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Coupling Theory with Computer
Simulation: Main results of the thesis

0.1 Why couple theory with computer simulation?

From dilute gases through dilute solutions and colloidal particles in suspension to complex
liquids like polymer solutions and surfactants, the science of materials is one of the most ac-
tive scientific research domains whereby physicists, chemists and engineers have spent centuries
and huge resources trying to disentangle the complexities surrounding nature. The issue of
intermolecular forces, which often worried early scientists who believed that a universal inter-
molecular force law similar to that of Newton could be obtained that would explain the then
mysteries like capillarity, the shape of macroscopic droplets of liquids etc, remains the central
issue in modern scientific breakthroughs. Biological scientists are trailed into the dance of in-
termolecular interactions as it is discovered that the structure of biological molecules like DNA
could be explained via intermolecular forces in a manner very similar to that used for day-to-
day polymeric materials. In short, the domain of material science keeps widening as humanity
maintains its quest to understand the subtilities underlying God’s master-piece - nature.

The tools used in confronting the above tasks are three-fold. Engineers customarily will
go the experimental way, the success of which depends on their capabilities to develop viable
technical appareils. Theoreticians, armed with intuition and a high sense of imagination are
often limited by the multidimensionality of nature and the nonlinearity surrounding dynamical
systems. Today computer engineers have elaborated and brought up extra rapid-computing
machines that are capable of solving, within minutes, well elaborated problems that bare pen-
cil and paper wouldn’t solve for decades. The phrase “well elaborated” must be underlined
since the problein can only be adequately elaborated by someone armed with some theoretical
background, mastering the computational procedures but lacking the rapidity required of a
“robot” like a computer.

The agreements recorded between some experimentally observed properties of matter and
those calculated computationally using a representative specimen of the matter comprising only
some few hundreds or thousands of particles of the material has favoured the re-deployment of
research resources. It is in this wise that a group of theoreticians have deemed necessary to
exploit the growing computational skills at stages where pencil and paper cannot exceed, or to
test the conclusions of the latter.

Today a material scientist (theoretician) who intends to prevail in his thread must boost,
at least to some cxtent, of some mastery of both theoretical and numerical methods of tackling
problems. The necessity is again greatly felt when the individual lives in a poor country where
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basic experimental work cannot be afforded due to the costly nature of the tools needed, but
can afford a hard disc, a keyboard and a screen.

The present thesis stands as an end product of a piece of work aimed, first of all, at widening
the scope of vision of the student (and subsequently researcher) in the two complementary
currents in material science. Secondly, it emerges as a research piece as it has permitted the
elucidation of some essential but salient aspects of material science.

0.2 Main results of the thesis

The thesis is divided into two parts.

o In the first part we consider, theoretically, the dielectric properties (the electric suscepti-
bility and the Kerr electric birefringence) of a system of optically active polar molecules
(named rotators) embedded in a bath of noninteracting harmonic oscillators. The rotator-
bath system is considered as a quantum mechanical system and new aspects capable of
explaining spectral observations, especially those in the far infra red region of small polar
molecules like HCI (in argon), are pointed out. We recover most results published in the
literature on the classical aspects of the problem by simply taking the classical limits of
our results. This part of the thesis has been earmarked by the following important results:

1. We have brought out the relaxation mechanisms, both classically and quantum me-
chanically, governing the Kerr effect relaxation of the dielectric medium from a

pre-established state of equilibrium in a constant electric field to the isotropic state
in zero field [1].

2. The susceptibility and the Kerr effect rise transients resulting from the sudden ap-
plication of a constant electric field to the dielectric medium have been clarified with
results capable of explaining observations over wide ranges of temperatures, frequen-
cies and bath concentrations. A temperature-density (bath friction)-rotator inertia
dependent cross-over is revealed over which a transition from classical to quantum
aspects intervenes [2].

3. The coupling of dc field and ac field (of frequency w) on the dielectric medium
has permitted us to show that highly polar but less polarisable molecules undergo
lower frequency rotational transitions (transitions involving [ — [ £ 1) while highly
polarisable molecules are dominated by transitions of the form [ — [ £ 2. It has
also been shown that depending on the dominant harmonic (an w or 2w-harmonic)
observed on the Kerr spectra of a liquid, the relative strengths of the permanent to
induced dipole moments could be understood [3].

4. The analysis of the quantum electrical susceptibility led us to elaborating master
equations for appropriate transition matrix elements. The equations were quite gen-
eral in field strength and could act as the basis for higher order field effects. Presently,
we are using the master equations to consider nonlinear dielectric properties [4] .

e In the second part of the thesis we study the basic computational skills usually employed
to compute the properties of condensed media. The methods range from the conventional
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Monte-Carlo (MC) through the Configurational biased Monte-Carlo (CBMC) to Molec-
ular Dynamics (MD). As a typical application of the CBMC technique for sampling the
configurations of a macromolecule, we consider the elastic properties of two models of
linear excluded volume polymer molecules. In the first model we assimilate a polymer
molecule to a collection of N + 1 hard spheres freely jointed together by N free rotating
rigid bonds while in the second we consider a realistic polymer molecule, polyethylene
(PE), characterised by restricted torsional and bending motions. Using these models,

1. we have pointed out the great difference that exists between the strain ensemble and
stress ensemble elasticity laws of a polymer molecule characterised by the presence
of excluded volume forces. An approximate theory, capable of accounting for this
difference in some restricted length scale has been elaborated [5].

2. it has been possible to pin-point the force-extension laws in two types of solvent
conditions for PE and the effect of stretching on some polymer structural properties
like the relative populations of the gauche-trans conformations in PE, the static
structure factor, the nuclear magnetic resonance dipolar residual interactions [6]

and the relative importance of the entropic and enthalpic forces in a stretched PE
molecule.

3. we have shown that the knowledge of the force-extension relationship of any linear
polymer over all length scales can be used to deduce the neutron spectroscopic
properties of the molecule over a wide range of scattering angles [7].

As a typical application of the Metropolis MC and MD methods, we investigated the
the sensitive issue of the realities behind the ad hoc choices of intermolecular effective
potentials for use in simulating the properties of a polymer solution in which solvent effect
is accounted for by the so-called solvent mediated effective potentials. It is clearly pointed
out that the realities of most widely used solvent mediated effective potentials should be
limited by the thermodynamic state of the system under consideration [8].
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Chapter 1

(zeneralities and the model

1.1 Generalities

The dielectric properties of polar fluids is a field of active research in Physics, Chemistry and
technology. The study of the dynamics of the molecules of a dielectric medium furnishes useful
informations on the reactivities of some molecules and the reaction constants of some reactions.
This study over wide temperature and frequency ranges yields a good understanding of molec-
ular structure and relaxation phenomena. Informations on the absorption and dispersion of
electromagnetic waves through the atmosphere and other continuous media is readily obtained
from the dielectric properties of atmospheric gases and the particles constituting the continuous
media. A development of the qualitative and quantitative spectral analysis of atmospheric gas

composition is also very essential for the mastery of the problem of atmospheric pollution and
global warming.

An exhaustive interpretation of macroscopic observations of molecular systems requires
a molecular study since observations are strongly related to molecular dynamics. A complete
knowledge of the physical properties of molecular systems requires that the positions and veloc-
ities of its constituent particles be known at every instant. Such a knowledge is only obtainable
for systems composed of very small number of particles. At the macroscopic level, we should
be able to present the dynamics of a system of about 10%® interacting particles. This problem
has been attempted using present day computers only for a few thousand particles. For macro-

scopic systems the statistical studies (involving collective or ensemble analysis) appear to be
the unavoidable way to confront the problem.

The difficulty encountered in the description of large systems in terms of the dynamics of
their individual particles has compelled physicists to restrict themselves to studies involving
two types of well defined parameters; the first set of them being related to the geometry of
the molecules (molecular forms and sizes) while the second is related to the internal structure
of the molecules (average refractive indices, average dielectric constants, anisotropy, magnetic
properties, etc). The birefringence permits us to come out with some valuable informations on
the two sets of the parameters. For example, the birefringence of a molecular system permits
the knowledge of the diffusion constant D for the rotational Brownian motion. D is known to
be related to the form and dimensions of the molecule. Perrin [1, 2] showed that

12
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kpT p*_ 1-2p° V1i-p?
iy 177 (1 + S arctan ~— for p<1
kT p* [ _ 2p>—1 ptyp?-1
s 7T ( 1+ /i1 log o for p>1,
where kp is the Boltzmann constant, 7" the absolute temperature, 1 the viscosity of the medium
and p the ratio of the length of the longitudinal axis to that of the transverse axis of the molecule.
Thus, if D is known, p or v can be deduced.

The most relevant dielectric properties of interest are the clectric susceptibility x(¢) and the
Kerr function ®(t) (3, 4, 5, 50, 6]. It has been shown in linear response theory [7] that in the
presence of an electric field, E(t), the polarisation is given by,

S

D= (1.1)

t
P(t) :/ x(t — tHE(t"dt, (1.2)
where x is the response function or the susceptibility. It depends only on the time interval
t —t' (that is, the time interval measured from the instant the stimulus is applied) and not on
absolute time. y is thus non zero only posterior to the application of the disturbance. In other
words, x(t —1') = 0 for t < 0. This is the causality property. The argument ¢ — t' in Eq.(1.2)
shows that the response at time t is an accumulated cffect of the stimulus from the instant of
its application (far past) to the time t. For this reason x is also referred to as the memory
function.

The frequency dependent complex susceptibility (necessary for spectral analysis) is obtained
by taking the one sided Fourier transform of the polarisation [6] as,

~ 0
Pw) = %(w)Bw) = (P(0) - iw /0 ¢LP, (t)dt), (1.3)
where P,(t) = (i cos (t)) is the mean polarisation parallel to the polarising field with 3(t) being
the angle at time ¢ between the direction of the applied field and the dipole moment vector. x
is a complex quantity with the real part x' and imaginary part —x”. x'(w) is responsible for the
dispersive properties of most media while x”(w), an always positive quantity, is the absorption
or the loss factor.

Piekara and co-workers [8] proved that the permitivity variation tensor Ae(E) = ¢(E) — ¢
(where ¢g = ¢/, with ¢ being the permitivity of free space and J the unit tensor) of a dielectric
medium when the latter is subjected to a polarising field is a quadratic function of the polarising
field. Indeed, when an optically isotropic dielectric is placed in a strong electric field, its
refractive index undergoes a variation which depends on the relative orientation of the observing
field with respect to the polarising field. Observations are performed using an analysing light
source having a weak oscillating electric field. The direction of observation is that of the
polarisation of the light source. The observed dielectric permitivity will, therefore, depend on
the polarising field strength and the frequency of the analysing source, i.e., € = € (E,).

If the analysing field is parallel to the polarising field (longitudinal analysis), the measured
change in permitivity tensor will be

ﬂ(Ep) = i(Ep) - (1-4)

IS
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For perpendicular observation (transverse analysis)

A (B, = & (By) — (1.5)

€0 = €L, with I being the unit tensor. To each permitivity tensor corresponds a refractive
index tensor n defined by n-n = ¢”(E,). The optical birefringence is a measure of the quantity
[9]

An = ATLH - AHL = I(EZ, (16)

where K is the Kerr constant which is characteristic of the dielectric medium under consider-
ation. Under strong fields K becomes field dependent.

The classical fundamental theory of the Kerr effect proposed by Voight considers the elec-
tron theory of an atom as anharmonic oscillators while Langevin describes it as a statistical
re-orientation of optically active molecules by a static electric field. Langevin assumes that
the molecules of various substances are optically and electrically anisotropic in nature, their
interactions with an external electric field tending to give them lower potential energy configu-
rations or orientations but this is constantly counteracted by thermal motions. A competition
process tlien sets in leading to a statistical re-orientation of the molecules.

If the z axis of the laboratory frame is assimilated to the direction of the external pertu-
bation, Molecular dynamic studies reveal that An is a measure of (u,u, — uzu,) (where u, is
the o component of the molecular orientation unit vector) which can easily be shown to be the
ensemble average of the second order associated Legendre polynomials of the dipole moment

orientation unit vector component parallel to the external perturbation (u,). We, therefore,
define the Kerr electric birefringence as [3, 4, 5]

O(t) = (uyu, — uyug) = %<(3uzuz — ;)>7 (1.7)

where the angle brackets (...) denote ensemble averaging, u. is the z (direction of the polarising
field) component of u and u, any component of u perpendicular to the field.

In this part of the thesis, we are interested in the molecular origin of the electric polarisation
or susceptibility and the electric birefringence or the I err effect. The polarisation is a measure
of the mean dipole moment vector of the molecular system when the latter is subjected to an
external electric field. To tackle this problem, we consider the rotational motion of a system
of rotators embedded in a sea of non interacting bath oscillators. This problem has been
undertaken in recent years by many authors [3, 4, 5], with all approaches based on classical
methods using either the Smoluchowski equation or the generalised Liouville equation also called
the Fokker-Planck-Kramer (FPK) equation. In the latter, the molecular orientation distribution
function is expanded as a linear combination of the associated Legendre polynomials in cos 3
(3.4, 5] (where g is the angle between the rotator’s principal axis and the direction of the applied
electric field). The coefficients of the respective polynomials are related to the most relevant
diclectric properties such as the electrical susceptibility and birefringence or the Kerr effect.
We shall consider the simple case of a quasi-free rotator undergoing intermittent instantaneous
collisions with a bath of bosonic oscillators. These collisions lead to heat transfer from the host
bath to the rotators.

Though much work has been done to give the theoretical description of the spectra of
fluids, few have successfullv formulated an analytical description of absorption spectra over
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wide temperature and frequency ranges. Most of the theories are based on phenomenological
models that yield parameter dependent results. Special emphasis has been given to the classical
analysis of the problem. Most of the results published, thus far, have not gone beyond explaining
the observations on classical systems, though it is well known that for systems composed of
small molecules at low temperatures quantum aspects may influence their physical properties
[11, 12]. For example, Birnbaum [11] and Frenkel [12] observed fine structures on the far infrared
absorption spectra of HCI in argon, NHj; in Sulphur hexafloride and DCI in non polar solvents.
Gross [13] and Morita et al. [14] attributed this fine structures to quantum effects.

Progress in the theory of dielectrics has been greatly motivated by the development of two
statistical mechanics methods: (i) the kinetic equation method [15] and (ii) the autocorrelation
function (ACF) method [16]. The former is based on developing and solving kinetic equations
for the one particle probability function f(r,p;t) (or density operator g(t,p;t)) of molecules
in phase space (or in the Hilbert space of the molecular dynamical variables), while the ACF
method, for the electric susceptibility is based on the Kubo linear response theory [17]. Most
of the works based on the kinctic equation method exploit the impact approximation approach
characterised by two criteria (i) that only binary collisions are considered and that (ii) the
duration of collision is very small compared to the system characteristic times (I/kgT)°>, I/h
and system relaxation time 7z. This latter condition restricts the validity of the resulting theory
to the centre of the far infrared lines. Baranger [18] developed a general quantum theory for the
impact approximation including line coupling. Rosenkranz [19] and Smith [20] established a
formulation of line coupling. By truncating the well-known BBGKY (Bogoliubov-Born-Green-
Kirkwood-Yvon) hierarchy of equations for the n particle density matrix at the two particle
level and solving for the two particles p®(1,2;¢) in terms of the one particle pV)(1;t), Roney
[21] developed a kinetic equation for the one particle distribution function in which the collision
term was independent of radiation frequency. Very recently Roney [22] exploited the previously
derived kinetic cquation to obtained absorption line shapes whose basic features are same as
the VVW (van Vleck-Weisskopf) line form. Fano [23] laid the foundation for a theory in which
collision is radiation frequency dependent. A wide range of models [24, 25, 26, 27] make use
of the ACF method with each differing from the other in the interpretation of the changes of
the physical characteristics of motion (momentum, orientation and energy) of the molecules as
a result of collision. For the J diffusion model [16, 28], for example, the molecular orientation
is unaltered after impact, while the magnitude and direction of the angular momentum are
changed. Huber and van Vleck [29] emphasised on the importance of the application of the
Kubo fluctuation dissipation theorem [30, 31] to the shape theory.

Since 1994, our group has been developing a new quantum approach for the description
of dielectric and electro-optical properties of materials [32, 33, 34]. In our descriptions, we
have shown that widely published classical results [4, 5, 27, 35, 36, 37, 38, 39, 40, 41, 42, 43,
44, 45, 46, 47] are well recovered as limiting cases of our more general quantum theory. Our
quantum results faithfully reproduce the main features of absorption and dispersion spectra,
demonstrating how line widths and shifts depend on the rotator and bath characteristics.

In this chapter we derive a master equation describing the evolution of the orientation
probability density operator of a system of linear rigid rotators in a bath of non interacting
harmonic oscillators [32, 33, 34]. The rest of the chapter is organised as follows: In section 2,
we present the derivation of the Master Equation and section 3 is devoted to the study of the
stability of the solutions of the master equation.
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1.2 The model

Let us consider a symmetric rigid linear rotator, fixed at its centre but free to rotate about the
latter [6]. The rotator is in a bath of nonpolar, mutually non interacting harmonic oscillators
that interact harmonically with one or the other end of the rotator. Only the rotational degrees
of freedom of the rotator are considered. In addition to an anisotropic polarisability tensor,
the rotator possesses a permanent dipole moment susceptible of interacting with an applied
electric field. In the quantum treatment, the Hilbert space associated with this model is the
tensorial product of the Hilbert space associated with the rotator system Hg and of the bath
system Hp:

In our model the following assumptions are made:

e The bath oscillator-rotator system is homogeneous;

e The rotator has a needle shape [10], so that the moment of inertia about its longitudinal
axis is zero while that measured about a transverse axis passing through its centre is
nonzero. The bath effect on the rotator is conceived as a quantum noise described by a
collision operator in the considered dynamical equation.

e The rotator-rotator interaction is neglected, as we consider an infinitely dilute solution of
rotators in the bath, that is, the ratio of the concentration of rotators to that of the bath
is very small. Thus one rotator can be studied independently of the others.

1.2.1 The system Hamiltonian

The bath-rotator system Hamiltonian is the one used in [6]:
Hr = H+ Hp, (1.9)

where H=Hg+Hg+Hsp. Hg is the Hamiltonian of the isolated rotator, Hg that of the bath
and Hgp is the bath-rotator interaction Hamiltonian. We assume that there is no interaction
between the rotators, so that its Hamiltonian is simply the kinetic energy term:

. P2 h 1 0 .0 1 9?
H = — = —— | ———— .Il —A‘f‘——A_A . 110
*Tom oI (sm 305 & 90 sin? 58a2> (1.10)

The eigenfunctions of Hg are the spherical harmonics Y&, /3) where [ and m are, respectively,
the orbital and magnetic quantum nuinbers meanwhile & and 3 are, respectively, the polar and

the azimuthal angles. The eigenvalues of Hg are E, = ;—}l ({ +1). I is the rotator moment of
ertia.
We define, respectively, the creation and annihilation operators

al = ,/“) - oA = [ Pa 4 i 1.11
al p,, and a, = 2hqy l?hw,,py’ (1.11)
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of the vth bath oscillator and the occupation number N, = &, - al, where ,, p, and w, are
the corresponding generalised coordinates, momenta and the characteristic angular frequency,
respectively. 4! and &, verify the commutation relation

8,4 = 16, (1.12)

where I is a unit tensor and t denotes the Lermitian conjugate. The bath Hamiltonian, corre-
sponding to that of a harmonic oscillator, can then be written as

- - I
HB = Zhu),, (A’Yy -+ 5) . (113)

The rotator-bath interaction is assumed to be of the form
N R R TL7 At - ~
Hep =) @ -u=) c 2—(ay+au)-u, (1.14)
Wy

with @ being a unit vector defining the orientation of the rotator. ¢, is the coupling constant.
The electric field term resulting from the interaction between the permanent dipole () and
the induced dipole moments with the applied clectric field, is found to be [4]

~ o — Y -
Hg = —pFEcos § — —”%E%oszﬁ— %EQI (1.15)
where oy and « are the rotator polarisability tensor components parallel and perpendicular to
the moleccular principal axise, respectively. We have assumed that the electric field is applied
along the z-axis of the laboratory frame.

1.2.2 The Master Equation

We denote the rotator-bath probability density operator by 4(t) = 4(S,B;t), where S and B
represent, respectively, the sets of rotator and bath variables. p(¢) must verify the normalisation
relation

Trpt) = 1, (1.16)

where T'r denotes trace norm over the rotator-bath space. It is expressed mathematically as
Trp(t) =Trg @ Trsp(t) = Trs @ Trpp(t).

When an external stimulus (electric, magnetic, mechanical, etc.) is applied to the rotator-
bath system for a long time and is suddenly withdrawn, the system density operator relaxes to
the canonical equilibrium expression,

o oxp | =B (Hs+ Hp + Hsp)] o )
[T Py ey ey | | R o (117)

We want to derive the equation for the calculation of the diclectric properties of the rotator
system. The first step in this derivation should be aimed at decoupling the rotator system from
the bath variables, conserving in the final equations only collective characteristics of the bath
such as its temperature, friction coefficients and characteristic frequencies. This task is feasible
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through the use of projection operator techniques [48, 49, 50]. We define a projection operator
P which acts on any rotator-bath observable, for example 5(2), as

Pp(t) = 0 ® ps(t). (1.18)
Remark that P verifies the properties of projection operators. p(t) obeys the conservation law
which is expressed here by the Liouville equation,

0
+iL 0, : 1.19
= p(t) + iLp(t) = (1.19)
where L is the Liouville operator defined over any dynamical variable X as follows:

i % [I:I, ‘A(] for quantum systems
I {H, X} for classical systems.

[,] denotes the commutator symbol and {, } the Poisson brackets.

Two coupled equations can be written (by writing p = (P + P')j in the second term of
Eq.(1. 19) and multiplying the resulting equation from the left by P and P, respectively, noting
that P is time independent) describing the time evolution of the relevant part Pp( ) and the
non-relevant part P'j(t) = ([ P) p(t) of the density operator. These read:

%Pp‘(t) —PiLPj(t) — PiLP'p(t), (1.20)
aatp p(t) = —PiLPp(t) — PiLP'p(1). (1.21)

On solving Eq.(1.21) for P'j(t) using the initial condition P'p(t = 0) = 0 (which means that
initially the rotator is not coupled to the bath) and substituting into Eq.(1.20) while using the
property )

=P+ Per (1.22)
for commuting P and X; and taking trace over bath variables, it can be shown that the relevant
part (related to the rotator probability density operator pg, through ps(t) = Trp [pﬁ(t)])
verifies the integro-differential equation [50),

8ﬁ§t(t) = —iTrg (PLPj() / Try [PL(P+ Pe™ =) P'LPj(r)| dr. (1.23)

Iu the absence of an external field, the Liouville operator is made of three terms (I: = Lg+
l:B + 1353). It was shown in [50], after a rather lengthy algebra, that the above equation can
be written as

dps ; 7 iLoT 7 —iloT 204 o =
a—+1LSp5< —‘/0 Try [LSBG Lgpe Pg ®p5(t)] dr, (124)

where lio = jig + LB. If the rotator longest relaxation time is very short compared with the
observation time, we can assume that the collision term on the right hand side of Eq.(1.24) is
short lived and extend the integration to infinity.

In order to be able to handle the last term in Eq.(1.24) the following points should be
mentioned:
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e We shall make use of the relation
e o 4 = e'iH_hQT/ieiiliQT, (1.25)
where ﬁo is the Liouvillian corresponding to the Hamiltonian 1:10 = HS + I:IB.

e We shall use the following expansion of the rotator unit vector (in the spherical harmonic
basis) [6, 50]

0= i(ﬁf +1y7 ), (1.26)

=1

where 10, = (ﬁf)T and

i) = %mél\l,vrl> <l—1,m+1|A(l,m)—<l—1,m—1|B(1,m)},
ag(t) = Q%m:i_l|l,7n> <l—1,m+1|A(l,m)+<l—1,m—1|B(1,m)},
af(t) = i [L,m><l-1,m]|C(,m), (1.27)
m=-1
with

({-=m)(l—-m-=1)

Albm) = EERED ’B(l’m)zJ

{+m)(l+m—1)
(20 -1)(2l+ 1)

B ({=m)(l+m)
C(lym) = \ TEEESE (1.28)

o We introduce the time displacement operator U(t) = eilst 5o that for any dynamical

variable in the rotator space, if X is the variable at time ¢ = 0, then at ¢ # 0.
Xs(t) = U()Xs = e'bst X, (1.29)
It follows from this and the eigenvalue equation that
a(t) = Bty (b7 + 7)) =3 (et + e tyy)), (1.30)
=1 1=1

where wj is the rotator angular frequency when it is in the quantum energy level . In a
similar manner, the generalised co-ordinate and momentum vectors of the bath molecules
at any instant can be given in terms of their characteristic frequencies and the initial
co-ordinates and momenta.

o We shall use the property of the occupation number operator N,,

Trp (&) 8,pF) = N(w,),u, (1.31)
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where d,,/ is the Kronecker delta symbol; and the other properties

h 1
~ i ~1 ~€q - v N - ,
Trp(q, - 4,0%) o < (wy) + 2) Ouu
and
TTB ((iu ' f)u’ [)i;l) = ihduu’-

When Eq.(1.24) is revisited, bearing in mind the above points where necessary, we obtain the
Master Equation:

%ﬁs(t) +iLgps(t) = —Kps(t), (1.32)

where the collision term characterising the bath effect (K ps(t)) is written explicitly as,

Kps(t) = % 2;: 5 {ﬂa(wl — ) [ﬁ; (V) + %) (8 + a7, ps(t)]

_2(:;{” o - f‘f’f’s(t)u - i((w, _lwu)p T +1w,,)p> [ﬁ;
N+ =) [ (0F = o), as ()] = <[ (& +87)  ps®)] | b
2 2w,

(1.33)

The index p denotes the principal value. We assimilate the bath system to a gas of phonons
whose spectral density g(w,) is given by

™ Q(WV)C(WV)Q __ WQD
2 w? B C(cu2 + w?)’ (1.34)

where ( is the friction coefficient, ¢, = ¢(w,) the coupling constant and wp, the Debye frequency,

is the upper limit of the bath frequencies. If we approximate the discrete sum over v in Eq.(1.33)
by a continuous one over w, as

S )~ / dwyg(w,) (..., (1.35)

v

it can be shown that the collision term K pg(t) is,

Kps(t) = %Z Ay ps(t) — A ps(8)ad + Briv st
{=1
—Biaps(t)a; — Ajdy ps(t)d + Aps (b)) .4
+B ps(t)ty 4 — Bt ps(t).ay, (1.36)
where

A = w%w—j?w?(l + N(wp) + i(K(I[,JiD) - —)), (1.37)
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2

- (.UD : i
B, = W(N(wl) + 7,(/{(113[,11)1)) + 2WD)), (138)
with oo 2_2
;1;[ — ZTITpn
1.39
o an) = (g +2 0 ey ) e
and 1

kgT’
A} and B} are the complex conjugates of A; and By, respectively. kg is the Boltzmann constant,
T the absolute temperature, ¢ the friction coefficient and N(w;) the occupation number of the
rotator quantum level [.
Eq.(1.32) is the required master equation governing the evolution of the rotator probability
density operator. The collision term imposes that the weak coupling limit must be characterised
by the inequalities [45] (see also [6]):

¢ kgT

7 << (1.41)
and

5 << Wwp. (1.42)

It has been shown in [6, 45] that in the case where the first inequality is verified, the coupling
effect on the density matrix can be neglected. The classical Brownian and the rotating wave
approximation limits are determined by the value of the mean thermal agitation frequency
Wmean = (kBT/I)O'S. In the former, wyeqn is of the same order of magnitude as the characteristic
frequency (/1. In this case, the rotator energy is of the same order as the thermal energy, that
is, h?1(l + 1)/2I ~ kpT. Here we assume that wp — oo. The rotating wave approximation
limit [49] concerns the weak coupling assumption, {/] << wyeen- In this case we use a theorem
by Davies [51, 52, 53] on weak coupling as described in [6], which states that

1. if the spectrum of Hg is discrete and

2. if there exists a 6 > 0, such that

[7 de[SSTrs (e, - ad—0)] 1+ £)° < +oo, (1.43)

then, replacing Hsp by MHgp, where ) is a coupling parameter for all 7 and all reduced matrix
operator g,, one obtains

lim sup [[Tra (s ® i) — =" g =0, (1.44)
ST
where || ... || designates the trace norm and
Kips = lim / dte'bstKemitst . (1.45)

The two conditions (1) and (2) are essentially satisfied by our model. This theorem can be
understood in the sense that as the coupling parameter ¢ becomes vanishingly small the collision
operator K can be replaced by its time average K*. The advantage of using K* is two fold.
Firstly, it commutes with the relevant density operator ps and secondly, does not contain the
off-diagonal terms that are responsible for mathematical difficulties.
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1.3 The stability of the Master Equation
The stability of the master equation (1.32) can be analysed by assuming its solutions to exist
and be of the form

ps(t) = AF(t). (1.46)

We then define a Liapounov function trg (ﬁesqw(t) ) On substituting this solution in the master

equation and multiplying both sides of the resulting equation by z/;(t) while taking trace we
obtain:

d o] l w 00 1 . ~
DIDIT m | ) L B o opny v (All2+Bl+1(l+1)2) (T ()
=0 m=~! 1=0 m=-1
l2
2l+1 . 2l+1(ﬂs)tz|¢zux()|

2BRY Y Bl+1<l+ L’

(PS5 W (OF, (1.47)
par i 21+1 Il +1,0+1

where B = (/I and R denotes real part. We have assumed that the system is near equilibrium so
that all off-diagonal terms in the probability density matrix are neglected. If 1[)(t) is independent
of the rotator variables, ¥[}(t) will be independent of [ and m, then the right hand side (rhs)
of Eq.(1.47) equals zero; the expression of the probability density operator is, thus, identically
equal to that of the equilibrium distribution with matrix elements (p%)];. By translating [ (i.e.
by performing the transformations { - {+ 1 and [ — [ — 1) in the second and third terms of
the rhs of the above equation, we can show that the quantity to the right of the equality is
alwavs negative. This shows that the positive function whose time-derivative is at the left of

Eq.(1.47) decreases exponentially to its equilibrium value when the field is switched off. This
guarantees the stability of the solutions of Eq.(1.32).
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Chapter 2

Electric birefringence induced by a
constant field in relaxation regime

2.1 Introduction

The Kerr effect relaxation resulting from the sudden removal of a dc field previously applied to
a system of dilute rigid linear polar rotators in a sea of non interacting bath harmonic oscillators
is presented. In the Quantum Mechanics model proposed, we take account of permanent and
induced dipole effects while the inertial effect is described by a collision operator. Hyperpolar-
isabilities are neglected. We use the generalised master equation derived in chapter 1 [1, 2] to
calculate the Kerr relaxation function ®(t). In the search for this function, we [3] define matrix
elements ¢ ;(t) and ¢ ;42(t) whose knowledge at all times t, completely gives ®(t). We recover
the classical limits of the quantum expressions. A quantum result valid for the rotating wave
approximation (RWA) limit is given.

This chapter is organised as follows. In section 2, a brief description of the relaxational
problem is given, in section 3 master equations are derived for well defined matrix elements;
these are solved for different physical conditions leading to the classical Brownian limit and
the rotating wave approximation limit, respectively, and finally section 4 is devoted to the
derivation of the energy balance equation and entropy calculation.

2.2 The relaxation regime

Let us consider a polar, symmetric, rigid, linear rotator, fixed at its center but free to rotate
about the latter [1]. The rotator is in a bath of non polar mutually non interacting harmonic
oscillators that interact harmonically with one or the other end of the rotator.

We analyse the relaxational process (associated to the Kerr effect) following the sudden
removal of a constant electric field that has been acting on the system for quite a long time. The
field removal condition is characterised by the interaction between the rotator dipole moment
(permanent (g) and induced (a - E)) and the applied electric field E. For a linear molecule
the polarisability tensor has three non-zero components in a frame whose axes coincide with
the molecular principal axes - one component parallel to the longitudinal axis and two equal

25
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transverse components. The interaction of the rotator with the field thus reads

2 _ pEcos f — M0 B2 cos? f — S E?] ift <0 51
w0 - e 2.1
where o and o, are, respectively, the rotator polarisability tensor components parallel and
perpendicular to the molecular principal axis. It is assumed that the electric field is applied
along the z-axis of the laboratory frame. The evolution of the rotator probability density
operator is governed by the master equation (see Eq.(1.32)) [1]:

aﬁgt(t)Jr%[ﬁs,ﬁs(t)] = —Kps(t), (2.2)

where K is explicitly given in chapter 1.
We consider the field removal initial condition

tTB[ -ﬁ(ﬁs+f13+f153+ﬁz€)]

pslt=0) = fH(E £0) =

(2.3)

trle=PUls+Hp+Hsp+Hg)] ’
which corresponds to the canonical equilibrium density operator of the bath-rotator system in

the presence of the electric field. On performing a perturbative expansion in BHpy, knowing
that HE does not commute with H = Hg + HB + HSB, we obtain (see appendix A.1)

e~ P1s

ps(t = 0) = _ / doe= o075 [ e~ (1=)BHs +——/ doa
ps( ) trge—PHs trse BHs trge—PHs

% / do/e_ (1—a')aBHsg HEe~a aﬁHSHE6~ 1-a)BHs + ..
0
(2.4)

The symbols trg, trg and tr denote, respectively, trace norms over the rotator and bath Hilbert
spaces and the coupled rotator-bath Hilbert space.

2.3 The Kerr Effect Function

2.3.1 The master equations for the matrix elements

As it was pointed out earlier, the Kerr effect or the electric birefringence expresses the modifi-
cation in the refractive index tensor of a medium as a result of the passage of an electric field
through it. For rigid, linear molecules, the refractive index tensor n is written as

Hw
[
+

< (3ad — 1) >, (2.5)

where 11 is the molecule orientation unit vector, which here, is the dipole moment orientation
unit vector and n is the isotropic refractive index (in the absence of any external stress). A is
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a constant expressing the intrinsic birefringent properties of the medium. The Kerr function
®(t) is related to the component < (34,4, — 1) > as

1 - \
O(t) = 5 < (3,0, — 1) > . (2.6)
We define the field removal reduced spectral function An,(w) as

1 : o —iwt

An, (w) = m(@(O) — zw/o d(t)e dt). (2.7)

On using the spherical harmonic representation of the unit vector u (see Eq.(1.26)) and the
probability density operator ps(t) while defining matrix elements

l

o) = Y (L(1+1) = 3m?) < I, m|ps(t)|l,m > (2.8)
m=-1
and
S (T -m U+ m 2 - m)( 2+ m) ] )
P140(t) _m;l\r 20+ 1)(2l + 3 (21 + 5) < l,m|ps(®)|l +2,m >,

(2.9)

we obtain - X ;
D(t) = Z_; { VERCE B)Wz,z(t) + §(¢t,z+2(t) + @f,uz(t)) } (2.10)

Let us derive the master equations verified by the matrix elements. To get the equation
for ¢, ,(t), we multiply through the master equation (1.32) from the left by Z’m:fl(l(l +1) —
3m2)|l,m >< I,m| and take trace. On using some properties similar to (see appendix A.2)

l

S+ 1) = 3m?) < Lom | & ps(D0z, | 1m >= ~3pr (B = 6), (2.11)
m=—|
we get:
0 : pu(t) (20— 1)l
po(t) = =2BR|(AL* 4+ B (l+1)*) =2~ A (l+1
at(pl,l( ) {( l l+l( ) )2l +1 H—l( + )(2l + 1)(21 + 3)
(Il+1)(20 +3) .
1) — Bl (1 —
X i1 i41() TSI 1)90171,1—1(T)(1 d0)
—3(Bul + A (4 D)y (8)(1 = duo)|- (2.12)
The initial condition (2.4) together with some algebra [4] lead to (see appendix A.3)
e Pk I+ 1)(21+3) |1 3212 E?
t=0) = -~ e
el ) o2+ Lem P { 15 LﬁAaE i BB — Ei-)
1 K 1 1
)l —— (P BB ) 1) 4+ =1L+ 1)(2L = 1) = BAQE?
GE—m )= D} + =l + 1) - 1)| 38Aa

BZ/*LZE? - 1 (1 _ o BlE-E)
+,B(El+1 —E1){1 5(El+l _El)(l € )}j‘} (213)




28 _ Chapter 2. FElectric birefringence induced by a constant field in.relaxation regime

To get the equation verified by ¢;;12(¢), we multiply through Eq.(1.32) from the right by
i ,0;0 1, and take trace. The use of similar properties as those used in Eq.(2.12) yields

9 i *
a@l,H—?(t) - 7(21 + 3) i 40(t) = - B H(Az P+ B (l+ 1)2)m
[+ 2

. 1
+(Al+2(l + 2)2 + Bl+3(l + 3)2) 2l + 5 }w’l”(t) -2l + 3

(Bl

[L+1 /., °
+Bii2(l + 2)) 1,101 (1) (1 — di0) — m(Azﬂ(l + 1) + Aps(l + 3))
(A (L + 1) + Byl +2) }

X t) —2 t
(101+1,H-3( ) (2l + 1)(2[ + 3)2(2l n 5) (101+1,l+1( )

(2.14)
The initial condition on ¢ ;42(t) is

e~ BE! ol + 1)(I + 2) 1

t = D ot
Pt = 0) Y2, (21 + 1)ePEr 15(21 + 3) {zﬁ(Em — E)

(1 _ eﬁ(Et+2—Et))

2 2E2 1
< AafE? + 2 { a (1 — e AlEa—ED)

B(Ei — EY) B, — E))
1
_ —B(Eip1—E) _ ~B(E42—E)
e e . 2.15
B(Eiy2 — Eig) ( )H (2.15)

In Eqgs.(2.12) and (2.14), B = (/I. The exact expression for ®(¢) can be obtained if equations
(2.12) and (2.14) are exactly solved using initial conditions (2.13) and (2.15). This quantum
approach should generalise all results obtained using classical and semi-classical methods [5, 6,
7]. Let us now cousider the case of the classical Brownian limit.

2.3.2 The classical Brownian limit

The classical Brownian limit is characterised by the inequalities [1]:

h‘2 wmean
<< 1 and << 1. 2.16
ThipgT e s ’ (2.16)

which express the idea that the rotators perform slow random rotational motions compared
to thermal motions and the fact that the thermal agitation frequencies will hardly ever attain
the upper limit which corresponds to the Debye limit. Also, the rotator energy spectrum is
regularly continuous. Though the quantum number [ can assume large values, the quantity

al = (hQ/IkBT> [ is considered to be always very small compared to 1. We perform changes of
functions

ou(t) = %l(l +1)(2L + Vexp[~ sl D], (2.17)
a(l+1)({+2) h?

pusa(t) = 55— emp |5l D] (@ + 20+ 3)x(0) (2.18)



2.3. The Kerr Effect Function 29

while using the continuum hypothesis:
gl(l+ 1) >z (2.19)

and letting ¢ (z,t), ¢(z,t) and x(z,t) be the continuum analogs of the discrete functions (t),
@i(t) and x;(t), Eqgs.(2.12) and (2.14) reduce to second order coupled partial differential equa-
tions when we use:

272

U(z,t) — alyp(z,t) + %szz(x, t) + O,(a?)

a?(l+1)?
2

Yi-1(t)

Q

Y (t) = ¥(z,t) +a(l + ) (z, t) + Yz (2, 1) + Oq(a?), (2.20)

where O;(a?) (: = 1,2) is a vanishing function of a for small a.
On using the passage from discrete to continuous sum

s 1 o dg
2.21
S U = = [ U@, (221)
we obtain the expression for the Kerr function
1 [oq]
o(t) = 5 /0 dze (4 (2, 1) + 3¢(z, 1)). (2.22)
Let
F(z,t) = ¥(z,t) + 3p(z, t), (2.23)
then for dimensionless time 7 = Bt, the differential equations read:
0
EF(:L‘ )+ 3azx(z,T) = Z[xFu(:c,T) + (1 — z)Fy (=, T)], (2.24)
a A 1
o x(@,7) = S(F(z,7) = $(z,7)) = 2[eXax (7, 7) + (2~ T)xa(,7) — Sx(a, ], (2.25)
;—Tw(x,r) = Q[xwu(z:, )+ (1 — z),(x,7) — éw(x, T) + %F(z, t)], (2.26)
where sh "
=1 and A = 5 (2.27)

The initial condition on F(z,7) is

4E* A ?
F(.’E,O) = ° at ) ) = 4 404ic- (228)

15 GnT T aT)

In matrix form
QT,IM(T’ IL') = Q) (229)

F(r,z)
M(r,z) = (x(ﬂ z)) , (2.30)

with
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22+ (1-2)2] 3az 0
2
_ -3 = 2edm+ 20 - 4] :
=rz a 9%
- 0 2 -2y
+H(1—a2) 2] +2
(2.31)
The initial condition on M(z,7) is
4
M(ﬁ, O) = Pytatic | 0 | . (232)
1

The spatial parts of the diagonal terms in the differential operator D_  are related to the

differential operator whose eigen functions are nothing but the generahsed Laguerre polynomials
L7 () that verify the following properties [6, 8]:

2

d ..
(ld—12—+ (m+1—:c)8;+j)Lj (z) =0, (2.33)
el (@) = (m+j + D)LT () — (G + 1)L, (2), (2.34)
L (z) = L7 () - LT (2), (2.35)
d m - m
(Td_m -+ m)Lj (@) =(5 + l)LJ+11($), (2.36)
d m m+1
(E:; — DL z) = —L] (). (2.37)
The orthogonality property of the L*(z) is written as
/ dre™ 3™ L™ (z) LTHx) = 655 (2.38)
We, thus, look for solutions to the system (2.29) in the form
o (f3(T)L5(2)
Mz, ) =% | ¢;(r)Li(z) | . (2.39)
=0\ dj(7)L;(z)

On using this in the system (2.24)-(2.26) while making use of the properties (2.33)-(2.37), we
obtain the differential difterence equations:

(4 2)5(7) + 30((5 + es(r) — ey () =0, (2.40)

(425 4 () = S0 () + S (n) () =0, (241
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2(27 + 1)(i + 27)d; (1) + 4d;(7) — Qj(dgT- +2j — 2)d;—(7)

dr
. d .
The Kerr function becomes,
1
O(r) = Zfo(T)- (2.43)

On taking the Laplace transforms of (2.40)-(2.42) and searching for fo(s') (where s = s'B is
the Laplace variable) as a continued fraction [9], we obtain the Kerr function

E_2(ﬂ_+__!L)

é(sl) _ I 15B \kgT 6'.()1103T)2 ’ (244)
s + ’ 107
s+1+ 167
s'+2+ i T67
§'4+3—— , + 5
(s +2)(s'"+4) 4 Y
O () (s46) T 46+

where v = a)\/8 = TkgT/(*.

The continued fraction (2.44). as the exact expression of the Kerr relaxation function in the
classical limit obtained from the generalised quantum equations (2.12) and (2.14), is analogous
to the result previously obtained by Hounkonnou et al.; and generalises all approximate solu-
tions published in the literature. All the higher-order solutions of the Ierr effect relaxation
obtained, for example, by Kalmykov et al. [5] are simply some approximations of the successive
convergents, up to the third order, of (2.44). These are well characterised in [6].

Let us define

Bd(s")
E2( A p?r \’
(65 + )
The characteristic times 7, corresponding to the ith convergent of (2.44), can be calculated
using:

An,(s') = (2.45)

1
B

Note that on replacing s’ by iw' (»' = %) in the zeroth convergent to get the frequency picture,
we obtain

20 =

AntY(0). (2.46)

Bt
An©® __Z'b2 2.4

n (@) 1+ twTtpe (2.47)

This is the rotational diffusion limit [5, 6, 10], with relaxation time
© = 7py = . 2.48
T T D2 kT (2.48)

The first convergent,
] B

Ant (w) = (iw + B)7pz (2.49)

Tw? )

1+ i&)TDQ — (_GkBT
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gives the same characteristic time as that obtained for An{%(w). The second convergent gives

7@ = (1 + 59)7pa. (2.50)

This result coincides precisely with those obtained by Kalmykov et al. [5], Hounkonnou et
al. [6], Burshtein and Temkin [11]. The third convergent gives

40
3 — (1 + 5y — E’YZ)TDQ. (2'51)

For small 7, that is equivalent to small inertia and/or large friction, 73 — 7).
A more relevant form for the quantity An,(w) is its representation in the complex plane

An.(w) = Anl(w) — tAn!(w). The real part is related to the dispersion factor while the
imaginary part accounts for absorption.

Figure 2.1 shows the frequency dependence of the real parts of the first three convergents

of An,.(w). Note that all curves tend asymptotically to zero. Figure 2.2 shows the evolution of
the loss factor Anl(w).

@)

0.4 L

021
e
04—

0 05 1 1.5 225 335 4

Figure 2.1: Normalised dispersion coeflicient An.(w) plots against the reduced frequency w/B

for Debye diffusion limit (0), the first (1) and the second (2) convergents in the classical Brow-
nian limit for v = 0.05.

2.3.3 The rotating wave approximation (RWA) limit

With the replacement of K by KU for weak coupling [1] as was pointed out in chapter 1, we
can ignore all off diagonal terms in Eqs.(2.12) and (2.14). We assume that wp is very large
compared to both w; and wieqn though the latter may attain relatively high values. All terms

like @151, @ir104241 and all coupling terms are ignored in the master equations ((2.12) and
(2.14)) which now read:

(% +T)pn(t) =0 (2.52)
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Figure 2.2: Normalised loss factor An!(w) plots against the reduced frequency w/B for Debye

diffusion limit (0), the first (1) and the second (2) convergents in the classical Brownian limit
for v = 0.05.

and
o . /h
[E - ’L(T(Ql +3) + Awiya) + Dz i (t) = 0, (2.53)
where the positive half widths I" and the frequency shifts Aw for w;/wp — 0 are:
1
_ 2 2 —
Ty =2B[P(1+ N(w)) + (1 + 1) N(wig)] T (2.54)
I'iye = BlIP(1+ N(w[)); + (L 4+ 1)*N(wig1) !
20 + 20+1
1 1
2
U+ 2P+ N(wia) g + (0 3PN (i) 3 - 5] (2.55)
and
> (2mn)°
A = —2Ba?*(21 + 3)
Y2 wle Z:: 2mn)? + a?12][(27n)? + a?(l + 1)?]
1 a’
1 > 430+ 3)}. 2.
S (T Eere (e (G P i | G e A GR L) (2:56)

It is important to remark here that Eq.(2.52) describes the time relaxation of the diagonal
elements of the quantum canonical probability density matrix element. This equation shows
that under weak coupling the system remains close to the electric field imposed equilibrium for
a relatively long time since each of its quantum states has a relaxation time which is inversely
proportional to the friction coefficient (7,4 o 1/I'}). From the expression of I, it is obvious
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that high energy states relax faster than low energy ones. Observed relaxation will therefore
be accounted for by low energy states. The non diagonal matrix elements relax in a similar
manner but are accompanied by oscillations with frequencies that correspond to the [ — [+ 2
rotational transitions.

Eqgs.(2.52) and (2.53) have solutions

_E?/ Aa p? 5
ou(t) = —1§(k3T + (kBT)Q)zu +1)(20+1) exp[-mBTz(z +1)]
1

~Tt), 2.57
le, o2 +1) exp[ (U + 1)] exp(~Tul) (2.57)

E? , Aa u? I+ +2)

t) = ——
eive(t) 15(1@131/“+ (kBT)2>(2z+3) 2;020(21f+1)exp[ T 1(z'+1)]
R

X exp[— 2IkBTl(l + 1)] exp[—FHgt + z(T(Ql +3) + Awl+2)t]. (2.58)

On substituting these into Eq.(2.10) and taking the one-sided Fourier transform,

— /Ooo dte= "D (1), (2.59)

we get the frequency picture of the Kerr function

D(w) = ' (w) — 19" (w), (2.60)
where
W) = e R LI N G el )
S0 (21 + 1) exp| =zl (' +1)] 1= 2l + 3
[+2)M -
X{M—lwh{ﬂ ( ) <Mﬁuw—%m+@—ww
1
T R ; (2.61)
M7+ (W' + 7520+ 3) + W))?
and
E? =
i)//(vul) _ 15B( -+ 7t (ks ) Z l+1 exp[ Tkp Tl(l —+ 1)]
S22 + Dewp| -2zl (I + 1) 5 20 +3

I(20+1) W W — 520+ 3) - W,
+—l+2 IB
X{ 20—-1 w?+ G} ( )<]V[f+(w’—%(2l+3)—wl)2
w' + 220+ 3) + W,
Ml (W' + (20 + 3) + W)?

(2.62)

withw' =w/B, G, =1,/B, M; =T42/B and W| = Aw,,2/B.
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The spectral function An,(w) is deduced from Eq.(2.7) as:

An,(w) = Anl(w') —i1An! (W), (2.63)
where
A (W) = B2 = (l+1)exp[—7g7l(l+1)] 120+1)  w”?
i 2kl & 2+ 3 -1 0?1 G
W (W' — (20 +3) — W,
a2 o ( ’Bh( )
2 M7+ (o — 5 (20 +3) = W)°
W (W + =20+ 3) + W,
2 ( / IBh( ) [> 2)} (2.64)
ME + (W' + 752l + 3) + W)
and
Ay = i‘@ Dezpl— AR+ D] (120 +1) G’
M) T TR & 213 A1 w240
3 le'
+-(l+2
5 )<M,2 + (o = LU +3) - W)?
]\/[,w’
+ : 2.65
Ml2+(w’+,—%(2l+3)+14/,)2)} (2.69)

We have described a model Hamiltonian of a system of polar, linear, rigid rotators in a
bath of non polar harmonic oscillators. (Quantal equations are given for well defined matrix
elements that have been used to calculate the Kerr function. We have recovered the classical
Brownian limit developed by many workers [5, 6, 7]. A quantal expression for the Kerr function
(Eq.(2.60)) which is valid for weak coupling (van Hove limit) [12, 13], has been given. It is the
Van Vleck Weisskopf line form for the Kerr function obtained via a mathematical theorem by
E. B. Davies for the master equation in the interaction picture. In this limit, we ignore all “off
diagonal” terms in the equations governing the evolution of the matrix elements. Neilsen and
Gordon [14] concluded from their impact calculations on rotational line broadening of HCI by
argon, that off diagonal elements of the ¢ — matriz have little influence on the spectral shape
for low densities (densities lower than 1500 amagats).

The exact Kerr effect corresponding to the Classical Brownian limit is given by the continued
fraction in Eq.(2.44). The convergence of this fraction is governed by the parameter v =
(IkgT/¢%). This convergence is assured for small v, that is, for small inertia and/or large
friction. The different convergents of Eq.(2.44) can, therefore, only be applicable to light
rotators in dense bath media. This means that collisions between the rotators and the bath
oscillators are frequent and we observe continuous absorption/dispersion spectra as seen in
Figures 2.1 and 2.2. The relaxation time, being the time over which an initial polarisation
decays in zero field, must increase with increasing collision frequencies since collisions hinder the
drift motion of dipoles which is the agency causing changes in polarisation. The characteristic
frequency B = (/I, is an increasing function of density and pressure [15] of the host bath. It
depends also on the rotator. For rotators with characteristics comparable with those of the
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bath, collisions are likelv to involve large exchanges of energies, for example, of the order of
kgT.

For large inertia and /or small friction, Eq.(2.44) becomes unsuitable for the analysis of the
Kerr effect relaxation. For weak coupling (small ), we expect that collisions be less frequent
and that the system becomes strongly uncorrelated. This should lead to absorption/dispersion
spectra characterised by well defined line shapes.

An’ ()

0.5

-0.25

7 8 9
log(wVB)

Figure 2.3: Normalised dispersion line-form Anl(w) against the Neperian logarithm of the
reduced frequency In{w/B) in the van Hove limit for B /wmesn = 0.001, and h*/(ITkpT) = 0.05.

Figures 2.3 and 2.4 show the frequency dependence of the real and the imaginary parts of
the quantity An,.(w), respectively. These curves are obtained for the particular values of the

parameters a = (h*/TkgT) = 0.05 and B/(/cBT’/I)O5 = 0.001. All these curves qualitatively
well reproduce the absorption and dispersion behaviours of fluids exhibiting quantum effects as
depicted by experiments [16]. The latter portray absorption/dispersion resonance lines at well
defined frequencies. For large frequencies (v > 10" Hz), as seen on the graphs, all resonance
phenomena disappear giving rise to zero absorption, whereas dispersion tends asymptotically
to a constant nonzero value. For low frequencies (v < 10" Hz), resonances are absent but
start appearing for frequencies above 10" Hz and become populous in the range 10" Hz < v <
10MH 2. We can note tuat the classical limit gives only one of these absorption lines and that
the resonances observed are largely due to low energy rotators (I < 10). It is also important
to note that the particular values affixed to the parameters of the model are those of HCI at
temperatures between 150K and 300K. Frenkel [16] experimented that for HCl (0.06 amagat)
at about 180K in Xe (1.05 amagat), absorption lines appear in the range 10cm™' < 1/X <
300em~!. Our approach gives practically the same range with identical line positions.

These results confirm all deductions made using a similar approach on the electric suscep-
tibility in [1]. Our results and those of the latter paper are, thus, in good agreement with
experimental results [14, 16]. The coherency between theory and the experiments acts as a
stimulant to further investigations of quantum effects on dielectric properties of polar fluids in
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An’(w)

{5,
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log (/B)

Figure 2.4: Normalised absorption (loss factor) line-form An!(w) against the Neperian log-
arithm of the reduced frequency In(w/B) in the van Hove limit for B/wyeen = 0.001, and
R (TkgT) = 0.05.

non-polar thermalised media.

2.4 Energy balance equation and Entropy Calculation

In the absence of the field, there is no external work on the system and the internal energy
change of the rotator is equal to the heat change. The energy balance equation is thus

LT 20
where -
Uty => > <l,mlHsps(t)|l,m > . (2.67)
=0 m=-—I
The master equation then gives
d ,
—d—tQ = 2B[kgT — U(t)]. (2.6%)

2B is the rate at which heat is transferred from the bath to the rotator.
In the presence of the field

d d d .
where
d o0 4 o
Sw=S3 5 <lmlfipps(t)lm > (270,
{
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Note that

o + 20

00 l N A
S X < hLmlHsps(t)llm >= ~Ex(t) - S E(t) - S

=0 m=—1 3

E?, (2.71)

where x(t) = (ug) and ®(¢) is the Kerr effect function. In the case of a dc field, the energy
balance equation becomes

%Q = 2B[kpT — U(t)] — B—x(t) — = E*—(t). (2.72)

These results are identical to those previously obtained [45] via the Fokker-Planck equation.
@ is the heat transfered to the rotator from the host bath and the work done by the electric
field. In the case where the electric field is applied in the far past and removed at ¢t = 0, x(¢)
and ®(t) are exponential decreasing functions of time, decreasing initially rapidly and tending
to zero values for large times. Hence, the rate of heat transfer is initially high but reduces to
the bath term at the equilibrium state.

We now proceed to analyse the evolution of the entropy from when the system is in equi-
librium in the presence of an electric field till when the thermal equilibrium in the absence of
the field is attained. In this analysis, we consider that the external electric field is so weak that
the system is not far from the thermal equilibrium state. We, therefore, suppose ps(t) to be of
the form [17]: )

pslt) = it + (1), (2.73)
where p%._ is the thermal equilibrium probability density operator in zero field condition. The
normalisation condition on pg(t) requires that Trg (pc,,g(t)) = 0. The initial condition on
ps(t) is given in Eq.(2.4).

The Boltzmann entropy formula.

S(t) = —kp < ﬁg(t) lnﬁs(t) > (274)
yields, to first order in §(t),
S(t) = Soo + kB Z(ﬁEl -1+ In Zoo)Gl,l(t)t (275)
!
where z
- 21kgT
Zoo=>_Y <lmlexp—fHs|l,m>= hZB , (2.76)
[ m=-1
1 21kpT
Seo = ~kpy, », <lm|p5hnpg | L,m >=kp(1+In( Ihf ), (2.77)
[ m=-I
! I
Gut) = Y, <lm|pgeat) [{m>= 3 pjigl(t). (2.78)

m=—1 m=-—I

The density operator pg(t) must obey the Master Equation (1.32), in particular pg., verifies it
since it is an asymptotic solution. pgh g(t) is governed by the equation

e sralt) = ~K (pa(1) (2.79)
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On multiplying through this by 3t _ | {,m >< I,m | and taking trace, we obtain

0 _ 2 2, Guu(t) ((+1)?
~Gult) = —2BRe[(Ad® + Bt (1 + DA/ = Ao
12
XGH-I,H-l(t) — Bl2l _ 1G1_171_1(t)(1 — (510)]. (280)

It is easily seen from Eq.(2.4) that the initial condition on Gj,(t) is

h? ( pE )ze—f’Ef

Gt =0) =
wl(t=0) 367kgT \kgT' Z.,

(20 +1)(BE — 1). (2.81)

The entropy therefore relaxes from the initial equilibrium value

21 kpT K pE 2
= kp|l +1 .82
S(0) = kg [1 + In( “ )+36IkBT(kBTH (2.82)
We perform the change of function
h? uE \2e PE:
t) = 2 Yi(t .
Gult) = serr(og) 7@+ D), (2.83)

where Y)(t) has initial condition Y;(0) = BE; — 1. Then, the continuum approximations lead to

5
&V (2,7) = 2 Veul,7) + (1= 2yl 7) + %Y(I,T)], (2.84)

where Y (z,7) is the continuum analog of Y;(7)). Solutions are sought, as a linear combination
of the Laguerre polynomials

(z,7) = Zyj (2.85)
The initial condition on G;(t) leads to
Y(z,7) = y1(7) Ly (2). (2.86)
with y;(t) = ~e 5. We recover the expression for the entropy
27kgT h*  uE N2
t) =kp|l+1 —B, :
S(t) = ka1 +In(=7=) + FEaT g7 (287

Remark that the equilibrium state in the presence of the external field is more stable than
that in its absence. This could be predicted, since an external electric field will favour statistical
reorientation of dipole moments in its direction, thus increasing the order in the whole system.
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Chapter 3

Dielectric property dynamics induced
by a dc field

Summary

With the aid of the master equation derived in chapter 1, which for commodity purposes will
henceforth be referred to as the Hounkonnou-Navez (HN) master equation, the dielectric prop-
erties of a polar fluid in a constant electric field regime is analysed. Master equations are given
for well-defined matrix elements o,;1)(t), @i (t) and n,42(t). While the electric susceptibility
describes low energy rotational transitions, the Kerr effect, involves both low and high energy
transitions. For the quantum electric susceptibility. the linear response limit is considered while
the Kerr effect accounts for higher order electric field effects. The classical Brownian limit of
the quantum equations recover most results published so far. The convergence of the classical
results (which are in the form of continued fractions) are guaranteed for large friction and/or
small inertia; and low frequencies. (Quantum expressions, valid for weak coupling (small fric-
tion and/or large inertia) are obtained via a rigorous mathematical theorem on weak coupling.
They are the an-Vleck-Weisskopf line forms for the electric susceptibility and the Kerr func-
tion. More importantly, explicit expressions are given for the frequency shifts and line widths.
We demonstrate the transition from quantum to classical effects as the the friction/inertia
parameter ((/I) increases. A temperature dependent cross-over is found.

3.1 Introduction

In chapter 2, we presented the analysis of the Kerr effect relaxation of a system of polar linear
rigid rotators in interaction with a bath of harmonic oscillators [1]. This, we did using the
master equation derived by us [2] for quantum systems. In this chapter [3], we make use of
this equation to calculate the electric susceptibility and the Kerr function for the case where a
constant unidirectional electric field is suddenly applied to the system. This problem has been
tackled classically by Morita and Watanabe [4], using the rotational Smoluchowski equation.
Kalmykov and Titov [5] presented a semi-classical approach based on the J diffusion model.
Their analysis was limited to the electric susceptibility calculation. In the same paper. they used
the ACF method on the Van Vleck-Weisskopf model. This model supposes that, after every

41
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collision, the molecule can be found in any possible state with the probability proportional to the
Boltzmann distribution corresponding to the instantaneous Hamiltonian of the system. Their
results could be recovered from those obtained by us in this chapter for the weak coupling or
the rotating wave approximation limit (RWA). These classical theories together with our recent
works [6, 7] effectively describe the high density spectra of polar fluids.

This chapter is arranged as follows. In section 2, the Master equation governing the time
evolution of the rotator probability density operator is given. In section 3, master equations
are given for some well defined matrix elements. In section 4, the electric susceptibility and
the Kerr function are calculated for the classical Brownian limit. In section 5, the RWA limit
is considered. In section 6, we end with discussions.

3.2 The field dependent Master equation

The evolution of the rotator reduced probability density operator in the presence of an external
electric field pg(t) is governed by the HN master equation [1, 2]

aﬁgt(t) + %[ﬁs;f)s(t)} + Kps(t) = —%[HE,f)S(t)}, (3.1)

with the collision term K[)S (t) explicitly given in chapter 1. This equation is the same as those
used in [1, 2] but for the fact that there is an explicit presence of the electric field. This,
because, we are interested in the investigation of how a thermally equilibrated system in the
the absence of any stress will relax to the new equilibrium in the presence of a stress. In other
words, is the relaxation following the sudden application of a dc field explained by the same
mechanism as the relaxation following its sudden removal?

An appropriate initial condition for the above master equation is the canonical probability
density operator of the free rotator in the absence of the electric field.

If Q(t) is the heat gained by the rotator from the bath and as a result of the work done by

the electric field on the dipole through the interaction with the dipole moment p, we write the
energy balance equation
d

d d .
%Q(t) = %U(t) + %W (), (3.2)

where U(t), the internal energy of the rotator and W (¢), the work done by the field are defined
as:

U(t) =< Hgps(t) > and W(t) =< ﬁE[)S(t) >, (3.3)
with the angle brackets < ... > denoting ensemble averaging. On using the HN master equation
(3.1), we get, for a constant field,

d dpnFE, SR ePE
—Q(t) = 2B(kgT — U(t > S (l+ 1) —-T t 3.4
dtQ( ) (ks () + 3 & I( + 1) 7 maoy 41 (t) (3.4)
to second order in electric field strength. Zm denotes the imaginary part, B = ((/I) is the

rotator-bath characteristic frequency. To get this equation, we made use of the change of
function,

e~ PBE

l l
Z C(l + l,m)pml(t) = Z C(l + 1,m)20171+1 (t)

)
m=—I| m=—| Z

(3.5)
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where Z is the free rotator partition function; E; = (h?/2I)l(l 4+ 1) is the rotator rotational

kinetic energy and C(l,m) = ‘/((;—z__%' 01141(t) is independent of m. The matrix elements

[y (t) are defined as
pir(t) =< lm| ps(t) | I',m> . (3.6)

Remark that in the absence of the field ( = U and the internal energy of the rotator tends
asymptotically to that of the thermal bath. The energy balance equation is very important as
it describes well the process of energy transfer from the bath to the rotator or vice versa. The
matrix elements oy 41(t) determine explicitly the electric susceptibility; the latter, thus, plays
a vital role in the energy transfer processes.

3.3 The Master equations for matrix elements

We want to calculate the electric polarisation P(t) defined as the ensemble average of the
component of the rotator dipole moment parallel to the applied electric field which we assume
directed along the z-axis of the laboratory frame [6, 7, 8, 9]

20 {
=33 <Lm{ups() [ Lm >, (3.7
=0 m=—{
where [i, = ut,, with @, the z component of the rotator orientation operator. On using the
spherical harmonic representation of 4, in Eq.(1.26), we get

00 -BE;
l -+ 1
=0

= %U[,Hl(t), (38)

2u
3

o~

where R denotes the real part.

The Kerr function is the ensemble average of the second order Legendre polynomial P{cos 5)
[6, 7, 8, 9]
ZZ <lL,m| (30~ Dps(t) [ 1,m > . (3.9)
2 om=

On defining matrix elements (differently from those in chapter 2) ¢;; and 7,9 through

Lo+ 1) ~ 3m?
m;, (20 - 1)(20 + 3)
2 e PRI+ )2+ 1)

15 7 (2l—1)20+3)

<l,m|ps(t)|l,m>

era(t) (3.10)

and

! ((l +1)% - mz) ((l + 2)% - mz)
m;l[ (20 4+ 1)(21 4 3)2(21 + 5)

! ((l +1)* - m?) ((l +2)% - mz) e—PE!
(204 1)(20 + 3)2(21 + 5) Z

<lm]|pslt) |1+ 2,m>=

Mhay2(t), (3.11)

m=—I
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after using the spherical harmonic representation of u, (Eq.(1.26)) we get,

P 2
% >, € . (211113)) {l((z.‘zlljll)) ©i(t) + 3(1 + 2)%nl,l+2(t)}. (3.12)

=0

We now give the master equations verified by the different matrix elements o;;.1, ©;(%)
and 42 (t)

To get the equation verified by o;;,1, we multiply through the HN master equation (3.1)
from the left by L, C(1 +1,m)|l + 1,m >< [,m| and take trace. The use of properties
similar, in some way, to that proved in appendix A.2 leads to

l a ih
] 2 _ﬁE
mE:-l Z[C(Hl m)2e [(at —( +1))ore1(2)
1
2 ,—BE *72 9
+B{C(l +1,m)?e PE (A + Bra (1 + 1) VT

1
Al +1)° + Byl +2)%) T 3]Uz,z+1(t)

pp, L1 ,
—Cmy*e PP e (B + (L4 1)Bl o (8)(1 = b)

—C(l+ 2, m)%e PP ——

z+ .
o5 AL+ D) + A+ D)]or ()

[+1
(2l+1)(2l+3)[

=i 32 (B0 e 1m0 - i)

m=—1

(41 m)? A+ 1)+ B+ 1>]az,z+1<t>}}

—BE(_1
26

+C(l, m)QC(l + 1, m) Z 771;1,1+1(t)(1 - (5(70)
2 e P
—C(l+1.m)*C(l +2,m) 7 mHQ(t)}
AcE(t)?
+ 2h

e BE

{[C(z, m)? — C(l + 2, m)Q] C(l+1,m)? 01141 (1)

e~ BEi1

—C'(l, 7TL)QC(Z + 1, m)2 Ul—l,l(t)(l — (Sl,O)

e~ BEI-2

+C(l - 1. 777,)26'(l, m)QC(l + 1, m)Q /\1#2’l+1(t)(1 — (5[)0)(1 — (5[71)

e PE
—C(l+1,m)*C(Il +2,m)*C(l + 3, m)? wZ—/\, 1+3(1)

—BEI
+C(l+ Lm)zC(l +2,m)2€ 7 UHﬁl’H,Q(t)}}. (313)

The equation for ¢;; is obtained by multiplying through the master equation by {(l(l +1)-—
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3m?)/ [(2[ - 120+ 3)}|l,m >< l,m\] and taking trace to get

Lo ll+1) =3m®
2 [E(zz "Dt 3P

m=—l
AL+ B+ a4 1)~ 3m?
20+1 (21-)(20 + 3) Pl,z( )
(+1)(1+2)-3m?
(20 + 1) (20 + 3)2 pl+1,t+1(t)
I(1-1)—3m?*
(20— 1)2(20 + 3)/):_1,,_1(t)(1 )

[Bll + A (U + 1)]
Tt )2l +3)
2 LU+ 1) =3m? [ pE(t)
- Emg_l (20— 1)(21+3){ s

e i AaE(t)?
-C(l,m)* Tmop-1,(t)(1 — 80)] + 2h()

x[C(L+1,m)*(C(L+ 1, m)’e F1 Tmm 1,5 (2)

+23R6{

—~ Al

-Byl

e BB

C(l, m)2C(l + 1, m)2 77[_1,[+1(t)(1 — 5[0)}}

[C’(l + 1,m)%e "B Tmoy 11 (1)

~C(l=1,m)*(C(l,m)%e PP=2Tmm_, (1) (1 — &,0)(1 — 51,1)] } (3.14)

Im denotes the imaginary part.

Finally, the equation for 7,4, is got by multiplying through the master equation (3.1) from
the left by =t _,C(l+1,m)C({+2,m) |l +2,m >< [,m| and taking trace:

~ e 2001 0. mzC
m;_l{ (I+1,m)*C(l+2,m) Z E—‘T( + 3))ms2()
—BE; 1
+B{C(l +1,m)*C(+2,m)*" {[A? + Bua (1 +1)7] 20+ 1

. 1
HAuall+2)” + By (14 3)] 5= nsalt)

[+2 9 e PEi-
- C(l + 1,m)?
TR 3C'(l,m) (l+1,m)

[Bil + Brea(l + 2)| 141 (1)(1 = 10)
O+ 2,m)*C(l + 3, m)Qe_ﬂZEm 21—11—13[
+ Al + 3)]77,+1,,+3(t) =2 [A;H([ -:211):3)5;”2“2)]
Mt of] i 220

m=-—I
e_ﬁEH-l

A;:}—l (l + 1)

Ory1,1+42(1)

X{C(l +1,m)2C(l + 2,m)?
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-BE,
—C(I+1,m)*C(l + 2, m)Qe o (t) + C,m)2C(l+1,m)*C( +2,m)?
o—BEi1 ; e OB
X—7 Mo (B) (L = dio) — C(L+ 1, m)*C (1 + 2,m)*(1 + 3,m) 7 /\l,l+3(t)}
_AaE(t)2

A O 1 mPC( 2, m2 30 = o)

~[c,m)? + C+1,m)? = C(l +2,m)*C(l +3,m)*]
e_ﬂEl
xC(l4+1,m)*C( + 2,m)?

Mmar2(t) — C(L+1,m)*C (1 +2,m)?
e BEi-2

X (C(l - 1, m)zC(l, 777,)2 Cl—2,l+2(t)(1 — 5[,0)(1 - (55,1)

—C(l+3,m)*C(l + 4, m)Qe_;El Q,lH(t)) H : (3.15)

The new matrix elements A ;43(t) and (;,44(¢) are defined through

Cl+1,m)Cl+2,m)CIl+3,m){,m]|ps(t)|l+3,m)
= {C(Z +1,m)C(l+2,m)C(l+ 3, m)} Aya(t),
Cl+1,m)Cl+2,m)CU+3,mCIl+4,m){l,m]|ps(t)|l+4,m)

2
= [C(l +1,m)Cl+2,m)C(l+ 3,m)C(l + 4, m)} Critalt). (3.16)
The initial conditions on oy;41(t), ¢u(t) and m42(t) are

Ul,l—{—l(t = 0) = (pl,[(t = 0) = 77u+2(t = 0) = (). (317)

For commodity, Eqgs.(3.13), (3.14) and (3.15) shall henceforth be referred to as Hounkonnou-
Titantah (HT) equations for the electric susceptibility and the Kerr effect, as they will frequently
be used in subsequent works. Eq.(3.13) will be referred as HT1, (3.14) as HT2 and (3.15) as
HTS3.

Remark that any matrix element K., (with n # 0) is at least an n-order electric field
term. In particular, ¢;;(t) is a second order term. This follows from HT1 that the polarisation
is an odd function of electric fleld strength E(t). Thus, polarisation reverses as field reverses.
On the contrary, the electric birefringence is an even function of E(t). The modification in
the refractive index tensor is thus, independent of the field orientation except with respect
to that of the polarising field. In the analysis of the electric susceptibility, we limit ourselves
to the linear response regime while the Kerr effect will be given to the second order in the
electric field strength. In the o,,4,(¢) equation (HT1), we, therefore, ignore third order terms
like E(t)n142(t) and E(t)?01,41(t); and fifth order terms like E(¢)%A;;13(¢) while retaining first
order terms like E(%)p[;(t) in which case we consider the canonical thermal equilibrium density

matrix element in zero field (pf'y(t) = (p})* = e ?#t/Z). In the m42(t) (HT3) and ¢y (t) (HT2)



3.3. The Master equations for matrix elements 47

equations, fourth order field terms like E(t)?m;,42(t), E(t)A\143(¢) and sixth order E(2)2¢; 44(t)
are ignored. The appropriate reduced HT equations are, thus:
i) the reduced HT1:

0 ih 1
(5£ -+ 1) o (t) + B[{(A]2 + Bua (1 +1) )T + (A (L+1)?
. 2 _ ﬁ(Et—El—l) [
+Bl+2(l + 2) )21 T 3}01714_1(25) [ 9 1 [Bll
x _ gl +2
U+ DB o (®)(1 = ) — BB 2 47 (14 1)

I+1 .
+ Al + 2)] o1 42(t) - OERIOEE) A+ 1)
+B[*+1(+1)]U,*,,+1(t)] = *i%ft) <1 - e”"q(E’*‘_E')); (3.18)

ii) the reduced HT2:

(A[l2 + Bl+1(l + 1)2) (l + 2)(21 — 1)

)
atSOu( ) + 2336{ or(t) = A (L+ 1)

20+ 1 (20 + 1)2
- _ [—1)(20+3 o
xXe ﬁ(E[H El)(PH—l,H—l(t) - Bll((?l)—i-#eﬁ(h El"l)(p[__l,l_l(t)(l — (5,0) —
Bl+ A (I+1 - E(t
LB o 1111()2 ))eﬁ(E, E”I)Th_1,z+1(t)(1 N 510)} _ K h( )
2l -1 _ 2043
(21—1 [[+1(t) - eﬁ(El El_l) mlmal,l‘[(t)(l — (5“0)) (319)

and
iii) the reduced HT3:

0 ih «12 2 1 2
[E - 2+ 3)]nu+2(t) + B l{ [A,l + B (L +1) ]m + [Al+2(l +2)
1 {
B (l+3 2 _ B(E—E;_1)
+ l+3( + ) ]21+5}771,l+2(t) 21_{_16

_ )1 +3
[ L+ Bia(l + 2)]77! L1(8)(1 —di) — e (8 L')m
2
AL+ 1)+ As(l+ 3 t
x[ L 3(l + )]m+1 143(t) — @+ D@ £ 5)
E(t
X [A,+1 [+1)+ Bz+2(+2)]<,0[+1[+1(t)] = z'u h( )
2
X (e‘ﬁ(Etu—E:)ng,H?(t) — Ul,l+1(t)> — i% (1 _ e—ﬁ(Ez+2—El)) ) (3.20)

Aa = (o — ap). If the reduced HT1, HT2 and HT3 equations are solved exactly, for all [
and all model parameters such as temperature 7T, inertial effects B = (/I and moderate fields,
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then the exact analysis of the dielectric properties of polar or polarisable fluids is accessible
for a wide range of temperatures and frequencies. In the paragraph that follows, we present a

low frequency analysis of this problem. This is the classical Brownian limit which is a highly
explored aspect of the problem [6, 7, 8, 9].

It is important to point out here that the HT1 equation can be used as a starting point in
the investigation of nonlinear effects on polarisation.

3.4 The classical Brownian limit

In the classical Brownian limit [7, 10], the bath is much faster than the rotator, in other words,
the rotator frequencies w; = hl/I are much smaller than its mean thermal agitation frequency

0.5
Wiean = (kBT/I) which in turn is much smaller than the typical oscillator frequency wp.

The spectrum of Hy is assumed to be continuous. These hypotheses justify the limits:

(h/])2 kT
= """ s and 21
a s T/T) — 0 an 1% —0 (3.21)
and approximation
%1(1 +1) - . (3.22)

The transformation (3.22) is similar to the one used in [6, 7] on the Fokker-Planck-Kramers

equation where x = %, with ) being the angular velocity of the rotator.
On letting

O‘u+1(t> = O‘u(t) + Z(l + 1)02[(f), (323)
7]1)[+2(t) = ﬁll(t) + ’L(Ql + 3)772[ (t) (324)

while taking ¢(z,t), 01(z,t), o2(x,t), m(z,t) and 72(z,t) as the continuum analogs of o (),

o1, oy, Nu(t) and ny(t), respectively, we obtain the system of coupled partial second order
differential equations:

[88_7' — 2(;1:% +(1 — a:)%)]al(wﬂ') + 2byxoa(z, ) = 0, (3.25)

g+ 0= = Pl = hente ) = niL o
2 el (1 ) ele ) + (ol ) - (e, 7)

_ szukEB(;) [33% — 4 1]02(55.,7-) — 3b2‘uki(77:)0‘2(33,7'), (3.27)
(5= 2+ (1= ) () + Bbymma, ) — (il 7)

E(r
—m(z, 7)) = —2by T a:ax — x4 1}02(:1:,7) + by ukB(T)Uz(a:,T), (3.28)
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d 0 0 1
[—8_7' - 2(.’1?@ - (2 - .’1?)& - '2—)]772(.’1?7') - blnl(I,T)
by uE(T) [ 0 AaE(T)?
=4 — -1 B Wt WA .
b LG U (3-29)
where by = h/(IB), b, = h/(alB) and 7 = Bt is a dimensionless time.
3.4.1 The dc field susceptibility
On using the continuum approximation on equation (3.8) we get
P(r) = g/oo dze oy (z,T). (3.30)
0

Remark that the spatial parts of the differential operators defining the various functions are
related to those of the generalised Laguerre polynomials LT (z) (for 2 € [0, c0)) whose properties
are given in chapter 2 (see Eqns. (2.33)-(2.38)). We look for solutions to the system (3.25)-
(3.26) in the form:

o1(z,T) o~ S3(7)L;(z)
= . 3.31
( 02(1:,7)) g( Si(r)Li(z) (3:31)
Using this together with the orthogonality property of the Laguerres in Eq.(3.30), we get

P(r) = gsg(T). (3.32)

The properties of L7*(z) applied to Eqs.(3.25) and (3.26) give the differential difference equa-
tions for the coefficients S7(7) and Sj(7) as:

((% +2§)S3(7) + 2b2[ (4 + 1)S}(7) = jS}_y(7)] =0 (3.33)
and
(Ed; +2) +1)S)(7) = b [S)(7) = 824(7)] = -, %(Yf)ajp, (3.34)

with §2(0) = S}(0) = 0. For commodity reasons, Egs.(3.32), (3.33) and (3.34) will be referred
to, in subsequent works, as the classical HT equations for the electric polarisation.

On taking the Fourier transforms of Eqs.(3.32), (3.33) and (3.34), for E(t) = E,, while
searching for SJ(w' = w/B) as a continued fraction, we obtain the spectral function or the
reduced susceptibility

Xp(w) = iw'P(iw')/P(0)

2
= i . (3.35)

f\/‘ l
%y + iw' (i + 1) + d

4y
4y

iw'+4+',——6;y_
w' + 5+ ...

w' + 2+
w' + 3+
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where v = TkgT/¢* The convergence of this fraction is governed by the parameter v =
(IkgT/C?). For low frequencies (w' = w/B << 1), it converges strongly. This expression, thus,
explicitly describes the low frequency spectrum of classical fluids.

Figure 3.1: The plot of the real part of the normalised susceptibility versus log,q(w/10°%) for
(&Bz 0

; ) ° - 10%rad/s: (A) v = 0.005, (B) v = 0.05 and (C) v = 0.5. The subscripts 2 and 4 in
As 4 stand for the order of convergence of the continued fraction (3.35).

Figure 3.1 shows the variation of the real part of the normalised complex susceptibility
as a function of log,o(w/10°) for different values of v = kgT/(IB?*). For each value of this
parameter, the second and fourth convergents of Eqgs.(3.35) are plotted. Curves A, 4 are the
plots for v = 0.005. A, and A4 coincide exactly for the whole frequency spectrum. Similarly
B, 4 are the plots for v = 0.05. Once more, the convergents coincide. Finally, Cy and C4
are those for v = 0.5. They are distinct for a wide range of frequencies. Remark that all
six curves present kink shapes with the kink frequency ranges and steepness increasing with
increasing v. The curves are drawn for a constant value of the mean thermal agitation frequency
Wnean = (lchT/[)O'5 = 10%rad/s. From w > 1.6 x10'%rad/s, dispersion (the real part) becomes
negative reaching a minimnum value at a frequency of about 2.5 x 10%rad/s and increasing
uniformly to zero for very high frequencies.

Figure 3.2 shows the imaginary part of the normalised susceptibility as a function of
logyp(w/10%). The curves Ay ,, By,, C5 and Cj are defined in a similar manner as in figure 3.1.
This figure illustrates exactly absorption resonance. From the curves, we remark that resonance
frequencies and resonance band widths depend strongly on friction ¢, through v = I'kgT/(?.
For large friction (7 = 0.005), resonance occurs at a frequency of 10'?rad/s with band width
Aw = 2.8 x 10"rad/s. For moderate friction, (y = 0.05), it occurs at 4.5 x 10'%rad/s with
a width Aw = 1.4 x 10%rad/s and finally, at 1.1 x 10%rad/s for v = 0.5. It is important to
remark that the relative positions of resonances are independent of the order of convergence of
the continued fraction (3.35) for given value of v, but the order influences the magnitude of the
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loss factor (imaginary part) and the real part of the electric susceptibility. The convergence of
the continued fraction (3.35) is thus, guaranteed for large frictions and/or small inertial effects.

C

A4
B'24

Figure 3.2: The plot of the imaginary part of the normalised susceptibility versus log;,(w/10%)

0.5
for (EBI—T) = 108%rad/s: (A") v = 0.005, (B') v = 0.05 and (C') v = 0.5. The subscripts 2
and 4 in A, 4 stand for the order of convergence of the continued fraction (3.35).

3.4.2 The Kerr function
We apply the continuum approximation on Eq.(3.12) to get
B(t) = % 7 dze (ol 1) + 3m(a,1)). (3.36)
0
On performing the change of function

d(z,t) = p(z,t) + 3 (x, 1), (3.37)

in the system (3.27)-(3.29) and looking for solutions in the form

o(z,7) oo s X;(1)Lj(z)
(oo ) =3( VrIL(o) ). (3.39)
mo(z,7) j=0 le (T)L; (z)
the Kerr function reads,
O(7) = LYOO(T) (3.39)

30
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and the coefficients X;(7), Y (7) and Y;'() verify the coupled differential difference equations:

(25 + 1)(% +25) + 2] X;(r) - j(% +25 = 2) X4 (7)

~G + 1)(j—T + 2 +2) X, (7) — % ;) = 52%(;;)
x[=27( = 1)S]_y(7) + (45 +5)S)_1(r) = (G + 1)(2] +3)S} (7)), (3.40)
(% +25) Y (r) + 24by (G + 1Y} (1) = YL, (7)) = ~4by u;i(:;)js;‘“ (341)
(a1 - 20 - v ()
+%1(Xj(r) — Xj+1(7)> = —bh MkEB(;) S? - b1%5¢0~ (3.42)

For same reasons as above, Eqs.(3.39), (3.40), (3.41) and (3.42) will be termed the classical HT
equations for the optical Kerr effect.

On solving the system (3.40)-(3.42) for Yy in the Laplace variable we obtain the Kerr
function:

2
('I')(Sl) . 1 (all — al)Ec
158 kgT
1 -
s'+
X ? 1 + RQA T 1 27s'
v+ s'(s" + )+s,+2+ e
Sl+3+/—47_6'7—
s +d+ sT4+54...
6y
X
2s'+3 8ys’ ’
S’(S/ + 1) + 47 542 + 12t 167
s/ 43— 4~ + 16~
(s"+2)(s' +4) s! 444 24~
o' 45— 4y LY
(sT+4)(s"+6) s/ +6+...
(3.43)
with R = ;ﬂ/[(an — aL)kBT]. The corresponding spectral function is
_4y
vyl
An* (W) = (1 + R —— by 2 T ) X
27y + 1w’ (w' + 1) + PRETTY .
i“’/+3+,—7_6——
fw! T 5+
6y
X ITETRY 1 4 2iw' 43 8vyiw'
iw'(iw' + 1) + 4y 555 + oo oy
il 48— ey 16y
(Gw'+2)(w'+4) 1144 424’7 51
iw! 45— — 1 +
(iw' +4)(iw' +6) " iw +6+...
(3.44)

Remark that the steady state Kerr function [11] is recovered from Eq.(3.43) as
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. I3/ 1 Ec2 a”—aL JIEN
q)statzslll_r{})[SB(I)(S)]:—E< T -{—(kBT) : (3.45)

Let us point out here, the specific character of the Kerr response function which stands as a
product of continued fractions as opposed to that of the relaxation regime [1] where it is a
simple continued fraction.

Figures 3.3 and 3.4 are the plots of the real and the imaginary parts of the Kerr spectral

0.5
function (3.44) as functions of log,,(w/10°) for differing values of the parameter R for (E%I) =

108rad/s and v = 0.05. Curve (1) illustrates the case of highly polarisable non polar systems
(R = 0), (2) the case of polarisable polar systems (R = 1) and (3) that of highly polar ones,
(R =100). In each case, the third convergent is considered.

m

Figure 3.3: The real part of the normalised classical Kerr spectral function versus log;,(w/10°%)
for (5311)0'5 = 10%rad/s and v = 0.05: (1) R =0, (2) R =1 and (3) R = 100.

3.5 The rotating wave approximation (RWA) limit

In this limit, we assume that the solution of the rotators in the bath is highly diluted so that the
pressure and consequently friction are very now. The coupling parameter B or the characteristic
rotator-bath frequency is very small compared to the rotator lines w; = (hl/I). The dynamics
of the rotator is virtually governed by the free rotation in the orienting field. Coupling affects
only the frequency shifts and line widths.

Using the mathematical theorem on weak coupling [2, 12] quoted in chapter 1, all “off-
diagonal terms” and couplings between matrix elements can be ignored in Eq¢s.(3.18), (3.19)
and (3.20) so that they become:
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Figure 3.4: The imaginary part of the normalised classical Kerr spectral function versus
0.5
logy(w/10°) for (£2L)™" = 101%rad/s and y = 0.05: (1) R=0, (2) R =1 and (3) R = 100.

0 . Bt _ _
(a —t(wis1 + Awigr) + Fl+1)01,l+1(t) = ( ><1 — e AP E’>), (3.46)

3 E(t) (2 -1 e (2043 \
(a -+ "Yl)()pl,l(t) = H h( ) <2l—+—IImUU+1(t) — eﬁ(E‘ E'”)ﬁImal_l,l(t)(l — 6[,0)>, (347)

1, _ LBt _ _
(a — (worys + Awyyis) + F21+3)771,z+2(t) =it h( ) (6 BB E‘>Ut+1,z+2(t)
AaE(t)?
,UH_H(t)) — Za2h() (1 _ eﬁ(EH-'zAEl)), (348)

with initial conditions o;,.1(0) = ¢;;(0) = 7,,42(0) = 0. We define the dimensionless line
widths and frequency shifts:

I 2BI 1 2 (I + 1)
Pt 9
le - h’Yl h 2l + 1 l: eﬂhu}l _ 1 eﬁhwl—{—l o 1 (349)
! 1 ! !
L= 5(’7’1 + %H), (3.50)

1 !
F/25+3 = 5(% + 'Yll+2)» (3.51)
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. B 00 (2nm)3
Moy = ~pam 3L [(2nm)2 + (al)?]

1

X [(2n7r)2 + (a(l + 1))2] [(Qn,n-)Q + (a(l + 2))2] )

(3.52)

4R3B o (207)° (14 Gae (2 +31+3))
— == (2043 _
I k%TQ( *+3) nzzo [(2nm)2 + (al)?|[(2nm)2 + (a(l +1))?]

1

{(2n7r)2 + (a(l + 2))2] [(2n7r)2 + (a(l + 3))2] ;

!
A%Hs

X (3.53)

where a = % These functions well indicate how line widths and frequency shifts respond to

changing physical parameters like inertia, friction and temperature, thus their utility in explor-
ing the influence of the parameter variations on spectral lines. Note that in our dimensionless
frequency unit we define the quantum state frequency w; = [. Eqgs.(3.8) and (3.46) will be
called the quantum HT equations for the electric susceptibility while (3.12), (3.47) and (3.48)
are those of the Kerr effect. The classical and quantum HT equations for the electric suscep-
tibility and the Kerr optical effect so termed are very general in field type. The description
of dielectric relaxation phenomena could also be done using these equations, putting in them
E(t) = 0 and setting appropriate initial conditions.

3.5.1 The dc field susceptibility

In constant field, Eq.(3.46) is solved to get

(1Ee/B)[1 — expl— iz (L + 1)
Ton + (Wi + Awign)?

X COS((.U[_H + Ale)t] — FI-H Sin[(wl-H + Awl-H)t] e—I’,+1t

ounlt) = o |

-1 (FI-H [1 — €_F[+1t COS(UJ[.H + Au}[_H)t] + (le + ALU[_H)

X Sin[(u)[+1 + A(AJ[+1)t]€—Fl+lt) } (354)
We deduce the steady state matrix elements

2
&t__WEJm(r—mm—ﬁﬁa+1m
b TF o+ (Wit + Awigg)?

((UJ[.H + AUJ[_H) — iF[+1> . (355)

The steady state polarisation can then be calculated. It is found to be the usual P = y?E/3kgT
with a friction dependent correction which decreases proportionately as (?/IkgT but since this
result has been obtained in the limit of small friction and/or high inertia, the additional term
becomes insignificant.
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On defining the deviation at time t from the above steady state value, Aoy (t) = o7, —
o114+1(t), and spectral function

NG (w) = O-f,f—H — w/o A01,1+1(t)€_mdt, (3.56)

we obtain from equation (3.8), the reduced susceptibility

Axy(w') = Axg (w') ~ iAx; (W), (3.57)
where
Ax(w) = DD+ L+ Awpyy) (7 — )
=0
y (+1+Aw,,)" —w? +2Fz+1 (358)
[(Z T Awl,“)2 Wt Flﬂ} + 40T
and
AW = Y200+ D)+ 1+ Awlﬂ)(e—ﬂEz _ e—ﬂEz+1) %
1=0
IFI
X 2 o 12 j (359)
[U L Bupy, ) -+ Fj + 4w

with w' = wl/h.

Figure 3.5 shows the plots of the normalised dispersion coefficient (1) and loss factor (2)
as functions of the dimensionless frequency w' = wl/h for weak coupling (B = 1073wy ean)
with A2/(TkgT) = 0.05. The loss factor, an entirely positive quantity, presents an oscillatory
character for 1 < ' < 10 and vanishes for very high frequencies. Dispersion also shows this
oscillatory behaviour but for high frequencies, it reverses sign and tends asymptotically to zero.

3.5.2 The Kerr function

Eqs.(3.47) and (3.48) give the integral form for ¢, ;(¢) and ;,,4(¢):

E2l—1 :
o(t) = % — exp(—mt)/ dt' exp(vit ) Imoy 41 (t)
E _20+3
—Eﬁ— T exp(—yt) / dt' exp(yit ) Imo_1,(t) (3.60)

and

77l,l+2(t) = i%c_a(lﬂ) exp[~{Fgl+3 - i(ngg + Aw21+3) }t]
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05k

(1)

Figure 3.5: The plot of the real (1) and the imaginary (2) parts of normalised susceptibility
versus the dimensionless frequency w' = w/(h/]) for a = h2/(IkBT) = 0.05, B = 0.001wynean
(RWA).

X/OL dt’ CXP[{FQH—S - i(w21+3 + Aw2t+3) }tl] o1 42(t)

—i% exp[—{FQ,H — i(w21+3 + Aw2,+3) }t]

X/Ot dt' GXPHth+3 — i<w2t+3 + Aw2t+3) }tl] or1(t)

—’L'Agfg (1 — eme(H3)) exp[_{r2l+3 - Z'(w:zz+3 + Aw21+3) }t]
x/ot dat’ epoFng - i(w2,+3 + Aw21+3) }t'], (3.61)

where a = h?/(IkgT). On substituting for 0,;,, as obtained previously, we easily show that

eu(t) = wip — D (2), (3.62)
with s - »
e e L IS
’ h? 8l [Fz + i(w; + Awl)] Y [Fz+1 + i{wipr + AWH—I)]
and
ip? 21 1 —1
Ap(t) = o %[{ et 1 _a
h 20+1 Vi [F[ + i(wl + Awl)] 20+1
1 21+ 3
x(1 = o) bexp(-t) + Z et~ 1)
M [Fl+1 + i(wH—l + AwH—l)] 20+ 1
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y exp[— (Fl + 1w + Awl))t] 2 —1 (1 oo+
[’n —-I; - i(wl + Awl)] [F[ + i(w[ + Awl)] 2041 l
" eXP[—{FzH + i{wiyr + Awl+1)}t] ] (3.64)
[Vz — T — t{wigr — sz+1)] [Fz+1 + 1w + sz+1)]
Similarly,
2E2 —e —a(l+1)
A t)=nt,, — =
Muiaa(t) = Mgy = Misa(? [(F21+3 —Tip1 — t(wige + Awiyo)
~ e~all+1) (1 — - e~ all+2)) i<1 iy (21+3))>
Forps = Tigg —i(wipr + Awiy) R
y exp[ {F21+3 — 1(wor43 + Aworys) } ] (1 B e‘“(”l))
[F21+3 — t(wargs + Aw21+3)}
exp ["{FH—I - i(w[+1 + Awl+1)}t]
X
[Fz+1 — (w1 + Awl«l—l)\ [F2z+3 — T — twige + sz+2)]
N e—al+1) (1 — e~ (l+2)> exp[—{FHg — i(ng + Awl+2)}t} } (3 65)
[Fz+2 — i(wig2 + Awurz)\ [F21+3 — Do — ilwigr + sz+1)} ‘
with
o B IUQEQ ( (1 _ e—a(l+2))67(1(£+1) B (1 - e—a(l-{—))
i R \Ti2 — t{wigr + Awiga) T — i{wigr + Awiyy)
? 1
R, 1 — eia(l+2) ) - R 366
R( ) Lorvs — 1(wargs + Awgiys) (3.66)

On defining a spectral function similar to that of the polarisation, for all frequency w = (h/I)w’
we get, after using Eq.(3.12), that

AD* (W) = A (W) — iAD" (). (3.67)

It is important to give a physical meaning to A®(w'). Its time picture depicts the deviation
at time t from its steady state value T:((M/RBT)Q + (./.\a/kBT)>. A®(t) therefore describes
the transient state following the sudden application of the constant electric field. It can also
be called a relaxation function. Using the spectral function A®(w) observed spectra may be
accounted for. This method of characterising dielectrics should be capable of recovering results
furnished by the field removal relaxation method [1, 2]. On the other hand, some new important
features will appear. The field removal relaxation reveals only one type of rotational transition
(I = {+2) but due to the fact that the new approach couples both susceptibility and the Kerr
function (cf. Egs.(3.18), (3.19),(3.20)), [ — [ + 1 also intervenes in the relaxation mechanism.

This method is therefore important as spectral lines not accounted for by the the usual method
appears naturally.
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Regardless of the complicated mathematical form of the real and the imaginary parts of
this function, their significance for the interpretation of relevant physical properties of dielectric
media earns them being written out explicitly as:

=, > l+1 - —a , ,
S0 = () S e - i /[0

=0
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x{ (TP + (1 + 1+ Awpy)® - w'2)2 + 40T, }]

6 —a
+E(l +2)(1 — 7)) 121+3/[(F§2z+3 + (20 + 3+ Awyy)?

—w'2)2 + 4w ] } (3.69)

where R = u?/(AakgT). In spite of a number of publications giving theoretical description
of polar fluids, the problem of formulating analytical description of relevant spectra over wide
frequency range has not yet been solved. The above expressions, explicitly reveal a detailed
dependence on temperature and inertial effects through the shifts and widths and could di-
rectly be exploited to analyse observed spectra and give valuable informations about molecular
structure and characteristic times of molecular rotational motions.

3.6 Discussions

1) Figure 3.1 is the normalised plot of the classical dispersion factor (the real part of the complex
susceptibility) versus log,,(w/10°) for (kpT/I)*® = 10%rad/s: (A)y = TkgT/(? = 0.005, (B)
v =0.05 and (C) v = 0.5. The subscripts 2 and 4 in A, 4 stand for the order of convergence of
the continued fraction (3.35). From this figure, we observe that the dispersion factor vanishes
at same frequency (w, = 1.6 x 10"rad/s) for all v values. The more 7 increases. the more
the dispersion factor kink gets strong but tends asymptotically to a limit form that presents a
square wall at the upper part (y-positive) and a sharp concavity at the bottom (y-negative).
The well depth appearing at the bottom is the more important, the more v increases. This
phenomenon could be interpreted from the molecular structure of the medium. Indeed, large
v values (y > 0.5) correspond to small friction () for which the bath of oscillators is less
concentrated. Collisions between the rotator and bath oscillators are less frequent. thus the
bath-rotator system is less dispersive. Dispersion, then, changes very little over a wide frequency
range (0—4 x 10'?rad/s) but falls abruptly to zero at a cut-off frequency equal to w,. Contrarily
to the case of large 7, small v (v < 0.005) corresponds to large friction ¢, that means a
highly concentrated bath, giving the medium a more dispersive character. Dispersion, thus,
varies conspicuously with increasing frequency up till w.. w, is, thus, the frequency beyond
which every medium becomes less dispersive than the vacuum. On limiting the analvsis to
the electric susceptibility, therefore, all media are transparent to electromagnetic waves of
frequency far above the cut-off frequency. The less concentrated the bath is, the highly reduced
its dispersivity is (the deeper the well).

ii) Absorption resonance frequencies as well as its maxima increase with increasing ~. Free
particles absorb radiations more than bound ones. This explains the observation that less dense
media will absorb more than denser ones (see figure 3.2). Quantum effects start appearing when
the medium characteristic frequency is of the order of /I ~ 1083rad/s. This effect manifests
for weak couplings (the rotating wave approximation) which here correspond to small friction
(or large 7). This explains why as v increases, resonance frequencies grow, approaching the
quantum range.

iii) For same bath concentration (y = 0.05):

a) for same R values (polar or non polar molecules), there exists an initial frequency range over
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which the refraction coefficient remains constant (see figure 3.3). This widens as the dipole
moment of the molecules increases. For example, for non polar molecules (R = 0), this range
length is of the order 3 x 10'?rad/s while for molecules with equal permanent and induced
moment energy contribution (R = 1), it is 6.3 x 10'*rad/s and for purely polar ones (R — 00),
it stands at about 10'3rad/s,

b) a steady state value of the refraction coefficient is practically attained at a frequency of
5.0 x 10'rad/s independent of the degree of polarisation of the molecules.

¢) there exists a specific frequency characterising the bath structure at which, what ever the
molecular electronic structure, the Kerr refraction coefficient is always the same. It occurs at
6.3 x 10rad/s for v = 0.05. At this frequency, appear the Kerr absorption maxima which are
more pronounced, the more polar the molecules are.

A general view of the Kerr classical dispersion spectrum is a sluggish variation for low
frequencies 0 < w < 10%rad/s, followed by abrupt falls for frequencies between 10 and
10Mrad/s. Above this value, it attains a steady positive value of 0.4 in the normalised units
(see figure 3.3). The quantum one starts with a small constant negative value (for molecules
with A/I ~ 4x10"%rad/s e.g. HCI) for frequencies lower than 10*3rad/s (for less polar systems)
and beyond this frequency value spectral lines start appearing (see figures 3.6 and 3.7 (1)).

1 U
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Figure 3.6: The plot of the real part of normalised Kerr spectral function versus the dimen-
sionless frequency w' = w/(h/]) for a = h*/(IkgT) = 0.05, R = 0 and B = 0.001wmeqn
(RWA).

iv) For fixed inertia/temperature parameter (a = h*/(IkpT) = 0.05), we observe, as the
coupling parameter s = B/wmean (With w? ., = kgT/I) decreases from 5.0 x 10~ through
2.5 x 1073 to 1.0 x 1073, a transition from a continuous spectrum (1) through broadened lines
(2) to separate line-forms (3) (see figure 3.8). This phenomenon was observed experimentally
by Frenkel [16] for HCI in argon while varying argon density. Indeed, the line width at half
height varies proportionately with the friction parameter B as portrayed by equation (3.49). As

B increases, thus, lines broaden out and fuse up forming a continuous spectrum. This explains
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Figure 3.7: The plot of the real part of normalised Kerr spectral function versus the dimen-

sionless frequency w' = w/(h/I) for a = h*/(IksT) = 0.05, B = 0.001Wmean: (1) R =1 and
(2) R =100 (RWA). y-units are same as in figure 3.6
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Figure 3.8: The plot of the imaginary part of normalised susceptibility versus the dimensionless

frequency w' = w/(h/I) for a = k*/(IkpT) = 0.05: (1) B = 0.00500mean, (2) B = 0.0025wmear
and (3) B = 0.0010wmean (RWA).
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the fact that when B for a medium approaches wpen, the medium acquires typical classical
behaviours. On the contrary, when B is very small compared t0 wy,eqan, particles are far apart,
colliding less frequently leading to highly uncorrelated collisions. This results to pure discrete
spectra. Let us make notice of the fact that the calculated line shifts (Eq.(3.52)) have negligible
influence on the spectral line positions (Aw],, ~ —as(2l +3) ~ —107*(2] + 3) as opposed to
wy,, =1+ 1). This was also observed by Frenkel using impact cross section calculations.

Figure 3.9: The imaginary part of normalised Kerr spectral function versus the dimensionless
frequency w' = w/(h/I) for a = h*/(IkT) = 0.05, B = 0.001wmean: (1) R =1 and (2)
R =100 (RWA).

v) For the same friction parameter B = (/I = D.ODl(kBT/I)O'S, for a = 0.05 and for
R # 0, the Kerr spectra present distortions with amplitudes increasing with increasing R (see
figures 3.7(2) and 3.9(2)). For non polar systems, the imaginary part of the Kerr spectral
function shows a usual line shape (see figure 3.10), meanwhile for polar ones lines start with

very pronounced peaks, then falling into weak negative value peaks which vanish for large
frequencies (see figure 3.9).

The distorsions observed in the Kerr low frequency dispersion spectrum of polar fluids result
from the mixing of lines corresponding to transitions between small quantum number [ levels.
Remark that, while the electric susceptibility allows for only lines corresponding to the selection
rule Al = [; —[; = £1, to be computed, the Kerr effect accounts for transitions of the form
Al=1;—1; = £2

We have investigated theoretically, the effect of bath concentration or friction on observed
spectra of polar fluids. Bath concentration affects considerably the shape (line-width) of spec-
tra. The classical continuous ones, observable for low frequency ranges, have been highlighted
while far infra-red lines have been analysed for less concentrated host bath. Our theory permits
the exploration of the spectra of polar fluids over wide temperature and frequency ranges.
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Figure 3.10: The imaginary part of normalised Kerr spectral function versus the dimensionless
frequency w' = w/(ﬁ/[) for a = h?/(IkpT) = 0.05, R = 0 and B = 0.001wmean (RWA).
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Chapter 4

steady state dielectric properties
induced by ac and dc field coupling

Summary

The long time effect of a radio frequency (rf) ac field superimposed on a dc field on the electric
susceptibility and the Kerr optical functious of polarisable fluids in inert solvent is analysed. The
results obtained for the classical Brownian limit, valid for dense solvent media, well reproduce
classical results published in the literature with excellent precisions in inertia, density and
temperature dependences. The low density limit yields absorption-dispersion lines whose widths
and shifts are density, inertia and temperature dependent. While the low density and/or
large inertia susceptibility is explicitly written out as a continued fraction got by solving an
infinite hierarchy of differential coupled equations, that of the Kerr effect is given in the form of
successive convergents of the solutions of an infinite hierarchy of differential difference triplets.
The polarisation/ac field phase difference is analysed. The effects of the constant field strength
and the ac field frequency on the Kerr function are explored.

4.1 Introduction

In the last chapter [1], we used the master equation derived in chapter 1 [2] (which we named
“the HN master equation” in the last chapter) to verify the dielectric properties of a svstem of
polar rotators in interaction with a constant electric field of strength E.. The effects of inertia
and bath concentration were intensively explored. Using the rotational Smoluchowski equation
[3], Morita et al. [4] and Matsumoto et al. [3] presented studies of this problem but the former
laid much interest on the effect of the applied field on the Kerr effect relaxation that results
from the sudden application of the de field. By averaging the Langevin equation, Coffey [6, 7]
tackled the problem emphasising on the effects of inertia.

In the present chapter, we consider the effect of coupling a constant dc field with a radio
frequency ac field [8]. In the course of this work, we adopt the notations of chapter 3 [1 so that
we can directly exploit existing results therein. The polarisation and the Kerr functions can be
calculated using the Hounkonnou-Titantah (HT) quantum relations[1] (see Egs.(3.8) and 3.12)
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where Z is the one particle free rotator canonical partition function and R denotes the real
part. The reduced HT equations for the matrix elements oy3.1(t), @i(t), and nyo(t) [1] are
given in chapter 3 (sce Egs.(3.19)-(3.20) with initial conditions (3.17)).

4.2 The electric susceptibility and the Kerr functions

In this section, the calculations of the electric susceptibility and the Kerr functions are done in
the usual two physical limits: the classical Brownian limit and the rotating wave approximation
(RWA) limit. In each case, we analysc the long time effect; that is, we consider times very long
compared to the period of collision 7 = 1/B, the Debye relaxation time 7p = (/(2/kgT) and

the mean thermal angular time (I/kBT)O'S.

4.2.1 The classical Brownian limit

This limit is characterised by slow moving rotators entering into instantancous collisions with
the bath of fast moving oscillators. Inertial effects are very important for understanding line
shapes. With the aid of the Fokker-Planck- Kramer (FPK) equation [9, 10, 11, 12, 13], Hounkon-
nou et al. [12, 14, 15, 16] presented the steady state analysis of the electric polarisation and the
Kerr optical function in a radio frequency ac field; while their electric susceptibility function
was given as a continued fraction, the Kerr function was in the form of exponential integrals.
Filippini [17] measured experimentally the Kerr dispersion constant when an ac field super-
imposed on a unidirectional field is applied to a liguid. Coffey and Paranjape [18], Morita
[3], Morita and Watanabe [19], gave theoretical descriptions of these phenomena using pure
classical diffusion equations.

The electric susceptibility

In the classical limit, quantum equations reduce to the classical HT equations for the electric
susceptibility [1] as given in chapter 3 (see Egs.(3.32)-(3.34)).

P(r) = £S3(r), (4.3)
(gd; + 2_7)5]9('r) + 20, [(] +1)8j(7) - jS}_l('r)} =( (4.4)

and p 5.
(Zi-'; +27 + 1)5}(7’) - b [S;q( ) = Shl(7 )] = ~b ZBT(T + cosz)(Sj,O, (4.5)
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where 7 = Bt, w' = w/B are dimensionless time and frequency, respectively; r = E./E,
measures the ratio of the constant field strength to the amplitude of the ac field. biby = v =

ITkpT/(?, where ( is the coupling coefficient. In the steady state regime, we search for S;”(T)
in the forms:

1 :U‘Ea Peoay 't oo Ik —iw' T
So!',7) = i+ 50 (@) + (S5 (W) e,

/ LEG N iw'r .
S;)(w ,T) ;CBTS]QI(w e+ C.C. for j #£0,.
SHW', ) = HEq SY (e + C.C. for all j. (4.6)
j] ’ kgT 7

On substituting these into the hierarchy (4.4) -(4.5) and solving for S9'(w'), we get

S (w') = - ! 5 L@
2’y+iw’{1+iw’+ i q }
24w + 7 Iy

3+ w' + 5
: 2
d+w + c———
O+ w' + ...
then using (4.3), we deduce the polarisation

2 w'T
P, 7) =220ty e +O.C5. (48)
3kpT | 2 , . 2y
29+ w' |1 + ' + 1
i + - R

34w ——
44w + ...
In the absence of the dc field (r = 0), the result of Gross [20] on generalised Brownian motion
is recovered. We define a reduced susceptibility x,(w’,7) as

xr(W', ) =142 | S§'(W) | cos(w'r — a(w)), (4.9)

where a(w', ), the phase difference between the exciting ac field and the dielectric response
function (the polarisation), furnishes valuable informations on the absorption properties of the
medium under investigation. It is given by

ImSY (W)
no_ 0
On neglecting inertial effects in (4.7), we obtain the Debye limit
' 1
YW = 4.11
S0 («/) 2(1 + iwrp) (4.11)

in usual frequency units. In this case, the phase is given by tan a(w) = wrp with 7p = {/(2kgT).
The lowest inertial limit, corresponding to the Rocard formula,

1

S ) = 20 +iwrp — (12/2k5T))’ (4.12)
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leads to the phase expression tan a(w) = w'rD/(l - (IwQ/QkBT)) which yields a maximum phase

of /2 for frequency of V2 times mean thermal agitation frequency (Wmean = (kBT/ I )0'5). At
this frequency value, the rate of energy absorption from the surrounding bath by the rotators
is in phase with the forcing field (since the rate of heat exchange between the rotator and the
surrounding is proportional to minus the rate of change of the induced polarisation (1, 21, 22]
as seen in chapters 2 and 3). On defining a new dimensionless frequency v = w/wmeqn in (4.7),
we rewrite 58’ as

Sy (v) =

TNer (4.13)

4y

2+av/ Yy —vi+

2+ iV + -

3+ 1/ yv+ ,
4l 441, /yv+ ...

v=015

Figure 4.1:
Function cos v (—), the reduced susceptibility x, (v, 7) for the parameter v = IkgT/(* = 0.05
(---) and v = 0.5 () against the dimensionless time T = wyeqant, provided the fixed reduced

frequency v = w/Wmean = 0.15 and dc field parameter 1 = 0 (Wmean = (kgT/I)*® and r =
EZ/(E? + E})).

Figures 4.1 and 4.2 show the plots of the external exciting field cos v7 and those of the
reduced susceptibility x,(v,7) as functions of the dimensionless time 7 (with 7 = twpeqn) for
v = 0.15, 4.00, respectively, and for different values of . For fixed wyeqn, we analyse the effect
of friction ¢ on the phase, through v = IkgT/(?. Figure 4.3 shows a 3-D plot of x,(v, ) for
v = 0.05.

Figure 4.4 shows a 3-D plot of the tangent of the phase angle as a function of the reduced
frequency v and y. The peaks are found to shift towards larger frequency values as 7y increases.
It is important to note that while the Debve theory predicts such phenomena only for infinite
frequencies (tan a(w) = w7p) and the Rocard lowest inertial limit predicts a phase difference
of /2 between the applied field and the material response at v = V2, our results extensively
portrays the effect of inertia on this phase difference. The pioneering investigations of inertial
effects in Debye relaxation date back to the work by Sack in 1957 [9] in which he expressed the
dielectric property as a continued fraction.
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Figure 4.2:
Function cosvr (—), the reduced susceptibility x,(v,7) for the parameter v = 0.05 (---) and
v = 0.5 () against the dimensionless time 7 = wyeant, provided the fixed reduced frequency
v =4.00and r = 0.
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Figure 4.3:
3D plot of the reduced polarisation x,(w',7) for the inertial parameter v = 0.05 and r = 0
against the dimensionless time and frequency 7 = Bt (B = (/I) and w' = w/B, respectively.
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Figure 4.4:
3D plot of function tan a(v, ) against the dimensionless frequency v = w/wmeen and the inertia
parameter -y (classical result).

The Kerr function

The classical HT equations [1] for the optical Kerr function are (see Eqgs.(3.39)-(3.42)):
O(r) = =Y (1) (4.14)
with

(4 +2§) V() + 205 (G + DY () = 5¥14 (7))

pEq : .
= —4b2kB—T(’r + cosw't)S;_1 (T) (1 = &), (4.15)

(a% +2j +1)Y}(r) - I;—I(Yj‘)(f) = Ya(0) + %(XJ'(T) = X))
AaFE?

[J,Ea / a i -
= —blkB—T(r + cosw') 53 (1) — by T (1 + cosw'T)*8; 0, (4.16)

(27 + V(- +23) + 2] X,(r) = 3 + 23 = 2) X;4(7)
-+ 1)(5; + 25+ 2) X;n(r) - %YJ‘O(T) ~ " :fT

x[~2(7 ~ V)SLo(r) + 1 (45 +5)Sus — 1'(r) = (G + DG +3)SHT)],  (4.17)

(r + cosw'r)
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where b; = % and b, = %. Steady state solutions are sought in the forms:

Vo) + V(e + ) + el (418)

where C.C. denotes complex conjugate. Knowing the forms of ST* (obtained by solving system
(3.33)-(3.34)), we obtain the three systems of hierarchies (each system being a set of three
coupled equations (triplets)) given in appendix B.1. The technique adopted in solving these
triplets is based on convergents. Remark that the systems could be written in matrix forms of
infinite dimensions. The notion of convergence can be seen as limiting the dimensions of the
matrices. The zeroth convergent consists of considering only equations involving just j = 0.
The first convergent is the modification of the zeroth by including 7 = 1 terms. The former
is the solution of a 3 x 3 matrix equation, while the latter is that of a 6 X 6 matrix equation.
Reliable spectral informations can only be got from at least a 6 x 6 matrix equation. The
expressions for Y (w'), Y7, (w') and ¥{’y(w') obtained for j = 1 are given in appendix B.2,

2
where E? = E? + F2 and K; = (KBLT) + %, We can now write the Kerr function as

1
(', 1) = %EQKO [You(w') + Vi () exp(ie'7) + Yoo (w') exp(2i'T) + C.C|. (4.19)

Remark that in the expressions for Y (w'), Y3, (w') and Ygy(w') we have replaced the field
parameter r = E,/E, with a more convenient one r = E?/E? and the quantity R is replaced
by a = %’;B—T). With these new parameters, the limiting cases are better understood; for
example 7 = 0 corresponds to pure ac field effects and a = 0 demonstrates the properties of a
non polarisable but polar molecule. Note that both parameters are such that 0 <r <land 0 <
a < 1. The Kerr function (Fq.(4.19)) presents very interesting properties. It expresses the time,
radio frequency (rf), rotator-bath parameters and more importantly the E./E, dependences of

the Kerr electric birefringence (KEB). For infinitely high frequencies, the function reduces to
the steady state expression

_ By Aoy, B da

15 /bBT kBT 30 ATBT
The effect of the ac field is felt only when Aa = a;—ay # 0. This result is consistent with that
of Doi and Edwards [11]. At very high frequencies, ac field effects on dipole moments average
out. Also, in the absence of the dc field (r = 0), the term Y{), (w') vanishes and the result for
pure ac field is recovered.

[t is important to note that, while all these results are deduced as the classical limit of a
quantum theory, they recover recent results such as those of Déjardin et al. [23] and Hounkonnou
et al. [12] based on the Fokker-Planck equation. More recently Déjardin et al. [24] used the
Smoluchowski equation to analyse the effect of a dc field on the relaxation time of the dynamic
Kerr function. A similar procedure was adopted by Coffey et al. [25] to tackle the same problem.

Do (4.20)
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4.2.2 The rotating wave approximation (RWA) limit

In this limit, the solution of the rotators in the bath is assumed highly diluted, the pressure and
friction are very low. The coupling parameter B or the characteristic rotator-bath frequency
is very small compared to the rotator lines w; = (hl/I). The dynamics of the rotator is mainly
governed by free rotations and interactions with the re-orienting fields. Bath coupling affects
only the frequency shifts and line widths. The absorption lines are the neat spectral lines
corresponding to the different [ transitions owing to non negligible Planck constant 27k and
finite inertia [20]. The transition frequencies are

wi-stxal =| Biear— By | /h = (2L + 1+ ADR/21

for transitions from [ to /£ Al. At the level of linear response, Al = 1 and wy4; = ({+1)h/1. For
the lowest order nonlinear effect (the Kerr effect to the second order in electric field), Al = 2
and Woryg = (21 + 3)h/]

The relevant dielectric matrix elements are governed by the quantum HT equations for the
electric susceptibility and the Kerr optical functions [I] (see Eqs.(3.8), (3.12), 3.46)-(3.48)):

. pE,
= wigr + Dwigr) + Ft+1>01,t+1(t) = —1uh

(a (r + coswt) (1 - e—ﬂ(Em—El))’ (4.21)

0 WE, 20 -1 21
(_ + %)qu(t) — /LT(T + coswt) (21—+—11m0u+1 () — eﬂ(E“E‘—‘);gImU,Al ()1 — 6,,0)),

ot 20+1 ’
(4.22)
: uE, —8(Eip1—E))
(51; — ’L(UJ2[+3 + Aw2[+3) + F2[+3)7]u+2(t) = 'LT(T‘ + C0s wt) (64 417 0l+1,l+2(t)
AaFE?
—a,,,ﬂ(t)) - i%(r + coswt)? (1 - e-ﬂ(EwEf)) (4.23)

with 07,41(0) = ¢4(0) = M2 = 0. Here, we use the dimensionless line widths and frequency
shifts of Eqs.(3.49) and (3.53). These functions well indicate how line widths and frequency
shifts respond to changing physical parameters like inertia, friction and temperature, thus their
utility in exploring the influence of the parameter variations on spectral lines. Note that, in
our dimensionless frequency units, we define the quantum state frequency w; = (.

The electric susceptibility

We are interested in the steady state regime. On solving Eq.(4.21) for this, we get

2

h T
[+1 -
IkBT( )]>{w1+1 + Awipr + il

eiwL e—iwt
+ - + . e 4.24
2(UJ1+1 + Aw1+1 —w+ 1F1+1) 2(0.)“.1 + Awlﬂ +w + 'LFH—I) } ( )

ot (w,t) = (uEa/h) (1 — exp[-
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The polarisation is deduced as

1 E,

Plw,t) = 3kBT§<e—ﬁEz _ e-ﬁEzH)l__;_l(l F14Au)
=0

X{T/Kl +1l+ Aw;+1>2 + Ffﬂ} + <[<l + 1+ Aw;H)Z — w4+ Fﬁl] cos wt

+2I7, W' sin wt) / ([(l +1+ Aw;ﬂ)z _ W+ FE?H]Z + 4w'2FfH) } (4.25)

These are the Van Vleck-Weisskopf line forms for the electric susceptibility for which sharp
separate lines result for small widths at half heights I';,,. For line coupling and subsequent
line overlaps to be absent, thus, I';;; should be small compared to line spacings which for the
electric susceptibility stands at h/I. Remark that the Boltzmann weight e ## appearing in
the last expression renders small quantum number transitions more probable. An appropriate
Taylor expansion of the Bose-Einstein factor appearing in the expression of the half width
shows that a necessary condition for dominant separate lines is expressed by the inequality
(B/Wmean)? << a®/4 = (h*/TkpT)3/4.
For r = 0, we define the reduced susceptibility

xr(w, t) = cos(wt — a(w)) (4.26)

where a(w), the phase difference between the exciting field and the induced polarisation, is
given by

tan a(w) = l:z (6*[351 . e*ﬁEl-H)(l + 1)([ + 1 + sz+1> E+1w’/
=0

l
([(l +1+ Aw{+1>2 —w? I“Q?H]Q + 4w'2F’f+1>}/

{i(e‘[w‘ — e PP+ 1) (L 1+ Awpy ) ((1T+ 1+ Aw;+1>2
=0

2 2
—w'? + F;?H)/ ([([ +1+ Awl’H) — W+ FEQH} + 4w’2Fﬁl>} (4.27)

Note that for usual temperatures and simple linear molecules like HCl and DCI (26, 27], the
frequency shift has a negligible contribution as it varies as Awj,, ~ —107*(2] + 3) compared
to the corresponding line [ + 1.

The Kerr function

On using the expression for o7}, ,(w,t) (Eq.(4.24)) into Eqs.(4.22) and (4.23) and solving the
resulting equations for the steady state matrix elements ¢}$(w,t) and i, 5(w, t), we deduce that
the Kerr function comprises three terms: a frequency dependent time constant term ®p(w),
an w—frequency time dependent term ®,(w)e™* and a 2w~ frequency time dependent one
D, (w)e?™ ! with their respective complex conjugates. In other words,

B(w, ) = Po(w) + O (wW)e™ + Py(w)e®™ + C.C., (4.28)
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where ®¢(w), ®(w) and P4(w) are explicitly written out in appendix B.3.

Relation (4.28) shows how frequency-time dependent Kerr optical function depends on field
parameters like frequency and field strengths, on the molecular parameters like moment of
inertia, dipole moment and polarisability, on the bath frictional parameter and on the tem-
perature. Despite the fact that these results have been obtained in the limit of small coupling
parameter B, they can still be used as first approximation to interpret experimental results
on dense bath but at very low temperatures. We point out again that, unlike earlier works on
electric susceptibility which have always considered that observed spectra are mainly accounted
for by transitions involving Al = +1, these results on the Kerr optical effect predict, not only
Al = +1 transitions, but also those with Al = £2.

4.3 Discussions

1) In constant temperature conditions, the response of a dielectric material to a low frequency
external ac field is strong and is in phase with the latter for low frictional oscillator-bath and
Jor large inertia molecules (y = 0.5 in Figure 4.1). From the energetic point of view, this
in-phase aspect favours the external field effect on the rotator-bath system and thus increases
the system’s ability to capture energy from the surrounding. On the other hand, a totally
different phenomenon is observed for high frequencies where a weak response sets in, tending to
annihilate the field effect by appearing in anti-phase with it (Figure 4.2). The first convergent of
the classical susceptibility function corresponding to the Rocard result (the first approximation
of the inertia effect) gives a maximum phase for a frequency of w = v/2wmean Whatever the 7
value. At this frequency value collisions result to large energy exchanges of the order of kpT.
For higher «y values, there is a departure from this frequency value (see Figure 4.4).

2) The manifestation of quantum effects depends, not only on the coupling parameter (B = (/I)
but also on the temperature-inertia parameter a = h*/(IkgT). This allows us to define a
necessary condition for the domination of quantum effects. The inequality

1
8§ = B/wmean = 1/ﬁ << 5(712/1}('37—1)3/2

= a*?%/2 (4.29)
expresses this condition. For example, for a = 0.05, as the parameter s decreases from 0.025
through 0.010 to 0.001, we observe a passage from a continuous classical spectrum through
broadened lines to well defined discrete lines (Figure 4.5) meanwhile for a = .5 quantum effects
arc already present even for s = .08 (see Figure 4.6). This observation is also important for
the Kerr spectra (see Figure 4.14). In the previous chapter[l], we had already remarked that,
as the coupling parameter s = B/wyean decreases under fixed a, a transition from the usual
continuous classical spectrum through broadened lines to separate line-forms was observed.
This phenomenon was also observed experimentally by Frenkel [16] on HCI in argon while
varying argon density at very low temperatures. A recent experimental study of the linear and
nonlinear dielectric spectra of 4, 4'-n-pentyl-cyanobiphenyl (5CB) was undertaken by De Smet
et al. [28]. But the study concerned large molecules at room temperatures. This limited the
interpretation of the results in the framework of classical theories well predicted by Coffey et
al. [18] and Alexiewicz et al. [29)].

3) The time variation of the classical Kerr electric birefringence (KEB) is characterised by os-
cillations about r — w dependent time constant values which decrease with decreasing r and
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Figure 4.5:
Plots of the phase difference a(w’) (in rad) between the ac field and response function against
the dimensionless frequency w' = w/(w,) for the ratio a = (wq/Wmean)? = 0.05 (w, = K/I) for
the friction parameter s = 1/,/9 = 0.025 (--), s = 0.01 (---) and s = 0.001 (—) (RWA).

Y {rad]

Figure 4.6:
Plots of the phase difference a(w') (in rad ) between the ac field and response function against
the dimensionless frequency w' = w/w, for the ratio a = (wWy/Wmean)* = 0.5 (wy = h/I) for the
friction parameter s =1/,/5 = 0.25 (), s = 0.08 (---) and s = 0.01 (—) (RWA).
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with increasing frequency. The 2w-harmonic component is dominant for small » and large «
values while the single w one dominates for intermediate and higher r values (see Figures 4.7-
4.9). Physically, the doubling of period takes place by a process of progressive crushing of
intermediate peak values in the KEB curve shape with increasing 7. This period change is
noticed by a set of pronounced transitions of non sinusoidal periodic regimes which takes place

between two sinusoidal regime limits corresponding to the extreme 7 values (E, << E. and
E, >> E,).
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Figure 4.7:
Plots of the classical Kerr function against the reduced time 7 = Bt for the field ratio 7 = 0.95
(—), r =05 (---) and 7 = 0.05 (), provided w/B = 1.0, v = 0.05 and the polarisabil-
ity/permanent dipole moment parameter o = 0.1 (& = Aa/kpT/ ((j1/kpT)* + Ac/kgT)).
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Figure 4.8:
Plots of the classical Kerr function against the reduced time 7 = Bt for the field ratio » = 0.95
(—), 7 =05 (---) and 7 = 0.05 (). provided w/B = 1.0, v = 0.05 and o = 0.5.

4) For constant bath parameters and for small and intermediate E,/E, ratio, the Kerr effect
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Figure 4.9:
Plots of the classical Kerr function against the reduced time 7 = Bt for the field ratio r = 0.95
(—), 7=0.5(---) and r = 0.05 (-), provided w/B = 1.0, v = 0.05 and « = 0.9.

increases with increasing «, presenting small amplitude distortions that disappear to form sec-

ondary peaks as « grows, portraying the progressive appearance of the 2w-harmonic component
(See Figures 4.10-4.12).
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Figure 4.10:
Plots of the quantum Kerr function ®(w, t) against the dimensionless time 7 = t/(h/I) for the

field ratio r = 0.995 (—), r = 0.5 (- --) and r = 0.005 (--), provided w = A/I, & = 0.1, a = 0.05
and s = 0.01.

5) The Kerr spectral function for ac-dc coupling is

B(w, ) = [2Re®o(w)5(Q) + D) (w)3(Q — w) + P} (w)d(2 + w)
+P2(w)8(2 = 2w) + B (w)6(2 + 2w)]. (4.30)

This shows that for an ac field of given frequency, all three terms cannot be measured si-
multaneously. The ac-dc field coupling on dielectrics, therefore, proves to be very useful as,
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Figure 4.11:

Plots of the quantum Kerr function ®(w,t) against the dimensionless time 7 = t/(h/I) for the
field ratio r = 0.995 (—), r = 0.5 (---) and r = 0.005 (--), provided w = h/I, @ = 0.5, a = 0.05
and s = 0.01.
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Figure 4.12:
Plots of the quantum Kerr function ¢®(w,t) against the dimensionless time t' = ¢/(%/I) for the
field ratio r = 0.995 (—), r = 0.5 (---) and r = 0.005 (--), provided w = 4h/I, o = 0.99,
a =0.05 and s = 0.01.
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depending on the harmonic component observed, we are able to predict the relative strengths
of permanent dipole to induced dipole effects. The 2w-component dominates for polarisable
fluids (large &) while the w-one dominates for less polarisable (but polar) fluids (small ). More
importantly, the observation of 2w-harmonic component may also entail that the most probable
rotational lines involve transitions like [ — [ £ 2 while the observation of w harmonics concerns
transitions [ — [ + 1. This last point is very important when F. and F, are of the same order
of magnitudes. The curves on figure 4.13 show the frequency dependence of the real parts of
the w and the 2w—components of the quantum Kerr functions. While the 2w—component is
significant for relatively low frequencies, the w—component persists into high frequency regions.

———
w-harmonic -~
2o-hamonic ——

Figure 4.13:
Plot of the real part of the w-harmonic component (---) and the 2w-harmonic component (—) of

the quantum Kerr function against the dimensionless frequency w/(%/I) for a = 0.05, s = 0.01,
a =04 and r = 0.5).

Figure 4.14:
Plot of the imaginary part of the w-harmonic component of the quantum Kerr function against
the dimensionless frequency w/(h/I) for: a = 0.25, s = 1/,/4 = 0.10 (---) and a = 0.05,
s = 0.01 (—), provided the friction parameter s = 1/,/7 = 0.01 and the polarisability-dipole
moment parameter @ = 0.4 and 7 = 0.5
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Conclusions and Perspectives of Part 1

By exploiting the projection operator technique, we have derived a master equation for the
probability density operator of a rotator embedded in a sea of bath harmonic oscillators. The
effect of the bath on the rotator has been reduced to that of its concentration and temperature.
The derivation of this equation is in line with the spirit of kinetic equation method. Depending
on the strength of the rotator bath coupling with respect to thermal effects, two physical limits
have been shown to follow naturally - the classical Brownian limit and the Rotating Wave
Approximation limit.

Using the master equation, we have successfully studied the electric susceptibility and the
Kerr function in both relaxation and “build-up” regimes. We have recovered widely published
classical results on both dielectric properties. Our quantal results, though obtained as per-
turbative expansions around isolated spectral lines, adequately retrieve some of the published
quantum results. The general features of our quantum results are very much like those of the
Rosenkranz van Vleck-Weisskopf line forms. We have pointed out clearly how line widths and
shifts depend on bath and rotator characteristics.

The effect of line coupling on the electric susceptibility and the Kerr effect appears through
line mixing. This line mixing accentuates for the Kerr “build-up” with respect to susceptibility
and Kerr relaxation as a result of the coupling of dipole moment transition matrix elements in
the Kerr transition matrix, thus demonstrating that Kerr “build-up” mechanism differs greatly
from Kerr relaxation mechanism.

A condition for dominant quantum effects on the dispersion and absorption spectra has
been expressed by the inequality ( << %, which is usually verified for small molecules at
low temperatures and/or low bath concentration or pressure. This condition is rarely verified
by macromolecules (characterised by very large I), thus explaining why most experimental
spectral results on systems composed of such molecules in usual polar solvents are adequately
explained by even non inertial classical theories like the Debve theory.

By considering the steady state dielectric properties of a polar/polarisable fluid in ac/dc field
coupling, we have stressed on the relative importance of permanent dipole to induced dipole
moment effects on the Kerr electric birefringence. We have shown that, while the w-harmonics
are inherent of polar molecules, the observation of 2w ones are a consequence of dominating
induced polarisation. We have also discussed that line coupling becomes important when there
is a competing tendency between permanent and induced dipole moments. Therefore, in strong
fields it 1s most likely that line coupling becomes very severe.

One aspect that has not been addressed so far is that of collision/radiation coupling. Remark
that on deriving the master equation (Eq.(1.32)) we quenched the field E(¢). In reality, E(¢)
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should be included in the dynamic equation so that we arrive at an equation of the form:

t . R

3p§t( ) 4 ibsps(t) +ilmps(t) = trB{ /0 dril Pe= it prife=ilt=m) 5 () (CL1),
where L = Lg + L + Lgg + Lg. In this way, we are inevitably faced with collision/radiation
coupling. Such a coupling should lead to radiation frequency dependent line widths and shifts.
A possible extension of this work could be to incorporate this latter physically relevant situation
into the dynamical equations.

Through out this part of the thesis, the calculation of the electric susceptibility has not ex-
ceeded the linear response limit valid for weak fields though the HT master equation (Eq.(3.13))
is capable of yielding higher order results. By defining new matrix elements 7, ;(t) as

l

m;{ ((pgq)?wl {I,mlp)|l,m) = (2l + 1) (1 + i%m};(t)) : (CL.2)

we can show that relevant polarisation related functions oy(z,7) and oy(z,7) (up to 3rd order
in field strength), and 7 (z,7) verify the equations:

%, 5?2 o .0 _ 2 kB0
[E -2 (.’E% +<1 — T)ax) :]O'l(fL',T) +TD .’L'é;O'Q(IL',T) = g D IBT

1 _,AaE(7)? < 0

0
X (za -+ 1) (T, 7) - —5~TD kgl Tor —° + 1> a2(z,7), (CL3)

0 0? Ja 1 . S ME(T) 8 pE(T)
[E -2 (xﬁ + (2 - I)a_l - 5) ]02(3:,7) — B loy(z, )+ B T S 15 ET

<(2-1) [rtom + ol ), (CL4)

3} 0? 9, L ypB) (0
{E—2<x5%—2+(1—x)a—x>}w( T) =5Tp T ( 5;—-.1,—}-1)0'2(33,7'), (CL.5)

where 7p = %fg_T is the Debye relaxation time and B = (/I. The change of functions o3 = o5 (of
this thesis) x I /h, 12 = no(of this thesis)x I /h, have been made to obtain the above system and
the equations for 7y, 172 and ¢ result from those used so far in this thesis.

The effect of strong field on quantum electric susceptibility can be investigated by truncating
Eq.(3.13) to third order in field strength and applying the Rotating Wave Approximation
criterion. "

If the rotator is magnetically active (having a permanent magnetic dipole moment or easily
polarisable), radiation is likely to result to electromagnetic interactions. There is therefore a
possibility to include electromagnetic interactions in the analysis of electro-optical properties
of such materials.



Appendix A

A.1 The initial condition on ps(t)

1

pslt=0) = trstrBe-ﬂ(l‘HHg)tTBe—ﬂ(H+HE)' (A1)
Let o
f’(ﬁ) — e—ﬂ(H+HE)’ (A.2)
then i A o A
@Y(ﬁ) =-Y(B)H - Y(B)Hg (A.3)
with solution ‘
Y(8) = AB)e " (A.4)
and 1 A
AB) =1- /0 da¥ (af)H " (A5)

After performing similar expansion for e~PH — ¢=BlHotHss) for small BHgp and taking trace
over bath variables (Hy = Hg + Hp), we obtain, to second order in SHg that:

e~ Phs p ! dove—aBils f_o~(1-c)H s '
ps(t =0) = — — - / ae” NS Hpe VT 5—{——‘/ doo
psl ) trge=BHs  trge~PHs Jy F trge~BHs Jo

1 L . N
% / dale—(l—a’)aﬁf{s HEe—a’aﬂHsHEe_(l—a)ﬁHs + ..
0

(A.6)
A.2 Sample property proof
We want to prove that
!
Z (l(l + 1) — 3m2) < l,m | ﬁfﬁs(t)ﬁﬁ] | l, m>= —3(,01_1,[+1(t)(1 - 5[0). (A?)

m=-|
On using the spherical harmonic expansion for @t (Eq.(1.26)) and the fact that (Im | I'm') =
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6”'5mm" we get

l
S +1)=3m?) <i,m | o ps(t)af, | 1,m >

m=—I

[+1

5 Z Z >+ - 3m2)(—A(l,m')

7n-—~l m'=—[m"=—(l+1)

XB([ + ]_, 77}11)15?1 1+11+1(t)5m,m’(5m”+1,m — B(l, m')A(l + ]., m")

~m' -1

XPi1 l+1( )0 ms Ot —1,m + 20(I,m)C(l +1, m)p;n—l,lH(t)(sm,m’ém”,m)

(20— 1)(2l + 1)%(2l + 3)
XAy ()1 = 0i0) = —=3p1-1,141(t) (1 ~ dwo), (A.8)

(1~ 610) = -3 i( [([—1—m)(l—1+m)(l+1~m)(l+1+m)r
1-1)

1/2 1/2 1/2
o l-m)(l-m-1 _ L {4+m)(4m—1 - l-m)(l+m
where A(l,m) = [ Q1)@+ ] , B(l,m) = [ @D+ ] and C(l,m) = [((21—1)(2“1)} :

A.3 The initial condition on y¢;(t)

pa(t=0)= 3 (I +1)—3m?) <lm|ps(t=0)]lm>. (A.9)

l=—m
On substituting ps(t = 0) (Eq.(A.6)) and using the properties
@) < l,m | e s [ 0-0ls | |y 5= e PB < | m | BHp | I, m > (A.10)

and

by < lom|e 0-eeblls gy o-eaSls gy o= (1=e)fHs | | gy s,

oo U
— e PE Z Z e~ BlEy —Ey) ’< I,m| BHEg ‘ I',m >‘2 (A.ll)

U'=0m'==-l

we obtain after using the expression for Hp (Eq.(2.1)), that

1 l

{ t=10 = E L(] 1)=3 2\ —BE

?Ql,l( ) 22020(211 + ]_)e_ﬁEl’ m:—[<( + ) m )6
x{1+ﬁ LE2+<lm|cos 61, m>ﬁ “ g

ll!

+53%u QEZZ > o< lm|cosB |, m" >|?

" =0 m! ="
/ dac / dot'¢moBEw =B (A.12)

This leads to the required expression when the expansion of cos/ in the spherical harmonic
basis is used.



Appendix B

B.1 Systems of hierarchies for Y} and Xj,

Triplet 1.

25 j0(w') + 245 (7 + D)Y;0(w) = 5V} o(w)) = =2625)_ ()(1 — 850),

(2 + DY) - 1)31(”0( - Yfilo<w’>)+b§1(’j,oW)—Xm,o(w’))

= —i—l (2 + 202 /R + 1/ R);0 + 280(w')),
[25(27 + 1) + 2] X, 0(w') = §(25 = 2)X;10(w) = (G + 1)(25 +2) Xy 0(w)
/20 () = 2 (230~ DS}a(e) + 547 +5)SL, ()
—(j +1)(27 +3)S} (w)];
Triplet 2.
(30 + 23 )Y (") + 2465 (G + DY) = 5V ()

= —4rbyS;_, (w')(1 — 65p),

(w’+2j+1)Y'1( ) - ’;1(3/0( ) = Yo (w")

( (W) = X (w )Z— Z—l[(?+4/R Jo+4S}

[2]+1 (zw +2])+2}X11 ](zw +2]-2) ie11(w)
=+ ) (i + 25 + 2) Xj41(0) = (/Y (@) = bor[-25( - 1)S} ()
+5(45 +5)S1_y (o) — (5 + 1)(2 + 3)S}Hw )]

and
Triplet 3.

(200" + 2§) Vo (') + 24 (5 + 1)V} — 5V} o))
= —21)25;_1(&),)(1 - 5_7',0),

. . ! b ! 1
(.‘Zzw + 25 + I)Y;Q(w ) — gl(Yj?Q(w )= Y1a(w )) +
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( 2(W) = Xj(w I)) = %[%6]',0‘*‘25?],
[2g+ )(2iw' +25) + 2] Xja(w ')—j(2¢w’+2j—2)xj_1,2(w’)
(5 1) (2 425 4 2) Xy ) — Z¥R() = 220 ~ DS
+5(45 +5)S1_, (@) = (5 + 1)(25 + 3)S} ()], (B.3)

where R = p*/(AakgT). For simplicity, we have left out the primes on each S7*. 7 denotes the
complex number /—1.

B.2 Expressions for Yy, Yy, and Y{,

Yz,%(w’): %(a+2r—a’r)+(1—a)(1—r){(1—i—;ﬂ)

/

N 21w {2_7_ 8y
3(2+57) 2 + 1w + by
3+ w' +

4ry
4+ iw + ...

44*/3
+
4y + (2 + i) (3 + iw' + il )H

5
4+ i + 7

6y
6+ i + ..

+

o+ w' +

X

27 + z'w’(l +iw' +

2y
4y )
4y

44w + ...

24w + —
3+ w' +

64
]/’0 / .
9 2 5,}/ 2’0((1.)), (B 4)

Yo (W) = r(l - 7‘){(1 + 2/3)% 2+ + BUE +1zi5w::(tii/ iw’))

L (-a) 24y 15 + 4iw’ )
(14 w')(2+ 1w (34 iw')(4 + i)
8iw'y 32iw'y? (6(1 + iw')

1+ (I+w)B+iw)d+w)\ 2+iw)

(2 +iw + 4y

4y )
- 1
dy+ (24 i) (3 + il + — )
4+ i+ i

6y

o+t + —m—
6+ 1w’ + ...
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B 192y2iw’ ]
)

7
(1 + iw)(3+ i) (24 iw’ + —

3+ w +

6y
S5+ww + ...
X +

2 + iw' (1 + i’ + 27 o )

4+ 1w’ +

2 4+ w' +

4y
4+ w + ...
1282 /r , 3+ i .
3 +fyz'u{' YQOYI(“’[)}/{ (1 + RUGETICE 'L'w’)) 2+
15+ 41w’ 8iw'y
3+ iw)(4 + iw’)) Y,
3 32iw'y? } (B.5)
(14 i) (2 + iw")(3 + iw') (4 + iw') |’ '

3+ w +

+ 4y
(

15 + 8iw’ )

3va _
0 (/) — 1— 2+ 2w +4
Yoa(w) ( 7‘){ (2+ 20+ T3+ 2iw) (4 + 2ir)

1+ 21!
2+ 1w’
1-a)l6
+ (1-a) l T+ 202 + 2iw'
N 8iw'y 967w’ ?
I 4
L2 (14 200)(3 + i) (2 + i + e
34w + ——1
44w + ...
4
(3 - T = + Giw’)
dy+ (2 +iw') (3 + i + ————
w' + ... l

15 + 8iw'
-
)(2+22w + 4y ))

(3+ 2iw')(4 + 2iw'

4+
(1 + 2iw") (2 + 2iw')(3 + 2iw') (4 + 2iw')
Y

—  16iw'y?

29 +iw'(1+iw’ +

2y
4y )
4y

4 +iw' + ...

2+ +

3+ 1w +
128+? 4ie’
1+ 2w)(§ + 2i0) /2?2(“/)}/ { [20 + Y 235)(; n 2w)]
15 + 8iw’ ]
(3 + 2iw')(4 + 2iw")
161wy ((2 + i) (3 + iw') (4 + i) — 47)
(1 + 2iw')(2 + 2iw') (3 + 21w') (4 + 2iu) }

x |2+ 2i0 +4y

+

(B.6)

where 7 = Z with £2 = E? + E? and o = 22T yith I, = Aa/ksT + (u/ksT)?.
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B.3 The dc, the w and the 2w components of the quan-

tum Kerr function

U+1 [ 1
Op(w') = —EQK - BEI1 _ ,—BE
o(w') 12(;: [ )2l— 1+ (e ¢ )
! 1 : P
(o Dy +i(l + Awl)2 N 1(1 ) F, +z(l’+ Aw] — ')
(I+Aw)?2+T7 2 S+ Awp — W2+ TP
__l_(l - a)i(e—ﬂ& _ e—ﬂEz+1) QTFE—H +ill+ 1+ Awpy,y)
2043 v I+ 1+ Awj )2+ T3,
+l(1_T)P5+1+i(l+1+Awl'+l w') +3(l+2) 1
2 (I+14+Aw, —w)?+ T3, 20+ 3 (2L+3+ Awhy )2+ 15,
{(QZ +3+ Awhy) — iF,QHg) [(e*ﬁE’ — e_'BE‘“)
y 2r(l+1+Awl’Jrl iT4) +1(1 _T)(l+1+Awl’+1 w' —il,,)
C+1+Aw,)? + T, 2 (414 Awpyy — o)+ T,
+1(1 ) (I+1+Awj +w' —1I7,) _(e—ﬁEz+1 B e‘ﬁEm)
2 (l+1+Aw, +w)2+T7,
y 2r(l+2+Aw;+2—z‘P;+2) +1(1—r)(l+2+sz+2_w i)
(l+24Awp )2 +T2, 2 (I+2+ Awj, —w)?+T7,
+1(1 r) 42+ Awpyy + 0" — il ) (1-a)
2 (l4+2l+ Awj, + w2+ T2,
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Q) () = E%*K, d ~BE; _ o=BEi4
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Cig+ il + 14+ Awpyy +u')
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L+ 1+ Dwpyy =T —) (e = ¢=Pus2)
(+ 1+ Dwpyy)?+ 7,
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Chapter 5

Simulation techniques

5.1 Introduction

After the second world war, the computing skills and techniques developed during the war had
to be shifted to more human problems. It was not till the early 1950s when computers became
partly available for non military use. Metropolis [1], in 1953, got interested in seeing computing
being used in wide range of human problems.

The basic laws of nature, in their raw forms, some times appear very difficult or even not
possible to be treated analytically. The example of the interacting many body (more than
2 particles) problem is a shouting example. However, using a computer, this problem can
be solved to a reasonable accuracy. Most of material science deals with problems of many
interacting bodies. Analytical methods used in solving these problems have usually been based
on simplifying assumptions that have often led to the theoretical prediction suffering from a
loss of generality or completely unable to explain experimental observations. Also, at times,
experimental analogs of theoretical predictions of some natural problems are not easy to come
by. Computer experiments can then come in as substitute “experimental tests” of theories.

Problems in material science range from static to dynamic properties. While dynamic
properties are dependent upon the type of dynamic the system undergoes, static properties
are related to time equilibrium states of the system. The latter properties are functions of the
possible conformations the system can acquire. While some static properties can be obtained
from natural dynamics, others do not have natural dynamic analogs. Two methods of computer
simulations, therefore arise naturally: the molecular dynamics (MD) and Monte Carlo (MC)
simulation methods.

Molecular dynamics method [2, 3] is based on the real dynamics of the system. A sample
of the system consisting of NV particles is prepared in a well defined microscopic initial state
(initial positions and velocities). Newton equations of motion are solved for all the (interact-
ing) particles of the system and the time evolution vields the possibility to calculate the time
averages of the properties of interest, MD thus exploits Boltzmann statistics to estimate ex-
perimentally relevant observables. Note that both static and dynamic properties are accessible
in this technique. Remark that this brief description is similar to that of a real experiment.
This means that MD simulations are very similar to real experiments. A detailed description

of MD techniques and the application to polymers in solution will be given later. For now we
will emphasise on the MC methods.
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5.2. Monte Carlo techniques 95

The second simulation method exploits the Gibbs approach of Statistical Mechanics. Equi-
librium properties are evaluated for ensemble averages using Monte Carlo techniques to perform
phase space integrals.

5.2 Monte Carlo techniques

Because MC methods are limited to static equilibrium properties, one can wonder what their
advantages are with respect to the apparently more powerful MD method. The advantages are
twofold. (a) In MD the realistic dynamic path is followed by the system while in MC, unphysical
moves are allowed. This facilitates, in many cases, the effective sampling of the phase space.
Examples are mixtures where A - B particle exchanges are allowed, CBMC method where a
part of a polymer chain can be regrown, etc. (b) there exist physical phenomena that do not
have natural dynamics. Examples include the lattice models and systems with discrete degrees
of freedom like the Ising spins.
To see how MC comes in, we start from the classical expression of the partition function.

Q= c/dBngN exp [-6H (z,p")], (5.1)
where ¥ and p", respectively, stand for the coordinates and momenta of the N-particles
system, 3 = k,%T (with kp being the Boltzmann constant and T the absolute temperature).

H is the Hamiltonian of the svstem and ¢ is a constant. We know from quantum statistical
mechanics that the expectation value of an observable A can be calculated from the knowledge
of the probability P,(F;) that the system is found in an energy state | i >. This expectation
value (A) is written as,

(A) = S P(E) G| Al), (5.2)

where (i | A1) is the expectation value of A in the quantum state | ¢ >. For a system in
equilibrium, P; is given by the Boltzmann distribution,

o0 (- 8)

P(E;) = - (5.3)
e (- )
The classical limit of Eq.(5.2) is
JdPNdr¥ Aexp [—,CB%T (Z,— 2%; + U([N))}
(A) = : (5.4)

JdPNdrN exp [—,CB% (Zi LA U(z”))}

If A is uniquely a function of momenta, then (A) can be treated analytically. But if it depends
on coordinates, analytical procedures become limited to stringently simple cases. Computer
analysis becomes inevitable for a wide range of real problems of this nature. Let us suppose
that A does not depend on p", then

N _ueM)
_ Jr e (-S54

 JdrNexp(-9E51)

kgT

(A)

(5.5)



96 Chapter 5. Simulation techniques

There are many system configurations for which the Boltzmann factor

o) () -2

is infinitely small. In a simple sampling scheme (where all conformations are selected using a
uniform distribution), most of the calculations will therefore be performed on points where this
factor is negligible. In the importance sampling, we can oblige more computations in regions

with large Boltzmann factors and few elsewhere. This is the main idea behind the Metropolis
schenie.

5.2.1 The Metropolis method

In a Metropolis scheme we do not need to know the absolute probability of finding the system
in a given configuration, but the simple knowledge of relative probabilities is sufficient. This
relative probability is given by the Boltzmann factor.

The general approach in a Metropolis scheme is to prepare the system in a configuration
denoted o (old). This starting configuration should be representative of the real system (with
non negligible Boltzmann factor N (o) = exp (—%%)/Z) A new trial configuration n is gener-
ated by giving o a random displacement in phase space. The corresponding Boltzmann factor
of n is N(n) = exp (—%%)/Z U(o) and U(n) are, respectively, the old and new energies of
the system. The condition of equilibrium is governed by the fact that the transition matrix
element w(o — n) depicting the transition from the old to the new conformation and that
of the reverse process m(n — o) must insure that any established equilibrium does not break
down. This means that the number of conformations transformations transiting from o to any
other conformation must be equal to the number leaving any other conformation to 0. A much
stronger condition is that, to preserve equilibrium, the number of moves from o to n must be
balanced by the number of reverse moves. In other words,

N(o)m(o = n) = N(n)m(n — o), (5.6)

where 7 is the probability that the system jumps from one configuration to the other. 7 is

then considered to be the product of a trial move matrix a(o — n) and an acceptance matrix
acc(o — n) so that

N(o)a(o —» n)acc(o = n) = N(n)a(n — o)acc(n — o). (5.7)

)
Metropolis choses a to be svmmetric (a(o — n) = a(n — 0)), so that

acc(n — o) _ N(n)

- 5.8
acc(o »n)  N(o) (5.8)
and the acceptance condition is given by
1
acc(n — 0) = min (1, exp [— (U(n) — U(o))D : (5.9)
kT

Note that the o matrix is nonzero for transitions between “close” states in configurational

space: in this case the acceptance rate has a good chance to be reasonable. The Metropolis
scheme can, thus, be summarised as follows:
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prepare the system in an initial configuration,

select a particle at random (for a mono-atomic system) at r and calculate its contribution
to the total energy U(r™)

give the particle a random move to r' = r + dr and calculate its new contribution to the
total energy U(r'™),

calculate AU = U(z’N) —U(r"™) and accept the move from 7V to N if AU < 0, else use
Eq.(5.9).

If the move is accepted, the new configuration is conserved together with the corresponding
values of the observables of interest, if not, the old configuration is retained and its statistics
reconsidered for subsequent averaging.

5.2.2 The periodic boundary conditions

Most often, the systems we simulate are quite reduced such that if appropriate boundary
conditions are not considered it may lead to very unrepresentative informations on the systems
of interest. It should be noted that in a system of N-particles occupying a volume 17, the
fraction of particles at the surface bounding the volume is proportional to N~1/3. This means
that in a small system most of the particles will be at the surface and since surface particles
interact differently from bulk ones, small systems will be ill-adapted to simulate (without any
boundary conditions) bulk properties. A better way to avoid problems of this nature is to use
the periodic boundary condition (PBC). This consists of repeating in a periodic manner the
simulation cell in the whole space in such a way that an infinite system is obtained as shown
on Figure 5.1.
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Figure 5.1: The periodic boundary condition

Most often the interactions between particles of the molecular system are of short range
nature and are therefore usually truncated in space. Suppose 7. is the cutoff distance beyond
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which the intermolecular potential is truncated. On calculating the intermolecular energies
and forces of a particular molecule, (b, for example) only molecules of the simulation cell
ABCD (e.g. a or its periodic images al, a2, a3,...) which are found in a sphere of radius
re, centred on the molecule, are considered. When PBC is used, r. must be less than half the
diameter of the simulation cell. PBC is used in MC and MD simulations and in both cases the
choice of the size of the simulation cell should depend on the range of intermolecular potentials
involved. The situation complicates for MD when hydrodynamic interactions (known to be
of long range character) are present and when coulomb interactions of charged particles are
involved. Recently, C. Pierleoni and J.-P. Ryckaert demonstrated how, in a MD calculation,

the dynamic properties of a polymer solution undergoing a flow depend on the dimensions of
the simulation cell [4].

5.2.3 The configurational biased Monte Carlo (CBMC)

The Metropolis scheme described earlier, based on one particle displacement, is best suited
for mono-atomic systems, but when coupled with reptation moves, it can be used on macro-
molecules or polymers. This method is very inefficient for sampling the conformations of very
large molecules since it will require very long time for the molecule to evolve from one inde-
pendent configuration to the other. A long linear molecule is said to have moved from one
independent configuration to the other when all its segments or monomers have undergone
successful MC moves. Due to the inefficiency of the traditional Metropolis on macromolecules,
a sampling method should be devised that will permit a quick sampling of the numerous con-
fermations of large molecules without the latter getting locked up in a reduced portion of the
configurational space. The method adopted for homopolymers is the configurational biased
Monte Carlo coupled with reptation moves. By reptation move, we mean that a segment of
fixed length of a long linear molecule is suppressed at one end of the molecule and reconstructed
at the other end.

The original version of the CBMC [1, 5, 6] consists of generating a new trial conformation
from an initial one by replacing a sequence of segments at one end of the chain with another
sequence of same length at the other end. This reconstruction is done randomly. A uniform
sampling of the chain would as usual be highly inefficient so that a hias should be introduced in
this scheme such that overlaps with high energies are avoided. This bias must be removed by
attributing to the new trial conformation a corrected statistical weight called the Rosenbluth
weight. The highlights of the CBMC used in our simulations can be summarised as follows

(3]:
e 1. Prepare the sample to be simulated in a particular conformation.

e 2. Randomly select one end of the polymer and suppress a portion of it of k¥ (fixed)
segments.

Depending on the nature of the intra and inter molecular interactions (bending, torsional,

excluded volume, external field, etc.) the reconstruction of the k segments is done segment
by segment as follows:

e 3. Suppose i — 1 segments or bonds (or ¢ monomers: 2 < 7 < k ) have been success-
fully constructed. To place the segment 7, ¢dir trial orientations are chosen around the
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ith monomer according to a distribution that may be uniform or depend on a certain
orientational potential energy.

e 4. Calculate the Rosenbluth weight W;(n) (sum of the orientation related Boltzmann
weights of the idir orientations) of the new trial orientation of the ith segment while
selecting one of the orientations according to the Boltzmann weight associated to each
trial orientation.

e 5. idir — 1 other orientations are chosen for the old conformation of segment 7. These
together with the original orientation of : constitute i¢dir old orientations of 7. The
Rosenbluth factor W;(o) of the old configuration is evaluated.

e 6. Repeat points 3 — 5 until all £ segments are placed while calculating the overall
Rosenbluth weights W (n) (new) and W (o) (old) as the products of those of the respective
k segments.

7. Accept the new conformation with a probability

acc (0 = n) = min (1, (5.10)

).

The acceptance rate and the time required to generate an independent configuration will depend
on the choice of the couple (k,idir). Large idir will result in large acceptance rate but slow
sampling while large & will lead to fast sampling but little acceptance rate. The choice of
an optimal couple that yields reasonable acceptance rate and samples a good portion of the
molecule’s possible configurations within a reasonably short time is very important. There is no
conventional method of chosing this couple but by simple trials we can make a better choice. If
the acceptance rate is r for reptation moves of k segment, the number of trial reptations needed
to generate an independent conformation is (N/(2k))? /r. For example, for a 1024 segments
excluded volume chain in vacuum, when k& = 32 an acceptance rate of r = 0.35 is obtained. The
number of reptation moves thus needed for the chain molecule to change from one independent
configuration to the other is about 730.

The CBMC method outlined above will be described in more detail when particular cases
will be considered. In Chapter 6 and 7 we shall apply it to sample the configurations of a semi
flexible necklace chain subjected to a traction force. In this model there is no explicit intra-
molecular energy, excluded volume is enhanced by a hard sphere consideration. In chapter 7,
we shall also consider the case of polyethylene, a polymer model characterised by several forms
of intra-molecular energies.

5.3 Molecular Dynamics

We pointed out earlier that molecular dynamics simulation is very similar to real experiments
[3]. It is a method of simulating classical equilibrium and transport properties of a material.
This means that only systems of large particles or those free of high frequency vibrational
motions are considered. This method consists of solving the following equations of motion of
the system of N particles:

£i(t) = wi(d), (5.11)
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i(t) = —Fy(1), (5.12)

m;

where r; and v, are, respectively, the position and the velocity vectors of particle i (1 <1 < N)
with F, being the total force due to its interactions with all other particles (plus possibly an
external field). If the phase space trajectory resulting from these equations is known, a time
average of the system properties over a long period of time should yield results to a good
estimate of the equilibrium averages which can then be confronted with experiments.

Several methods exist for solving the equations of motion [2, 3]. Amongst them is the
Verlet algorithm [3]. This algorithm is based on solving the conservative equations of motion
(Egs.(5.11) and (5.12)). This means that the algorithm is used for a micro-canonical system
(constant N, volume V and energy E ensemble). Since we shall be interested in simulating a
system in a canonical ensemble (constant N, V and temperature T), we must couple to the
NVE algorithm a thermostating scheme. We shall, therefore, describe the velocity version of
the Verlet algorithm coupled with a Nosé-Hoover [7] scheme. The velocity Verlet procedure is
governed by the two equalities (consequences of Egs. (5.11) and (5.12)):

e+ A0 =, (0) + Atyfe) + S p (5.13)
wlt 4 A0 = u(6) + 2L () + Byt + A1), (5.14)

2m;

where At is the integration time step. Note that these equations describe a reversible phe-
nomenon and that the knowledge of v;(t + At) requires that of the force at that instant.

In order to render the simulation temperature conserving, Nosé [7, 8, 9] used an extended
Langrangian approach in which he included two artificial conjugate coordinates (s and §) char-
acterising the heat bath. His Lagrangian was of the form:

Nl

; 1
ENo,se = Z §m1-$27_*? - U(£N> -+ 5@82 - %IIIS, (515)
i=1

where () is the coupling constant and § = 1/(kgT). Averaging in a micro-canonical ensemble
corresponding to the constaucy of the resulting Hamiltonian [3],

p,(t)*
my;

n

HNose(t> = Z

1=1

DO | =

+U@%+%8@Q+%gm (5.16)

leads to an NV'T ensemble averaging on condition that ¢ = 3N. In general, g represents
the number of independent coordinates characterising the dvnamics of the system. The new
equations of motion are obtained via the Hamilton’s equations:

i(t) = ]—)mﬂ = (1), (5.17)
b,(t) = Ei(t) - e(t)p, (1), (5.18)

~1, (5.19)
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with ¢(t) = $Ins(t). Coupling the velocity Verlet algorithm with the Nosé-Hoover equations of
motion leads to the following system:

(Ab)?

it + 81) = 1,00 + M) + B (£,0)mi - cine), (5.20
bl + 50 = ) + 5 (B0 /m - (o), (5.21)
vilt + A) = uy(t + %) + % (F5(t + At)fmq — e(t + At)ui(t + At)) (5.22)

and
b+ A1) = e(t + 2F Zml — gkgT AC; (5.23)

The Nosé-Hoover integration scheme is subdivided into two subroutines. In a first one
o 1;(t + At) is estimated using Eq.(5.20)
e v;(t + 2!) is estimated using Bq.(5.21)

o c(t+ &) is estimated using

At At

e(t+ — th — gkpT 0 (5.24)

2

v, (t+4t) and €(t+5t) are then used in the second subroutine to solve for v;(t+At) and €(t+At)
using Eqs.(5.22) and (5.23) via a Newton Raphson procedure. The Nosé-Hoover Hamiltonian
(Eq. (5.16)) should be a constant of motion along the phase space trajectory of the system.
As an application of a constant temperature molecular dynamic simulation, we shall consider
some static properties of a system of two pentamers in a bath of a mono-atomic solvent. We
shall be interested in knowing how the effective potential between them depends on the distance
between their respective centres of mass. This problem is best suited for a MD simulation
approach because we are dealing here with a dense liquid system consisting of both flexible chain
molecules and solvent molecules. For such systems no “clever” MC move is possible to enhance
the convergence of averages. MD remains a very efficient method for dense systems, partly
because calculations can easily be efficiently vectorised on parallelised or modern computers.
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Chapter 6

On the stretched polymer statistical
mechanics ensembles

Summary

Imposing to a single polymer chain of N monomers either a fixed pair of forces +f acting
at the chain ends (stress ensemble) or a fixed end-to-end vector R (strain ensemble) does
correspond to the use of different statistical mechanical ensembles and leads in general to
distinct averages in conjugated ensembles. In particular, the elasticity laws Ry = g(f), where
R; is the length of the average end-to-end vector (R); in the stress ensemble, and fr = h(R),
where hg is the intensity of the average internal force (f), in the strain ensemble, are not inverse
functions. For these conjugated ensembles, the quantity Ay = f — h(g(f)) and more generally
Ao = (0); = (O)p, for an arbitrary single chain observable O, is studied systematically in this
chapter for a large class of polymer models corresponding to chains at temperatures equal or
above the theta point. The leading term AS«Q) of an expansion of Ay in terms of successive
moments of end-to-end vector fluctuations in the stress ensemble can be used to analyse the
Ay scaling properties. For the gaussian and the freely jointed chain models, Ay o< 1/N for
N >> 1 with the particularity that, for the elasticity law, A; strictly vanishes for the gaussian
chain at finite N. For chains in good solvent, the usual result Ay oc 1/V at fixed f is only valid
in the highly stretched chain regime (Pincus regime). Large (N independent) ensemble effects
of the order of 20% on Ay are noticed when the chain is stretched over a distance of the order
of the unstretched chain root-mean-square end-to-end distance Ry. These effects decrease to
1% level for R > 3R,. Monte-Carlo calculations for a chain model containing both excluded
volume and finite extensibility features illustrate the distinction between the elasticity laws
in the two ensembles over all stretching regimes. Our study suggests that the nature of the
constraints used in the single chain experimental micro-manipulations could be relevant to the
interpretation of elasticity law data.

6.1 Introduction

The study of the elastic behaviour of a single linear polvmer is a standard application of
statistical mechanical concepts [1, 2, 3, 4, 5]. In this field of renewed interest [6], it is sometimes
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noticed (see [1, 4, 5, 7]) that ensembles corresponding to a fixed end-to-end vector R or to fixed
stretching forces +f acting at the chain ends can lead to distinct elastic laws. Long ago,
Flory pointed out [1_] that these two conjugated single chain ensembles can be seen as polymer
counterparts of, respectively. the constant volume and constant pressure ensembles of N-particle
systems. In the latter case, away from phase transitions, there are correction terms of O(N_%)
for finite size effects on intensive properties like the energy per particle, the density or the
pressure. To our knowledge, the nature of the equivalent correction terms for single stretched
chain ensembles has never been discussed systematically (for arbitrary models). Elasticity laws
relative to different single chain ensembles have been compared long ago for ideal chain models.
For gaussian chains, the same linear elastic law follows independently of the ensemble chosen
while for the freely jointed chain (FJC) made of N segments each of length b, the Langevin
function relates the (imposed) force on chain ends to the average extension of the polymer while
the inverse Langevin function gives the average internal force for a fixed end-to-end vector R
up to correction terms which vanish in the limit of infinitely long chains (see page 321 in [1]
and chapter 6 in [4]).

To which extent the elasticity behaviour of a single polymer chain with excluded volume
(EV) interactions and finite extensibility (FE) is dependent upon the nature of the external
constraint imposed at the chain ends is the central question on which we focus, although the
general approach we take in the present chapter could be exploited in other applications. We
prefer to leave for future works, the elasticity features of particular biological molecules [6] or
universal properties of stretched polyelectrolytes [9]. The chain elasticity in the globular state
(below the theta point) 8] will not be considered here as our analysis is restricted to single
phase systems far from phase transition boundaries.

The correct statistical mechanical ensemble to associate with an experimental measurement
probing single chain properties is an issue of great interest given the actual breakthrough of
experimental set-ups probing directly single chain mechanical or thermodynamic properties like
clasticity, finite extensibility or adsorption /desorption of a chain on/from a surface. In all these
experiments, the ends of a single chain are controlled externally, either directly or indirectly.

In the original experiment of Bustamante’s group [10], one end of a DNA chain is chemisorbed
to a glass support while the other end is chemically bounded to a micron-sized bead to which
well calibrated external forces can be imposed while the average position of the bead is being
recorded by fluorescence microscopy. Along the same lines, the Brownian motion of a hairy
polvstyrene bead temporarily tethered to a glass surface by a single chain under bead-surface
repulsive force conditions was analysed and the polywner "spring constant” determined [11].

J.L. Viovy and coworkers devised another set-up [12] where the chain is rigidly maintained by
a mobile piezo-micromanipulator at one end and, at the other end, by a flexible tube through
which light is deviated in a way which has been previously calibrated against known forces
within the piconewton range. The light deflection angle is then a measure of the average internal
contractile force for an imposed end-to-end vector. Atomic Force Microscopy (AFM) has been
recently developed towards single chain force measurements probing the vertical stretching of a
chain grafted on a surface [13] or detaching a single polyelectrolyte chain adsorbed on a charged
surface [14, 15].

In order to focus on the single chain elasticity law of an N-segment linear polymer within an
ensemble characterised eithier by a pair of fixed stretching forces applied at the chain ends or
by a fixed end-to-end vector. we need to introduce some specific notations. Let us first consider
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that the polymer ends are subjected to a pair of external forces —f and + f acting respectively
on the beads indexed 0 and N. The resulting average end-to-end vector Ry = (ry — )f, where
r,; stands for the position vector of bead i and (.. ) represents a fixed-f ensemble average, can

be written as iy = Rff_ = g(f)f_ where z = I;;I is the unit vector pointing along the force

f- The relationship Ry = g(f) gives the elasticity law in the f ensemble for f intensities
defined, in principle, over the range [0 o0). When the same polymer is subjected to a fixed
end-to-end vector ry — 1y = L = RR of length R and direction R, an average internal force
fon= frR = IL(R)_E develops within the polymer. These forces, namely +f  and -, which
act respectively on beads 0 and N, tend usually to contract the chain (h(R) > 0) but they
sometimes act in the opposite direction, as when EV forces between end beads give rise to a
repulsion at short distance (h(RR) < 0). The relationship fr = h(R) is the elasticity law in the
fixed-R ensemble which, in principle, covers values of R in the range [0,00). We will consider
the difference Ay = f — h(g(f)) between force intensities as a measure of the non equivalence
of the elasticity laws in both ecnsembles.

The fact that we focus on this particular manifestation of the distinction between both
conjugated ensembles does not imply that it is the only one. Other single chain properties of
a stretched polymer like its gyration tensor, the NMR residual dipolar interaction or the chain
structure factor in scattering experiments should also depend upon the nature of the applied
constraint. Even if these applications are not discussed in the preseut chapter, we give the
theoretical basis to establish tlie connection between the averages of any observable calculated
in the stress or in the strain ensembles.

The nature of the difference between the fixed- f and fixed-R single polymer conformational
ensembles is formally similar for any particular R (or f) value but, as well qualitatively and
quantitatively, the effect turns out to be radically different for the small and the large extension
regimes defined, respectively, by R/Ry << 1 and R/Ry >> 1, where Ry is the average (in the
root-mean-square sense) of the unstretched chain end-to-end vector.

In the low f regime of the fixed-f ensemble, the EV chains are usual (weakly perturbed) 3D
self-avoiding walks while in the low R limit of the fixed-R ensemble, all conformations are close
to a cyclic structure and EV chain ends are mutually repelling due to forces which are largely
of entropic origin: the members of both ensembles are thus forming two quite different families
of conformations. It must be realised here that our attitude is quite formal as the relevance of
the stress or strain ensembles considered in this work (and in standard textbooks [1. 5] ) is of
little experimental relevance in the /Ry << 1 regime. Real single chain elasticity experiments
involving micro-manipulations on chain ends use needles, beads or microtubes on which chain
ends are grafted: a more realistic study of the effects of the constraints on the single chain
elasticity in the weak stretching regime should then include additional confinement effects.

Considering now the strong stretching regime of the fixed-f ensemble, it turns out that
the end-to-end vector fluctuates only slightly around the mean so that both ensembles give
almost the same averages for any single chain structural property. A systematic study of the
ensemble influence on elasticity law will however allow us to investigate the interesting cross-
over regime R/Ry =~ 1 which should be experimentally relevant as confinement effects are
probably negligible with respect to the ensemble effects discussed here. The difference Ay in
the elasticity law will be discussed theoretically and then applied to different standard chain
models in the continuous space. We will consider gaussian chains, freely jointed chains and EV
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chains according to the end-to-end distribution obtained from Renormalisation Group Theory
(RGT). A last model containing both EV and FE characteristics will also be discussed on
the basis of extensive Monte-Carlo simulations. The adopted hard sphere necklace model is
a semi-flexible chain with hard sphere repulsion terms between monomers. Both fixed-f and
fixed-R elasticity laws can be extracted from such simulations which in addition, are useful to
test the domain of validity of RG'T and the nature of the cross-over behaviour between the
scaling regime and the FE region, the latter region being actually the main focus of the new
experiments on single molecule stretching. The technique we used. in our simulations, namely
the Configurational Biased Monte-Carlo method adapted to stretched chains, has also been

implemented to study the elongation of a realistic chain model of polyethylene but this topic
will be discussed in the next chapter [16].

It should be recalled at this point that Monte-Carlo calculations have been successfully
applied within the context of a single stretched EV chaiun, starting with the pioneering work
of Webman, Lebowitz and Kalos in 1981 [17] which demonstrated the existence of a Pincus
blob regime in the intermediate regime of the elasticity law. The behaviour Ry oc f(/¥)~1
where v = 0.6 is the Flory scaling exponent for good solvent conditions, remains today a
property which was originally predicted theoretically [18], subsequently checked by simulations
[17], but not yet directly verified experimentally. Much later, Wittkop at al. [19] performed
a more extensive Monte-Carlo study of the same single EV chain elasticity law, showing that
RGT correctly predicts the cross-over between the linear stretching regime (at weak forces)
and the Pincus blob regime. In 1995, Cifra and Bleha [20] studied the effect of varying the
solvent quality on the elasticity law, in particular the separation between enthalpic and entropic
contributions to the stretching force. Recently, Pierleoni et al. [21] reported Monte-Carlo results
on the scattering structure factor of a stretched chain showing the signature of Pincus blobs
on the structure factor. It is interesting to note that, with the exception of Cifra and Bleha's
work which follows a fixed-R statistical mechanical formulation, all MC works mentioned above
are formulated in the fixed-f ensemble. A different stretched chain ensemble where only one
component of the end-to-end vector is constrained has been used in a recent series of MC studies
(22, 23] aimed at studying the coil-globule phase transition under stretching. As transverse end-
to-end vector fluctuations are sampled while they are frozen in the fixed R-ensemble, we consider
that (where the vector R is fully constrained) the elasticity law in this unusual ensemble should
be intermediate between the two cases discussed in the present chapter.

This chapter is organised as follows. In the next section, we start by defining quite generally
the different single chain stretching domains to which we will refer throughout the chapter. In
section 3, we recall the statistical mechanics formalism required to derive the elasticity law in
both the fixed-f and the fixed-R ensembles which enables us to properly define the central
quantity Ay mentioned earlier. In section 4 we establish a formal expansion of the average of
an arbitrary observable (O); around {(O), at IR = ;. For the particular case of A where O
is simply chosen to be thie internal force acting on chain ends, we find a leading term in the
expansion, namely a second order expression Afz), which turns out to be a good approximation
of Ay in the R/Ry > 1 stretching domain. In that case, scaling properties of A; can be
estimated from those of AS?). The next section is concerned with the evaluation of Ay and

AE,Q) for specific models such as ideal chains (the gaussian and the FJC cases) and EV chains
using the RGT end-to-end vector distribution of unstretched chains. In the second part of this
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section, Monte-Carlo calculations relative to the hard-sphere neckiace model are presented.

6.2 Single chain stretching domains

Consider a linear polymer of N Kuhn segments (we suppose N >> 1) each of size b undergoing
Brownian motion in a solution at temperature T. The average end-to-end distance of the chain
is Ry ~ bINY where v is the scaling exponent equal to v = 0.5 or v = 0.6 for © and good solvent
conditions, respectively. When this polymer is subjected to stretching forces 4 f at its ends,
the average end-to-end distance shows three distinct regimes which can be predicted by scaling
arguments (17, 18, 24]

6.2.1 The linear regime

At small forces (f < f* = '—CJ?R{—), the relative extension increases linearly with the global reduced
R
force n, = {B—%
Ry 1

o 6.1
RO 3179’ ( )

The effective spring constant k, which relates the extension R; to the stretching forcef, f =
kRy, is thus k = 2L,
0

6.2.2 The Pincus blob regime

For forces in the range f* < f < f*™* = EBbI, i.e. when f lies in the domain where n, > 1 and

the local reduced force 7, = E'BbLT < 1, the universal scaling corresponds to the so-called Pincus
blob behaviour [1&. 24]

R,
Ry
where A is a constant. When excluded volume forces are absent, one has v = 0.5 and A =1/3

so that Eq.(6.2) extends the validity of the small force linear law of Eq.(6.1) up to f**. For EV
chains, A ~ 0.46 [17, 21].

e (6.2)

6.2.3 The finite extensibility regime

Finally, when the {orce is such that f > f**, the finite extensibility (FE) regime is entered and

a model specific behaviour follows. This is the region which is most studied experimentally
6, 13).

6.2.4 The N dependence of R; at fixed-f

For later purposes. it is useful to discuss at this stage the N dependence of the average end-
to-end vector at fixed-f in the different domains. In the linear regime, the N dependence is
related to the spring constant varying as N=2. For both the Pincus blob regime and the
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finite extensibility regime (sometimes collectively denoted as the strong stretching regime in
the following), the average extension scales like N at fixed-f, a behaviour expected when the
extension of the stretched polvmer overcomes the size of the unstretched chain [24].

6.2.5 'Typical force cross-over values in experimental set-ups

Cross-over values f* and f** for some micro-manipulations on stretched macromolecules at
300K reported in the introduction are easily estimated on the basis of published values of the
contour length L. of individual chains and of the Kuhn segment length b which combine to
give 3 = L.b. For a DNA chain of length L, &~ 30;m in physiological conditions for which
b = 0.1pm [10], one finds f* ~ 0.003pN and f** ~ 0.05pN and we note that, in reference [10],
data points are reported for f > f**. The AFM study of individual dextran filaments leads
to f* = 0.2pN and f** = 7pN using b = 0.6nm and L, =~ 1.um [13]. Exploring the power
law regime would be rather difficult as f should be of the order of a few pN while natural
fluctuations seem to be of the order of 20pN. Improved precision could however be obtained

by averaging over many successive stress or strain cycles over the range of end-to-end vector
lengths of interest [13].

6.3 Fixed f and fixed-R ensembles for a single polymer
chain

6.3.1 A reminder of textbook statistical mechanics

We now establish the theoretical context more explicitly by starting from the equilibrium dis-

tribution function of the chain end-to-end vector R = ry — r in the absence of external force
defined as

fdrNs(ry — 1o — Ryexp |=8U (V)] z,
Jdr¥ exp [=BU ()] Z
where 3 = k;%l is the reciprocal temperature, r; is the ith bead position, U(r") is the effective
potential energy with 7V representing the set of coordinates of the chain and § is the Dirac
delta function. The potential energy consists of a sum of bond length constraining potential
terms (insuring the connectivity) and possibly EV pair interactions. The numerator Zx and
denominator Z in the above equation are single chain partition functions for a constrained and
unconstrained end-to-end vector, respectively. For any cartesian component o« = z,y, 2, the
first moment of I, with respect to 1V, vauishes due to space isotropy while the second moment
gives 3 IR%.
In the fixed-R ensemble. the average of an observable O(r™V) is given by

M‘,O (B, .V) =

(6.3)

O = 27 / dr® O (zy —1rg — R)exp [—5(] (ENN : (6.4)

Under the end-to-cnd vector constraint, tlie choice O = —% yields the average internal force
=0

[, acting on the end-bead 0 which lies along R= % by symmetry. To sec this explicitly, we start
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from Eq.(6.4) where our choice of observable leads to an expression where the % operation acts
on U within the integral. First, the expression can be transformed by applying the derivative
operation to the exp(—AU) factor itself. Integration by parts further shifts the application of
the derivative operation to the ¢ function. Given the nature of the argument of the ¢ function
appearing in Eq.(6.4), the gradient operation with respect to r, can be substituted with a
gradient with respect to R so that the expression turns out to be finally equivalent to the
gradient of InWy with respect to R (sece Eq.( 6.3)). Keeping consistency with notations used in
the introduction, we thus have

Ory orn " POR

The equation fr = h(R) defines the elasticity law in the R ensemble.
In the fixed-f ensemble, the end-to-end vector fluctuates around a non zero vector (E)/
parallel to f. The relevant partition function becomes [1]

<_8_U> :<+0_U> _ 19 (InWy(R,N)) = frR = h(R)R. (6.5)
R R

Zi(f,N) = /dEZRexp (/- R) = Z/dB_WO(E, N)exp (8f - R). (6.6)
The f ensemble average of a microscopic variable O(rV) will be written as
<O>f = Zf_l /d[NO(zN)exp [—ﬁ (U(T_N) _ (EN _ ZO) . i)] ) (67)

It follows from above that the end-to-end vector averages are given as partial derivatives of Z;
according to

(B), = %v,m Zr=R;J=g(f)F (6.8)

Let us calculate the fluctuation (6R,0R,), = (R,R.), — (1,), (R.),. By definition

(R.R,), = Zi, / dRR,R,Zrexp (51 - B)

1 0
= Zf 957, 577, /dRZR exp (ﬁf R)
1 0 d
which according to Eq.(6.8) leads to
0
Knowing that (R,), = g(f)ﬁfi, (6R,,,6R,,)f becomes
L fufi0g(f) | 9(f) fu fo
SRR, = = RCAC AT A T L b _
OR R, ﬁ[ﬂ of T J (5" ff)] (6.17)

which in tensor form is

(OROR), =

II'\«
.
[~

ﬁQV,vf InZ; = 5 (%)ﬁ %( )) , (6.12)
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where [ is the unit tensor. Eq.(6.8) defines the elasticity law, Ry = g¢(f), in the f-ensemble
and states moreover that the average elongation in a direction transverse to f vanishes by
symmetry. Fluctuations are still given in terms of g(f) and its first derivative. If we denote

respectively as 6 R and R, the longitudinal and transverse components of fluctuations in the
fixed- f ensemble, we obtain from Eq.(6.8)

2\ _ 19g(f)
2\ _ L1g(f)
<6Rl>f—ﬂ = (6.14)

The non-equivalence between fixed-f and fixed-R ensembles shows up in the fact that the

relationships fr = A(R) (Eq.(6.5)) and R; = ¢g(f) (Eq.(6.8)) are not inverse functions of one
another. The function Ay introduced earlier to measure this ensemble difference can thus be
expressed as Ay = f — h(g(f)).

6.3.2 Elasticity laws in both stretched chain ensembles for specific
models

In this subsection, our aim is simply to use the above theory to estimate the importance of
the ensemble effects on the single polymer elasticity law for standard chain models. We will
successively treat the universal models for ideal chains and for chains in good solvent and finally

look to the freely jeinted chain to appreciate the ensemble effects when finite extensibility is
incorporated in the model.

Long chains at or above the theta point

If we restrict ourselves to theta and good solvent conditions, the single chain end-to-end distance
equilibrium distribution Wy (R, IV) evolves, as the number of monomers N gets larger, to an

expression Wy(R, N) %u](a:) where w(z) is a universal function of the reduced distance
0

r = R% and where the explicit N dependence is left in the measure only. We have [26]

Wo(R,N) = %x”exp (—Dx‘5> , (6.15)
0

where C is a normalisation constant. The RGT parameters for good solvent chains are D
1.2063,6 = (1 —v)~! = 2.4272 and v = 0.275 while, for gaussian chains, we simply have D =
0 =2.0and v=0.0.

Within the fixed-I? ensemble, the force function fr = h(R) can be obtained by applying

Eq.(6.5) to the particular expression (6.15). Using reduced quantities, one gets the general
result

3

[T

~

D v
BRofr = ng il e LA (6.16)
which reduces to the linear law gRyfr = 3z in the gaussian case. We apply Egs.(6.6), (6.8)
and (6.12) to the particular end-to-end distribution function (6.15) to get the elasticity law
and the end-to-end vector fluctuations relative to the fixed-f ensemble. For gaussian chains,
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the linear law Ry = g(f) = Ro™ turns out to be strictly identical to the elasticity law already
obtained in the fixed-R ensemble. The end-to-end vector fluctuations in the fixed- f ensemble,
which can be obtained directly from g(f) on the basis of Egs.(6.13) and (6.14), are independent
of f and thus identical to the unstretched case. For EV chains, the end-to-end vector moments
in the f ensemble, namely Ry, <5Rﬁ>f and <5R2L)f, can be estimated numerically along the lines

developed for Ry only in ref. [19], on the basis of Egs.(6.8), (6.13) and (6.14). For completeness,
we give the expressions to be evaluated numerically in terms of the global reduced force 7g,

B, - L [(”fﬁ> - 1}, (6.17)
Ry Tlg 81
2
<5R'QL _ B (0_2)2 L1 (6.18)
R? 51 $1 ur
S R?
# - L K@) _ 1} , (6.19)
RO 779 S1
where we have defined
s:(ng) = . dyexp [—Dyl{T] Y sinh(n,y), (6.20)
ci(ng) = /0 dyexp [—Dyl—lv] ¥’ cosh(ngy). (6.21)

For chains in good solvent, satisfying the universal distribution function Eq.(6.15), the
elasticity laws in fixed-f and fixed-R ensembles, i.e. Egs.(6.17) and (6.16) respectively, are
found to be largely different! This is shown in figure 6.1 where the universal behaviour of Af/f
is plotted against the reduced distance x. The difference is small (below 2%) for chains stretched
over distances at least three times their typical unstretched chain value (R > 3Ry), it amounts
to about 25% for R ~ Ry and it rises to infinity as the distance gets closer and closer to zero.
The elastic behaviour of chains in good solvent thus presents quantitative differences depending
upon the nature of the stretching constraint. These effects, valid for arbitrary N (although we
discard the very short chains because they somewhat differ from the universal behaviour),
culminate at short end-to-end distances (R < Rp) where both distributions of conformations
are intrinsically different as we mentioned in the introduction. For large extensions, finite
extensibility effects which are disregarded in the chain universal models (Eq.(6.15)), should
be taken into account. This will be considered in the next subsection with the FJC model.
Let is finally remark that the ideal chain result Ay = 0, which is valid for arbitrary N, is
finally somewhat surprising when one considers that, at least at short end-to-end distances, the
distribution of conformations is very different in both ensembles. We will see the origin of the
absence of constraint effect on the elasticity properties of gaussian chains in the next section.

The FJC model: finite extensibility effects

The freely jointed chain model (FJC) is the prototype of ideal chain with limited extensibility.
This model of N freely jointed rigid links each of length b evolves towards the gaussian model

as N gets large, as long as the end-to-end distance R remains much smaller than the contour
length of the chain L. = Nb [1, 4].
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To analyse the elasticity law in the fixed-R ensemble for the FJC model, we exploit the
known expression of Wy (R, N) which is an integral over reciprocal space [1]. The average force

intensity h(R) estimated using Eq.(6.5), requires an additional integral over reciprocal space to
be calculated. We have

1

1
- - _ 2 6.23
M) = -2 (6.23)

where we have introduced more general compact notations (which will be useful for later pur-
poses)

, © sin{qh) ™
.= ! 2
53 /0 dqq'sin(qR) [ o ] : (6.24)
: N
PR sin(qb)
¢ /0 dgq’cos(qR) [ o : (6.25)

which will be used for odd i indices and even j indices only.

On the other hand, the partition function for the FJC at fixed-f can be evaluated ana-
lytically using Eq.(6.6). The average end-to-end vector [1] and its fluctuations at fixed-f (see
Eqs.(6.13) and (6.14)) are easily obtained. One finds the classical result %Ci = s = L(n;) where
m = A—l;-% is the local reduced force, s is the relative extension and L(z) = coth(z) — 1/z is the
well known Langevin function. Use of Eqs.(6.13) and (6.14) leads to fluctuation expressions

<6Rﬁ>f = Nb? (1 - 2L(n) /m — L2(n)) and (6R%),; = N62L(m)/m.

In figure 6.2, we show the behaviour of %ﬁ for various lengths of the FJC model (N = 16,
N =32, and N = 64) in terms of s corresponding to a range of forces r; < 4.0. Such a figure is
motivated by the fact; discussed in the following, that A = 3—1\? for small s and large N. About

the distinction between both elasticity laws, one finds that éfi decreases below the 1% level for
chains with N > 100 but amounts 10% for the N = 16 case at s = 0.75. The gaussian chain

limit for the elasticity law ensemble difference (namely A;/f = 0) can indeed be recovered
from the FJC result, for s << 1, when N goes to infinity.

6.4 The connection formulae between fixed-f and fixed-
R ensembles

In the previous scction, we have shown that single chain elasticity laws are in general different
in different single stretched chain ensembles. While the effect is accidentally zero for gaussian
chains, the relative difference Ay/f is below the percent level only when EV chains, inde-
pendently of their length. are stretched over a distance which is larger than three times their
unstretched end-to-end distance. Finally, for FJC chains, Af/f ~ % over a large range of local
reduced forces n; < 4, provided N is larger than = 15.

In the present section, we express the differences in the ensemble averages in terms of series
expansions in order to interpret the properties of A; which have summarised above. In order
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to enlarge the potential applications of our theoretical developments, we will study the single
stretched chain ensemble effects on the averages of an arbitrary structural property represented
by an observable O((r;)i—1 n). At the end of the section, we will return to the elasticity case
on which we focus in this chapter.

6.4.1 General formalism

To be specific, we want to compare for an arbitrary observable O, its averages in the strain
(fixed 12 vector) and in the stress (fixed f vector) conjugated ensembles. These ensembles imply
vector constraints along the same direction (say along the z axis), namely f = (0,0, f) and
R = R; =(0,0,Ry) where R = g(f) (Eq.(6.8)).

On the basis of expressions (6.3), (6.4), (6.6) and (6.7), we can write the basic exact rela-
tionship linking ensemble averages, namely

(0); =27 / dRZp (O)pexp (BR- f) = / dRM(R) (O) (6.26)

where the function M(R) can be interpreted, using Eq.(6.6), as a probability distribution
function associated to the fixed-R average which, by integration over the end-to-end vector
space yields the fixed-f corresponding average.

In order to bridge the two ensemble averages in conjugated ensembles, the first idea would
be to expand the r.h.s. of Eq.(6.26) around (<O>>E:Rf}" This is formally possible by performing
a simple Taylor expansion of the fixed-R observable average (O) around its value at R = Ry.
Using expressions (6.7) and (6.3), integration of all expansion terms yields [25] an infinite series

0

(O); = (D) paryy + (ﬁ <O>R> i

1
(0R | === ; !
o5 (ogam On) tomam)
R=Rsf

(6.27)
where 6R = (E — Rf@ is the fluctuation measured in the fixed-f ensemble. The expansion
in Eq.(6.27) (where we have conserved the first order term which is zero to indicate the series
structure) is a basic relationship for the analysis of the ensemble difference for any single chain
observable relative to a stretched chain.

The weakness of this approach is that the convergence of the series is difficult to apprehend
without analysing more closely the position and the sharpness of the peak in the M; function
in the R space, in particular regarding the polymer size. To do so. we introduce the free energy

A(R,N)= -0 nZp(R, N) (where the temperature dependence is not made explicit), so that
M;y can be rewritten as

R=ngf

My(R) = Z;'exp (-B(A-R-f)) (6.28)
Z, = /dﬁexp (-8(a-R-1)). (6.29)

In order to clarify the important role of N in the connection formulae between ensembles,
we rewrite the weight function (6.29) in terms of b, N and a new intensive variable s = R/N.
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Using Ry = bN”, one gets

(0), = %/dg (), oxp (=N [Bals, N) - ps- £]), (6.30)

where a(s, N) is the single chain free energy per bond when the chain end-to-end vector is
constrained at @ = Ns. The M, peak position in s space is given by minimising the argument
of the exponential. This leads to the implicit equation in s,

da(s, N) ,
— 5 (6.31)

where, according to the above free energy definition and Eqgs.(6.3) and (6.5), the r.hus. is A(Ns),
the internal force in the fixed end-to-end vector ensemble. The peak position thus does not
correspond exactly to Ry = ¢(f), but to A (f) so that the leading term in the expansion would
be (O), around its value at R = h™'(f). Along the same lines, the dependence of a(s, N') upon
N makes it difficult to make general statements upon the evolution of the convergence with N.
What can be shown on various polymer models is that as f is fixed and N increases, a(s, V)
becomes progressively N independent while the peak position evolves towards the conjugated
ensemble value R = R, = g(f).

This limiting behaviour as N becomes infinite has a clear mathematical meaning. However,
we would like to comment here upon the point that fixed f stretching force, the infinite N
limit for a stretched polymer has much less physical relevance than the well known thermody-
namic limit which is used to establish the link between constant volume and constant pressure
conjugated ensemble for an N particles system. The equivalence between ensembles in the ther-
modynamic limit is proved on the basis of an expression similar mathematically to Eq.(6.30)
where the free energy per particle is function of the density only (thus independent of N). When
the N infinity limit is taken at fixed density, the weight function becomes infinitely sharp and
finite size corrections are found to be in N~!. TFor the stretched polymer case, the number
of monomers and the end-to-end vector are the extensive variables replacing respectively the
number of particles and the volume, while the force and the average extension per bond s are
the intensive variables playing respectively the role of the pressure and the (inverse) density.
Polymers always have finite sizes and ensemble correction terms should be controlled systemat-
ically for the particular N value. To estimate a typical very large N value for real chains, let us
consider a chain at theta point modeled as a bead-spring (gaussian) chain for which each spring
is an elementary statistical segment representing a portion of the chain consisting typically of
a few Kuhn segments. Taking a typical synthetic polymer like polystyrene, one has N = 200
for a very long polymer of about 10° Dalton.

f=

6.4.2 Link between ensembles for specific chain models

We now consider for specific polymer models the difference between averages relative to the
stretched chain conjugated ensembles through an analysis of the series developed in the previous
subsection. Let us start by adopting for Wy and its associated free energy expression the
universal model function for theta point and good solvent polymers defined by the distribution
(6.15). If we disregard irrelevant s independent terms, we find a free energy per link given by

Ba(s, N) = —%m(%) + D(%)WH). (6.32)
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We first restrict ourselves to the gaussian chain case because the absence of the term coupling
N and s in Eq.(6.32) (because v = 0) considerably simplifies the analysis. We will consider the
EV chain in a second step.

Gaussian chain universal model

Substituting Eq.(6.32) in Eq.(6.30), we observe that the fixed R ensemble average i1s weighted
by a gaussian function M; x exp (»N%@ — <§>I>2>' If we keep f fixed (or equivalently s
fixed at (§>f) but increase N, the width of the peak decreases without changing the position of

the distribution maximum so that the contribution of (O),, at s = <§>f dominates more and
more. One gets a series

10 0
= — | == : o 33
F <O>Rf + 5 <0§ Ds <O>R> . (6sds), + (6.33)

12
= ——TRACE
<O>Rf + N 6

0 0
——{(0) ) } +o (6.34)
(8§ a§ i R=N{(s);

where the next terms consist in ascending integer powers of N™'. For non pathological (O)
functions and for moderately large N, the above series should always converge to a finite valuc.
Note that in the particular case where {(O), is linear in s like it is precisely the case for the
internal force h([?) (see £q.(6.16)), (O), is strictly equal to (())Rf for N finite and arbitrary
because all terms of the series vanish! This explains the origin of the strict equivalence between
clasticity laws relative to both ensembles which was noticed for gaussian chains with finite
number of beads in the previous section.

To illustrate the general situation where (O), is a non linear local variable, we take the

function O = exp (zﬁg : gl) relevant in the scattering properties of a chain with N bonds repre-

sented by {(QJ ”\l while ¢ is an arbitrary scattering vector. We thus consider a gaussian
j=1. -

chain with N bonds of mean squared length b* which is subject to stretched chain conjugated
ensembles. Either a force f is applied at both ends of the chain or a fixed end-to-end vector

R = %]\“'b‘zi restricts the chain configurational space. The result is independent of the bond
index and both averages are given bv

<exp (z’g-gi»R = exp [- % (1 — %) ¢+ (g@)}?

2

<exp (zg . 7_Li>>j, = exp { - %(12 + 7%1)2/3 (g . i) }, (6.35)

GN
fixed-I? ensemble average. For a given force f, the ensemble equivalence is thus only recovered

when N gets infinite. It can easily be shown that, as one expands the exponential correction
term, the obtained infinite series in ascending powers in % is ecquivalent to the series in Eq.(6.34).

R . . 3 2.2 . X
where s = 5. Both averages arc found to be identical up to a factor exp (—b—i) affecting the
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EV chain universal model

For EV chains, the weight maximum is given by Eq.(6.31) using the free energy expression
given by Eq.(6.32), which leads to the implicit equation

(1 Z_) V) <E)(li”) = -

b
whose solution s, is N dependent. When the r.h.s. of Eq.(6.36) can be neglected, i.e. when
(-v) (1—v) 7

Bfs>> %, one finds ;00 = ((1;’ ) Y (Bf) bv which gives an extension R,,., following
the Pincus scaling expression g(f) given by Eq.(6.2). Accordingly, the above condition can be
interpreted as R >> 0.2751y,, which indicates that, for a fixed f value and thus for a fixed
Pincus (tensile) blob size 7y, = (3f)7!, the number of monomers should be such that the
polymer extension is several times the blob size [24]. Physically, this means that the chain
must be in the strong stretching regime (n, >> 1). If this condition is met, one recovers
the situation discussed earlier where the N factor preceding the brackets in Eq.(6.30) allows a

steepest descent method approach to re-express the integral as a series of terms of ascending
powers in V7L

Bsf —

— .36
N’ (6.36)

Some comments about the FJC model

The link between stretched chain ensemble averages (O), and (O)p for the FJC model fur-
nishes additional insights about the FE effects. We first note that the stretched chain free
energy F(R,N), its first derivative respect to R which is the force h(R), and, if required, its
higher derivatives can be calculated numerically using expressions (6.23) and derivatives easily
expressed in terms of higher order coeflicients s; and ¢ defined earlier in Eq.(6.25). Using
the above quantities calculated for N up to 64 over the range 0 < 7, < 4.00 corresponding to
s < 0.75, one expects that the s dependent part of the free energy per monomer presents a poly-
mer size dependent term dominated by a 717 and then a ﬁ terms. Moreover, as Ay = f—h{g(f))

for the FJC model should converge to zero in the N infinite limit at f arbitrary [1, 4], one should
have

l CLI all s 5 1 9 bl b/l s s
fa = 5(”#@)@ *z(?w*m)@ o (630)
a d s 9 b b s\ 3
h = B3+—=4+ =)= -+ =4+ —=| |- )
R = +N+N2)b+<5+N+N?) (b) e (6:38)

where o', a”, b and 0" were determined empirically from fitting polynomials to the numerically
determined free energy and derivatives. Using o' = —3.00, ' = —4.50, o" = 1.2684, V" = 1.68
one could explain the %L dependence upon N and s.

The link between ensemble averages for an arbitrary observable (O) relative to the FIC
model is given by Eqs.(6.28) and (6.29) where the free energy term is given by Eq.(6.37). The
maximum of probability is given by the s implicit Eq.(6.38) which, at low N, gives an 4z
value which is N dependent. As N increases, the r.h.s. of the Eq.(6.38) must evolve towards
Bfb = L7Y(s): this limit is obtained as soon as N >> 1. For N >> 1, the exponential
argument in M; probability is thus purely extensive in N, which leads to the equivalence

between conjugated ensemble averages up to a correction dominated by a term in ﬁ
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6.4.3 A second order approximation applied to the elasticity case

The series expansion given by Eq.(6.27) defines a second order term which should dominate
Ao for an arbitrary observable provided that we are close to the convergence regime of the
particular chain model considered. We will again focus on the elasticity law and thus select the

variable O = 8—% where zg is the z component of the end-bead 0 of position r,. In the fixed- f
ensemble, mechanical equilibrium imposes <—g%>f = f while, in the fixed-R ensemble Eq.(6.5)

gives <—3—Z>R = h(R)% where R, is the z component of the end-to-end vector. The quantity

A; which was introduced earlier in this chapter as a measure of the distinction between the
clasticity laws in both ensembles, can indeed be expressed as

|/ oU U\ R, o
B = <_330>f - <_B_ZE>R - (}L(R) R )—R"Ef /. 109

Adapting Eq.(6.27) to our case provides us with the following second order approximation for
Ay,

AL .ii( R_) _ 1
AP = 2<5ﬁaﬁ>f.<aEaE W) =g lememr (6.40)

where the tensor T is introduced for convenience. Using diagonal properties of the fluctuation
tensor according to Eqs.(6.12), (6.13) and (6.14), Eq.(6.40) can be transformed, using Eq.(6.8),

as

. 1 . o
A§Z) = 5 O zz+<{>[{i>f(rz,':r+]jm/)} (641)
1 [ag a /L g(f) {2 (0/1 hﬂ }
= 55 l3r @)t E e 7 (6.42)
j{a am ey 1 LR\ORTR)],
_ {m(ah) L2 (a/ h) } 6.
of \or?),_., " F\or "R}, | '

Using Eqs.(6.5), (6.6) and (6.8), the expressions A and A&z) can be evaluated for any model for

which TVo(R2. N) is known. In Figures 6.1 and 6.2, we show, respectively, Af for the universal
EV case and for the FJC model. For the RGT model, the approximation is quite good for the
range I > Ry but for R < Ry, the expansions we have discussed do not converge. For the FJC
case, the second order estimate improves quickly as N gets larger.

Quite generally. at fixed f in the highly stretched chain regime, it can be expected that
both h(R) and R; become linear in chain length N [24]. In that regime, Ay can be shown
to vanish like 1/N for 1nﬁ111te chiains, independently of the chain model. This can be proved
using the approximation Af Ay valid in that regime. One takes Ry = Nz(f) and fr =
h(R) = w(R/N) where z(f) and w(r) (with r = ]?/N) are almost inverse functions of each
other. Substituting these formal expressions in A (h (6.43)) gives

p il (T (e
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Figure 6.1: A;/f is shown as a universal function of the reduced extension z = R/Ry for the
RGT model. The line (—) represents the direct differences while the dashed line (- ---) shows
the predictions of AS?) according to Eq.(6.43).
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Figure 6.2: A¢/s is shown as a function of the reduced extension s = R/L, for the FJC model
with N=16, 32, 64. The lines (—) represent the exact differences while the dashed lines (----)
show the predictions of A(fQ) according to Eq.(6.43).
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thus indicating a 1/N dependence at fixed-f (and thus at fixed r = R/N) in any strongly
stretched regime such as the Pincus blob regime for EV chains or such as any type of FE
regime.

6.4.4 Monte-Carlo calculations for the stretched hard-sphere neck-
lace model

The semi-rigid necklace model we now consider consists in N+ 1 hard spheres linearly connected
by N rigid bonds each of length b. This 3-D continuous space model is attractive as it combines
most aspects of real polymers in good solvent conditions, namely EV and F'E effects. We report
in the following a Monte-Carlo study of a stretched polymer based on this model with a hard
sphere diameter o = 0.65b which guarantees that EV interactions are operative at all length
scales in the absence of external forces. The particular case N = 400 with unperturbed size
Ry = 36.81b [21] was selected for our illustration as such a chain size is sufficiently long to
display all stretching regimes of the elastic law.

The adopted MC method combines Configurational Bias sampling and reptation moves [27].
A stretched state of the polymer (i.e. under fixed external force 4 f = (0,0, £f)) is studied by
adding to the potential energy term. a stretching work a

T=-f R, (6.45)

which is a function of the instantancous value of the end-to-end vector E. The MC procedure
implemented follows the following points.

e 1. Suppose the molecule whose configurations are to be sampled has been succesfully
generated.

e 2. One end of the polymer is randomly selected, a segment of fixed number of bonds k
is then supressed at that end and reconstructed at the other end. The reconstruction is
done segment by segment as follows.

e 3. Since the segments undergo unrestricted torsional rotations and bendings, to place the
ith segment once i—1 segments (2 < 7 < k) have succesfully been placed, idir bond vectors
whose ends lie on a sphere of radius b (the boud length) and centred at the monomer i — 1
are selected and accepted with a probabilty proportional to exp (E%(cos b — 1)), where
¢ is the angle the new bond vector makes with the external force of magnitude f.

e 4. Once these vectors are obtaiued. they are tested for overlap with already placed seg-
ments (with two segments said to overlap when their centres are separated by a distance
less than o). One of the nonoverlapping directions is randomly chosen then accepted and

given a Rosenbluth weight w,(n) which is equal to the ratio of the number of nonoverlap-
ping vectors to tdir.

e 5. Simultaneously, idir — 1 other orientations are chosen around the old segment i in a
similar manner. These together with the old position of segment 7 form a set of idir old
orientations. Overlapping is checked and the Rosenbluth of the old w;(0) is obtained.
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Figure 6.3: Elasticity law in the constant stress ensemble for the FJC model (----- ), the RGT

prediction (—) and our fixed-f MC results (0000) adapted (for RGT) or calculated (by MC)
for a 400 segments chain.

e 6. Procedures 3-5 are repeated until all £ segments are reconstructed. The Rosenbluths
of the new and old chains are, respectively,

k

w(n) = [[wi(n) and w(o) = li[wi(o). (6.46)

i=1

e 7. Since no interaction energies are involved here, the acceptance condition is simply

given by acc (0 — n) = w(n)/w(o). The newly reconstructed segment is then accepted
with a probability equal to min[1, w(n)/w(o)].

It is important to state here that when we used idir = 4 and k = 8 for chains as long as 400
segments an acceptance rate of about 35% was obtained. This idir and k values appeared to
be the optimal values - ptimal in the sense that large idir would enhance the acceptance rate
but render longer, the time required to generate a new independent configuration, meanwhile
large k would need shorter times but would diminish the acceptance rate.

Running the program for various f values gives the evolution of the average end-to-end
vector Ry, i.e. the g(f) data shown in Figure 6.3, and its fluctuations shown in Figure 6.4.
In Figure 6.3, the simulation points are compared with the RGT model prediction (Eq.(6.17))
for a polymer with unstretched size Ry adjusted to the actual value of the 400 bonds polymer
treated by MC, and also to the 400 bonds FJC prediction, a model to which our MC necklace
model reduces when the hard-sphere interactions are suppressed. We observe that the MC
results are quite well represented by the RGT curve at low forces [19]. Beyond n, ~ 0.3, the
data exhibit a smooth cross-over to a FJC behaviour.

Figure 6.4 shows the fluctuations of the end-to-end vector components of the same 400
segments EV chain treated by MC and the corresponding RGT predictions for longitudinal
and transversal fluctuations. In terms of reduced quantities, the theoretical expressions given
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Figure 6.4: Fluctuations of the end-to-end vector components both parallel (lower) and per-
pendicular (upper) to the stretching force of a 400 segments EV chain. The dashed lines (----)
give the RGT prediction. The continuous line (—) results from exploiting the link between
the fixed-f end-to-end fluctuations and the g(f) behaviour for the range n, > 0.2, which is
shown in figure 6.3 (see also text).

by Egs.(6.18), (6.19), are seen to match the MC data up to 7 = 0.3. At higher forces, FE
effects lead to a more rapid decrease of the fluctuations, a behaviour fully coherent with the
corresponding ¢(f) evolution given in Figure 6.3. This is actually shown by plotting in Figure
6.4 the (high stretching) expected behaviour of fluctuations as obtained by Egs. (6.13), (6.14)
applied to a smooth function fitting the g(f) data in the n, > 0.3 regime (see Figure 6.3).
On the other hand, the unperturbed end-to-end vector distribution of the chain is needed to
estimate the internal force at fixed end-to-end distance according to Eq.(6.5). It is useful to
note that the distribution function of R in the presence of stretching forces, namely

JdrVo (ry — 10— R)exp =B (U) = (ty ~ 10) - f)]
JdrN exp |3 (U(eY) = (ty — o) - f)]

can also be used to get the distribution in the absence of force, i.e. Wy(R, N) of Eq.(6.3), by
exploiting the identity

Wy(R,N) =

(6.47)

Wo(R, N) = %exp (-BR - f) W;(R, N), (6.48)
where the Z and Z; partition functions are defined by Egs. (6.3) and (6.6) respectively. By
superimposing the distributions Wy obtained using Eq. (6.48) within our set of simulations at
various fixed forces, the profile of W, was retrieved over a large range of R values as shown in
Figure 6.5. This combination of biased samplings leads to a precise estimate of the distribution
up to end-to-end distances of R &~ 4.5Rp, i.e. up to extensions of the order of 40% of the
chain contour length where the probability density is reduced to 107° of its maximum value!
As expected, the RGT curve shown in Figure 6.5 matches very well our data as long as FE
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Figure 6.5: The equilibrium end-to-end vector distribution for a 400-segment excluded volume
chain. The line shows the RGT model prediction for small and intermediate extensions. In the
inset, we show the same function for extension values corresponding to rarely occurring highly

stretched configurations so that FE deviations from the RGT prediction can be detected in our
MC data

effects are not showing up. The cross-over to the FE regime seems to occur somewhere between
R = 2Ry and R = 3Ry where we observe that Wy (R, N) starts decreasing more rapidly towards
zero than expected from RGT. In order to reproduce this new behaviour by a smooth analytic
function (to ease further derivation), we used for R > 2R, the same RGT expression (Eq.(6.15))
but with the exponent 6 and the coefficient D considered as free fitting parameters. The inset
of Figure 6.5 shows the resulting best fitting curve describing the data above R = 2R,.

The fixed-R force h(R) of the necklace chain can now be obtained according to Eq. (6.5)
by combining two curves obtained by differentiation of InW, functions, the first one on the
basis the RGT function and the second one using the ad hoc fitting curve of InWj in the FE
regime, as discussed earlier in the Figure 6.5 data interpretation. The resulting function h(R)
is described by two portions valid in different R domains, as shown in Figure 6.6. The change
of sign at = ~ 0.35 shows the specific distance where entropic forces equilibrate. In Figure
6.6, we further compare both elasticity laws and the validity of the bridge function AS?). With
respect to this latter point, the correction term does not perform so well at small stretching for
reasons already explained above for the RGT case which is relevant in that regime.
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Figure 6.6: Force-extension relationships for the necklace EV model in the fixed f and the
fixed R ensembles. The MC results for g7 (R) illustrate the elasticity law in the f ensemble
(s000). For h(R), the internal force in the fixed-R ensemble, the RG'T prediction is represented
(—) over the whole range of x = R/R, while the finite extensibility prediction using the fitting
curve used in Figure 6.5 (see text) is shown in the domain of £ > 1 (----): the actual evolution
of h(R) in the simulation shifts from the first to the second curve in a smooth way. The filled

circles show the fixed- f version deduced from fixed-R as h(R) + Agfz) using the the fluctuations
of Figure 6.4.
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Chapter 7

Single polymer response to stretching
forces

Summary

The elastic properties of two single polymer models in different solvent conditions are exam-
ined using Configurational Biased Monte-Carlo. For an excluded volume (EV) model and an
atomistic polyethylene (PE) model, force-extension relations and other elastic properties re-
veal the usual three elastic regimes: the global regime, valid for weakly stretched chains; the
scaling regime, where excluded volume forces start influencing the polymer properties and the
local regime where finite extensibility sets in and the polymer experiences large internal rear-
rangements. In ©-solvent conditions, PE is found to exhibit some molecular mass independent
universalities, whereas in the presence of excluded volume forces the universalities become
regime dependent. The decomposition of the elastic forces into enthalpic and entropic terms
reveals a competition between the two terms over a wide range of extension. A magnetic field
coupled to the stretching force induces a longitudinal residual dipole-dipole interaction whose
magnitude grows, for weakly stretched chains, as the square of the stretching force but for a
strongly stretched EV chain this interaction is found to follow a power law ¢;; ~ f3/2. An anal-
ogy between the thermodynamic function of a stretched strand composed of |i — j| bonds and
and the expectation value <exp (z’gc (r; — zj)>>f of a portion of a polymer molecule between
scattering centres ¢ and j has led to important expressions for the static structure factor of

stretched and unstretched chains. The celebrated Debye expression and the asymptotic q‘5
scaling predictions are easily recovered from the more general expressions.

7.1 Introduction

The study of the elasticity of single polymer molecules is essential for the understanding of the
properties of a wide range of polymeric materials in solution and melts. The primary importance
of this study lies in the subject of rubber (a material formed from cross-linking long flexible
molecules) elasticity [1, 2, 3, 4]. It is well known [5] since Gough (1805), Lord Kelvin (1857)
and Joule (1859) that rubber elasticity is predominantly of entropic origin. The pioneering
theoretical works on this question date back to James and Guth (1942), Wall (1942,1943)

125
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and Flory and Rehner (1943) who independently suggested that the elastic force was due
to conformational entropy changes. In most of these theories, it is believed (through the
affine deformation approximation) that the elastic properties of a polymer net-work depends
intrinsically on those of the isolated strands comprising it. In this way the strand between two
junctions of the net-work can be approximated to an isolated polymer molecule at whose ends
(the junctions) equal and opposite forces act. These forces may also be experienced through
nonascale devices like the atomic force microscope [6, 7] or through a strong velocity gradient
on the polymer in solution [8, 9]. ,

In biotechnology, the emergence of new techniques of manipulating single DNA molecules [10,
11], as pointed out in the previous chapter, offers a fertile ground for physicists to extend to
this emerging science the knowledge acquired from the study of the elasticity of single polymer
molecules. The coiled nature of DNA molecule renders its examination under a microscope
very difficult but on stretching, a clearer picture of its structure can be obtained. The intensity
of the stretching force needed to give the end bond distance of the molecule can help in the
understanding of the mechanical properties of single molecules.

Various length scales can be used to describe the properties of a polymer molecule depending
on the property of interest, its chemical nature or the environment in which the molecule finds
itself. The scales range from the bond length through persistence length to the contour length;
the hydrodynamic radius for a polymer in a solution undergoing a flow, the Bjerrum length
lp = €2/ (4mekpT) and the Debye-Hiickel electrostatic screening length k=! = (8wlgn)"/? for
a polyelectrolytes in salt solution of salt concentration n (e being the dielectric constant of
water) and many other length scales characterising an adsorbed polymer on a charged surface
[6]. In a recent work aimed at investigating the effects of stretching on the single polymer
scattering function of a single excluded volume (EV) polymer chain, the existence of tensile
blobs [12] of sizes &; ( where f;l = f/kpT with kp the Boltzmann constant and f the strength
of the tensile force) in long linear polymers were revealed through a cross-over in the scaling
behaviour of the structure factor. Within the blobs, excluded volume interactions persist while
for two monomers separated by a distance greater the the blob size, the former are screened
out. The notion of blobs has gained a wide admiration and has been extended to include other
terminologies like the hydrodynamic and electrostatic blobs.

The extension-force relationships of single polymers have been widely explored [13, 17, 18,
19]. Two methods largely explored in the previous chapter have often been used. On one hand
uniform equal and opposite forces are applied at the ends of the polymer (“stress ensemble”)
and the mean elastic properties are evaluated [13, 17, 18]. Though this method is quite easy to
handle in computer simulation (since no conformational constraints are involved) it is scarcely
used in experimental works. On the other hand, most theoretical works on polymer elasticity
are done in the “strain ensemble” in which the molecule is given a fixed length and the mean
fluctuating force together with other elastic properties are calculated. In this ensemble, the
important observable is the unperturbed end-to-end vector distribution function. This method
introduces constraint complications which are hard to handle in computer simulation and re-
quire sophisticated codes like the concerted rotation [20] algorithm etc. This method also, has
the shortcoming that most of the algorithms will not be able to explore configurations charac-
terised by strong extension and those characterising cyclic conformations in excluded volume
chains. des Cloizeaux [19], using renormalisation group theory (RGT), gave the probability
distribution of the end-to-end vector (the basis of the latter method) for a chain in solvent but
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this distribution function was short of demonstrating the finitely extensible character of most
chain molecules.

The physical properties of polymer gels are intermediary between those of liquids and solids,
respectively. While in the presence of a magnetic field, residual dipole-dipole interactions av-
erage out for unperturbed dilute polymer solutions comprising nuclei with non zero magnetic
spins, for solids there is a net magnetisation. Concentrated polymer solutions and net-works
should, therefore, portray peculiar magnetic relaxation properties over frequency scales of sev-
eral decades. These properties would be enhanced by the presence of any permanent strain
resulting from a solvent environment or a large velocity gradient or from an external stress on
the polymer system, since such & stress reduces spatial fluctuations that are responsible for the
averaging out of magnetic properties.

In this chapter, we investigate by computer simulation some interesting topics related to
the elasticity of single polymers in solution like the force-extension relationships, the effect of
stretching on: the various conformations of a macromolecule, the intensity of NMR dipolar
interactions and on the neutron spectral intensity. The chapter is organised as follows: In
section 2 a brief description of the models of interest and the Monte-Carlo procedures used
are given. In section 3 the simulation results on the force-extension relationships and their
comparisons with the predictions of some theoretical models are given, the effect of stretching
on the gauche-trans populations of polyethylene is explored and finally the decoupling of the
entropic elasticity from enthalpic one is attempted. In section 4 the elasticity related nuclear
magnetic resonance observables are studied. In section 5 the effect of stretching on the scattering

function of a single polymer is reviewed. The present chapter ends with discussions and a brief
conclusion.

Basic features of single chain elasticity

As mentioned above, several important length scales can be used to characterise a polymer

molecule: the bond length a denoting the length of a monomeric unit, the Kuhn length b,

1/2
the unperturbed chain size Ry -= <(EN — EO)Q> / and the contour length L.. Depending on

the magnitude of force used, the elasticity of single polymers can reveal insights into polymer
structures at the monomeric (“local”) level or the “global” level. Two reduced force scales can,
therefore, be defined: the “global” reduced force n, = ,f—;% (where f is the magnitude of the
force) and the “local” reduced force n, = E}% We can also define the bond reduced force 7, (to
be useful in the analysis of the effect of stretching on the NMR residual dipolar interactions)
as 1, = fa/kgT, where a is the C-C bond length.

Most often the study of the elasticity of single polymers is limited to stress-strain relations.
This property, known to be intimately related to the solvent quality characterising the polymer
medium, is also very sensitive to the elastic regime considered. It has been pointed out in the

last chapter that a single polymer subjected to a wide range of tensile forces is known to present
the three basic elastic regimes:-

o The weak stretching regime (1, < 2.5): where the extension-force relationship is the linear
(Hooke’s) law,

1
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irrespective of solvent quality.

e the strong stretching or the tensile blob regime (2.5 < n, and 7, < 1): Here, the elastic
law depends on the solvent quality:

— For ©-conditions the elastic behaviour is governed by Hooke’s law.

— For good solvent conditions the Pincus-de Gennes [13] scaling law,

&) — Angi"l)

7 (7.2)

reigns, where v is the Flory excluded volume exponent. For an ideal chain (A =
1/3, v = 0.5) Eq.(7.2) reduces to Eq.(7.1). In the presence of excluded volume
interactions, one has [12] A = 0.46, v = 2/3, which means that <L'J'>f = 0.46Ry"

X (f/kBT)(l/”’l), is linear in the number of monomers pertaining to the polymer at
fixed f since Ry ~ N¥. In © conditions the first two regimes merge up.

o The extra strong stretching or the FE regime (7, > 1): In this region n, looses its meaning.
The polymer undergoes strong internal rearrangements. The reduced end-to-end vector
(B); /L. becomes a universal function of the local reduced force, the universality being
independent of solvent quality and chain size.

The elastic law in the first two regimes has been extensively investigated by mechanical means.
The methods used range from the Pincus-de Gennes scaling considerations [13] to the renor-
malisation group theory (RGT) by des Cloizeaux et al. [19]. This latter theory demon-
strates that the distribution of the end-to-end vector of a long linear polymer molecule can be
written as in Eq.(6.15). The force-extension relationship (fixed R) is given by (f), /ksT =
—3/0R (InW (R)). By using the Legendre transformation, Wittkop et al. [18] used the RGT
expression for W(R) to study the force extension relationship in the fixed f ensemble.

The approach to the freely jointed chain-like elasticity has been studied thoroughly by
Flory [2] and Treloar [1]. It will be useful however to re-interprete their findings to make a
direct comparison with single chain elasticity properties of the broader class of polymer models
considered in our thesis. We will also show that the FJC model validity in the high stretching
regime is not entirely appropriate when we consider the elasticity of a realistic polymer like
polyethylene at high stretching.

It will be interesting to enquire to know how other elasticity related polymer properties
behave in each of these regions. It is in this perspective that we embark on the study of the
effects of stretching on the residual dipolar interaction and the scattering of a polymer molecule.
For the dipolar interaction, the quantity of interest is (Py(cos axx)) ; = %% cos? g — %)f which

has often been approximated as [21]

(Py(cos anp)), = L <§ cos? 6 — l) A (f—a>
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where ay is the angle between the vector joining the spin pair k&' and an external magnetic
field, 6 the angle between the external force acting on polymer ends and the external magnetic
field, 64, that between the spin pair vector and the skeletal bond vector to which the spin pair
is attached and A a parameter of second order stiffness which will be defined later. For the
first time, using a Monte-Carlo simulation, we present a quantitative study of (P(cos akk/))f,
pointing out the limit of validity of the last equation and other related relations that will be
given subsequently. In what concerns scattering, we are interested in the effect of a uni-axial
force on the static structure function:

Splar= g 2 (e fig- (- )]) (7.4)

where ¢ is the scattering vector and r; denotes the cartesian coordinates of the scattering site

j. Tt will be seen that this quantity (for small and intermediate q) is very insensitive to the
detailed chemistry of the molecule.

7.2 Models and Monte-Carlo (MC) program
7.2.1 Models

Two models, one physical and the other taking into account some chemical details of the
molecule are considered.

The bead rod EV chain

This is a physical model characterised by N + 1 hard spheres each of diameter o that are
linearly connected by free rotating rigid bonds of length ¢ = b. For ¢ = 0 the model reduces
to the usual freely jointed chain (FJC) while for ¢ > 0 it is an excluded volume (EV) chain
(good solvent conditions). To model the good solvent bead rod chain, we shall use o/a = 0.65,
a value which guarantees fully developed excluded volume statistics [22], a being taken as unit
of length. For this EV model, one has n, ~ 7, as the bond length and the Kuhn segment
length are identical. In this model, the pair of spins which will be considered in the estimation
of dipolar residual interactions is located along the skeleton bonds.

Atomistic model: Single polyethylene chain (- (CH,-CH,),-) in a solvent
In this model:

e the N +1 CH; (or CHj) groups are modeled as united atoms (single force centres)
e C-C bond length (l.) and C-C-C bending angles () are kept rigid

e restricted rotational motions of the polymer around the C-C bonds are described by a
torsional potential energy equivalent to that of butane (function of the torsional angle ¢
- see Figure 7.1). Trans (¢ = 0°) gauche™ (¢ = 120°) and the gauche™ (¢ ~ 240°) are the

three stable conformations. An energy difference of about 3 KJ/mol exists between the
trans and the gauche states.
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e Solvent effect is accounted for by an effective potential acting between any pair of C atoms
separated by at least four successive bonds which is expressed as:

o -af(E) 53] s

where X is an ad hoc parameter modeling solvent quality:
— A& 0 is equivalent to good solvent conditions
— A = 0.505 at 400 K corresponds to O-condition (compensation of attractive/repulsive

forces) [24]. The values of , € and ¢ used are, respectively, v &~ 109.7°, ¢/kg = 51.8K
and o = 3.74A.

For PE, it is important to remark that 7, = (b/l..)n, where b = 14.9A is the Kuhn segment
length and a = I, = 1.54A [24]. In this model, the pair of spins which will be considered in the
estimation of dipolar residual interactions is the set of two H nuclei pertaining to a methylene
group.

Vi#) [kimol)
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Figure 7.1: Polyethylene torsional potential

7.2.2 Monte-Carlo programs

Two Monte-Carlo programs, one for each model, were set up. They are capable of monitoring
the static properties of the two model polymers both in the stretched and unstretched states.

The MC procedures we adopt for both models are based on configurational biased Monte-
Carlo (CBMC) [25] coupled with reptation moves. That of the EV model has been described
in the last chapter. In this section, we shall describe the CBMC adapted for use on stretched
polyethylene.

The case of polyethylene is slightly more complicated since, the interactions are of differing
origins: restricted torsional motion of the molecule, solvent mediated effective potential due to
“far-off segments” (those separated by more than four bonds) modeled by interactions of the
form (7.5), the usual pentane effect modeled by a Lennard-Jones type interaction (A = 1) and
finally the external work due to the traction force. In addition to this multiplicity in the sources
of interactions, there is the bond angle constraint that must be taken into account during chain
reconstruction.

Once the molecule to be simulated is entirely constructed, conformation sampling is executed
as follows.
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e 1. One end of the molecule is randomly chosen and a segment of k& beads suppressed and
reconstructed bead by bead at the other end as follows.

e 2. Once 7 — 1 beads are successfully placed, the ith bead is placed by selecting idir bond
vectors each of length b around bead i—1 and accepting with a probability proportional to
exp (_k—;?Utors(qsi))v where U,,, is the torsional potential energy, function of the dihedral
angle (¢;) of bead i. Q;, the orientation of 7, is chosen on a cone whose axis is the (i —1)th
bond orientation vector such that / (£, ,,€;) = v =constant where v is the bond angle.
The interaction energy Usy,,, corresponding to each of the idir positions is evaluated. This

energy includes the excluded volume interactions of ¢ with beads 1 through ¢ — 3 and the
external field energy (T') on i.

e 3. The Rosenbluth weight [26] of ¢ is calculated as

idir m (o
Wi(n) = 5_; exp (— UZZ:,E[)> ) (7.6)

where the superscript m indicates that only the interaction energy of the mth orientation
is considered.

o 4. One of the idir positions m is chosen and accepted with a probability

m

P(n) = exp (—Uk—(;)) /W) (7)

e 5. Procedures 2-4 are repeated for all the k beads and the Rosenbluth of the new segment
W (n) is obtained as the product of the Rosenbluths of each of the £ beads.

Wi(n) = H w;(n) (7.8)

e 6. Similar procedures are done for the original segment of & bonds with one of the idir
orientations of each of the k£ bonds being the original old orientation. The Rosenbluth of
the old segment W (o) is evaluated and the new segment configuration is accepted with
a probability equal to min [1, W (n)/W (0)]. We next show that the condition of detailed
balance renders this sampling that of a Boltzmann distribution.

Note that the three energy terms (torsional, excluded volume and external work) intervening in
the sampling are separable. In the choices of the ¢dir orientations, only lower torsional energy
conformations are selected. - Once this is done it will be legitimate to perform a sampling

whereby the two remaining energy terms govern the acceptance criterion. The condition of
detailed balance is expressed as

acc(o = n)a(o = n)N(0) = ace(n = o)a(n — 0)N(n), (7.9)
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The transition probability a(a — b) is equal to the product of those of the individual segments.

k exp —Zk: Uin (1)
a(o—)n) — HPl(n): ( =1 kBT)

Pl Wi(n)
_ e (%)
- W(n)
exp (—Uint(0))
a(n - 0) = Wio (7.10)
It then follows from Eq.(7.9) and the acceptance criterion that
N(n) U,-nt(n) - Umt(O)
= — 7.11
O [ kT ! (7.11)

which is the Boltzmann distribution.

7.3 Bead rod excluded volume chain versus atomistic
polyethylene

7.3.1 Extension - force relationships

The elasticity of PE is studied for © and good solvent conditions. The extension-force rela-
tionship for the EV model is shown on Figure 7.2 for chain lengths varying from 64 to 6000
segments. The line shows the stress ensemble version of the renormalisation group theory [19],

10
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x  N=256
o -1 N=400
<@t N=512
- & N=1024
- -m -1 N=2048
+- o -1 N=6000
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{RyfRy = ®(n,)

Y
1 10 100

01

m, = [ /g

Figure 7.2: Reduced extension x =< Ry > /Ry as a function of reduced force n, for the EV
model. The solid line gives the prediction of the RGT.

that is, the result obtained using eq.(6.17). We remark the good agreement between the sim-
ulation results and the RGT for both weak (n, < 3) and strong (fb/kgT < 1 < fRo/kgT)
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stretchings (see Figure 7.2). It can also be noted that shorter chains depart from the RGT
faster than longer ones. This is due to finite extensibility which shows up at a unique 7, value
(ne = 1) which corresponds to 7, varying with chain size N as 7, ~ N". The extension-force
relationships of an atomistic polyethylene are shown on Figures 7.3, 7.4 and 7.5. On Figure
7.3 good solvent results are presented. The three elastic regimes are clearly depicted. Shorter

Good Solvent

n=1(1024)
n=1(256)
B a

ne=1(84)
o o000 99 © 0 © 00D
[}

®(n,)

L
- 6 © SA‘M‘M

(R¥R,

Local Region

0.1 1 10 100

n, = (R *xgT

Figure 7.3: Reduced extension z =< R; > /R, as a function of reduced force n, for the PE
model in good solvent.

chains again leave the scaling regime faster than longer ones. As the chains are stretched into
the extra strong stretching regime, the reduced end-to-end extension (R)f /L. tends to a uni-
versal function of the force (see Figure 7.4), the universality being independent of chain size
and solvent quality.

01 £

(Rpie

Good Solvent. N=1024 r——+—

N=256 ~--x--
N=64 +- =
©-point. N=256 -0+
N=64 ~-@-
0.01 L
o1 1 10
= folkgT

Figure 7.4: log — log plot of the reduced extensions (E)f /L. as functions of the local reduced
force ny = fb/kgT for PE in © and good solvent conditions. For weak and intermediate
stretching good solvent results are chain dependent. For extra strong stretching all results, be
it for good or ©-solvents, converge to a unique curve.
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One may be tempted to assert that under extra strong stretching, excluded volume effects
are screened out completely so that the force-extension relationship is the FJC langevin formula.
Figure 6.3 shows that though the elasticity of an EV chain approaches that of a FJC, it tends
to the latter basically around maximum chain extension (R ~ L.).

PE at ©-point clearly shows a universality in (R); /L. which is neither of the freely jointed
Langevin type,

(R), 1
=1L kgT) = coth T)— ——— 7.12
nor of the Ha and Thirumalai semi-flexible chain model [27],
3((R); /R
fRo _ 3(R), /Ry .

ksl 1~ ((R), /Le)?]”

but is sandwiched between the two (see Figure 7.5). Polyethylene, thus appears to be stiffer
than the usual FJC but more flexible than a typical worm-like chain. It should be pointed out
here that Eq.(7.13) is an approximate form for the real wormlike chain as it is derived via a
mean field approach introduced by repacing the local constraint u?(s) = 1 with a global one

(u?(s)) = 1. Marko and Siggia [28] calculated the extension as a function of force for wormlike
chains and found that their results fit well experimental data.

— — ——

12 L B-point: T=400K

(GRS

0= g

Figure 7.5: Linear plot of the reduced extension (R), /L. as a function of the local reduced
force ny = fb/kpT for PE at ©-point. The results for the two chain sizes lie relatively well on a
unique curve. The upper curve shows the prediction of the Langevin function while the lower
one represents that of the corresponding worm-like model.

Let us give an outline of the proof of Eq.(7.13). To do this we shall follow the line of
reasoning of Ha et al. [27] based on the semi-flexible chain Hamiltonian

K (au<s>>2ds_ e 1(s)

L . 14
kpT 2 s kT u(s) ds, (7.14)

where [J® is the persistence length as defined by Ha et al. in [27], u(s) = %sﬂ is the unit tangent

vector along the molecular back-bone at a point characterised by the cartesian and curvilinear
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coordinates r(s) and s, respectively, and f(s) is the external field at s. By introducing the local
constraint u?(s) = 1 via an auxiliary field parameter A(s), Ha et al. defined a free energy F' as

exp <_kBiT> = /ioo DIA(s)] /D[g(s)] exp [— %/OLC ds/OLcds’u(s)Q(s, sHu(s")

+ OLC %1(9—8) - u(s) ds}, (7.15)

where
Q(s,s") = [——lf“ (%) + 2)\(3)} 5(s" — s) (7.16)

and D[A(s)] denotes the measure of A(s) over the continuous space on which s is defined.
The variable A(s) that enforces the local constraint is evaluated by stationary phase approach
which requires that at this A the derivative of the integrand of Eq.(7.15) (with respect to A(s)),

denoted exp {—[3.7:[/\(5),i(5)]} (8 = 1/kgT) be an extremum. This leads to the equation

3 2 Le ’ Le I ! — ! - n !

It can be shown that F[A(s), f(s)] may be used as a generating function for calculating various
orientation correlation functions. In other words

((ual(s1) = als1)) (us(s2) — Us(s2)) .. (uu(sn) = Uu(sn)));

can be calculated as follows

((ua(s1) — Bals1)) (us(s2) — s(s2)) - .. (vu(sn) — aw(sn)»_f

0 0 P
= — Fix(s), f(s)]|, 7.18
[8ﬂfa(81)3/3f5(52) 8/Bfw(8n)5 [A(s), f( )]} ( )
where o, 4,..., w are the cartesian coordinates and sy, sq,..., s, are the curvilinear coordinates

along the chain backbone. For a uni-axial constant force f, Ha et al. obtained, via an
eigenfunction expansion, the following system:

3| 2 ALZ\ | prg2
Zl‘ ,\lfﬂ coth |i<2l£1a> + 4A2 :1;

) o f 98F  BfL.
<£>f—(0,0,z) with z—f 85i~ T

3 27r2

W1y = gy

3 5 cosh[,/ﬁ(Lc—Q\s—s' ])} g2 g2
\| Aifis

+ . (7.19)
4 sinh ( ﬁ) anr

2Hs
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Eq.(7.13) is obtained by combining the first two equations of this system in the limit of very

N e 1/2 . .
long chains (in this limit coth [(AL?/(QZ;’“)) ] = 1) and requiring that the usual Hookian
law at small forces be retrieved. This latter condition leads to a redefinition of the persistence
length as [, = %lf“, which is in conformity with the mapping of Eq.(7.20).

We map PE at ©-point to the equivalent wormlike chain by defining the Kuhn segment
length b (b = 2l,) through:

Ry =(R’) =Lb and L.=ANb, (7.20)

where L. and N are, respectively, the contour length and the number of Kuhn segments in
the polymer. This mapping should be consistent with the other condition that the persistence
length of the chain should read [, = b/2, where the persistence length, {,, is the correlation

length of the polymer - [, is the distance over which the correlation function of the unit tangent
vector along the chain backbone (u(s)),

C(s) = (u(0) - uls)),, (7.21)

decorrelates. Despite the fact that the mapping (7.20) and the determination of [, from C(s)
using the method described above are strictly correct only in the limit of very long chains as
system (7.19) demonstrates, satisfactory results have been obtained even for very short chains.
For a 64-segments polyethylene the mapping led to b ~ 14.3A while the correlation function of
Figure 7.6 gave [, ~ 7A, which are consistent with the experimental values of ly ~ 6.9 — 7.1A.
This means that polyethylene chains as short as 64 C-C bonds are representative of the real
molecule, at least as far as chain rigidity is concerned.

1 . — . —_

T
Freely Jointed Chain -

©-point: T=400K, N=64

Simulation CBMC - -0 -

Cis)=exp(-s/lp)

1,=695A

Cls1=(u(0) uis)

"
0 10 20 30 40 50 80

s

Figure 7.6: Tangent vector correlation function C'(s) of a 64 segments polyethylene at ©-point.
The straight line represents C(s) for a freely jointed chain of kuhn length 14.3A

At this juncture it will be nice to examine how the detailed chemical properties of a polymer
molecule influences the stress-strain relation. There is no doubt that solvent quality plays a
magnificent rule in polymer properties. A critical look at Figures 7.2 and 7.3 reveals that there
is a clear influence of chain size on the elasticity of PE
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7.3.2 The dependence of the gauche-trans populations on stretching

The populations of the two main stable conformations of polyethylene (gauche and trans)
corroborate the fact that for weak stretching the internal degrees of freedom of the chains are
very little affected, but under strong stretching, there is a massive switch-over from the mixed
gauche-trans conformations to all trans zig-zag conformations.

For weakly stretched chains, there are more trans conformations in excluded volume chains
than in © ones as Figure 7.7 shows.
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Figure 7.7: The trans population of polyethylene in good and © solvents.

The variation of these populations with the local reduced force is very much like that of
the reduced extension z = (R), /L., being solvent and chain size dependent for weak and
moderate stretching, but tending asymptotically to a unique function irrespective of chain size
and solvent quality once FE is entered.

Abe et al. [29], on investigating the rotational isomerisation of a polymer molecule on
stretching, presented perturbative analysis of the apportionment of the bonds or the sequences
of bonds amongst various rotational isomeric states of the molecule. They showed that the

proportion ({n,) ) of bonds or sequences of bonds in a particular state, o, grows as the square
of the chain elongation specified by that state,

(n,), = {ng) + D, (W - 1) , (7.22)

where r is the chain length prescribed by the conformation ¢ and D, is a constant of propor-
tionality. Though this prediction is not evident from our results, the latter confirm the findings
of Birshstein et al. [30] that the change in population is related to f. = (0U/0r)v.r, the change
in intra-molecular energy on stretching as, a glance at the energy profile for a 64-segments PE
reveals that the intra-molecular energy varies initially very little with chain deformation but

once strong stretching sets in, it undergoes a steep drop just in the same manner as the gauche
population (see Figures 7.7 and 7.8).
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Figure 7.8: A plot of the difference between the internal energies of strained and unstrained
64-segment polyethylene chains in © and good solvent conditions as functions of the reduced

mean end-to-end vector. The line is that of an ad hoc best fitting function on good solvent
data to be used for the evaluation of f..

7.3.3 The entropic and enthalpic forces in PE

fe, as defined in the last paragraph, introduces the notion of enthalpic forces. While the elas-
ticity of rubber is predominantly of entropic origin (i.e. depending on the number of possible
configurations of the molecule) and that of crystalline materials is of enthalpic nature, there is
a competitive tendency between the two aspects in the elasticity of most polymers [5]. It will
be interesting to attempt to disentangle these aspects, pointing out the relative importance of
each. Most of the theories aimed at disentangling the enthalpic forces from entropic ones in
polymers are done in the spirit of strain ensembles. Here, the polymer is subjected to a defor-
mation and the mean fluctuating force necessary to sustain the strain is evaluated. By using
thermodynamics arguments in this ensemble [1], the entropic component of the force can be de-
duced from the temperature variation of the total force. From the first law of thermodynamics,
the internal energy change in any process is given by

dU = dQ + dW, (7.23)

where d(@) and dW are, respectively, the heat transfer to the system and the external work done
on the system. If the system is at a temperature 7" and dS is the entropy change accompanying
the process, the second law requires that if the process is reversible

d@) =TdS. (7.24)
We can introduce the Helmholtz free energy
A=U-TS§S, (7.25)
so that the free energy change in the reversible process is
dA = dW — SdT. (7.26)

Let us suppose the case where the work is obtained by giving the polymer of unstrained length
T a displacement dr resulting in a contractile internal force f., then dW is given as
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dW = fdr. (7.27)
Thus in isothermal conditions o4
f= (-) . (7.28)
or ).,
Eqs.(7.26) and (7.27) lead to dA = fdr — SdT, so that
0A
=—-|=1 . 7.29
s==(ar), r2
Exploiting Egs.(7.25) and (7.28), the total force disintegrates into an enthalpic force fe = (%U)
and an entropic term f; = =T (a ) Eq.(7.29) then permits us to write that f, = (%)
and since A is a thermodynamic functlon we permute the partial derivatives to obtaln
0S5 of
s=—1 || =T . 7.30
d ( or > T <8T> (7.30)
The total force now reads o of
= | = T\ - 31
= (50), 7 o), ran)

Eq.(7.31) is the cornerstone of early theories and experiments on thermo-elasticity 1, 5]. While
some polymers have a positive enthalpic force, a wide range of polymers have negative enthalpic
forces. This is due to the fact that the strained state of the latter class of polymers is less
energetic. Natural rubber and polyethylene fall within this class.

Flory has shown that the enthalpic forces are related to the thermal expansivity of the
polymer; that is, the ratio of enthalpic to total forces on straining is given by

fe/f =T (dn(r*) /dT), (7.32)

which from the definition of (r?),,

")
d 7.3
/rrelp( kBT) (7.33)
(with Z(T) = [ dr™ exp (—%ﬁ—p)), can be shown to depend on the intermolecular energy U as

fo o1 {%2320 _ <U>0} , (7.34)

f  kgT

where the subscripts 0 indicate averaging on unperturbed chain. This equation demonstrates
that freely jointed and gaussian chains (whose intra-molecular energies are independent of
chain configuration) are purely entropic. Note that for PE, low energy trans conformations
are characterised by large 72 (due to its extended zig-zag form) while the higher energy gauche

forms are shorter. The quantity Ur? will consistently never be large. This means that f./f
will always be negative for PE.
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Even though it is now well known from the previous chapter that the force-extension rela-
tionship of a stretched polymer depends on the choice of the working ensemble [31], we can,
to first approximation, assume this relationship to be unique and ensemble independent. This
permits us to approximate equation (7.30) as (see appendix C.1)

(R
fom =T ( éT>f>f/ (0 (R), /0f).., (7.35)

from which f. is obtained by simple deduction of f; from the total imposed force. In our MC
program we evaluated (%)i) using
f

(?%)f _ kBlT2 {<5T!|5U(£N)>f —f <6rﬁ)>f] , (7.36)

where U is the total intra-molecular interaction energy, 6U = U — (U), and ér = ry — 7 with
7r = (R); being the mean extension on stretching.

For both solvent conditions, at the simulation temperature of T=300K, the quantity
(0(R);/0T); (not reported in this thesis), was found to be negative at all stretching forces
demonstrating once more the negative thermal expansivity of PE. Remark that for a gaussian
chain this quantity varies with temperature and mean chain length as

J(R); /R R
0 (B)y /R - 1R, (7.37)
T ), T Ry
(with Ry independent of temperature) and that of a freely jointed chain follows
d(R) f /Le e 2
ST o g2 - 2 7.38
() = F et e, (739

with 7, the local reduced force and £ is the Langevin function. Both models predict negative
chain expansivities for all stretching.

fe can also be estimated as (0U/0r),, by differentiating the intra-molecular energy with
respect to the mean extension. As Figures 7.9 and 7.10 show, the different force components
calculated using the two methods compare well for a 64-segments polyethylene in © and good
solvent conditions.

The ratio of the enthalpic to total forces are illustrated on Figure 7.11 for the two solvent
conditions. We observe that enthalpic forces are weak for weakly stretched PE in ©-solvent
but remain almost constant up to stretchings of about 60% of the contour length for good
solvent conditions. The curves for the two solvent conditions seem not to merge when strongly
stretched.

It is important to point out from figure 7.11 that under weak stretching enthalpic forces
are vanishingly small for PE in © solvent while for good solvent conditions they are quite
significant. Thus, as expected, the elastic properties of a weakly stretched PE in © solvent
should be predominantly of entropic origin. This finding will be re-emphasised when other
elasticity related properties like nuclear magnetic dipolar interactions will be considered.
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Figure 7.9: The entropic s and enthalpic ng force components and the total force on a 64-
segments PE at ©-point. The results obtained using the two methods described in the text
do agree well. ng and ns are obtained, firstly, by differentiating the best function fitting in in

figure 7.8 with respect to the mean extension and secondly by using the thermoelastic equation
(7.31).
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Figure 7.11: The ratio of the enthalpic force component to the total force for a 64-segments PE

in good and © solvents. For intermediate extensions they agree with the experimental value of
—0.42 [5].

7.4 Residual dipole-dipole interaction of a stretched poly-
mer

7.4.1 Introduction

The approximated expression used to describe NMR properties in polymer gels and networks
in the “not too strong” stretching case is [32]

Eij = AG <Tij>2 /L;‘ZJ, (739)

where ¢,; is the residual dipole-dipole interaction of a series of nuclear spin pairs along the
polymer strand, L;; the contour length, (r;;) the mean end-to-end vector of the strand between
junctions 7 and j in the network and Ag the dipole-dipole interaction for a fully stretched
strand. A more basic expression for €; is given by Eq.(21) of chapter 3 in [21] where the
residual dipole-dipole interaction is not specified in terms of the strand averaged extension (r;;)
but in terms of a corresponding stretching force & f applied to the single polymer strand ends.

If we denote by (>f an ensemble average for a single polymer chain subject to a stretching
force £f, the average dipolar residual interaction ¢;; for a particular pair of spins kk' is propor-
tional (up to factors and spin operators irrelevant for our discussion) to <% cos? gy — %> where

ayp 18 the angle between the vector joining the kk' spin pair and the magnetic field orientation.

Such a statistical average can be the object of a second order perturbation calculation (in terms
of f) yielding [32]

3 1 1 /3 1 b\’ 73 1

P D), = {2 cos? ,_-> =_(— ; ——)A Jo [— 2 /——].

(2(COSOékk)>f <2005 Ok 2), = 1 20059 5 T 2cos Ok 5
(7.40)

In the last expression, # is the angle between the stretching force orientation and the mag-
netic field, while i is the angle between the spin pair vector and the skeleton bond vector
to which the atomic pair k&' belongs. Note that in Eq.(7.40), the parameter of second-order
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stiffness A [21] which contains the relevant ensemble average is, in fact, dependent upon the
position along the chain back-bone and should therefore be written as

A, =15/4)" <(3 cos® 0, — 1) cos B,y cos 6n>0 : (7.41)

with an index p referring to the skeleton bond which is associated to the kk' spin pair. In
Eq.(7.41), 6, is the polar angle describing the orientation of the pth skeleton bond with respect
to a fixed axis (the axis being arbitrary because of the isotropic nature of the average taken
at zero force). To prove Eq.(7.40) we decompose the spin pair rotation with respect to the
laboratory frame within which is the magnetic field lies (along the z axis of the frame) into
three successive rotations in the following order: rotation of the spin pair about the skeletal
bond vector at k [Qur = (O, Prrr, Yrrr)], that describing the rotation of the skeletal bond
with respect to the external tensile force or imposed end-to-end vector [ = (0k, ¢k, ¥x)] and
that describing the force orientation with respect to the magnetic field [Q = (6,4,v)]. We
then remark that P,(cos ay) is related to the Wigner D function [33] which transforms, for a
rotation that can be written as the sum of two rotations [Q, = (6, ¢, 1) @ (6x, di, i )], as the
spherical harmonics. (The rest of the proof is found in appendix C.2).

To first order in f one also has the elasticity law in Eq.(7.1) which, when combined with
Eq.(7.40) gives

2
3 1 ri;) @’ 73
(Pa(cos agpr)) p = - (— cos? § — 7) A, % b cos? Oy — ! . (7.42)

<L2'j>o | ’

It can be shown that at a point with curvilinear coordinate s along the chain backbone of
a long semi-flexible chain, A(s) is given by

A(s) = gl; 12 —exp (=s/l,) —exp[— (L. — s) /L], (7.43)

which shows that A grows as the square of the chain stiffness. To get this expression we need
the correlation functions

C3 (51, 82) = (ua(51)u,(52)) ;g and Cy Y (51, 5, 83, 84) = (ua(s1)uy(s2)us(s3)uv(ss)),,

where «, v, § and V are, respectively, one of the three cartesian coordinates (z,y,z). To do
this we shall exploit Eq.(7.18) for an n-uple correlation function from which

( 0BT [u(s), Bf(s)] ) (ta(s1)),
3ﬁfa(51)3/3f7(52)35f5(53)85fv(34) /= (53)

- (am(sﬁ ﬁfv<s4>>
= (uals1)uqy(s2) ;g (us(ss)uv(ss)
+ (ua(s1)us(s )) <u7(32) v(s4)
+ (uy (s2)us(s3)) ;g (tals1)uv(ss)
— v

U (51) Uy (52)u 5(53)u (54)>£:9, (7.44)
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where we have used the fact that at / = 0 the odd-uple correlations vanish and only even ones
are non-zero. Remarking that the expression for F as obtained from Eq.(7.15), given in [27],
is quadratic in f, the left hand side of the above equation vanishes so that

CEP™Y (s1,52,53,50) = (wa(s1)us(s2)us(ss)uv(se)) g = (wals)uy(s2) g
X (us(s3)uv(s4)) g + (Uals1)u (53)>f—o (1 (s2)uv(54)) 5
+ (uy(52)us(s3)) 1o (al(s1)uv(s4)) ;= (7.45)

Note that in Eq.(7.41} cos 8, stands for the z component of the mth unit vector. The use of
Eq.(7.45) together with Eq.(7.41) leads to

2

A(s) = ‘;—5 [ /0 "t (B (5)) il (7.46)

In the limit of very long chain the first and the last equalities in system (7.19) lead to C3*(¢, s) ~
1/3 exp (—Js[—_t[) A(s) is then easily computed to give the required equation.

7.4.2 (Py(cosayy)); for a FJC

The expression for (Pp(cos ayw))  for a stretched FJC of Kuhn segment length a can be readily
obtained. On considering the distribution of the bond vector of segment s as
eXp (77823 : Qf)

Wius, upsme) = -
f [ du, exp (mus | 7_1_f)

_1 >
= (L)) 3 s (70 Yim () Vi ()34 (7.47)
=0
where w, and u, are the orientations of the segment s and the external force f, 7, = £%; and
s f e kpT

L2} = (z> ZA'P(IE?V—H)

On using W (u,, us;me) to evaluate (Pa(cosapk)) , we easily see from the orthogonality relation
of the spherical harmonics that

A 2 :
(Pa(cos agyr)) ; o <3COS g — 1) [5/1% N TE (3cos 0 — 1) (kj;%) {1 ~ 5 (k{;—aT) +..l,

(7.48)
where §; is the angle between the external force and the magnetic field. We would like to point

out the appellation error encountered in [35] where the function 7,(z) was termed the Bessel
function of the second kind.

Although PE at © point can, in principle, be mapped to an equivalent FJC, it appears
difficult to adapt the above formula to fit PE results. On deriving the formula, it is assumed
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that the spin pairs are located at the ends of each Kuhn segment. In the case of PE, a Kuhn
segment is made of more than 10 C-C bonds each contributing to the dipolar interaction of
the segment. Nevertheless, the quadratic truncation of Eq.(7.48) should be able to explain the
data for weakly stretched PE.

In this section, we test by Monte-Carlo (Configurational Biased Monte-Carlo coupled with
reptation moves) the limit of validity of Eq.(7.40) and Eq.(7.42) and we estimate A, including
its dependence on p. This will be done for the two polymer models. In short, the EV model is
a bead-rod chain model with excluded volume interactions: this model will be exploited mainly
to focus on the influence of excluded volume effects. The PE model will be exploited mainly at
theta point to test, on a realistic case, the effect of finite extensibility on residual interactions.

Let us stress that Eq.(7.42) is valid for ©-conditions as long as 7, < 1 but in the presence
of excluded volume, this equation is only valid for chains in the “weakly stretched regime”.

The elastic laws (Eqgs.(7.1) and (7.2)) are well established in the literature. They have been
extensively reviewed in the present thesis. For this EV model, one has 7, >~ n,, as the bond
length and the Kuhn segment length are identical.

As already mentioned, for the EV model the pair of spins which will be considered in the
estimation of dipolar residual interactions is located along the skeleton bonds. This implies
that in Eq.(7.40), one has 0y = 0. On the other hand, for PE one has 0y = 90°.

7.4.3 Results

In all what follows, all results for PE are for ©-solvents while good solvent conditions arc
considered for the EV model. It should also be recalled that our EV model is closely related
to the FJC model for which exact results are known, both for the elasticity law [2] and the
residual dipolar interactions for stretched chains [35].

Equilibrium Calculations of A

We monitored, in the absence of the force, the evolution of A, as a function of the position
p along the chain backbone. Application of Eq.(7.41) leads to results shown in Figure 7.12
and Figure 7.13. We see that central segments in both cases do not have the same A as end
segments. The end effect extends over 10 bonds for the EV model and over 20 for PE. We

remark that in the presence of excluded volume, A is almost four times larger than for a FJC
where it is unity.

7.4.4 Calculations of PQH(n) and Ps-(n)

Forces of varying strengths were applied to the ends of the polymer for the two model systems
and (P(a)), = 5 (3cos® v — 1), was calculated for each force, as an average over all the spin
pairs along the chain (« is the angle between the spin pair joining vector and the magnetic
field). In each case, calculations were done for both magnetic field parallel and perpendicular to
the force. We recall that for the EV model, the spin pair was assumed to lie along the skeletal
bond while for PE, the two spins are those associated to the nuclei of the hydrogen atoms

attached to the methylene carbons. According to Eq.(7.40), the initial behaviour of (Py(a)),
should go as
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(Pl = B, () = 2t (7.49)
(P " =~ D, (P = S (7.50)

The MC results and the quadratic expressions expected at low stretching force (using the
values of A computed with Eq.(7.41) are shown in Figures 7.14 and and 7.15 for EV and in

Figure 7.16 for PE. We remark that (P;(c)), for both models is independent of chain size but
depends on the chemical details of the chain.
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Figure 7.14: log — log plot of <P2”(cos oa)>f as a function of the square of the reduced force n?

(upper) and linear plot of <P2H(cos a)>f as a function of the reduced force n, (lower) for the EV

model. The two parallel lines in the upper Figure indicate the limiting cases of the quadratic

law (uncertainty on A). These are again indicated by the two parabola in the lower panel. The
line of best fit for strong stretching (~ 7}-°) is indicated.

7.4.5 Domain of validity of the f? law

For each model, we superposed in Figures 7.14, 7.15 and 7.16 the actual MC results and the

expected quadratic forms. The latter are given explicitly in Eqgs.(7.49) and (7.51). For PE,
they can also be written as

I B Aa? Ad®
(Pi), = —5qmt (F(e)), = i (7.51)

The values of A are set to the observed plateau values in Figures 7.12 and 7.13 which are
respectively, Agv ~ 3.8 and Apg ~ 70.
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For PE (see Figure 7.16), statistical error are large at small forces, nonetheless, it can be
remarked that the quadratic regime is valid up to 7, &~ 1, a value which coincides with that
of the upper limit of the extension-force linear regime of PE at ©-point (see Figure 7.3). In
particular, we note a good consistency between estimates of A deduced from unstretched chain
expression (Eq.(7.41)) and from the force susceptibility expression (Eq.(7.51)).

For EV chain (see Figures 7.14 and 7.15), the limit of validity of the quadratic law is
at best 7, = 0.15. Again, large statistical errors at weak stretching makes it difficult to say
accurately the functional form. In the strong stretching regime, however, a power law Py ~ 77,
with y & 1.5, is observed. This is a crucial and unexpected result which has some implications
in the link between P, and (r;;) (see next section). In Figure 7.16, we have also shown the
expected result for I'J chain up to the 4th order in 7, as given by Eq.(7.48) [35] It seems that
the correction to the quadratic form could explain the deviation of MC points for 0.8 < 7, < 3.

7.4.6 Domain of validity of the 7? law

We have plotted I as a function of the reduced end-to-end vector © = (r;;) /L;; where L;; is
the contour length.

For PE at ©-point, we remark in Figure 7.17, that the z? power law extends far in the
strong stretching regime. On the basis of the assumption that Eqs.(7.49) and (7.51) are valid
up to e = 1, it follows that the z? law should be valid up to z = 1/3, which seems to be indeed
the case.

Figure 7.18 shows that the range of validity of the z? law is very short for the EV case.
In the region of strong stretching ({r;;) /Ry > 1, corresponding to n, > 3, see Figure 7.2),
a universal (i.e. independent of chain length) %% power law is found. The origin of such a
behaviour can be traced by combining the apparent 7y law for P, with the strong stretching
excluded volume law f ~ <T7;j>’+" to obtain,

Pal{r) /L) ~ () (L™ (1) (7.52)

Two points are evident from this result:

e Since L, ~ N and g ~ N¥, P, is independent of number of monomers in the chain. It
depends, thus, only on the relative extension with respect to the maximum extension.

e For excluded volume chains (v = 0.6), y = 1.5 should lead to a power law z%*, of which
the exponent appears somewhat smaller than the observed value of 2.6. But if the errors
associated to each parameter are considered, that is y = 1.5 £ 0.1 and v = 0.60 + 0.03,

then the exponent y = ¥ should read 2.25+0.45 which agrees with the calculated value
within error bars.

[t is important to point out that the function Py(z) for a chain composed of N monomers

meets the power law I%(x) ~ 2# at @ ~ N”7! since this law is a consequence of strong stretching
which sets in as soon as (ry;) > Ry i.c. for v > Ro/Ly;.
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7.5 Static structure factor

In this section we present the MC data for the single chain structure factor of a 512 segments
PE in good and © solvent conditions. This structure factor is a measure (in the reciprocal
space) of the spatial distribution of the scattering units within a coiled molecular system. To

see this let us define the average density of a system of N scatterers around unit n. This is
written as

gn(r) =D 6 (r — (T — 7)) - (7.53)

The pair correlation function g(r) is the average over all N scattering units of g,(r).

9) = 5 Calr) = 1 3 (e (0~ £) (7.54)
Its Fourier transform reads
90) = 5 3 o [ig - (£~ 2] (7.55)

This quantity can be measured experimentally by various scattering methods (light scattering,
small angle X-ray scattering (SAXS) and small angle neutron scattering (SANS)). Consider a
ray capable of being scattered by the system of N scatterers mentioned above. If on entering
the system its wave vector is k; and on leaving, it is k then the change in wave vector is
¢ |=| k- k& |= %sin(%), where 6 is the angle through which the beam is scattered. The
intensity of the scattered ray is a measure of the quantity

5(0) = 5 3 oty {exp [ig (0 — 2], (7.50)

m,n

with a,, being the scattering amplitude of unit m (relative to that of the solvent). For a ho-
mopolymer a,, = a is a constant. Consequently g(g) is proportional to S(g). In our simulations
we shall let | a |= 1 so that at the limit of vanishing ¢, S(¢) be equal to the number of scatterers
in th system. In addition, for small ¢, S(g) permits the knowledge of polymer size (for a single

polymer in solution) or the mean polymer size for a melt of heteropolymers. To see this we

perform the Taylor expansion of S(g) up to quadratic term in g bearing in mind that due to
isotropy (r,, — r,) = 0.

0 - A5 0-b )
= N-u %%((rm rn) (1 = na)) +
= N (1 - %gqaqﬂ%;n((%a ~ Tna) (Tmp = w))) +..
= N(1~%R§+...>, (7.57)
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where we have used ((Tma — ZTna) (Tmp — Tng)) = %‘i (rm — r,,)° and the definition of the radius

of gyration

B = 5 S lon ~ o)’ = 33 = {(m — B2 (7.58)

Therefore at small g polymer scattering is capable of furnishing informations on polymer prop-
erties like chain size and the osmotic compressibility of polymer solutions [37] as it has been
shown that for a polymer solution, lim, o S(¢) = TC%, where T is the temperature, ¢ the
polymer concentration and 7 the osmotic pressure.

At intermediate ¢ values, the structure factor follows the universal curve S(q) o< ¢/* where
v = 3/5 is the Flory exponent for the excluded chain statistics or where v = 0.5 in the random
walk chain statistics when chains are ideal. It should be noted that this scaling regime persists
up to ¢ = % where b is the Kuhn segment length. Within the scaling regime various situations
such as semi-dilute solutions, chains close to theta point or polymer stretching introduce a new
length scale £ across which the fractal dimension of the coil (which is D = 1) undergoes a cross-
over from random walks to self avoiding walks statistics. This new length scale is usually called
the blob size whereby the blob is a portion of the chain within which space correlations decay
differently from those seen on a coarse grained level englobing them. For the case of stretched
chains (force +f applied at chain ends) which is of interest to us, tensile blobs (Pincus blobs)
were predicted by Pincus as a change of exponent in the power law regime of the structure
factor, provided the blob size is in the right range, namely R, > £ = kgT/f > b. This
prediction was demonstrated by C. Pierleoni and J. P. Ryckaert using EV chain model of the
hard sphere necklace [12]. Beyond the power law regime, the structure factor becomes specific to
the precise chemistry of the chain. In this regime, the quality of solvent is expected to have very
little influence. Figure 7.20 shows the structure factor of a 512-segment PE in good and theta
solvents as obtained by CBMC simulations. We can see that the distinction between the two
curves is manifest in the scaling regime but both functions clearly merge beyond ¢ = 0.2 inverse
angstroms (= ?3—7(;’ where one enters the local regime). A value of 30Angstroms is about twice
the the Kuhn segment length (b = 14.9Angstroms) that was obtained from MC simulations on
polyethylene with some thousands of C atoms [24].

The structure factor of a stretched PE chain (see figure 7.19) is very similar to that of the
simple EV chain of Pierleoni et al. [12] especially in the regime of small and intermediate g
values. Some differences arise only in the chemical detail sensitive region of large g where all
curves for different force intensities do not converge to a unique curve as is the case for the
freely jointed necklace model. This high f regime should reflect (in a complicated way, though)
local conformation changes; neutron spectroscopy, therefore, appears as a complementary way
of probing the relative importance of the various polymer conformations. In a uni-axial system
(here the axis coincides with the the direction of the force), the gyration tensor has three non
vanishing components - one component in a direction parallel to the field Rﬂ and two equal
perpendicular components R'gL. While the former describes how spread particles are along the
axis of the forcing field, the latter demonstrate the perpendicular dispersion. Our explicit
calculations of Rg and R, (not reported here) confirmed that Rg increases while R, decreases
on stretching a polymer. The question one therefore poses is: considering the fact that a similar
trend should be observed in the radius of gyration tensor of a stretched necklace chain, why
do we not observe a similar trend in the structure factors, that is, why is it that in the large ¢
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Figure 7.19: The static structure factor of a stretched 512 segment polyethylene in good and ©
solvents. Results for the scattering vector perpendicular to the external force are represented
on the upper curves while those for scattering vectors parallel to the force are the lower curves.

regime all scattering curves for stretched PE do not converge to a unique curve as is the case
for the hard sphere model. The answer seems to lie in the fact that while in a highly stretched
PE R}(f) will never be zero due to bending angle constraints (lim; e Ry (f) = 3ecsin(),
where £, is the C-C bond length and -y is the C-C-C bending angle), in the freely jointed
necklace chain, the highly stretched conformation will correspond to a complete linear array
of scatterers (lims_,o Ry (f) =0). It will be interesting to investigate the effect, on the mean
scatterer spread, of including finite bending and bonding energy terms in the Hamiltonian of a
macromolecule.

In the next section, we briefly recall some of the theories widely used to interpret scattering
experiment. We shall then show, for the first time, that polymer scattering is intimately
related to single polymer elasticity. To do this we show that the knowledge of the extension-
force relationship of a stretched linear polymer over all length scales permits, uniquely, the
determination of the the scattering function in the whole reciprocal space.

7.5.1 Some theoretical background

The structure factor of a system of .V + 1 scattering centres subjected to an external stress f
1s written as:

50 = 5 2 X el (), 59

j=0
where ¢ is the scattering vector and r; denotes the cartesian coordinates of the scattering unit
g

I

Assuming that the end-to-end vector of the chain segment between j and [ obeys a gaussian
distribution, S(g) can be shown to follow the celebrated Debye function for stretched chains:

S;(q) = Re {w (e -1+ A)} , (7.60)
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with
qiR2 for ¢ L f
X = , (7.61)
aiRs +isiga for gl f,
where Ry and R, are, respectively, the root-mean-square end-to-end distance and the radius
of gyration of the unperturbed chain, kg the Boltzmann constant, T the absolute temperature
and f the intensity of the stretching force. It has been shown in the computer simulation of
Pierleoni et al. [12] that the Debye function follows very closely the stretched EV chain structure
factor up to the cross-over from the ideal chain statistics to the excluded volume statistic still
prevailing within the tensile blobs.

In the present work we report the structure factor of a stretched and an unstretched
polyethylene chain in good and © solvents. It is noticed that the Debye function fails to
explain the numerical results for ¢ values in the vicinity of and beyond 0.147! for good solvent
conditions. On the other hand in © solvent good agreement was observed beyond this g-value.

It was shown in [12] that when Sf(gu) is plotted versus the effective scattering vector

4
q=4/q*+ = cos? 0, (7.62)
&r

(where &7 = E%Z is the tensile blob size and @ is the angle between the force and ¢) which takes
into account the change in metric due to stretching [13], the universal asymptotic behaviour at
large q is recovered over a rather large domain. For moderate and large forces observed in the
scaling curves of PE, the appearance of shoulders similar those pointed out in [12] at low g.
As was explained, under strong stretching, a polymer molecule tends to behave as a rigid rod
of length L with N + 1 scatterers uniformly distributed on it. The scattering function for this
rod is [15]
S0) = e (L oL (7.69)
The shoulders mentioned above are a consequence of the rigidity of the polymer when stretched.
In this case L corresponds to the mean end-to-end distance in the stretching direction.
In a beautiful work by Benoit et al. [16] aimed at calculating the structure factor of a
stretched ideal chain, it was assumed that the end-to-end vector distribution for the strand
made of | 7+ — j | bonds is gaussian with nonzero mean and stretch dependent width. They

then obtained a Debye tvpe equation (see Eq.(7.60)) that depends on the mean extension and
fluctuations of the stretched chain [12] as

.1 .
AH = iqﬁ <6Rﬁ>f + ZqHRf. (7.64)

Pierleoni et al. [12] demonstrated that for the necklace EV chain (largely explored in the
previous and the present chapters) subjected to a force,

f
Ry = <E' 7 = Ran§/3,
(9Rj), = RoCim, ™",

<<>‘Ri>f = R2Bn;'?, (7.65)
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where B = 2C) = 0.46. When they combined system (7.65) and Eq.(7.64) with the corre-
sponding Debye function, the resulting function was found to explain excellently the shape of
the structure factor curve of the stretched EV chain.

We shall now proceed to develop a theory which is capable of describing the scattering of
long linear polymers over a wide range of scattering angles and solvent quality. The claboration
of the theory is guided by an intuitive parallelism with the free energy of a stretched chain.

7.5.2 S¢(q) from the extension-force relationship

Considering the unperturbed distribution W;(r) of the strand between scattering units [ and
j of the molecule, we rewrite S¢(g) as

Si(d) = + i 1 é}; fd[W}Jc(irl;ZI() [)iig ELﬂZ;BT)q) & ’ (7.66)
which on defining the segment free energy Gy (8f) as
exp (~BGy (1)) / drWi;(r) exp (B 1), (7.67)
becomes
Si@) = 7 lX% z exp [~ (Gy(Bf +ig) — Gy (B)))]. (7.68)
Since this free energy is related to the mean end-to-end extension via
(), = (537) [-9Gw(00)]. (7.69)

a complete knowledge of the extension-force law over all length scales renders possible the
analysis of the structure factor over a wide range of the scattering vector.

7.5.3 Applications

1. The Gaussian chain Approximation: The structure factor of a gaussian chain is described
by the Debye function. This means that the present theory must be able to recover this

function. For the gaussian chain the extension-force relationship of a segment separated
by | i — 7 | bond vectors is given by

(rij)y = Uoﬂf (7.70)

so that Eq.(7.69) leads to

BG;(Bf) = ——Rfjoﬂ f? + constant. (7.71)
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On substituting this in Eq.(7.68) knowing that for a gausian chain Ry =|i—j|b =
EIIR2, we obtain

Silg= %{% lzjexp {_i 16_]\7]‘ | {([)’iRo + 'LQRO)2 - (ﬂiRo)QH } (7.72)

which gives the so-called generalised Debye function when the discrete sums are approx-
imated by continuous ones as

Sf(g:%{( 2N [exp(_-(qio)jtiR_g‘@i.g)—ljt(qRO) —i%gﬂi.g}}.

- (gRo)® _ B3 g 6 3 6
@l —iZ20f - q)
: (7.73)
R denotes real part. Remark that though X = @ — i%‘lﬁig 1s the complex conjugate

of that given by the Debye theory, it does not influence the final result since only the real
part, as indicated in Eq.(7.73), concerns us. On letting f = 0 we get the unperturbed
Debye formula [16] S(q) = 4% (e‘X -1+ X), where X = R2¢%/6.

. The freely jointed chain: The extension-force relationship in this case is given by the

Langevin function

(rij)p=li—jlb {coth (Bfb) — ﬁ} : (7.74)
The corresponding free energy is
$0) = i1 b fao) oo (310 - 5]
- L ;7] \Nln | sm};(%b) | +constant. (7.75)
Then Eq.(7.68) leads to
2N
St(q) :m{ﬁ (€ ~1 —C)}? (7.76)

where

C - N sinh(‘ﬂiﬁLiglb) lﬁiib |
sinh (\ ﬁi]) ‘,5i+zg|b

with the vertical bars bounding the vectors indicating vector norms. For f = 0 we deduce
the unperturbed chain structure factor

B 2 sin(gb) N_ N stn(gh)
SL(Q)~N[IH§%§M]2{( 2 ) 1 - Nln| v |}. (7.77)

When this function is compared with that of Debye for small ¢ values they coincide
exactly for R. = Nb?/6. Figure 7.20 shows S.(q) adapted to the © solvent PE (b and N
are adapted by Eq.(7.20)). We remark the excellent agreement with MC results for small
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and intermediate ¢ values. Note that S(q), as predicted by this theory, presents infinite
branches at gb = kn (for integral k) but above this ¢ value S(gq) recovers its expected
oscillatory character. Eq.(7.77), thus explains the structure factor of ideal chains over
small and intermediate ¢ range; and that of both ideal and excluded volume chains in the
extra large ¢ domain.

. The scaling regime: The structure factor in this regime has often been explained by an

asymptotic scaling law which barely explains the qualitative aspects (the q‘é power law

for large ¢). The present theory, rigorously exact for all ¢ values, brings out clearly how

S(q), for a stretched chain, evolves in this regime.

The starting point is again the mean end-to-end vector of the stretched segment known
1

in the scaling regime to follow the law (ry;) , = ARijo (RijoBf)" " with A = 0.46, v = 3/5

and 3 = 1/kgT. On integrating Eq.(7.69) we deduce that 5G;(6f) = —AURZO (ﬁf)é +
constant. If we assume that R;jo follows R%, ~|1 — j |* then Sy(g) reads

170
ON [
Si(g):%{a[e(’—l—C]}, (7.78)
where
C=Av{|n+iRg | — 7|}, (7.79)

with n = 8Rof. S;(qg) is explicitly written as

2N , , .
Sy(q) = (7)2 7 {exp (—vAZ cosv)) cos (20 + vAZ sin1p] — cos(2¢) + vAZ cos i}
- 14
(7.80)
where
s g2 2 1 ¢
4% = Xv+4+nv—2Xvnvcos| ~ Z >0,
14
X+ sin (2
tany = — ) ; YRS
X cos (%) —nv 2 2
, N2 ‘ 2
Xt = (n2—R§q2> + 4R (ﬂ-g) :
2Ron - g
tan (2¢) = ———.
(2¢) g (7.81)

Due to the complicated nature of S,(q) we only give here, the expression for S,_(q)

which reads
2N

Speale) = ——— {e7 M0 14 LA (R 3% 782
n 242 (Roq)? (Foq) ( )
Remark that in the limit of large ¢
2N
Sp=0(q) & ———, (7.83)
vA (Rog)”

which reproduces the usual asymptotic scaling prediction.



158 BIBLIOGRAPHY

4. The extra strong stretching region: In this finite extensibility regime there is practically
no theoretical expression for the extension-force relationship. It is believed that since
in this regime most, if not all, monomers are well separated from each other, excluded
volume forces are completely screened out. Thus, the molecule starts behaving as a freely
jointed chain characterised by a finite stretch modulus S [39] such that the force extension

relation is . o
(rij); =1 — j\b[COth (kj;_T) — %} (1 + é) . (7.84)

Instead of using this idea, we assume (rightly) that in this regime (ry;), o| i —j |
f¢. By exploiting the extension-force simulation results in this region the constant of
proportionality and « are obtained by best fitting. The corresponding free energy is

substituted in Eq.(7.68) and S¢(¢) computed. Figure 7.20 again demonstrates agreement
between the theory and simulation.

1000

I
Finile extensibility

Langevin {{(6- Solv)

Polyathylene N=512

s . 1
oot s} 1
Qqfper Angsirom)

Figure 7.20: The static structure factor of an unperturbed 512 segments polyethylene in good
and © solvents. Our different theoretical predictions are indicated as described in the text and
demonstrated on the curves.

The above analyses have been enhanced by the linear dependence of the chain stress free energy
on the number of bonds in segment irrespective of the segment size. This point has a strong
physical backing than the linear assumption underlying the Debye function. While the Debye
linear assumption is based on the second moment of the end-to-end vector (which is not always
true), ours is based on a thermodynamic requirement that the free energy per particle of an N
particles system be independent of N. The excellent agreements recorded between our more
general theory and other theories based on limiting cases are strong indications that chain

elasticity and neutron spectroscopy are complementary methods of investigating some polymer
properties. '
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Chapter 8

Effective potentials between two
polymer segments in solution

Summary

The question of the choice of the effective potential between polymer segments in a solvent
bath is examined. An attempt is made to search for a realistic solvent mediated effective
potential that probes polymer properties over wide range of temperature or solvent quality.
Using this realistic potential to evaluate the intermolecular force between two pentamers and
the dependence of the radius of gyration tensor components of a single pentamer on its closeness

to the second molecule, reveals good agreement with expensive calculations of same properties
in explicit solvent.

8.1 Introduction

Calculations aimed at monitoring the properties of condensed media have often been done by
modeling the costly solvent background by ad hoc effective potentials {1, 2, 3, 4]. Very little
attention has been focused on the realities of the choices of these potentials. It is true that under
certain conditions some simple models become well adapted. For example, at high temperatures,
simple repulsive models for the interactions between polymer segments like the hard sphere
model can be justified. Solvent quality plays a vital rule in the thermodynamic properties of
polymer solutions since under different solvent conditions, polymer molecules behave differently.
A meaningful study of polymer collapse transition must include an explicit consideration of
solvent effects. In an article by A. Byrne and others [2] aimed at studying polymer collapse,
effective potential between any two segments was assumed to be of the form ar='? — br—5
with @ and b being adjustable parameters. Polymer collapse was monitored by adjusting b and
exploring how the polymer clusters with time. A similar approach was introduced by M. Destrée
and J.-P. Ryckaert [5] to search for the ® condition for an atactic polypropylene. Harismiadis et
al. [1], in their determination of the ®-point of a polymer solution, employed the notion of the
potential of mean force between two polymer segments [6]. The solvent effect on the segments
was assumed to be an effective interaction of the Lennard-Jones type. In their simulations they
dealt with reasonably high temperatures (kpT > €). Nonetheless, they pointed out that as the
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temperature decreases the range of the effective polymer intermolecular potential increases.

Very few polymer researchers |7, 8| have performed simulations in explicit solvent. By using
the free energy perturbation (FEP) technique on a united atom model for methane and n-butane
in water, Pellegrini [8] observed that these molecules present strong hydrophobic behaviours
even at room temperature. Similar results were observed by D. van Belle [7].

In this chapter, we propose a model of implicit solvent effects which is established by a pre-

liminary MC simulation aimed at obtaining effective monomer-monomer force in the presence
of explicit solvent.
To search for a realistic solvent mediated effective monomer-monomer potential, the PMFEF
(wy”(&)) between two atoms (dimer) separated by a distance £ in a mono-atomic solvent (chac-
terised by a solvent quality parameter €,,) are calculated using a Monte Carlo (MC) procedure.
The force exerted between the constrained atoms is calculated. This force, f;“’({), is related
to the effective potential wj” (&) via:

Wi (€) = /6 e £y 0, (8.1)

where 8 = 1/kgT and ¢, is a solvent quality parameter. The force f;”’({) is the ensemble
average of half the force difference between the constrained atoms of the dimer projected on
the dimer bond vector. To see how Eq.(8.1) comes about, we define the PMF on the dimer

(w;ﬂ? (El ) 712)) as

€sp ” [Jesp ’FN
exp {_%ﬁz_ﬂ = C/(Z[Sd@;...d[N exp [_T;T_)} (8.2)

so that half the force difference between the monomers of the dimer reads:

. dUes» _ aU“sp _uer (¥
fﬁsp( ) 1de5(Z£4d£N ( or, ar, )exp \: kpT ] 0 Csp( ) (8 3)
r,o)=—3 €sp (o =5 W r), .
= 2 Jdrsdry...dry exp [—%2] or ’
where 7 = 1, — 1y and r" = {r;,15,75, .., 7x}. We have assumed that w;” depends only

on the relative position vector r. If we further assume isotropy, then w;”’ can be obtained by
integrating the force profile (which vanishes for infinite distances), thus obtaining Eq.(8.1).
The solvent quality parameter, €, is introduced via interactions of the form

e R (GRS ONES

0 r > 28,

r < 2Y8g

(8.4)

where Ugr(r) is the solvent-solute interaction cnergy when the solvent quality is €y,. The
solvent-solvent and solute-solute interactions are assumed to have identical forms as the above
but with €,, = ¢, = € = 1. For a given temperature and small €y, values (e;, < 1}, solvent
molecules like to surround the solute. This situation will, therefore, correspond to good solvent
conditions as it was shown by Grest and co-workers[3] who derived this potential. We have
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thus in mind to consider chains made of monomers which are similar to solvent molecules, but
with an adjustable parameter €, which tunes the solvent quality.

Our implicit solvent model is based on our belief that the effective potential on the dimer
should have a profile identical to that of any two monomers of the polymer so far as the overall
thermodynamic conditions (temperature, pressure and density) are the same. This assumption
is somehow limited; the potential profiles of bulk segments should differ slightly from those of
the ends. Nonetheless, if the overall segment density increases, this difference vanishes. If an
analytical expression for this profile (or its tabular representation) is known, it can be given
as a realistic effective potential in a simulation of polymer solutions in which solvent effect is
modeled implicitly. This will constitute one way of the second method of calculating the two
polymer properties mentioned above.

If the solvent is an athermal one (€5, = 1), the effective potential can be obtained directly
from the pair distribution function g(r) of the pure solvent since by definition:

o) = exp (— 1 wnlr). (5.5)

Several procedures [9, 11, 12, 13] have been elaborated both theoretically and numerically
to calculate the force between two molecules surrounded by a solvent bath. The numerical
methods used include thermodynamic perturbation calculations [12], MC and constrained MD
[9, 11]. Theoretical methods include solving the Ornstein-Zernike (OZ) equation [9, 14],

’7/(£1’£2) - C(ﬂlaf:)) + /)/df?)c(fbe)h(anﬂS)a (8-6)

where h(r;,75) = g(r1,72) — 1 and ¢(ry, ry) = exp [= Ui (11, 12)] — 1 are, respectively, the total
and direct pair correlation functions between atom groups 1 and 2. p is the density of the
system and U, is the interaction energy.

To be able to elucidate the effect of using any ad hoc solvent mediated effective potential,
one could calculate the same polymer properties using a simple effective potential of the form:

U(r) = 4 Kg)l ~ A (79)6} 1 (8.7)

with A believed to characterise the solvent effect. For A — 0, we expect to recover good solvent

behaviours and A > 1 should lead to precipitation of the polymer as the effective potential
profile will exhibit strong attraction.

8.2 The effective potential on a dimer

Monte Carlo simulations were carried out on a system of 108 atoms at a density of p = 0.80073
and a temperature of kpT = 0.72¢ (here e = 1 corresponds to 119.8k and ¢ = 1 to 3.405 A) to
calculate the force on the dimer. Two atoms (solutes) are constrained in space at a distance of
§ = 2.50 at the centre of a cubic box of sides 5.20 and 106 other atoms (solvent) are placed at
the vertices of the face centred cubic box. The free ones are, then, displaced in constant volume
(or pressure) and temperature conditions using the usual Metropolis criteria (see chapter 5).
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The forces acting on the atoms of the dimer are calculated and their projections on the dimer
bond vector are conserved for statistical averaging.

For various solvent qualities (various €,), the force profiles on Figure 8.1 were obtained.
These profiles, very similar to those obtained from X-ray and neutron scattering experiments on
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Figure 8.1: Effective forces on two solute molecules versus reduced distance & /o for kgT = 0.7k,
p = 0.8073. Forces are expressed in units of ¢/o.

liquids [10], are combinations of the direct force and the solvent mediated term (see Figure 8.2).
The latter, responsible for solvent effects, plays a vital role in the miscibility of macro-molecules
with some solvents.

€gp=0.875 o

Foon
A
»
.

Figure 8.2: Solvent effective forces on two solute molecules versus reduced separation &/o for
kpT = 0.72¢, p = 0.8073. Forces are expressed in units of ¢/o.

As Figure 8.2 shows, the magnitude of the solvent mediated term grows as the solvent
quality increases (decreasing e,,). For weak separations the solvent mediated force may be
explained by the Asakura-Oosawa entropic or depletion force theory [9, 15]. On treating the
mono-atomic fluid as an ideal gas of N — 2 micro hard spheres each of radius 7, Asakura and
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Oosawa [15] considered the entropic force between a pair of macro hard spheres each of radius
R immersed in the fluid. The free energy of the system is related to the volume V' available to
all microspheres as

8
F(V') = -NkgTlhV' with V' =V — FW (R+7)" + voy (R, 7,d) (8.8)

since the particles are prohibited from the exclusion spheres of radius R + r. v,, is the over-
lap volume of two exclusion spheres and d is the distance between the centres of the two

macrospheres. By calculating the force as fao = —%—i = N—'f}?—r":%l, they identified a_g% as the

projected area of the intersection of the two exclusion spheres to obtain

fAO = —pkBTTT <R+ T — g) (R+ T+ g) (89)

for d < 2R+ 2r and zero for larger separations. The effect of decreasing ¢, is the increase of the
radius R + 7. This theory predicts a force of —pkgTm(R+ 7)? at vanishing dimer length which
again is consistent with simulation result on condition that I 4 r increases as ¢, diminishes.
This last point merely brings out the fact that as €5, decreases there is a net decrease in the
repulsion between micro and macrospheres leading to an accumulation of a large number of
microspheres (of constant radii) around the macrosphere, thus inducing an attractive tendency
between the macrospheres.

For subsequent use in implicit solvent molecular dynamic simulation of polymer solutions,

an expression for the effective force was obtained by an ad hoc function fitting of the results of
the simulation with the following functional form:

c 1 0.5 B((3, €
570 =4 (G- ) + S0, (5.10)

where J; is the Bessel function of the first kind. A, B, C and D are medium parameter depen-fl
dent constants. C, in particular, furnishes informations on the range of the effective potential.
The line on Figure 8.1 indicates the ad hoc fit for €5, = 0.625. Numerical integration of the force
resulted in the effective potentials on Figure 8.3. This force and potential were tabulated for
further use in a realistic implicit solvent molecular dynamic simulation of a polymer solution.

[t is important to say a word about parameters intervening in Eq.(8.10) and their thermo-
dynamic implications. Thermodynamic properties of a solution can be casily gathered from
the free energy or the osmotic pressure variations. In a dilute solution the osmotic pressure is
usually expressed as the Virial expansion

BT p+ Bap® + Byp® + ..., (8.11)

where B; is the jth Virial coefficient. When By, = B3 = 0 the Van Hoff’s law governs the
thermodynamics of the solution. B, is known to be given by the two solute intermolecular

effective potential w(r) as
[ dr 2 w(r)
By = 27r/ drre|1—exp |- , (8.12)
/ kgT
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which converges when w(r) decreases faster than =3 (equivalently, when the mean force vanishes
faster than r~*). Since the Bessel function is bounded by r~%/2 [18], a necessary condition on
C for the convergence of By is that it should be greater than 7/2- a condition that was largely
satisfled (C ~ 3.8). The parameter D translates the oscillatory character of the effective
potential. It is intimately related to the number of solvent molecules per unit volume. The
density of 0.807* is high enough to induce the long range correlations depicted here by the
weakly damped potential profile of Figure 8.3.
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Figure 8.3: The PMF between two solute molecules versus the reduced separation z = £/o for
kgT = 0.72¢ and p = 0.8073.

Remark that though the interparticle potentials between two isolated particles are usually
of short range nature, depending on the thermodynamic state of a system composed of such
particles, long range interparticle potentials may result. The present study clearly shows how,
using very short range isolated particle potentials, relatively long range effects emerge as a
result of high density or other state variable considerartions.

8.3 Solvent effects on the properties of a system of two
interacting pentamers

In this section we investigate the effect of the choice of solvent mediated effective potential on
polymer intermolecular forces. The effect, on polymer structure, of approaching two polymer

molecules in a solvent is also examined by studying the variation of the radius of gyration tensor
components.

For the polymer molecules, we assume free rotating bonds and model bond constraints by
the anharmonic finitely extensible non elastic (FENE) potential [3],

2
—% B2 log (1 - (RLO) > r < Ry
Urene(r) = (8.13)
') r> Ry.
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This way of modeling bonding is quite efficient and less time consuming compared to bond
constraint (Shake) MD [16], but the price to pay is that the choice of ky must be such that
a reasonably large time step should be chosen that renders the integration of the equations

of motion stable. MD calculations are carried out to determine the 2-pentamer properties
mentioned above in two ways.

8.3.1 Explicit solvent consideration

The presence of solvent is considered explicitly as follows: In a constant volume (a cubic box
of sides 6.840) two pentamers are immersed in a bath of 246 mono-atomic solvent molecules
at well defined distance of about 30 apart. The solvent quality parameter is fixed at e, = 1.0
and the temperature at kgT = 0.72¢. Initially the solvent molecules are placed on the sites of
a face centred cubic lattice. Short MC displacements of the solvent around the polymers are
performed to dislodge the former from their unstable lattice sites. A Nose-Hoover [17, 19, 20, 21]

equilibration MD run of 10° time-steps (with a time-step At = 0.01 in units of oy/m/e, where
m is the mass of a monomer) is performed followed by a statistics collection MD simulation
of 5 x 10° time-steps. The distance between the pentamers is decreased by simply giving the
monomers of both polymers displacements until the pentamers’ centres are at the required
distance apart. MC displacements of the solvent are again performed to avoid instabilities
that might have been created by the overlap of monomers with solvent molecules as a result
of the polymer displacements. The process is repeated several times until the polymers are
close enough. For each distance, the force between the two polymers and the radius of gyration
tensor components of one of the polymers are calculated.

If we assume a cylindrical symmetry around an axis passing through the centres of mass of
the pentamers, we can define three perpendicular axes (one along the vector joining the two
centres and two perpendicular to it). The radius of gyration tensor in a referential system
attached to these axes will be diagonal with two equal perpendicular components,

R 0 0
R,=| 0 Ry 0 . (8.14)
0 0 Rl

g

Rj and Rg are, respectively, the perpendicular and parallel components of the gyration tensor.
Figure 8.4 (filled squares) shows the variation of the inter-molecular force as a function of

distance in the models of explicit solvent. Figures 8.5a,b,c show the variation of the radius of
gyration tensor components for the same model.

8.3.2 The use of a realistic effective potential

In this method the solvent effect on monomer-monomer interaction is modeled by the special
effective potential obtained in the monomer-monomer effective interaction obtained by MC
calculation above. The “experiments” described in the last paragraph arc repeated with the
“dry” polymers and the same properties calculated above are again explored as shown on

Figures 8.4 (open circles) and 8.5d,e,f. Qualitatively, the results reproduce very well those of
the first method for the same thermodynamic conditions.
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A close look at the intermolecular force profile reveals a finite non zero intermolecular force
between the two pentamers at interpenetration. This big difference between the macromolecular
intermolecular force and that of the mono-atomic system (Figure 8.1) can only be explained by

the fact that there exist many polymer configurations for which the centres of mass of the two
polymers coincide without segment overlaps.
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Figure 8.4: The intermolecular force between two pentamers versus centres of mass separation
for kpT = 0.72¢ and p = 0.8073: filled squares - explicit solvent calculations and open cir-

cles - the use (in implicit solvent implementation) of the effective potential obtained by MC
calculations.

We observe that the polymer structure depends on the relative separation between both
polymer. When polymers are very far apart they assume spherical shapes (the components
of the radius of gyration tensor become equal), but at intermediate distances (§¢ < 20) they
have distorted geometry, aligning themselves parallel to each other. We can assimilate polymer
approach in a solvent to an increase of monomer concentration in a region of space.

The force profile shows that the interaction is repulsive when the pentamers are at inter-
mediate and small separations. The magnitude of this force is seen to decrease when they
completely inter-penetrate each other. This starts happening at separations 7 < R,, with R,
being the radius of gyration of the free molecule.

In the next section we propose a theoretical explanation of the simulated effective force
profile.

8.4 The smoothed density theory of intermolecular forces

Approximate theories for macromolecular intermolecular potentials based on the smoothed
density model [6, 22, 23, 24, 25] exist that may be used to interpret, at least qualitatively, the
shape of the intermolecular forces between macromolecules. This model is based on the idea
that the intermolecular potential is related to the distribution of the segments of each polymer
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Figure 8.5: The radius of gyration tensor components as functions of centres of mass separation.
Explicit solvent consideration: parallel component (a), perpendicular component (b) and the
total R, (c); implicit solvent implemented using the effective potential of Eq.(8.10): parallel
component (d), perpendicular component (e) and the total R, (f).

around their respective centres of mass through [22]

war) _ oy /Pon (8i,) Poiz (85, — 1) dsyy, (8.15)
kgT

11,12

where Py, (s;,) is the probability that if the centre of mass of polymer 1 is at the origin of a

referential system then the monomer i, is at s;,. o is the binary cluster integral [6, 22] defined
via the pair correlation function g(r;;) as

o= [drg(1-9(zy)). (8.16)

The derivation of Eq.(8.15) can be summarised as follows. Zimm [26] and Albrecht [27],
using the Mc Millan-Mayer dilute solutions theory [23], formulated that the second Virial
coefficient of a molecular solution can be written as

B; = —%//d(lﬂ) (2(1,2) - F()FY(2)] (8.17)

where F, and F) are, respectively, the two solutes distribution function and the unperturbed
one solute distribution function. (j) represents the internal and external degrees of freedom of
solute j. N and M are, respectively, the number of units and the molecular mass of each solute
molecule, and V is the volume of the solution. The two solute distribution function is related
to the unperturbed single solute one through the two solute potential of mean force w(r.

T
(L-j is the position vector of the i;th mass unit of molecule 7) as

il I —‘iz)

Fy(1,2) = FY(1)F)(2) exp (—i | w(zil,zm)). (8.18)
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On defining short range interaction matrix elements x;, ;, = —ad(ry, ;,) (which are non zero
only at contact of segment 7, and i,) through exp [—f T iy W (Tmiiz)] 1T (14 Xii.)s B

7«1,"42
can be rewritten as

Bl = — QVMQ//dl‘ZFO DEY @)Y Xaie + 20 2 Xoo

11,12 11,22 71,72
-t Z Z Z Xit,ia X192 - - - Xs1,52 ], (819)
1,12 J1,J2 S1,52

which for molecules with N + 1 units contains (N + 1)2 terms grouped as sums of multiple
contact points groups. The first group in the above equation, for example, is a one con-
tact point group, the second a two contact points and so on. Each o-contact group contains

[(N + 1)2]!/ ([(N +1)? — o]'!) terms which can be approximated (for large N) as N% /gl

Remarking that d(1,2) represents a volume element containing both internal and external de-
grees of freedom of all the units of molecules 1 and 2, we can define a distribution of internal

degrees of freedom s;,, s;,, etc. of the unperturbed molecule 1 (with s;, being the displacement
of unit 7; from the centre of mass of molecule 1) as

PO(S”, Jl’ PPN /FO ”"t‘ds (820)

ds. ..
£]1v

where ]ds ds, - indicates that integration is only on all external degrees of freedom associated
with each unit of molecule 1. We assume that Py(s;,,s;,, .. .) factorises into the product of the
distributions of the individual units Py, (s;,) around the centre of mass. Considering all these
points and assuming that the centre of mass of molecule 1 is at the origin of the coordinate

system and that of molecule 2 at r, taking note of the correct restrictions on the summations,
the equation for B} boils down to

2
* ]\7
By = W/ {1, > /7)011 O Poiy (85, — r)dsy, |:§:/p011 ) Poiy (84, I-)d§i1}

11,32 11,2

2 /73011 (8:,)Poin (s, _f)dﬁil:l + } (8.21)

11,12

3!

which resembles very much the equation

B: = 2VM2 /dr [1 — exp ( ‘ZET)H , (8.22)

on condition that wy(r)/kpT is given exactly as in Eq.(8.15). Though Eq.(8.15) is derived
after gross approximations, it may be used as a first approximation for a qualitative study of
macromolecular intermolecular intermolecular forces.

We now proceed to examine the effective potential profiles for two models of polymer seg-
ment distributions.
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8.4.1 The Flory inter-penetrating uniform sphere theory
This theory, based on the probability distribution

o e<h
F
Po(r) = (8.23)
0 T > RF,

(where Rp is the radius of the Flory uniform sphere and N is the number of monomers in the

polymer) predicts that the intermolecular potential (proportional to the overlap volume of the
two spheres) has the form:

3apN?
wy(7) - 4}; (16R3, — 12R%r +13) 7 < 2Rp
0 r > 2Rp,

where ap is the Flory excluded volume parameter defined through the cluster integral. Figure

8.6 compares the Flory prediction to our MD results. Within error bars there is agreement for
¢ > 2R, ~ 2.00 but theory fails to recover the small £ range. The deviation from simulation. -
results may be partly due to the size of the polymer - a 5 segment polymer is quite short to
assume a spherical shape as required by the Flory theory. The discrepancy may be inherent of .
the theory which assumes that all the monomers are uniformly dispersed in a sphere.

5

—
Simulation i - e

Flory uniform sphere theory -------

4 T N S . Realistic segment distribution
[ N I :

aantX)

!
0.5 1 15

x=%o

Figure 8.6: The effective polymer intermolecular force versus chains separations £ (in o): the
explicit solvent simulation results on 5 C chains (points), the Flory uniform sphere theory
(dashed line) and realistic segment distribution (tiny dashed line). The force units are kpT/o.

A realistic segment distribution implementation should be capable of lifting the above short-
comings. When we consider segment distribution of the form

3 3/2
Poi(s;) = (—) exp

2m < s? >

—~3s?
ﬁ—>] » (8:29)
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: R3 31
with < s7 >= TN (1 — N22 (N — z)> on equation (8.15), we obtain (see appendix D)

erf (;—;) — erf (;—; %)} , (8.26)

where Ry is the root mean square end-to-end distance of a free polymer and erf denotes the
Error function defined as

we(r)  3aN?1
kgT — 2R% r

erf(z) = —\}? /Omdye‘yz. (8.27)

When we used the calculated root-mean-square end-to-end-distance into this formula we ob-
tained a good agreement with the simulation result for @ ~ 0.7073 as Figure 8.6 shows.

Remark that the Flory result (Eq.(8.24)) reveals that %3—,1 o —gf— while the prediction of
£

the realistic segment distribution of Eq.(8.25) (given in Eq. (8.26)) shows that %%1 x 1%% If

the Flory radius is proportional to the polymer size (Ry), then both theories independently
yield that w,(0) scales with N as wy(0) ~ NZ=3) where v is the Flory excluded volume
exponent (v < 0.5 for poor solvent conditions, v = 0.5 for ©-solvents and v = 3/5 for good
solvents). Thus, wq(0) will be an increasing function of N for all solvent conditions, which
contradicts the findings of Vassilis et al. [1], who, using computer simulations, found that
wy(0) decreases with increasing chain size. A possible reason for the descripancy between the
present theoretical exploration and computer simulation results may be explained by the fact
that the cluster integral parameter « (which gathers most of the solvent effects) is assumed
to be independent of chain size especially at chains interpenetration - segments in a polymer
matrix of large polymers may interact differently from those of short ones. In other words,
the segment pair correlations function (by which « is defined) should be dependent upon chain
sizes. For the effective potential to decrease with chain size « (which we note as ay) should
decrease faster than N~(273)_ If we assume that cy is proportional to monomer density it may
scale as N~*=1  at Jeast for low densities (since monomer density p = Rig ~ N=G»=DY) which

decreases faster than N~(273) for © and good solvent conditions (i.e. v > 0.5).

From the probabilistic definition of the potential of mean force (PMF) of Eq.(8.15) it is seen
that the sign of the PMF is independent of the polymer separation (since this parity is given
by that of the excluded volunie parameter «) though it is known that at weak separations it is
repulsive while at large separations, attractive behaviours may be observed.

We have investigated the effect of using any effective potential on two properties of inter-
acting pentameres in a solvent. It is clear that the properties of polymer solutions depend
strongly on the detailed nature of the the effective solvent interactions on the monomers es-
pecially under particular thermodynamic conditions. Care must therefore be taken during the
choice of solvent mediated polymer segment effective potential. This point is very crucial when

simulating polymer properties that are intermolecular force sensitive such as polymer stability
in a solution. ’
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Conclusions and Perspectives of Part 11

We have described the two computer simulation methods that are widely used for the calcu-
lation of static and dynamic properties of condensed media. Though quantum aspects usually
encountered in molecular systems have not been considered here, the results of these classical
computations have led to satisfactory conclusions.

The variant of the Configurational Biased Monte-Carlo (CBMC) method developed by us
has enabled us to probe into some, up-to-now, unanswered or even unposed questions. The
elasticity and its related properties of two model polymers (one physical and the other chemical)
have been examined using the elaborated CBMC. The following points have been addressed:

1. The stress and strain elasticity ensembles:

The distinction between fixed force and fixed end-to-end vector single chain ensembles
was pointed out in chapter 6 in connection with the single polymer elasticity law at or
above theta temperature. Actually, our approach has been more general: we have given
some general tools to appreciate, for any type of observable O, the distinction between
averages computed in the two stretched chain conjugated ensembles. We found that the
correction term Ao takes the form of an infinite series, the nth term being the product of
an average nth order fluctuation term in the fixed f ensemble and a nth order gradient
respect to the end-to-end vector components which is computed at the average end-to-end
vector value < R >;. This series always converges for gaussian chains (because of the
fluctuation term only) while, for chains in good solvent represented by the RGT theory,
it converges only in the high stretching regime.

The elasticity law in the stress ensemble (fixed-f ensemble) Ry = g(f) plays a central role
in chapter 6. When convergence in the Af expansion is sufficiently fast, this ensemble
difference in the force can be estimated using the leading term Af® given by Eq. (6.43).
In this expression, fluctuations terms can be evaluated from R; = g(f) using Eqgs. (6.13)

and (6.14) while the gradient terms requiring the fixed-R elasticity law fr = h(R) can be
approximated by f = ¢7'(R).

In this way, we could establish the following main results. Quite generally, ideal chains
lead to similar linear elasticity laws up to the FE regime where marginal differences o %,
already discussed by Flory [1], are detected.

Much stronger effects are noticed for chains in good solvent, with largest deviations be-
tween ensembles when the (average) end-to- end distance lies below Ry, the unstretched
average value. This situation is however little experimentally relevant because confine-
ment effects should be added to the description. For polymers in good solvent, stretched
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over distances equal to or larger than Ry, one finds a relative difference on the force be-

tween ensembles which decreases from 25% down to 2% as the distance grows from R, to
3R,.

Stress-strain single chain laws are actually being probed by new experimental set-ups al-
lowing micro-manipulations which either control the end-to-end vector or the stretching
force. The experimental situation somewhat differs from the idealised ensemble descrip-
tion of textbooks which is adopted in the chapter 6. Elasticity measurements are often
done dynamically at finite velocity, corrections must take into account the finite compli-
ance of the micro-lever handling the polymer end when measuring the force, confinement
effects may play a role. However, our analysis remains largely relevant and could further
be modified to take some of the above effects into account.

To our knowledge, a direct experimental test of the single EV chain elasticity law in
the Pincus blob regime remains to be done. What the present work suggests is that
experimentalists might probe into this stretching regime different variants of the elasticity:
law depending upon the constraints introduced by specific set-ups ranging from fixed- f
to fixed-R conditions. About the much studied biological macromolecules where specific
intra-molecular forces resist to the stretching forces applied at chain ends, ensemble effects

depending on the nature of the applied constraint should be considered in the molecular
interpretation of elasticity data.

We note finally that the existence of specific EV single chain elasticity laws for different
single stretched chain ensembles may have interesting implications for the elastic be-

haviour of swollen networks where the nature of the junction constraints is at the heart
of network elasticity theories.

2. The force-extension relationship:

In chapter 7 the three elastic regimes - linear, tensile blob and the finite extensibility
regimes have been investigated. The various elastic laws in the different regimes have
been expounded. We have not succeeded to map polyethylene (PE) at © point to an
equivalent ideal chain model (especially the freely jointed chain model with zero stretch
modulus) that incorporates finite extensibility aspects; but when we associate it to a

freely jointed chain characterised by a stretch modulus (S) so that its force-extension
relationship reads [2]

st 1+1). iy

we obtain good agreement with S = (217.5 + 17.8) E‘E—T in the strong stretching regime.
This aspect is accompanied by an increase of the chain rigidity demonstrated by the

passage from a Kuhn length of b = 14.9A to the characteristic length ' = (19.1 4+ 0.3)A
(see Figure Cl1).

When the elasticity law is expressed in terms of the global reduced force 1, = §f Ry, then
below a force value of f** = 22T 4]| (R); /Ry (for all chain sizes) curves lie on a unique
one ®(n,), but beyond f** the relevant reduced force becomes n, = §fb and all (R); /L
(for all chain sizes) curves lie on a unique one z(;). For © solvent conditions ®(n,) is the
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Figure C1: @i are shown as functions of the reduced force n, = 3f Ry for 64 and 256 segments

polyethylene in © solvent. The lines (——) represent the prediction of Eq.(CIL1).

linear law ®(n,) = %779 while for good solvent conditions it starts as the linear law but

1_
switches continuously to the scaling function ®(n,) = 0.46n4 g

For both polymer models z(7;) is neither the Langevin function nor the Ha and Thirumalai
semi-flexible chain force-extension formula.

3. The internal molecular conformations and stretching:

In good solvent conditions and for every force value, there is a relatively larger proportion
of bond vectors in a trans conformation than in © solvent. This conformation mutation
1s found to be linked to the energy related elasticity.

4. The relative strength of the entropy/energy related elasticity:

Our results confirm that while the elasticity of weakly stretched PE in © solvent is entropy

driven, both entropy and enthalpy aspects coexist in competing proportions for the same
polymer in good solvent conditions.

5. Polymer stretching or network swelling effects on NMR. dipolar interaction:

The effect of the stretched nature of a single polymer or the swollen nature of a polymer
network on the nuclear magnetic resonance dipole-dipole interaction ((Py{cos axx))) re-
sponsible for spectral line broadening and the splitting of resonance doublets [3] has been
explored. Some new aspects that have hardly ever received any theoretical or experimen-
tal attention have been put to light. We have confirmed that for weakly stretched PE P,
follows the usual (R)* law but we have also found that for a strongly stretched chain in
good solvent P, switches to the power law P ~ (R)Q‘G, which is in conformity with the

Py ~ f13%0-1 gcaling law in force. This is a crucial result, which to our knowledge, has
never been pointed out.

This study suggests that it is worth verifying experimentally this finding. This could be
possible on polymer networks possessing magnetically active isotopes like 3'P, 13C, 'H,
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ete.

6. The effect of stretching and solvent quality on the structure factor of PE:

The static structure factor of a stretched PE is qualitatively similar to that of most widely
described linear chain models in the region of small and intermediate scattering angles.
But within the chemically sensitive length scale (of the order of the Kuhn segment length
b), corresponding to scattering vector ¢ > ¢** = b7!, S (f) does not converge to to a
unique curve as those of the widely used physical models [4] that do not incorporate some
chemical features like bond angle constraint and restricted torsional motions.

Inspired by the similarity between the free energy Gy;(f) of a stretched polymer strand and
the structure factor of a stretched or unstretched chain (through a definition of a complex
force f = f + ikpTq), we have been able to exploit the already extended knowledge of
of the dependence of Gi;(f) on f and |i — j| to derive new expressions for the structure
factor of stretched chains. This expression which explain well our numerical results on
PE, easily recover the Debye formula and the Pincus scaling prediction. A new expression

_ 2 sin(qb))N_ NI M}
q) N[ln|%g—bl|]2{( o 1- Nln| o 05 (CIL2)

corresponding to freely jointed chain molecules, has been derived which is found to explain
well the calculated structure factor for small and intermediate scattering angles and extra
large g that are farther from ”—b’“ (where k is an integer).

The PE results presented in this thesis assume frozen C-C bond length and C-C-C bending
angle. These two aspects play vital rules in chain flexibility, conformation distributions
and most likely magnetic properties. It could be interesting to lift these restrictions and
probe into their effects on the elasticity related properties.

7. Realistic effective potentials used on polymer solutions:

In chapter 8 a Monte-Carlo (MC) program has been set up to calculate the intermolecular
forces between two atomic solute molecules in an atomic solvent. On using a simple short
range repulsive potential between solvent molecules, the usual force profile for dense
liquids, showing a long range tail, has been obtained. An ad hoc function best-fitting

the f-r profile has been used as a realistic solvent mediated potential on monomers of a
polymer solution.

Two interacting pentamer properties - the macromolecular intermolecular forces and the

radius of gyration tensor components are calculated using two methods of solvent consid-
eration:

e in explicit solvent conditions and

e in implicit solvent condition using a monomer-monomer effective potential derived
from a previous MC study.

Both methods yield very similar results. But suppose that instead of using the realis-
tic potential between monomers we had used the simple repulsive interaction assumed
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between the solvent molecules in the MC calculation, under what condition should the
results compare well with those of the explicit solvent consideration?

The smoothed density theory has been found to explain qualitatively well the calculated
intermolecular forces on condition that a physically acceptable monomer distribution be
used in the theory.
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Appendix C

C.1 Proof of (3f/0T), = —(0r/0T);/(0r/0f)r (
We can write that r = r(f,T) with f intimately linked to 7". This means that
or
dr = dT + df. (C.1y
(aT) (af> ol

Then using f = f(T') with r fixed, we have

(), &7), (ar),

The condition of fixed r (dr = 0) leads to the required equation.

dr = dT (C:2y

il
C.2 Proof of the f? law for (Py(a)),
Qi can be decomposed into a sum of three rotations

Qe = (0,6, %) @ (66, bi V) © (Ou, Gu, i) (C3)

D™ Qi) transforms as

D" (Qp) = *ZD (0,6, ¥)D[(Ok, bk, Vr) ® (Okkr, Prir, Yir )]
0 ’(]
= C—QZDI'M 0, 8, ¥)D;* (Ok, bk, V) D™ (Orr, ik, Virr)- (C.4)
l t,s

During the evaluations of orientational observables, averaging will involve only bond orienta-
tions so that

CHETEE —ZD (0,6, %) (P[0, bx, %) © (B, D, Vie)])

= ZD (0, ¢, %) (Di* O, &1, %)), DF" (B, bue, V), (C-5)
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1/2 . ,
where ¢; = 251_11 . Let us calculate the average under a weak stretching force of an orienta-

tional observable A associated with the segment k.

(Ax), = —/dQNWO(QN exp( ; )Ak, (C.6)

where b, is the bond vector of skeletal bond I (with bond length b), Wo(2") the unperturbed
bond vectors distribution and

Z; —/dQ Wo(QN) exp( ;g,) (C.7)

The Taylor expansion of the exponential term leads to
1
(Ar) g = (Ao + B - D (Axbi)g + 552ii >3 <-Akl_7i Qj>0 +... (C.8)
i ij

For the quantity that interests us the first two terms vanish because of isotropy. Then we have
for a uni-axial force:

(Ag) = ﬁQbe2 > (Axcosb;cosb;),. (C.9)

j

@oncretely,
,@2 f2 b2

(D met 6 (]5 ’L/} DS”(HW Cbkk’ wkk’) Z<D:s(9ka¢k1wk) COS@i COS 9_7'>0. (CIO)

ts 1y

It can be shown that due to isotropy
<Dfs(6’k, &k, Wx) cos B; cos 9j>0 = 840050 <D?0(6k, dk, Yr) cos 0; cos 9j>0 . (C.11)

. Knowing that DY (ks Prkrs Ykt ) = ¢ Pi(cos agrr ), (where Py(z) is the Legendre polynomial
of order [) we then easily obtain

1 N N
(Py(cos akk/))f =3 (gf) Py(cos 8) Py(cos Oxxr) ZZ (Pa(cos @) cosb;cosb;),. (C.12)

1=1 j=1

By defining A appropriately, we recover the required equation.



Appendix D

D.1 The smoothed density theory on realistic segment
distribution

On using Eq.(8.25) in Eq.(8.15) we obtain

3/2
M =ad) - 3 ex — 3r° } D.1
kpT ;; [m ((s2) + <§2>)] p{ 2((s2) + (s2)) (D

J 4 J

The use of the expression of (s?) and approximating the above discrete sums by continuous
ones on condition of large N while performing the variable changes : — =N and j — yN we

get
3/2 1 1 3/2
wa(r) ~ aN? 0 /da: /dy !
kgT 27 R%, . . 322 — 3z + 3y? — 3y +2
r= y=

9r?/2R%
X exp (_3$2 ~3r+3y2-3y+2/ (D2)

Further changes of variables £ — J = pcos¢ and y — 1 = psin ¢ lead to

1
3\ 7} 1 \*? 3r2 /2R
= 21taN? / - A Snint \ _
e (%R%V) / dpp <p2+l> exP[ P2+ } (D-3)

6

w?(r)
kgT

which can be shown to be

Ry
wa(r)  3aN?Ry 1 .
kel ~ 2% v Jr / du exp(—u®) (D.4)

from which Eq.(8.26) follows straightforwardly.
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