ﬂOu@) B{;MOMmMO
s (B (2)
§@mm2£HwM@)B£ﬁW@WMM@
S CutpalL = PP @00 [0 ),
By (2)

where for the last but one inequality we used Lemma 5.17. Hence using (5.17) and Fubini’s theorem we
have

ﬂ@ﬁ@%@%@@ﬁ/ /fmwmmmaa—m%IWma

B B \Bi(2)

s/ /&mmﬂaa—vm**wma POWCdpg(C)

S/FKM@@MQ

Here we used Lemma 5.8 with £ := (k’)’. The proof is complete. ]

6. Good lambda inequality and sufficient conditions

In this section we will establish the good lambda inequality that allow us to provide sufficient conditions
for the boundedness of our operators. We first need some preliminary results. The first result extends
to the maximal function my_, , the analogue result in [3]. For the sake of completeness, we include the
proof.

Proposition 6.1. Let 5 > 0 and s +t > —1 — N there is a constant A > 0 such that for all £ € B
R > 1 — |z9| and a positive locally integrable function f and for all z € B(zy, R) if s +t > —1, then

Rﬁ / d(Z() g)f]\giJrHHﬁ d/v%(&) S Ams—l—t,sf(Z)-

d(ZOag)ZR

More generally if —1 — N < s+t then

is / d(zo,g)fz\giﬂﬂw dps(8) < Am;—i—t,sf(Z)'

d(z0,§)>R

Proof. Recall that if s +¢ > —1, by Lemma 2.3, there is a constant @ > 0 such that for all £ € N, we
have f151¢(B(20, 2" R)) < a(2F1 R)N T+ 50 that setting

f(§)
X =R / d(gg,g)NHﬂdeus(é)

d(ZOag)ZR
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we have

+o0
1
X s Z Ok(N+1ts+i+8) RN+1+stt / f(€)dps(§)
+=0 d(z0,8)<2~+1R
+00 1
< goNtltstt o—k8 / (e
a ; ps+i(B(z0, 251 R)) (&)dps(€)
= B(Zo 2n+1R)
N+1+s+t kB a2 N+1+s+t
< a2 mg tsf Z 27 = WmSH sf( )
a2 N+1+s+t
We can take A = T to conclude. -

Proposition 6.2. Letw € (D;’t’q’Q), we set again o(z) = R,‘z’Qertw(z)(l— |z|2)_t_% withk € (0,1/2).
Set B = B(2',r) with 1 — |Z/| < crand L = {z EB:1—|z| < C{ﬁmr} where C}, > 0,
0 <~y <1 r>0andc>0are constants. Then if we set L' = {z €cB:1—-|z|< ZC(’)ymr} and
B = B(#,ar) with a = K(C}+ 1), there are two constants C1 and Cy > 0 independent of y such that
ifs—l—t—l—% > —1 then

s+t+ Q 441

Wd/vLQ—i-pt(L) < Clad/vbs+t+%(lj/) and /~L5+t+%(L> < Cay NI H +t+Q Q(B)' (6.1)

Proof. Letk; = 1+k:’ then for z € L and £ € By, (z) wehave z € B = B(2',r),1 — |z| < C’é’yNH{%er
and z € By (&) because k] = k. Then

d(2,€) < K(d(2,2) +d(z,€)) < K[r + k1(1 — |2|)] < K[r + le{ﬁmr] < (CH+1rK
because 0 < ky,v < 1. Then £ € B = B(2,ar) witha = K(C}, + 1). Moreover,

1— €] < 1— |2 +d(2,6) < (ki + 1)(1 — |2]) < 2CHy ™=y
because 0 < k1 < 1,sothaté € L/ = {z cB:1—|z|< 206’}/m7“}. Then we have

XL(2)XBy, () (&) < X1/ (§)xBy(e)(2)-

Remember that

Horrp@za (Br(€)) = 14y 00 (B (2)).

Hence,

wdpgpt(L) = /W(z)dﬂQ+pt(z>

B w(z) )
‘/ 1B (7)) / () | digim(2)

L By, (2)
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- XL XBkl (5)&)(2)
B 13/ / pes( B, (%)) awil2) | diisS)

S / / = uf%k é;))w(Z)duQﬂat(z) dpis(€)
B \B
i K/vbsx(g—lfg)) / w(2)dpqpi(2) (1—|5|2>7t7%d”8+t+%(5>

By ()

— F—

(Rr@™w(©) (= 1€ F iy 0 ()

L

/7Z>

EdIE

< ar. Then

Let us show the second inequality. Let z € B, then, d(7/,2) = ||| — |2|| + ‘1
%)

W < ar. Moreover, as 1—|2/| < crthen 1—|z| = 1—|2/|+]2'|—|z| < er+ar.

||2'|—]|z]| < arand ‘1

Then for z € L/, setting 3; = 2(]07mr and B = (c+a)r,we getl — |z] < (1,1 — |2| < B2
and ‘1 Al < g, Then, L' C {z € B : 1 — |z| < min(fy, 52), ‘1 _ )

[Tzl EdIE

< ar}. In spherical

coordinates we have, for s + ¢ + % > —1

Q—q Q=
Hoprraza (L) S (s 4t+——=+1) (1= )" pdp do(€)
1=p<min(f1,f2) 1 (i <ar
Q—q
< (s+t+ % +1) / (1—p)* 5" dp / do(€)
1—min(B1,82)<p<1 \1—5—"‘2\<ar
Q— . Q=g
S T’N[—(l o p)s—i—t—i— q+1]1 min(By,B) = T‘N(Hlln(ﬂhﬂz))S—HH— pQ—H.
Then,
Q—q _ st @94
pLertJrﬂ(L/) < TNﬂf—HH_ pot! S TNJFSHJ“%J“L}/ N T (6.2)
p

On the other hand, as 1 — |2/| < c¢r, we have by Lemma 2.3

Py a=a (B) ~ (ar)V ! (max(1 — Iz/|,ar))3“+Q— <y N+ 1tstt+21
p

O

We are now ready to prove our good lambda inequality (Theorem 1.13) that we recall here for the
reader convenience. It is used to show that Sy, f € LP(wdpqypt) Wwhen my,,  f € LP(wdpgpt)-

Theorem 6.3 (Good lambda inequality). Letw € (D;’tquQ) (1 < p < +00) inthe case both s—l—t—l—% >
—land —1 > s+t > —N —1 hold, or both s+t > —1 and () > q hold. There are two positive constants
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C' and B such that for all ~y sufficiently small, X\ > 0 and for all positive locally integrable functions f,
we have

Wd/vLQ—i-pt({Z €eB: Ss—i-msf(z) > 2)‘7m;+t,sf(z) < ’7)‘}) <
CD;’t’q’Q(w)yﬁwduQert({z €B: Ssisf(2) > A}). (6.3)

Proof. Let A > 0,0 < 7 < 1 and f a positive locally integrable function. Let F\ = {z € B :
Ss+t.sf(2) > A}. By the Whitney decomposition Lemma (see [8]), there are a positive integer .J, 6 > 1
and a sequence of pseudo-balls { B;}52 |, with B; = B(z;,7;), such that

® E)\:GB]‘;

j=1
e every point of £ is at most in .J balls 5;;

o the balls B; = B(z;, ;) touch the complement of ) in B.

To obtain (6.3), it is then sufficient to show that

wiQipt({z € B : Seprsf (2) > 20, miy,  f(2) < 9A}) < ODY P (w)y wig p(B), (6.4)

where B = B(z',r) is a ball in the Whitney decomposition of £. From the third property of the Whitney
decomposition, there is zgp € B’ = B(2’,dr) such that Ssy;f(20) < M. Without loss of generality,
assume that there is {, € B such that m/,, . f(§o) < A Let B = B(zy, R) with R = max(1— |z, Cor)
where we choose Cy > max(c; K (1 + §),0) where ¢; is the constant C; in Lemma 2.15.

Weset fi = 15f and fo = 1B\§f, then f = f; + f> and we have

f
Ssti.sf2(2) < / ‘|1 _ <ZO7§>|>N+1+3+75

B\B

dyts (5)"'

1 1
/ ‘ |1 _ <z,§>|N+1+s+t B |1 _ <207§>|N+1+3+t f(g)d/vés(g)

B\B

So that, by Lemma 2.15 and Proposition 6.1, we finally have, for z € B

Sertsfa(2) < Ssyesf(20) + A/m;—i—t,sf(go) <A+ Ay

So, since

SS+t,Sf(Z) < Sert,sfl(Z) + Ss+t,sf2<z) < Sert,sfl(Z) + A + A/’)//\,

we have that Sg1; , f(2) > 2\ implies that S, 5 f1(2) > (1 — A’y)A. Therefore, to prove (6.4), it will be
enough to show that

wdpgip({z € B Seresfi(2) > WA}) < D5 (w)y wdugim(B), (6.5)

where b = 1 — A’y with an appropriate choice of 7. We are going to discuss according to the values of
the radius R = max(1 — |z, Cor) of B = B(2p, R). Let EY\ = {Ss4+sf1 > bA} N B.
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First case: Cor <1 — |z|.

Then, B = B(z,1 — |z|). Therefore forall z € Band & € B, |1 — (z,&)| > 1—|z| > C'(1 — |z)|),
so that for all z € B,

djis 1
Ss+t,sf1(2) = / 1 _f<(§7)£>/v|LN(El)+s+t < (C'(1 = |zo|)) N+1Fs+t /f@)d'“s(@'

B B

Then

SSJFtvSfl( ) <C"m s+t 5f(§0) < C//fy/\-

Hence, if we take 0 < v < yg = min(%, %) then it remains only to prove the following case.

Second case: 1 — |zy| < Cor.
Then B = B(zy, Cyr) and E, C L for L defined in Proposition 6.2. In fact, if z € E', then z € B and

§)dps(§)

DA < Ssrisfi(z |1 — (= 5 |N+ltstt = (1 — [z])N+1+s+ /f(ﬁ)dus(ﬁ)
B

(COT)N+1+S+L‘
= (1 _ |Z|)N+1+S+t s+t sf(éo)

(CoT)N+1+S+t
= (1 — [2])VHitstt

For o(z) = R,;Qﬂ?t (2)(1 — |2]*)7" 5, with & € € (0,3), by Lemma 5.22 we have o € (A
sothato € (A C(A

p,s+t+%>

because (A

oo,s+t+Q—) p,s+t+%) oo,s+t+%)-

Given the fact that L' is a measurable subset of B = B(%', ar), we have by Proposition 6.2 and Lemma
2.12

wd:uQert(L) < Cad/'Ls+t+__q<L/)

B Bo
N T odu, ., aq(B)
P yiresa (B)> S

s+t+Q 941 _

< Cxv NFTeT 500dus+t+q) . (B).

sHt+250 41

As E\isasubsetof L={z€ B:1—|z| < 067N+11+s+tr}, it follows that for f = 52—

have

o We

wipqp(E3) < CvPodp,,, o-a(B). (6.6)

~

One shows by Fubini’s theorem that adusﬂur%(é) < Cwdpiqypi( B) with B = B(Z', (2k + 1)arK).
And by Corollary 5.19 we get wduQ+pt(§) < CD;’t’q’Q(w)wduQ+pt(B). Then

wdpg+pt(EY) = wdpgpi({z € B : Ssirsf1(2) > bA}) < CD;’t’q’Q(WWﬁWdMth(B)-
This ends the proof. ]
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The following results appear as consequences of Theorem 6.3 and Lemma 2.14.

Theorem 6.4. Letp > 1. ForQ > gand s+t > —1,ifw € D;’;’t’q’Q there is a constant C; 4 o > 0 such
that

/ (Sysrsf(2)Pdtigun() < Crine / (Mt f (2)Plpigepn (2).

B B

Proof. 1t is enough to apply Lemma 2.14 to S,y f and myyef witht = 2X\, ¢ = 3, b = % and

a= C’D;’t’q’Q(w)fyﬁ. We just need to take v small enough so that a < bP. ]

Theorem 6.5. Letp > 1. For s +t + % >—land —N —1<s+t<—1,ifw € D;’t’q’Q there is a
constant C1 4 o > 0 such that

/ (Sertnf ()P digep() < Corn / (1o (2)Pdiape(2):

B B

7. Final remark and open question

This part is simply a direct application of the two preceding sections and Remark 1.12. Therefore for
1 < p < +o00 we have the following two corollaries.

Corollary 7.1. Let w be a weight on B. Then for s +t > —1 and q = Q, the following assertions are
equivalent.

1. Py, is well defined and continuous from LP(wdp,) to LP(wdp,);
2. Tyt s is well defined and continuous from LP(wdp,) to LP(wdpigpt);
3. Ssits is well defined and continuous from LP(wdp,) to LP (wdpigipt);

4. we (Kphaa),

Proof. By Remark 1.12, we have that (K3%%7) = (D3%%9) so that by Theorem 6.4, since
(1 — [2)*)!Ss4tsf(2) = Psif(2) and O f(2) = (1 — |2]?)'msie5f(2) and Theorem 5.23, we have
(4) implies (1). L]

Corollary 7.2. Let w be a weight on B. In the case both s + 1 + % >—land —1>s+t>—-N—-1
hold, and in the case both s +t > —1 and () > q hold, if w € (D;’t’q’Q) then Py, is well defined and
continuous from LP(wdp,) to LP(wdpg), so that Sy s is well defined and continuous from LP (wdy,) to

LP(wdpipt)-

In Theorem 5.5 and in Theorem 5.6 we show that being in (K]ﬁ’t’q’Q) 1s a necessary condition for the
continuity of P, ; from L”(wdj,) to LP(wdg), while in Corollary 7.2, we have that being in D;t’q’Q is
a sufficient one. When Q) = ¢, we find out that (K>"94) = (Ds"94), so that we have a necessary and
sufficient condition. But when () > ¢ we have (D;’t’q’Q) C (K;’t’q’Q). It is an open question to find in
this case a necessary and sufficient condition for the boundedness of P ; from L”(wdpy,) to LP(wdpg).
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