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Résumé en Français

Cette thèse est une contribution à l'étude de la géométrie des �brés cotangents des groupes
de Lie et des espaces homogènes.

Nous caractérisons complétement les groupes des automorphismes des �brés cotangents
des groupes de Lie et montrons qu'ils sont des groupes de Lie super-symétriques (Theorem
2.3.2). Dans le cas particulier d'un groupe de Lie orthogonal, c'est-à-dire un groupe de
Lie muni d'une métrique bi-invariante, nous utilisons la métrique pour réinterpréter les
relations et retrouver des résultats connus de cohomologie.

Le �bré cotangent T ∗G d'un groupe de Lie G peut être identi�er au produit cartesien
G× G∗, où G∗ est l'espace dual de l'algèbre de Lie G de G. On peut alors munir T ∗G de la
structure de groupe de Lie obtenue par produit semi-direct de G et G∗ via la représentation
coadjointe. Cette structure de groupe de Lie fait de T ∗G un double de Drinfel'd.

Nous avons également étudié les préderivations des algèbres de Lie des �brés cotangents
des groupes de Lie. Nous montrons que l'algèbre des préderivations des algèbres de Lie des
groupes de Lie �brés cotangents des groupes de Lie sont réductives. Müller a montré que
toutes les préderivations d'une algèbre de Lie semi-simple sont des dérivations (interieures).
Nous étendons ce résultat en montrant que si un groupe de Lie est semi-simple alors toutes
les préderivations de l'algèbre de Lie de son �bré cotangent sont des dérivations quoi que
le �bré cotangent soit non semi-simple (Theorem 3.4.1).

Un autre thème abordé dans cette thèse est l'étude des métriques bi-invariantes sur les
�brés cotangents des groupes de Lie. Nous caractérisons toutes les métriques bi-invariantes
sur les �brés cotangents des groupes de Lie et étudions le groupe de leurs isométries.
L'algèbre de Lie de ce groupe d'isométries n'est rien d'autre que l'algèbre de toutes les
préderivations de l'algèbre du �bré cotangent qui sont antisymétriques par rapport à la
structure orthogonale induite sur l'algèbre de Lie du �bré cotangent.

En�n, nous avons fait une introduction à la géométrie du groupe de Lie des transfor-
mations a�nes de la droite réelle. Nous donnons des expressions explicites d'une forme
symplectique, d'une structure a�ne, des géodésiques de cette structure a�ne. La forme
symplectique donnant lieu à une solution des équations Classiques de Yang-Baxter, nous
avons également étudié le groupe de Lie double de Drinfel'd du groupe des transformations
a�nes de la droite réelle.
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General Introduction

This thesis is a contribution to the large task of studying the geometry of cotangent bundles
of Lie groups and the geometry of homogeneous spaces.

One of the greatest importance of the cotangent bundle T ∗G of a Lie group G is that
it is a symplectic manifold on which G acts by symplectomorphisms with a Lagrangian
orbit. A symplectic Lie group is a pair (G,ω) consisting of a Lie group G and a closed
non-degenerate 2-form ω which is invariant under left translations of G. If identi�ed with
the Cartesian product G× G∗, the cotangent bundle T ∗G possesses a Lie group structure
obtained by semi-direct product T ∗G := G⋉G∗ using the coadjoint action of G on the dual
space G∗ of the Lie algebra G of G. This Lie group structure together with the Liouville
form is not a symplectic Lie group. But, if G carries a left-invariant a�ne structure, then
its cotangent bundle carries a symplectic Lie group structure. This particular Lie group
structure, sometimes called "cotangent" , is obtained by taking the semi-direct product of
G and the dual space G∗ of its Lie algebra G by means of a natural action given by the
a�ne structure on G. The corresponding Lie algebra is the semi-direct product via the left
multiplications given by the left-symmetric product. The two Lie group structure on T ∗G
de�ned above are not isomorphic.

It is also well known, since the works of Drinfel'd ([32]), that T ∗G (with the Lie group
structure performed by semi-direct product G ⋉ G∗ via the coadjoint representation of G
on G∗ ) is a particular case of the large class of the so-called Drinfel'd double Lie groups.
As a Drinfel'd double Lie group, T ∗G admits a metric which is invariant under left and
right translations ([32]). This Lie group structure on T ∗G does not admit a left-invariant
symplectic form, except in the Abelian case.

In this thesis we deal with the Lie group structure which make T ∗G a
Drinfel'd double Lie group of G.

Studying the geometry of a given Lie group is to study invariant structures on it. The
cotangent bundle T ∗G of a Lie group G can exhibit very interesting and rich algebraic and
geometric structures (a�ne, symplectic, pseudo-Riemannian, Kählerian,...[56], [47], [34],
[32], [28], [5]).

Such structures can be better understood when one can exhibit the group of transfor-
mations which preserve them. This very often involves the automorphisms of T ∗G, if in
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General Introduction 2

particular, such structures are invariant under left or right multiplications by the elements
of T ∗G. This is one of the reason for which we deal with automorphisms of cotangent bun-
dles of Lie groups in Chapter II of this dissertation. We study the connected component
of the unit of the group of automorphisms of the Lie algebra D := T ∗G of T ∗G. Such a
connected component being spanned by exponentials of derivations of D, we often work
with those derivations. Let der(G) stand for the Lie algebra of derivations of G, while J

denotes that of linear maps j : G → G satisfying j([x, y]) = [j(x), y], for every elements
x, y of G. We give a characterization of all derivations of T ∗G (Theorem 2.3.1) and show
that in particular, if G has a bi-invariant Riemannian or pseudo-Riemannian metric, then
every derivation ϕ of D can be expressed in terms of elements of der(G) and J alone. Fur-
thermore, we give prominence to the fact that the Lie group Aut(D) of automorphisms
of D is a super symmetric Lie group and its Lie algebra der(D) possesses Lie subalgebras
which are Lie superalgebras, i.e. they are Z/2Z-graded Lie algebras with the Lie bracket
satisfying [x, y] = −(−1)deg(x)deg(y)[y, x] (Theorem 2.3.2). We also consider particular cases
(e.g. orthogonal Lie algebras, semi-simple Lie algebras, compact Lie algebras) and recover
by simple methods interesting cohomological known results (Section 2.3.6).

In Chapter III we completely characterise the space of prederivations of D, that is
endomorphisms p of D which satisfy

p
([
x, [y, z]

])
=
[
p(x), [y, z]

]
+
[
x, [p(y), z]

]
+
[
x, [y, p(z)]

]
,

for every elements x, y, z of D. The Lie algebra der(D) is a subalgebra of the Lie algebra
Pder(D) of prederivations of D. Prederivations can be used to study bi-invariant metrics
on Lie groups ([6], [9], [64]). One of the important results within this chapter is: If G is
a semi-simple Lie group with Lie algebra G, then any prederivations of T ∗G (not semi-
simple) is a derivation. This is an extension of the result of Müller ([64]) which states that
any prederivation of a semi-simple Lie algebra is a derivation, hence an inner derivation.
We also give a structure theorem for Pder(D) which states that Pder(D) decomposes into
Pder(T ∗G) = G0 ⊕ G1, where G0 is a reductive subalgebra of Pder(D), that is [G0,G0] ⊂ G0

and [G0,G1] ⊂ G1. Semi-simple, compact and more generally orthogonal Lie algebras are
also considered in this chapter.

We study bi-invariant metrics of cotangent bundles of Lie groups in Chapter IV. In
this chapter we characterise all orthogonal structures on T ∗G (Theorem 4.3.1) and their
isometries. It is known that if (G,µ) is a connected and simply-connected orthogonal Lie
group with Lie algebra G, then the isotropy group of the neutral element of G in the group
I(G,µ) of isometries of (G,µ) is isomorphic to the group of preautomorphisms of G which
preserve the non-degenerate bilinear form induced by µ on G and whose Lie algebra is the
whole set of skew-symmetric prederivations of G ([64]). We characterise the isometries of bi-
invariant metrics through the skew-symmetric prederivations with respect to the orthogonal
structures induced on T ∗G by the bi-invariant metrics (Proposition 4.3.2). In the case where
G possesses an orthogonal structure, we proved that any orthogonal structure on T ∗G can
be expressed in terms of the duality pairing and endomorphisms of G which commute with
all adjoint operators (Theorem 4.4.1). If G is a semi-simple Lie algebra, we prove that any
prederivation of T ∗G which is skew-symmetric with respect to any orthogonal structure on
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General Introduction 3

T ∗G is an inner derivation (Proposition 4.5.1); that is the connected component of the unit
of the Lie group of isometries of any bi-invariant metric on T ∗G is spanned by exponentials
of inner derivations of T ∗G. Examples of the a�ne Lie group of the real line, the special
linear group SL(2,R), the group SO(3,R) of rotations and the 4-dimensional oscillator
group are given.

The geometry of the Lie group of a�ne motions of the real line is explored in Chapter
V. The geodesics of the left invariant a�ne structure induced by the symplectic structure
are studied as well as integrale curves of left invariant vector �elds. Since, the symplectic
form considered on the a�ne Lie group corresponds to an invertible solution of the Classical
Yang-Baxter equation, we have also studied the geometry of the corresponding double Lie
group. The a�ne and complex structures on the double introduced by Diatta and Medina
([28]) are considered.
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Chapter One

Invariant Structures on Lie Groups

Contents
1.1 Orthogonal Structures on Lie Groups . . . . . . . . . . . . . . 4

1.2 Poisson Structure on Lie Groups . . . . . . . . . . . . . . . . . 7

1.3 Yang-Baxter Equation . . . . . . . . . . . . . . . . . . . . . . . 11

1.4 Symmetric Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.5 Reductive Lie algebras . . . . . . . . . . . . . . . . . . . . . . . 13

1.6 Lie Superalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.7 Cohomology of Lie Algebras . . . . . . . . . . . . . . . . . . . . 15

1.8 A�ne Lie Groups . . . . . . . . . . . . . . . . . . . . . . . . . . 16

This chapter is to make this thesis as self contained as possible. It de�nes basic notions
and terminologies which might be useful throughout this dissertation.

1.1 Orthogonal Structures on Lie Groups

1.1.1 De�nition and Examples

Let G be a Lie group, ϵ its identity element, G its Lie algebra and TG its tangent bundle.
Let G∗ stand for the dual space of G and let K stand for the �eld R of real numbers or the
�eld C of complex numbers.

De�nition 1.1.1. A bi-invariant pseudo-metric on G is a function µ : TG → K which is
quadratic on each �ber, nondegenerate and invariant under both left and right translations
of the group G.

A bi-invariant pseudo-metric on the Lie group G corresponds to a non-degenerate
quadratic form q : G → K for which the adjoint operators are skew-symmetric; that is,
if µ also denotes the corresponding symmetric bilinear form on G, we have

µ([x, y], z) + µ(y, [x, z]) = 0 (1.1)

for every x, y, z in G.
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Conversely, if G admits a non-degenerate symmetric bilinear form for which the adjoint
operators are skew-symmetric, then there exists, on every connected Lie group with Lie
algebra G, a bi-invariant pseudo-metric.

Throughout this work, a non-degenerate symmetric bilinear form on G for which the
adjoint operators are skew-symmetric is called simply a bi-invariant scalar product or an
orthogonal structure on G as well as a bi-invariant pseudo-metric on G is called a bi-
invariant metric or an orthogonal structure on G.

Lie groups (resp. Lie algebras) with orthogonal structures are called orthogonal or
quadratic (see e.g. [58], [60]). In [3] orthogonal Lie algebras are called metrizable Lie alge-
bras.

In [58], Medina and Revoy have shown that every orthogonal Lie algebra is obtained
by the so-called double extension procedure.

Consider the isomorphism of vector spaces θ : G → G∗ de�ned by

⟨θ(x), y⟩ := µ(x, y), (1.2)

where ⟨, ⟩ on the left hand side, is the duality pairing ⟨x, f⟩ = f(x), between elements x of
G and f of G∗. Then, θ is an isomorphism of G-modules in the sense that it is equivariant
with respect to the adjoint and coadjoint actions of G on G and G∗ respectively; i.e.

θ ◦ adx = ad∗x ◦ θ, (1.3)

for all x in G. Which is also
θ−1 ◦ ad∗x = adx ◦ θ−1, (1.4)

for all x in G. The converse is also true. More precisely, a Lie group (resp. algebra) is
orthogonal if and only if its adjoint and coadjoint representations are isomorphic. See
Theorem 1.4. of [60].

Example 1.1.1. Any Abelian Lie algebra with any scalar product is an orthogonal Lie
algebra.

Example 1.1.2. Semi-simple Lie algebras with the Killing forms are orthogonal Lie alge-
bras.

Example 1.1.3 (Oscillator groups or diamond groups). Let λ = (λ1, λ2, . . . , λn), where
0 < λ1 ≤ λ2 ≤ · · · ≤ λn are positive real numbers. On R2n+2 ≡ R × R × Cn, de�ne the
operation

(t, s ; z1, . . . , zn) · (t′, s′ ; z′1, . . . , z′n) =(
t+ t′ , s+ s′ +

1

2

n∑
j=1

Im(z̄jz
′
je
iλjt) ; z1 + z′1e

iλ1t , . . . , zn + z′ne
iλnt
)
, (1.5)

where t, t′, s, s′ are real numbers while zi, z
′
i, i = 1, 2, . . . , n, are in C. Endowed with the

operation (1.5) and the adjacent manifold structure, R2n+2 is a Lie group of dimension
2n + 2. This Lie group is noted by Gλ and is called Oscillator group in [12], [29], [35],

On the Geometry of Cotangent Bundles of Lie Groups Bakary MANGA c⃝URMPM/IMSP 2010



Orthogonal Structures on Lie Groups 6

[68] (for dimension n = 1), twisted Heisenberg group in [73] and diamond group in
other literature ([73]).

The Lie algebra of Gλ, called oscillator algebra of dimension 2n + 2, is the vector
space spanned by {e−1, e0, e1, e2, . . . , en, ě1, ě2, . . . , ěn} with the following non-zero brackets:

[e−1, ej] = λj ěj ; [e−1, ěj] = −λjej ; [ej, ěj] = e0. (1.6)

The oscillator Lie algebra is noted by Gλ. Every element x of Gλ can be written:

x = αe−1 + βe0 +
n∑
j=1

αjej +
n∑
j=1

βj ěj. (1.7)

where α, β, αj, βj (1 ≤ j ≤ n) are real numbers. Then the following quadratic form de�nes
an orthogonal structure on Gλ (see [12]):

kλ(x, x) := 2αβ +
n∑
j=1

1

λj
(α2

j + β2
j ) (1.8)

Oscillator groups are subject of a lot of studies ([29], [31], [35], [36], [50], [59], [68] ). They
appear in many branches of Physics and Mathematical Physics and give particular solutions
of Einstein-Yang-Mills equations ([50]).

1.1.2 Hyperbolic Lie Algebras, Manin Lie Algebras

De�nition 1.1.2. A hyperbolic plan E is a 2-dimensional linear space endowed with a
non-degenerate symmetric bilinear form B such that there exists a non-zero element v of
E with B(v, v) = 0. A hyperbolic space is an orthogonal sum of hyperbolic plans.

Remark 1.1.1. A hyperbolic space is of even dimension.

For more about hyperbolic spaces, see [48].

De�nition 1.1.3. A hyperbolic Lie algebra is an orthogonal Lie algebra which contains
two totally isotropic subspaces in duality for the orthogonal structure.

De�nition 1.1.4. A Manin Lie algebra is an orthogonal Lie algebra G such that:

• G admits two totally isotropic subalgebras h1 and h2;

• h1 and h2 are in duality one to the other for the orthogonal structure of G.

In this case, (G, h1, h2) is called a Manin triple.
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1.2 Poisson Structure on Lie Groups

1.2.1 Poisson Brackets, Poisson Tensors on a Manifold

De�nition 1.2.1. A C∞-smooth Poisson structure (Poisson bracket) on a C∞-smooth
�nite-dimensional manifold M is an R-bilinear skew-symmetric operation

C∞(M)× C∞(M) −→ C∞(M)
(f, g) 7−→ {f, g} (1.9)

on the space C∞(M) of real-valued C∞-smooth functions on M , such that

•
(
C∞(M), {, }

)
is a Lie algebra;

• {, } is a derivation in each factor, that is it veri�es the Liebniz identity

{f, gh} = {f, g}h+ g{f, h} (1.10)

for every f, g, h in C∞(M).

A manifold equipped with such a bracket is called a Poisson manifold.

Example 1.2.1. Any manifold carries a trivial Poisson structure. One just has to put
{f, g} = 0, for all smooth functions f and g on M .

Example 1.2.2. Let (x, y) denote coordinates on R2 and p : R2 → R be an arbitrary
smooth function. One de�nes a smooth Poisson structure on R2 by putting

{f, g} =

(
∂f

∂x

∂g

∂y
− ∂f

∂y

∂g

∂x

)
p, (1.11)

for every f, g in C∞(R2).

Example 1.2.3. A symplectic manifold (M,ω) is a manifold M equipped with a non-
degenerate closed di�erential 2-form ω, called a symplectic form. If f : M → R is a
function on (M,ω), we de�ne its Hamiltonian vector �eld, denoted by Xf , as follows:

iXf
ω := ω(Xf , ·) = −Tf, (1.12)

where Tf stands for the di�erential map of f . One de�nes on (M,ω) a natural bracket,
called the Poisson bracket of ω, as follows:

{f, g} = ω(Xf , Xg) = −⟨Tf,Xg⟩ = −Xg(f) = Xf (g), (1.13)

for every f, g ∈ C∞(M). Thus, any symplectic manifold carries a Poisson structure.

Let (M, {, }) be a Poisson manifold. To every f in C∞(M) corresponds a unique vector
�eld Xf on M such that

Xf (g) = {f, g}, (1.14)

for every g ∈ C∞(M) (see e.g. [57]). This is an extension of the notion of Hamiltonian vector
�eld from the symplectic to the Poisson context. Thus, Xf is called the Hamiltonian
vector �eld associated to f as well as f is called the Hamiltonian function of Xf .
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De�nition 1.2.2. A map ϕ : (M1, {, }1) → (M2, {, }2) between two Poisson manifolds is
said to be a Poisson morphism if it is smooth and satis�es

{f ◦ ϕ, g ◦ ϕ}1 = {f, g}2 ◦ ϕ, (1.15)

for every f, g in C∞(M2).

Example 1.2.4. If (M1, {, }1) and (M2, {, }2) are Poisson manifolds, then M1 ×M2 has a
Poisson structure characterized by the following properties:

1. the projections πi :M1 ×M2 →Mi, i = 1, 2, are Poisson morphisms;

2. {f ◦ π1, g ◦ π2}1 = 0, for any f in C∞(M1) and g in C∞(M2).

Example 1.2.5 (Kirilov-Kostant-Sauriau (KKS)). Let G be a �nite dimensional Lie alge-
bra seen as the space of linear maps on its dual G∗; i.e. G ≡ (G∗)∗ ⊂ C∞(G∗). Let f, g be
in C∞(G∗) and α belongs to G∗. If Tαf and Tαg denote the di�erentials of f and g at the
point α (seen as elements of G), one de�nes a linear Poisson structure on G∗ by putting:

{f, g}(α) := ⟨α, [Tαf, Tαg]G⟩, (1.16)

where ⟨, ⟩ in the right hand side stands for the pairing between G and its dual.
This structure plays an important role in many domains of mathematical physics, quan-

tization, hyper-kählerian geometry, ...

Let M be a smooth manifold of dimension n (n ∈ N∗) and p a positive integer. Denote
by ΛpTM the space of tangent p-vectors ofM . It is a vector bundle overM whose �ber over
each point x ∈ M is the space ΛpTxM = Λp(TxM), which is the exterior antisymmetric
product of p copies of the tangent space TxM . Of course Λ1TM = TM .

Let (x1, . . . , xn) be a local system of coordinates at x ∈ M . Then ΛpTxM admits a
linear basis consisting of the elements ∂

∂xi1
∧ . . . ∧ ∂

∂xip
(x) with i1 < i2 < . . . < ip.

De�nition 1.2.3. A smooth p-vector �eld π on M is a smooth section of ΛpTM , i.e. a
map π from M to ΛpTM , which associates to each point x of M a p-vector π(x) of ΛpTxM ,
in a smooth way.

Given a 2-vector �eld π on a smooth manifoldM , one de�nes a tensor �eld, also denoted
by π, by the following formula:

{f, h} := π(f, h) := ⟨Tf ∧ Th, π⟩ (1.17)

De�nition 1.2.4. A 2-vector �eld π, such that the bracket given by (1.17) is a Poisson
bracket, is called a Poisson tensor, or also a Poisson structure.

Any Poisson tensor π arises from a 2-vector �eld which we will also denote by π.

Example 1.2.6. The Poisson tensor corresponding to the standard symplectic structure
ω =

∑n
k=1 dx

k ∧ dyk on R2n is
∑n

k=1
∂
∂xk

∧ ∂
∂yk

.
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1.2.2 Poisson-Lie Groups

De�nition 1.2.5. Let G be a Lie group. A Poisson-Lie structure on G is a Poisson
tensor π on the underlying manifold of G such that the multiplication map

G×G → G
(g, g′) 7→ gg′

(1.18)

is a Poisson morphism (is grouped as said in [32]); G×G being equipped with the Poisson
tensor product π × π.

A Lie group G with a Poisson-Lie structure π is called a Poisson-Lie group and is
denoted by (G, π).

The De�nition 1.2.5 is equivalent to the following:

π(gh) = ThLg · π(h) + TgRh · π(g), (1.19)

for every g, h in G, where the di�erentials TgLh and TgRh of the left translation Lg and
the right translation Rg are naturally extended to the linear space Λ2TgG; i.e.

TgLh · (X ∧ Y ) := (TgLh ·X) ∧ (TgLh · Y ), (1.20)

TgRh · (X ∧ Y ) := (TgRh ·X) ∧ (TgRh · Y ), (1.21)

for any X,Y in T ∗
gG.

De�nition 1.2.6. Let G be a Lie group. A tensor �eld π on G is called multiplicative if it
satis�es Relation (1.19).

Example 1.2.7. To every Lie algebra corresponds, at least, one Poisson-Lie group. Indeed,
the dual space (seen as an Abelian Lie group) of any Lie algebra, endowed with its linear
Poisson structure given in Example 1.2.5 is a Poisson-Lie group.

Every Lie group possesses, at least, one non-trivial Poisson tensor (see [24]).

1.2.3 Dual Lie Group, Drinfel'd Double of a Poisson-Lie Group

Let G be a Lie group with Lie algebra G, π a Poisson-Lie tensor on G with corresponding
bracket {, }. One obtains a Lie algebra structure [, ]∗ on the dual space G∗ of G by setting

[α, β]∗ := Tϵ{f, g}, (1.22)

where f and g are smooth functions on G such that α and β are equal, respectively, to the
di�erentials of f and g at the identity element ϵ of G: Tϵf = α, Tϵg = β.

De�nition 1.2.7. 1. The bracket (1.22) is called the �linearized� bracket of π at ϵ and
the pair (G∗, [, ]∗) is said to be the "linearized" or the dual Lie algebra of (G, π) or
of (G, λ), where λ := Tϵπ : G → Λ2G (λ is the transpose of [, ]∗ : Λ

2G∗ → G∗).

2. Every Lie group, with Lie algebra (G∗, [, ]∗) is called a dual Lie group of (G, π).
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3. A subgroup H of a Poisson-Lie group (G, π) is said to be a Poisson-Lie subgroup of
(G, π) if it is also a Poisson submanifold of (G, π).

De�nition 1.2.8. Let G be a Lie algebra.

1. A Lie bi-algebra structure on G is a 1-cocycle λ : G → Λ2G for the adjoint rep-
resentation of G such that its transpose λt : Λ2G∗ → G∗ de�nes a Lie bracket on the
vector space G∗.

2. A Lie algebra, with a Lie bi-algebra structure, is called a Lie bi-algebra.

A Lie bi-algebra will be denoted by (G, λ) or (G,G∗).

Theorem 1.2.1. ([32]) Let G be a simply connected Lie group. A Poisson structure, with
Poisson tensor π, on G bijectively corresponds to a Lie bi-algebra structure λ = Tϵπ on the
Lie algebra G of G.

Let (G, [, ]) be a Lie algebra. Suppose (G,G∗) is a Lie bi-algebra and let [, ]∗ denote the
induced Lie bracket on G∗. Then, the transpose of the Lie bracket of G is a 1-cocycle of
the Lie algebra (G∗, [, ]∗). Hence, the Lie algebras (G, [, ]) and (G, [, ]∗) act one to the other
by their respective coadjoint actions. The space G × G∗ can be equipped with the scalar
product:

⟨(x, f), (y, g)⟩ := f(y) + g(x), (1.23)

for every x, y in G and every f, g in G∗.
We have the following result due to Drinfel'd.

Theorem 1.2.2. ([32]) The following are equivalent:

1. (G,G∗) is a Lie bi-algebra;

2. D := (G × G∗, ⟨, ⟩) is equipped with a unique structure [, ]D of orthogonal Lie algebra
such that:

(a) G and G∗ are Lie subalgebras of D;

(b) G and G∗ are totally isotropic and in duality for the scalar product ⟨, ⟩.

In this case, for every x in G and g in G∗,

[x, g]D = ad∗xg − ad∗gx (1.24)

De�nition 1.2.9. The Lie algebra D of the Theorem 1.2.2 is called the Drinfel'd double
Lie algebra of (G, π) or of (G, λ := Tϵπ). Every Lie group, with Lie algebra D, is called a
Drinfel'd double Lie group of (G, π).

The Lie bracket on D reads:

[(x, f), (y, g)]D =
(
[x, y] + ad∗fy − ad∗gx, [f, g]∗ + ad∗xg − ad∗yf

)
(1.25)

for every (x, f) and (y, g) in D.

Since its introduction in 1983 ([32]), the notion of Drinfel'd double attracted many
researchers ([2], [13], [18], [21],[22], [24],[28], [46]).
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1.3 Yang-Baxter Equation

Let M be a smooth manifold. For any integer p, let Ωp(M) stand for the space of smooth
sections of ΛpTM and let Ω∗(M) be the direct sum of the spaces Ωp(M), where

• Ωp(M) = {0}, if p < 0 ;

• Ω0(M) = C∞(M) ;

• Ω1(M) = X(M) (smooth vector �elds on M) ;

• Ωp(M) = {0}, if p > dimM .

Theorem 1.3.1 (Schouten Bracket Theorem). There exists a unique bilinear operation
[, ] : Ω∗(M) × Ω∗(M) → Ω∗(M) natural with respect to restriction to open sets, called the
Schouten Bracket, that satis�es the following properties:

1. [, ] is a biderivation of degree −1, i.e. for all homogeneous elements A and B of
Ω∗(M) and any C in Ω∗(M),

• deg[A,B] = degA+ degB − 1 ; and

• [A,B ∧ C] = [A,B] ∧ C + (−1)(degA+1) degBB ∧ [A,C] ;

2. [, ] is de�ned on C∞(M) and on X(M) by

(a) [f, g] = 0, for any f, g in C∞(M) ;

(b) [X, f ] = X · f , for all f in C∞(M) and any vector �eld X on M ;

(c) [X, Y ] is the usual Jacobi-Lie bracket of vector �elds if X and Y are in X(M) ;

3. [A,B] = (−1)degAdegB[B,A].

In addition, we have the graded Jacobi identity

(−1)degA degC [[A,B], C] + (−1)degB degA[[B,C], A] + (−1)degC degB[[C,A], B] = 0 (1.26)

for all homogeneous elements A,B,C of Ω∗(M).

Let G be a Lie group with Lie algebra G. On the Z-graded vector space ΛG := ⊕p∈ZΛ
pG

we consider the structure of graded Lie algebra obtained by the extension of the Lie bracket
of G satisfying the properties of the de�nition of the Schouten's bracket.

Let r ∈ Λ2G and note by η the 1-coboundary de�ned by

η(g) = Adgr − r, (1.27)

for all g in G.

Let r+ and r− denote the left invariant and right invariant tensor �elds associated to
r respectively. One wonders whether the corresponding multiplicative tensor π := r+ − r−

is Poisson. The answer is given by the
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Proposition 1.3.1. ([51]) Let Λ be a contravariant skew-symmetric 2-vector �eld on a
manifold M .

(i) Λ is Poisson if and only if [Λ,Λ] = 0 (this is equivalent to the Jacobi identity);

(ii) If [Λ,Λ] = 0, then the map

∂ : Ω∗(M) → Ω∗(M)
P 7→ [Λ, P ]

(1.28)

is an operator of cohomology, i.e. ∂Λ ◦ ∂Λ = 0.

De�nition 1.3.1. The cohomology de�ned by (ii) of Proposition 1.3.1 is called the Poisson
cohomology of the Poisson manifold (M,Λ).

According to the Proposition 1.3.1, the tensor �eld π is Poisson if and only if the
3-tensor �eld

[π, π] = [r+, r+] + [r−, r−] = [r, r]+ − [r, r]− (1.29)

vanishes identically or equivalently, for every g ∈ G, the 3-tensor

[π, π]g := Tϵ(Adg[r, r]− [r, r]) (1.30)

equals zero. Hence, π de�nes a Lie-Poisson tensor if and only if the 3-vector [r, r] is AdG-
invariant, i.e. for all g ∈ G,

Adg[r, r] = [r, r] (1.31)

De�nition 1.3.2. 1. Equation (1.31) below is called the Generalized Yang-Baxter
Equation (GYBE) and its solutions are called r-matrices.

2. In the particular case where [r, r] = 0, one says that r is a solution of the Classical
Yang-Baxter Equation (CYBE).

1.4 Symmetric Spaces

Let G be a connected Lie group with Lie algebra G and identity element ϵ.

De�nition 1.4.1. A symmetric space for G is a homogeneous space M ≡ G/H such
that the isotropy group H of any arbitrary point is an open subgroup of the �xed point set
Gσ := {g ∈ G : σ(g) = g} of an involution σ of G.

The involution σ is in fact an automorphism of G and �xes the identity element ϵ.
Hence, the di�erential at ϵ of σ is an automorphism, also denote by σ, of the Lie algebra
G with square equal to the identity mapping of G: σ2 = IdG. Then the eigenvalues of σ are
+1 and −1. The eigenspace associated to +1 is the Lie algebra h of H. We denote the −1
eigenspace by m. Since σ is a automorphism of G, we have the following decomposition

G = h⊕m (1.32)

with
[h, h] ⊂ h ; [h,m] ⊂ m ; [m,m] ⊂ h. (1.33)

Conversely, given any Lie algebra G with direct sum decomposition (1.32) satisfying (1.33),
the linear map σ, equal to the identity on h and minus the identity on m, is an involutive
automorphism of G.
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1.5 Reductive Lie algebras

Let G be a �nite dimensional Lie algebra over a �eld K of characteristic zero.

De�nition 1.5.1. A subalgebra h is said to be reductive in G if G is a semisimple h-module;
that is G is a sum of simple h-modules in the adjoint representation of h in G. The Lie
algebra G is said to be reductive if it is a reductive subalgebra of itself.

Let G be an arbitrary �nite dimensional Lie algebra over K, V be a semisimple G-module
and I be the ideal I = {x ∈ G : x · V = {0}}. Now set h = G/I. By a result (see [16]) due
to E. Cartan and N. Jacobson, we have h = [h, h] + Z(h), where Z(h) is the center of h,
[h, h] is semisimple, and V is semisimple as a Z(h)-module.

Now suppose that G is reductive. Since the center Z(G) of G is a G-submodule of G,
there is an ideal J of G such that G is the direct sum J ⊕Z(G). By the result we have cited
above, we have J = [J, J ] + Z(J), where Z(J) is the center of J and [J, J ] is semisimple.
But, of course, [J, J ] = [G,G] and Z(J) = {0}. Hence, G = [G,G] + Z(G) and [G,G] is
semisimple. Conversely, it is clear that if a �nite dimensional Lie algebra G over K satis�es
these last conditions, then G is reductive.

1.6 Lie Superalgebras

Let K be an Abelian �eld of characteristic zero.

1.6.1 De�nition of a Lie Superalgebra

De�nition 1.6.1. A K-linear space L is a K-superalgebra, with superbracket [·, ·], if

a) it is Z/2Z-graded, i.e.

L = L0̄ ⊕ L1̄ ; [L0̄, L0̄] ⊂ L0̄ ; [L0̄, L1̄] ⊂ L1̄ ; [L1̄, L1̄] ⊂ L0̄ (1.34)

b) for every homogeneous elements a, b, c of L,

(−1)|a|·|c|[a, [b, c]] + (−1)|b|·|a|[b, [c, a]] + (−1)|c|·|b|[c, [a, b]] = 0. (1.35)

where |a| (respectively |b| and |c|) stands for the degree of a (respectively b and c).

For a K-superalgebra L = L0̄⊕L1̄, L0̄ is an ordinary Lie algebra while L1̄ is a L0̄-module.
Each element z of L can be uniquely written:

z = z0̄ + z1̄ (1.36)

where z0̄ ∈ L0̄ and z1̄ ∈ L1̄. One says that z0̄ is the component of degree 0̄ of z and z1̄ is
the component of degree 1̄ of z.

On the Geometry of Cotangent Bundles of Lie Groups Bakary MANGA c⃝URMPM/IMSP 2010



Lie Superalgebras 14

1.6.2 Derivations of Lie Superalgebras

See [42] for more about Lie superalgebras.

De�nition 1.6.2. Let L be a Lie superalgebra over K.

1. A derivation of degree 0̄ of L is an endomorphism D : L→ L such that

D(L0̄) ⊂ L0̄ ; D(L1̄) ⊂ L1̄ ; D[a, b] = [D(a), b] + [a,D(b)] (1.37)

for every a, b ∈ L.

2. A derivation of degree 1̄ of L is an endomorphism D : L→ L such that

D(L0̄) ⊂ L1̄ ; D(L1̄) ⊂ L0̄ ; D[a, b] = [D(a), b] + (−1)|a|[a,D(b)] (1.38)

for every homogeneous element a of L and every element b ∈ L.

3. More generaly, a derivation of degree r(r ∈ Z2 := Z/2Z) of a Lie superalgebra L is
an endomorphism D ∈ Endr(L) := {φ ∈ End(L) : φ(Ls) ⊂ Lr+s}.

Note by der0̄(L) the set of derivations of L of degree 0̄ and by der1̄(L) the set of
derivations of L of degree 1̄. Then,

der(L) = der0̄(L)⊕ der1̄(L) (1.39)

Hence, to know the derivations of a Lie superalgebra L it su�cies to know the derivations
of degree 0̄ and the derivations of degree 1̄. If d is in der(L), we write

d = d0̄ + d1̄ (1.40)

with d0̄ ∈ der0̄(L) and d1̄ ∈ der1̄(L).

Proposition 1.6.1. Let d = d0̄ + d1̄ ∈ der(L). Then,

1. About d0̄:

a) d0̄|L0̄
: L0̄ → L0̄ is a derivation of the Lie algebra L0̄.

b) If z0̄ ∈ L0̄ and z1̄ ∈ L1̄, then

d0̄[z0̄, z1̄] = [d0̄(z0̄), z1̄] + [z0̄, d0̄(z1̄)]; (1.41)

that is the endomorphism d0̄|L1̄
: L1̄ → L1̄ veri�es

[d0̄, adz0̄ ]|L1̄
= ad(d0̄(z0̄))|L1̄

. (1.42)

c) For every z1̄, z
′
1̄ ∈ L1̄,

d0̄[z1̄, z
′
1̄] = [d0̄(z1̄), z

′
1̄] + [z1̄, d0̄(z

′
1̄)] (1.43)

2. About d1̄:

a) The morphism d1̄|L0̄
: L0̄ → L1̄ veri�es

d1̄[z0̄, z
′
0̄] = [d1̄(z0̄), z

′
0̄] + [z0̄, d1̄(z

′
0̄)], (1.44)

for every z0̄, z
′
0̄ ∈ L0̄; i.e. d1̄|L0̄

: L0̄ → L1̄ is a 1-cocycle.

b) The morphism d1̄|L1̄
: L1̄ → L0̄ satis�es

d1̄[z0̄, z1̄] = [d1̄(z0̄), z1̄] + [z0̄, d1̄(z1̄)] (1.45)

for every z0̄ ∈ L0̄ and every z1̄ ∈ L1̄
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1.7 Cohomology of Lie Algebras

Let G be a Lie algebra over a �eld K of characteristic zero.

De�nition 1.7.1. A G-module is a linear space V of same dimension than G with a bilinear
map φ : G× V → V such that

φ([x, y], v) = φ(x, φ(y, v))− φ(y, φ(x, v)), (1.46)

for every elements x, y of G and every vector v in V .

A G-module corresponds to a representation of G on the linear space V , that is a
homomorphism Φ : G → gl(V ) de�ned by:

Φ(x)(v) = φ(x, v) := x · v, (1.47)

for every x in G and every v in V .

De�nition 1.7.2. Let V be a G-module and p be a non-zero integer (p ∈ N∗).

• A cochain of G of degree p (or a p-cochain) with values in V is a skew-symmetric

p-linear map from gp =

p times︷ ︸︸ ︷
g× · · · × g to V .

• A cochain of degree 0 (or a 0-cochain) of G with values in V is a constant map from
G to V .

Note by Cp(G, V ) the space of p-cochains of G with values in V . We have:

Cp(G, V ) =


Hom(ΛpG, V ), si p ≥ 1;
V si p = 0;
{0} si p < 0.

(1.48)

The space of cochains of G with values in V is denoted by C∗(G, V ) := ⊕pC
p(G, V ). One

endows Cp(G, V ) with a G-module structure by setting :

(x · Φ)(x1, . . . , xp) = x · Φ(x1, . . . , xp)−
∑
1≤i≤p

Φ(x1, . . . , xi−1, [x, xi], xi+1, . . . , xp) (1.49)

for all x, x1, . . . , xp in G and all Φ in Cp(G, V ). This structure can be extended to the space
C∗(G, V ).

Let us now de�ne the endomorphism d : C∗(G, V ) → C∗(G, V ), called coboundary
operator:

• If Φ is in C0(G, V ) = V and x is in G, then

(dΦ)(x) = dΦ(x) = x · Φ. (1.50)
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• For p ≥ 1, x1, . . . , xp+1 in g and Φ in Cp(g, V ),

(dΦ)(x1, . . . , xp+1) =
∑

1≤s≤p+1

(−1)s+1xs · Φ(x1, . . . , x̂s, . . . , xp+1) (1.51)

+
∑

1≤s<t≤p+1

(−1)s+tΦ([xs, xt], x1, . . . , x̂s, . . . , x̂t, . . . , xp+1)

This endomorphism sends Cp(G, V ) on Cp+1(G, V ). One denotes by dp the restriction of
d to the space Cp(G, V ) of p-cochains. We have the

Proposition 1.7.1. d2 := d ◦ d = 0. More precisely dp ◦ dp−1 = 0, for every integer p.

The proof can be readed in [37].

Set Zp(G, V ) := ker dp and B
p(G, V ) := Imdp−1.

De�nition 1.7.3. An element of Zp(G, V ) is called a cocyle of degree p (or p-cocycle) of
G with values in V while an element of Bp(G, V ) is said to be a coboundary of degree p (or
p-coboundary) of g with values in V .

Since d2 = 0, one has: Bp(G, V ) ⊂ Zp(G, V ). Then, we set, for p ≥ 1,

Hp(G, V ) := Zp(G, V )/Bp(G, V ). (1.52)

De�nition 1.7.4. Hp(G, V ) is the space of cohomology of G of degree p (or pth space of
cohomology of G) with values in V .

1.8 A�ne Lie Groups

De�nition 1.8.1. A n-dimensional a�ne manifold is smooth manifold M equipped with a
smooth atlas (Ui,Φi)i such that the transition functions Φi ◦ Φ−1

j |Φj(Ui∩Uj)
: Φj(Ui ∩ Uj) →

Φi(Ui ∩ Uj), whenever they exist, are restrictions of a�ne transformations of Rn.

The de�nition below is equivalent to the following: if (Ui,Φi) and (Uj,Φj) are two
charts of the atlas satisfy Ui ∩ Uj then there exists an element θij of the a�ne group
A�(Rn) = GL(n,R)⋉Rn of Rn such that

Φi ◦ Φ−1
j |Φj(Ui∩Uj)

= θij |Φj(Ui∩Uj)
. (1.53)

Recall that A�(Rn) is the group of di�eomorphimsms of Rn which preserve the standard
connection ∇ of Rn:

∇XY :=
n∑
k=1

(X · fk)
∂

∂xk
, (1.54)

where Y =
∑n

k=1 fk
∂
∂xk

. Every open set Ui is then endowed with a connection ∇i which

is the reciprocal image by Φi of the connection induced on Φi(Ui) by ∇. The connection
∇i is torsion free and without curvature. Since the transition function preserve ∇, the
connections ∇i can be perfectly glued into a zero-curvature and torsion free connection on
the manifold M .
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De�nition 1.8.2. An application f : M → N between two a�ne manifold is called an
a�ne transformation if

• it is smooth ;

• for all charts (U,Φ) of M and (V,Ψ) of N such that f−1(V ) ∩ U ̸= ∅, the function
Ψ ◦ f ◦ Φ−1 : Φ(f−1(V ) ∩ U) → Ψ(f−1(V ) ∩ U) is the restriction of an element of
A�(Rn).

De�nition 1.8.3. A Lie group G endowed with a left-invariant a�ne structure is called
an a�ne Lie group. In other words, an a�ne Lie group is a Lie group equipped with an
a�ne structure for which the left translations are a�ne transformations.

The existence of a�ne structures is a di�cult and interesting problem ([39],[63], [54], [52]).
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2.1 Introduction

Let G be a Lie group whose Lie algebra G is identi�ed with its tangent space TϵG at the
unit ϵ. Throughout this work the cotangent bundle T ∗G of G, is seen as a Lie group which
is obtained by the semi-direct product G ⋉ G∗ of G and the Abelian Lie group G∗, where
G acts on the dual space G∗ of G via the coadjoint action. Here, using the trivialization by
left translations, the manifold underlying T ∗G has been identi�ed with the trivial bundle
G × G∗. We sometimes refer to the above Lie group structure on T ∗G, as its natural Lie
group structure. The Lie algebra Lie(T ∗G) = G ⋉ G∗ of T ∗G will be denoted by T ∗G or
simply by D.

It is our aim in this work to fully study the connected component of the unit of the
group of automorphisms of the Lie algebra D := T ∗G. Such a connected component being
spanned by exponentials of derivations of D, we will work with those derivations and
the �rst cohomology space H1(D,D), where D is seen as the D-module for the adjoint
representation.

Our motivation for this work comes from several interesting algebraic and geometric
problems.

The cotangent bundle T ∗G of a Lie group G can exhibit very interesting and rich
algebraic and geometric structures ([5], [28], [32], [34], [47], [56]). Such structures can be
better understood when one can compare, deform or classify them. This very often involves
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the invertible homomorphisms (automorphisms) of T ∗G, if in particular, such structures
are invariant under left or right multiplications by the elements of T ∗G. The derivatives at
the unit of automorphisms of the Lie group T ∗G are automorphisms of the Lie algebra D.
Conversely, ifG is connected and simply connected, then so is T ∗G and every automorphism
of the Lie algebra D integrates to an automorphism of the Lie group T ∗G. A problem
involving left or right invariant structures on a Lie group also usually transfers to one on
its Lie algebra, with the Lie algebra automorphisms used as a means to compare or classify
the corresponding induced structures.

In the purely algebraic point of view, �nding and understanding the derivations of a
given Lie algebra, is in itself an interesting problem ([23], [30], [40], [41], [49], [69]).

On the other hand, as a Lie group, the cotangent bundle T ∗G is a common Drinfel'd
double Lie group for all exact Poisson-Lie structures given by solutions of the Classical
Yang-Baxter Equation in G. See e.g. [27]. Double Lie algebras (resp. groups) encode in-
formation on integrable Hamiltonian systems and Lax pairs ([4], [10], [32], [55]), Poisson
homogeneous spaces of Poisson-Lie groups and the symplectic foliation of the correspond-
ing Poisson structures ([27], [32], [55]). To that extend, the complete description of the
group of automorphisms of the double Lie algebra of a Poisson-Lie structure would be a
big contribution towards solving very interesting and hard problems. See Section 2.5 for
wider discussions.

Interestingly, the space of derivations of D encompasses interesting spaces of operators
on G, among which the derivations of G, the second space of the left invariant de Rham
cohomology H2

inv(G,R) of G, bi-invariant endomorphisms, in particular operators giving
rise to complex group structure in G, when they exist.

Throughout this work, der(G) will stand for the Lie algebra of derivations of G, while J
will denote that of linear maps j : G → G satisfying j([x, y]) = [j(x), y], for every elements
x, y of G. We consider Lie groups and Lie algebras over the �eld R. However, most of the
results within this chapter are valid for any �eld of characteristic zero.

We summarize some of our main results as follows.

Theorem A. Let G be a Lie group, G its Lie algebra, T ∗G its cotangent bundle and
D := G⋉ G∗ = Lie(T ∗G). A derivation of D, has the form

ϕ(x, f) =
(
α(x) + ψ(f), β(x) + f ◦ (j − α)

)
,

for all (x, f) in D; where

• α : G → G is a derivation of the Lie algebra G;

• the linear map j : G → G is in J;

• β : G → G∗ is a 1-cocycle of G with values in G∗ for the coadjoint action of G on G∗;

• ψ : G∗ → G is a linear map satisfying the following conditions: for all x in G and all
f, g in G∗,

ψ ◦ ad∗x = adx ◦ ψ and ad∗ψ(f)g = ad∗ψ(g)f.
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If G has a bi-invariant Riemannian or pseudo-Riemannian metric, say µ, then every
derivation ϕ of D can be expressed in terms of elements of der(G) and J alone, as follows,

ϕ(x, f) =
(
α(x) + j ◦ θ−1(f), θ ◦ α′(x) + f ◦ (j′ − α)

)
,

for any element (x, f) of D, where α, α′ are derivations of G; the maps j, j′ are in J and
θ : G → G∗ with θ(x)(y) := µ(x, y), for every elements x, y of G.

Theorem B. Let G be a Lie group and G its Lie algebra. The group Aut(D) of auto-
morphisms of the Lie algebra D of the cotangent bundle T ∗G of G, is a super symmet-
ric Lie group. More precisely, its Lie algebra der(D) is a Z/2Z-graded symmetric (super-
symmetric) Lie algebra which decomposes into a direct sum of vector spaces

der(D) := G0 ⊕ G1, with [Gi,Gi′ ] ⊂ Gi+i′ , i, i′ ∈ Z/2Z = {0, 1}

where G0 is the Lie algebra

G0 :=
{
ϕ : D → D, ϕ(x, f) =

(
α(x) , f ◦ (α− j)

)
, with α ∈ der(G) and j ∈ J

}
and G1 is the direct sum (as a vector space) of the space Q of 1-cocycles β : G → G∗ and
the space Ψ of equivariant maps ψ : G∗ → G with respect to the coadjoint and the adjoint
representations, satisfying

ad∗ψ(f)g = ad∗ψ(g)f,

for every elements f, g of G∗.

Moreover, G0 ⊕ G̃1 and G0 ⊕ G̃′
1 are subalgebras of der(D) which are Lie superalgebras,

i.e. they are Z/2Z-graded Lie algebras with the Lie bracket satisfying

[x, y] = −(−1)deg(x)deg(y)[y, x],

where G̃1 := Q and G̃′
1 := Ψ are Abelian subalgebras of der(D) and deg(x) = i, if x ∈ Gi.

The Lie superalgebras G0 ⊕ G̃1 and G0 ⊕ G̃′
1 respectively correspond to the subalgebras

of all elements of der(D) which preserve the subalgebra G and the ideal G∗ of D.

Theorem C. The �rst cohomology space H1(D,D) of the (Chevalley-Eilenberg) coho-
mology associated with the adjoint action of D on itself, satis�es

H1(D,D)
∼
= H1(G,G)⊕ Jt ⊕H1(G,G∗)⊕Ψ,

where H1(G,G) and H1(G,G∗) are the �rst cohomology spaces associated with the adjoint
and coadjoint actions of G, respectively; and Jt := {jt, j ∈ J} (space of transposes of
elements of J).

If G is semi-simple, then Ψ = {0} and thus H1(D,D)
∼
= Jt. Moreover, we have J

∼
= Rp,

where p is the number of the simple ideals si of G such that G = s1 ⊕ · · · ⊕ sp. Hence, of
course, H1(D,D)

∼
= Rp.

On the Geometry of Cotangent Bundles of Lie Groups Bakary MANGA c⃝URMPM/IMSP 2010



Preliminaries 21

If G is a compact Lie algebra, with centre Z(G), we get

H1(G,G)
∼
= End(Z(G)),

J
∼
= Rp ⊕ End(Z(G)),

H1(G,G∗)
∼
= L(Z(G), Z(G)∗),

Ψ
∼
= L(Z(G)∗, Z(G)).

Hence, we get
H1(D,D)

∼
= (End(Rk))4 ⊕ Rp,

where k is the dimension of the center of G, and p is the number of the simple components
of the derived ideal [G,G] of G. Here, if E,F are vector spaces, L(E,F ) is the space of
linear maps E → F.

Traditionally, spectral sequences are used as a powerful tool for the study of the co-
homology spaces of extensions of Lie groups or Lie algebras and more generally, of locally
trivial �ber bundles (see e.g. [44], [65] for very interesting results and discussions). However,
for the purpose of this investigation, we use a direct approach. Some parts of Theorem C
can also be seen as a re�nement, using our direct approach, of some already known results
([44]). Its proof is given by di�erent lemmas and propositions, discussed in Sections 2.3.6
and 2.4.

The chapter is organized as follows. In Section 2.2, we explain some of the material
and terminology needed to make the chapter more self contained. Sections 2.3 and 2.4 are
the actual core of the work where the main calculations and proofs of theorems are carried
out. In Section 2.5, we discuss some subjects related to this work, as well as some of the
possible applications.

2.2 Preliminaries

Although not central to the main purpose of the work within this chapter, the following
material might be useful, at least, as regards parts of the terminology used throughout this
chapter.

2.2.1 The Cotangent Bundle of a Lie Group

Throughout this chapter, given a Lie group G, we will always let G⋉ G∗ stand for the Lie
group consisting of the Cartesian product G×G∗ as its underlying manifold, together with
the group structure obtained by semi-direct product using the coadjoint action of G on G∗.
Recall that the trivialization by left translations, or simply the left trivialization of T ∗G is
given by the following isomorphism ζ of vector bundles

ζ : T ∗G→ G× G∗, (σ, νσ) 7→ (σ, νσ ◦ TϵLσ),

where Lσ is the left multiplication Lσ : G → G, τ 7→ Lσ(τ) := στ by σ in G and TϵLσ
is the derivative of Lσ at the unit ϵ. In this chapter, T ∗G will always be endowed with the
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Lie group structure such that ζ is an isomorphism of Lie groups. The Lie algebra of T ∗G
is then the semi-direct product D := G⋉ G∗. More precisely, the Lie bracket on D reads

[(x, f), (y, g)] := ([x, y], ad∗xg − ad∗yf), (2.1)

for any two elements (x, f) and (y, g) of D.
In this work, we will refer to an object which is invariant under both left and right

translations in a Lie group G, as a bi-invariant object. We discuss in this section, how T ∗G
is naturally endowed with a bi-invariant pseudo-Riemannian metric.

The cotangent bundle of any Lie group (with its natural Lie group structure, as above)
and in general any element of the larger and interesting family of the so-called Drinfel'd
doubles (see Section 2.2.2), are orthogonal Lie groups ([32]), as explained below.

As above, let D := G ⋉ G∗ be the Lie algebra of the cotangent bundle T ∗G of G, seen
as the semi-direct product of G by G∗ via the coadjoint action of G on G∗, as in (2.1). Let
µ0 stand for the duality pairing ⟨, ⟩, that is, for all (x, f), (y, g) in D,

µ0

(
(x, f), (y, g)

)
= f(y) + g(x). (2.2)

Then, µ0 satis�es the property (1.1) on D and hence gives rise to a bi-invariant (pseudo-
Riemannian) metric on T ∗G.

2.2.2 Doubles of Poisson-Lie Groups and Yang-Baxter Equation

We explain in this section how cotangent bundles of Lie groups are part of the broader
family of the so-called double Lie groups of Poisson-Lie groups.

A Poisson structure on a manifold M is given by a Lie bracket {, } on the space
C∞(M,R) of smooth real-valued functions on M, such that, for each f in C∞(M,R), the
linear operator Xf := {f, .} on C∞(M,R), de�ned by g 7→ Xf ·g := {f, g}, is a vector
�eld on M . The bracket {, } de�nes a 2-tensor, that is, a bivector �eld π which, seen
as a bilinear skew-symmetric 'form' on the space of di�erential 1-forms on M , is given
by π(df, dg) := {f, g}. The Jacobi identity for {, } now reads [π, π]S = 0, where [, ]S is
the so-called Schouten bracket, which is a natural extension to all multi-vector �elds, of
the natural Lie bracket of vector �elds. Reciprocally, any bivector �eld π on M satisfying
[π, π]S = 0, is a Poisson tensor, i.e. de�nes a Poisson structure on M . See e.g. [55].

Recall that a Poisson-Lie structure on a Lie group G, is given by a Poisson tensor π
on G, such that, when the Cartesian product G × G is equipped with the Poisson tensor
π×π, the multiplication m : (σ, τ) 7→ στ is a Poisson map between the Poisson manifolds
(G×G, π×π) and (G, π). In other words, the derivative m∗ of m satis�es m∗(π×π) = π. If
f, g are in G∗ and f̄ , ḡ are C∞ functions on G with respective derivatives f = f̄∗,ϵ, g = ḡ∗,ϵ
at the unit ϵ of G, one de�nes another element [f, g]∗ of G

∗ by setting [f, g]∗ := ({f̄ , ḡ})∗,ϵ.
Then [f, g]∗ does not depend on the choice of f̄ and ḡ as above, and (G∗, [, ]∗) is a Lie
algebra. Now, there is a symmetric role played by the spaces G and G∗, dual to each other.
Indeed, as well as acting on G∗ via the coadjoint action, G is also acted on by G∗ using the
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coadjoint action of (G∗, [, ]∗). A lot of the most interesting properties and applications of
π, are encoded in the new Lie algebra (G⊕ G∗, [, ]π), where

[(x, f), (y, g)]π := ([x, y] + ad∗fy − ad∗gx, ad
∗
xg − ad∗yf + [f, g]∗), (2.3)

for every x, y in G and every f, g in G∗.

The Lie algebras (G ⊕ G∗, [, ]π) and (G∗, [, ]∗) are respectively called the double and
the dual Lie algebras of the Poisson-Lie group (G, π). Endowed with the duality pairing
de�ned in (2.2), the double Lie algebra of any Poisson-Lie group (G, π), is an orthogonal
Lie algebra, such that G and G∗ are maximal totally isotropic (Lagrangian) subalgebras.
The collection (G⊕G∗,G,G∗) is then called a Manin triple. More generally, (G1⊕G2,G1,G2)
is called a Manin triple and (G1,G2) a bi-algebra or a Manin pair, if G1⊕G2 is an orthogonal
2n-dimensional Lie algebra whose underlying adjoint-invariant pseudo-Riemannian metric
is of index (n, n) and G1,G2 are two Lagrangian complementary subalgebras. See [27],[32],
[55] for wider discussions.

Let r be an element of the wedge product ∧2G. Denote by r+ (resp. r−) the left (resp.
right) invariant bivector �eld on G with value r = r+ϵ (resp. r = r−ϵ ) at ϵ. If πr := r+− r−

is a Poisson tensor, then it is a Poisson-Lie tensor and r is called a solution of the Yang-
Baxter Equation. If, in particular, r+ is a (left invariant) Poisson tensor on G, then r
is called a solution of the Classical Yang-Baxter Equation (CYBE) on G (or G). In this
latter case, the double Lie algebra (G⊕ G∗, [, ]πr) is isomorphic to the Lie algebra D of the
cotangent bundle T ∗G of G. See e.g. [28]. We may also consider the linear map r̃ : G∗ → G,
where r̃(f) := r(f, .). The linear map θr : (G⊕ G∗, [, ]πr) → D, θr(x, f) := (x+ r̃(f), f), is
an isomorphism of Lie algebras, between D and the double Lie algebra of any Poisson-Lie
group structure on G, given by a solution r of the CYBE.

2.3 Group of Automorphisms of D := T ∗G

2.3.1 Derivations of D := T ∗G

Consider a Lie group G of dimension n, with Lie algebra G. Let us also denote by D the
vector space underlying the Lie algebra D of the cotangent bundle T ∗G, regarded as a D-
module under the adjoint action of D. Consider the following complex with the coboundary
operator ∂, where ∂ ◦ ∂ = 0:

0 → D → Hom(D,D) → Hom(Λ2D,D) → · · · → Hom(Λ2nD,D) → 0. (2.4)

We are interested in Hom(D,D) := {ϕ : D → D, ϕ linear }. The coboundary ∂ϕ ofthe
element ϕ of Hom(D,D) is the element of Hom(Λ2D,D) de�ned by

∂ϕ(u, v) := adu
(
ϕ(v)

)
− adv

(
ϕ(u)

)
− ϕ([u, v]), (2.5)

for any elements u = (x, f) and v = (y, g) in D. An element ϕ of Hom(D,D) is a 1-cocycle
if ∂ϕ = 0, i.e.

ϕ([u, v]) = adu

(
ϕ(v)

)
− adv

(
ϕ(u)

)
,

= [u, ϕ(v)] + [ϕ(u), v]. (2.6)
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In other words, 1-cocycles are the derivations of the Lie algebra D. In Section 2.3.6, we
will characterize the �rst cohomology space H1(D,D) := ker(∂2)/Im(∂1) of the associated
Chevalley-Eilenberg cohomology, where for clarity, we have denoted by ∂1 and ∂2 the
following restrictions ∂1 : D → Hom(D,D) and ∂2 : Hom(D,D) → Hom(∧2D,D) of the
coboudary operator ∂.

Theorem 2.3.1. Let G be a Lie group, G its Lie algebra, T ∗G its cotangent bundle and
D := G ⋉ G∗ the Lie algebra of T ∗G. A 1-cocycle (for the adjoint representation) hence a
derivation of D has the following form:

ϕ(x, f) =
(
α(x) + ψ(f), β(x) + ξ(f)

)
, (2.7)

for any (x, f) in D; where

- α : G → G is a derivation of the Lie algebra G,

- β : G → G∗ is a 1-cocycle of G with values in G∗ for the coadjoint action of G on G∗,

- ξ : G∗ → G∗ and ψ : G∗ → G are linear maps satisfying the following conditions:

[ξ, ad∗x] = ad∗α(x), ∀ x ∈ G, (2.8)

ψ ◦ ad∗x = adx ◦ ψ, ∀ x ∈ G, (2.9)

ad∗ψ(f)g = ad∗ψ(g)f, ∀ f, g ∈ G∗. (2.10)

The rest of this section is dedicated to the proof of Theorem 2.3.1.

Aiming to get a simpler expression for the derivations, let us write ϕ in terms of its
components relative to the decomposition of D into a direct sum D = G ⊕ G∗ of vector
spaces as follows: for all (x, f) in D,

ϕ(x, f) =
(
ϕ11(x) + ϕ21(f), ϕ12(x) + ϕ22(f)

)
, (2.11)

where ϕ11 : G → G, ϕ12 : G → G∗, ϕ21 : G∗ → G and ϕ22 : G∗ → G∗ are all linear maps. In
(2.11) we have made the identi�cations: x = (x, 0), f = (0, f) so that the element (x, f)
can also be written x+ f . Likewise, we can write

ϕ(x) = (ϕ11(x), ϕ12(x)) ; ϕ(f) = (ϕ21(f), ϕ22(f)), (2.12)

for any x in G and any f in G∗; or simply

ϕ(x) = ϕ11(x) + ϕ12(x) ; ϕ(f) = ϕ21(f) + ϕ22(f). (2.13)

In order to �nd the ϕij's and hence all the derivations of D, we are now going to use
the cocycle condition (2.6).

For x, y in G ⊂ D we have:

ϕ([x, y]) = ϕ11([x, y]) + ϕ12([x, y]) (2.14)
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and

[ϕ(x), y] + [x, ϕ(y)] = [ϕ11(x) + ϕ12(x), y] + [x, ϕ11(y) + ϕ12(y)]

= [ϕ11(x), y]− ad∗y(ϕ12(x)) + [x, ϕ11(y)] + ad∗x(ϕ12(y)). (2.15)

Comparing (2.14) and (2.15), we �rst get

ϕ11([x, y]) = [ϕ11(x), y] + [x, ϕ11(y)], (2.16)

for every x, y in G. This means that ϕ11 is a derivation of the Lie algebra G.
Secondly, for all elements x, y of G, we have

ϕ12([x, y]) = ad∗x(ϕ12(y))− ad∗y(ϕ12(x)). (2.17)

Equation (2.17) means that ϕ12 : G → G∗ is a 1-cocycle of G with values on G∗ for the
coadjoint action of G on G∗.

Now we are going to examine the following case: for all x in G and all f in G∗,

ϕ([x, f ]) = ϕ(ad∗xf),

= ϕ21(ad
∗
xf) + ϕ22(ad

∗
xf), (2.18)

and

[ϕ(x), f ] + [x, ϕ(f)] = [ϕ11(x) + ϕ12(x), f ] + [x, ϕ21(f) + ϕ22(f)],

= ad∗ϕ11(x)f + [x, ϕ21(f)] + ad∗x
(
ϕ22(f)

)
. (2.19)

Identifying (2.18) and (2.19) we obtain on the one hand

ϕ21(ad
∗
xf) = [x, ϕ21(f)],

= adx(ϕ21(f)),

for every x in G, and every f in G∗. We write the above as

ϕ21 ◦ ad∗x = adx ◦ ϕ21,

for all x in G. That is, ϕ21 : G
∗ → G is equivariant (commutes) with respect to the adjoint

and the coadjoint actions of G on G and G∗ respectively.
We have on the other hand

ϕ22(ad
∗
xf) = ad∗x(ϕ22(f)) + ad∗ϕ11(x)f, (2.20)

for all x in G and all f in G∗. Formula (2.20) can be rewritten as

ϕ22 ◦ ad∗x − ad∗x ◦ ϕ22 = ad∗ϕ11(x),

i.e. for any element x of G,
[ϕ22, ad

∗
x] = ad∗ϕ11(x).

Last, for f and g in G∗, we have
ϕ([f, g]) = 0, (2.21)
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and

[ϕ(f), g] + [f, ϕ(g)] = [ϕ21(f) + ϕ22(f), g] + [f, ϕ21(g) + ϕ22(g)],

= ad∗ϕ21(f)g − ad∗ϕ21(g)f. (2.22)

From (2.21) and (2.22) it comes that for all elements f, g of G∗,

ad∗ϕ21(f)g = ad∗ϕ21(g)f.

Noting α := ϕ11, β := ϕ12, ψ := ϕ21 and ξ := ϕ22, we get a proof of Theorem 2.3.1.

Remark 2.3.1. (Notations ) From now on, if G is a Lie algebra, then

1. E will stand for the space of linear maps ξ : G∗ → G∗ satisfying Equation (2.8), for
some derivation α of G;

2. set

G0 :=
{
ϕ : D → D, ϕ(x, f)=(α(x), ξ(f)) :α ∈ der(G), ξ ∈ E, [ξ, ad∗x] = ad∗α(x), ∀x ∈ G

}
;

3. we may let Q stand for the space of 1-cocycles β : G → G∗ as in (2.17), whereas Ψ
may be used for the space of equivariant linear ψ :G∗ → G as in (2.9), which satisfy
(2.10);

4. we will denote by G1, the direct sum G1 := Q⊕Ψ of the vector spaces Q and Ψ.

Remark 2.3.2. The spaces der(G) of derivations of G, Q and Ψ, as in Remark 2.3.1, are
all subsets of der(D), as follows. A derivation α of G, an equivariant map ψ in Ψ, and a
1-cocycle β in Q are respectively seen as the elements ϕα, ϕψ, ϕβ of der(D), with

ϕα(x, f) := (α(x),−f ◦ α);
ϕψ(x, f) := (ψ(f), 0);
ϕβ(x, f) := (0, β(x)),

for all (x, f) in D.

Corollary 2.3.1. Every derivation of G is the restriction to G of a derivation of D.

2.3.2 A Structure Theorem for the Group of Automorphisms of D

Lemma 2.3.1. The space E, as in Remark 2.3.1, is a Lie algebra.
Namely, if ξ1, ξ2 in E satisfy

[ξ1, ad
∗
x] = ad∗α1(x)

and [ξ2, ad
∗
x] = ad∗α2(x)

,

for all x in G and some α1, α2 in der(G), then their Lie bracket [ξ1, ξ2] is in E and satis�es

[[ξ1, ξ2], ad
∗
x] = ad∗[α1,α2](x)

.
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Proof. Using Jacobi identity in the Lie algebra Gl(G∗) of endomorphisms of the vector space
G∗, we get: for any x in G

[[ξ1, ξ2], ad
∗
x] = [[ξ1, ad

∗
x], ξ2] + [ξ1, [ξ2, ad

∗
x]]

= [ad∗α1(x)
, ξ2] + [ξ1, ad

∗
α2(x)

]

= −ad∗α2◦α1(x)
+ ad∗α1◦α2(x)

= ad∗[α1,α2](x)
.

Lemma 2.3.2. The space G0, as in Remark 2.3.1, is a Lie subalgebra of der(D).

Proof. This is a consequence of Lemma 2.3.1. If ϕ1 := (α1, ξ1), and ϕ2 := (α2, ξ2) are in
G0, then [ϕ1, ϕ2] = ([α1, α2], [ξ1, ξ2]), as can easily be seen, below. For every (x, f) in D, we
have

[ϕ1, ϕ2](x, f) = ϕ1

(
α2(x), ξ2(f)

)
− ϕ2

(
α1(x), ξ1(f)

)
=

(
α1 ◦ α2(x) , ξ1 ◦ ξ2(f)

)
−
(
α2 ◦ α1(x) , ξ2 ◦ ξ1(f)

)
=

(
[α1, α2](x), [ξ1, ξ2](f)

)
.

Lemma 2.3.3. Let β and ψ be in Q and Ψ, respectively. Then [β, ψ] = (−ψ ◦ β, β ◦ ψ)
belongs to G0, more precisely β ◦ψ is in E, ψ ◦ β is in der(G) and [β ◦ψ, ad∗x] = −ad∗ψ◦β(x),
for any x in G.

Proof. First, β being a 1-cocycle is equivalent to

β ◦ adx(y) = ad∗x ◦ β(y)− ad∗y ◦ β(x), (2.23)

for all x, y in G. Now for every x in G and every f in G∗, we have

[β ◦ ψ, ad∗x](f) = β ◦ ψ ◦ ad∗x(f)− ad∗x ◦ β ◦ ψ(f)
= β ◦ adx ◦ ψ(f)− ad∗x ◦ β ◦ ψ(f), now take y = ψ(f) in (2.23)

= ad∗x ◦ β ◦ ψ(f)− ad∗ψ(f)β(x)− ad∗x ◦ β ◦ ψ(f),
= −ad∗ψ(f)β(x), take g = β(x) in (2.10)

= −ad∗ψ◦β(x)f = ad∗α(x)f, where α = −ψ ◦ β.

Next, the proof that ψ ◦ β is in der(G), is straightforward. Indeed, for every elements x, y
in G, we have

ψ ◦ β[x, y] = ψ
(
ad∗xβ(y)− ad∗yβ(x)

)
= adx ◦ ψ ◦ β(y)− ady ◦ ψ ◦ β(x)
= [x, ψ ◦ β(y)] + [ψ ◦ β(x), y]

Hence [β, ψ] belongs to G0, for every β in Q and every ψ in Ψ.
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Lemma 2.3.4. Let ϕ := (α, ξ) be in G0, β : G → G∗ and ψ : G∗ → G be respectively in
Q and Ψ. Then both [ϕ, β] and [ϕ, ψ] are elements of G1, more precisely [ϕ, β] is in Q and
[ϕ, ψ] is in Ψ. Moreover, we have [Q,Q] = 0 and [Ψ,Ψ] = 0.

Proof. Let ϕ = (α, ξ) be in G0, β : G → G∗ a 1-cocycle and ψ : G∗ → G an equivariant
linear map. Using ϕβ and ϕψ as in Remark 2.3.2, we obtain

[ϕ, ϕβ](x, y) = ϕ
(
0, β(x)

)
− ϕβ

(
α(x), ξ(f)

)
=

(
0, ξ ◦ β(x)

)
−
(
0, β ◦ α(x)

)
=

(
0 , (ξ ◦ β − β ◦ α)(x)

)
.

Now, let us show that β̃ := ξ ◦ β − β ◦ α : G → G∗ is a 1-cocycle. Indeed, on the one hand
we have

ξ ◦ β([x, y]) = ξ
(
ad∗xβ(y)− ad∗yβ(x)

)
=

(
[ξ, ad∗x] + ad∗x ◦ ξ

)(
β(y)

)
−
(
[ξ, ad∗y] + ad∗y ◦ ξ

)(
β(x)

)
= ad∗α(x)β(y) + ad∗x(ξ ◦ β(y))− ad∗α(y)β(x)− ad∗y(ξ ◦ β(x))
= ad∗x(ξ ◦ β(y))− ad∗y(ξ ◦ β(x)) + ad∗α(x)β(y)− ad∗α(y)β(x) (2.24)

On the other hand, we also have

β ◦ α([x, y]) = β
(
[α(x), y]

)
+ β

(
[x, α(y)]

)
= ad∗α(x)β(y)− ad∗y(β ◦ α(x)) + ad∗x(β ◦ α(y))− ad∗α(y)β(x) (2.25)

Subtracting (2.25) from (2.24), we see that β̃[x, y] now reads

β̃[x, y] = ad∗x(ξ ◦ β − β ◦ α)(y)− ad∗y(ξ ◦ β − β ◦ α)(x)
= ad∗xβ̃(y)− ad∗yβ̃(x)

Hence β̃ is an element of Q.
In the same way, we also have

[ϕ, ϕψ](x, y) = ϕ
(
ψ(f), 0

)
− ϕψ

(
α(x), ξ(f)

)
=

(
α ◦ ψ(f), 0

)
−
(
ψ ◦ ξ(f), 0

)
=

(
(α ◦ ψ − ψ ◦ ξ)(f) , 0

)
The linear map ψ̃ := α ◦ ψ − ψ ◦ ξ : G∗ → G is equivariant, i.e. is an element of Ψ. As
above, this is seen by �rst computing, for every elements x of G and f of G∗,

α ◦ ψ(ad∗xf) = α
(
[x, ψ(f)]

)
= [α(x), ψ(f)] + [x, α ◦ ψ(f)] (2.26)

and

ψ ◦ ξ(ad∗xf) = ψ ◦
(
[ξ, ad∗x] + ad∗x ◦ ξ

)
(f)

= ψ
(
ad∗α(x)f

)
+ ψ

(
ad∗xξ(f)

)
=

[
α(x), ψ(f)

]
+
[
x, ψ ◦ ξ(f)

]
, (2.27)
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then subtracting (2.26) and (2.27).
Now we have

[ϕβ, ϕβ′ ](x, f) = ϕβ(0, β
′(x))− ϕβ′(0, β(x)) = 0

and
[ϕψ, ϕψ′ ](x, f) = ϕψ(ψ

′(f), 0)− ϕψ′(ψ(f), 0) = 0,

for all (x, f) in D. In other words, [Q,Q] = 0 and [Ψ,Ψ] = 0.

We summarize all the above in the

Theorem 2.3.2. Let G be a Lie group and G its Lie algebra. The group Aut(D) of auto-
morphisms of the Lie algebra D of the cotangent bundle T ∗G of G, is a super symmetric Lie
group. More precisely, its Lie algebra der(D) is a Z/2Z-graded symmetric (supersymmetric)
Lie algebra which decomposes into a direct sum of vector spaces

der(D) := G0 ⊕ G1, with [Gi,Gj] ⊂ Gi+j, i, j ∈ Z/2Z = {0, 1} (2.28)

where G0 is the Lie algebra of linear maps ϕ : D → D, ϕ(x, f) = (α(x), ξ(f)) with α a
derivation of G and the linear map ξ : G∗ → G∗ satis�es,

[ξ, ad∗x] = ad∗α(x), (2.29)

for any x of G; and G1 is the direct sum (as a vector space) of the space Q of 1-cocycles
G → G∗ and the space Ψ of linear maps G∗ → G which are equivariant with respect to the
coadjoint and the adjoint representations and satisfy (2.10).

Moreover, G0 ⊕ G̃1 and G0 ⊕ G̃′
1 are subalgebras of der(D) which are Lie superalgebras,

i.e. they are Z/2Z-graded Lie algebras with the Lie bracket satisfying

[x, y] = −(−1)deg(x)deg(y)[y, x],

where G̃1 := Q and G̃′
1 := Ψ are Abelian subalgebras of der(D) and deg(x) = i, if x ∈ Gi.

Remark 2.3.3. (a) In Propositions 2.3.1 and 2.3.2, we will prove that every element ξ
of E is the transpose ξ = (j − α)t of the sum of an adjoint-invariant endomorphism
j ∈ J and a derivation −α of G.

(b) The Lie superalgebras G0 ⊕ G̃1 and G0 ⊕ G̃′
1 respectively correspond to the subalgebras

of all elements of der(D) which preserve the subalgebra G and the ideal G∗ of D. The
Lie superalgebra G0 ⊕ G̃′

1 can be seen as part of the more general case of derivations
of a semi-direct product Lie algebra G⋉N which preserve the ideal N and which are
discussed in [65], among other interesting results therein.

Let us now have a closer look at maps ξ, ψ and β.
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2.3.3 Maps ξ and Bi-invariant Tensors of Type (1,1)

Adjoint-invariant Endomorphisms

Linear operators acting on vector �elds of a given Lie group G can be seen as �elds of
endomorphisms of its tangent spaces. Bi-invariant ones correspond to endomorphisms j :
G → G of the Lie algebra G of G, satisfying the condition j[x, y] = [jx, y], for all x, y in G.
If we denote by ∇ the connection on G given on left invariant vector �elds by

∇xy :=
1

2
[x, y],

then using the covariant derivative, we have ∇j = 0, (see e.g. [70]). As above, let

J := {j : G → G, linear and j[x, y] = [jx, y],∀x, y ∈ G}.

Endowed with the bracket
[j, j′] := j ◦ j′ − j′ ◦ j,

the space J is a Lie algebra, and indeed a subalgebra of the Lie algebra Gl(G) of all endo-
morphisms of G.

In the case where the dimension of G is even and if in addition j satis�es j2=−identity,
then (G, j) is a complex Lie group.

Maps ξ : G∗ → G∗

Proposition 2.3.1. Let G be a Lie algebra and α a derivation of G. A linear map ξ′ : G → G

satis�es [ξ′, adx] = adα(x), for every element x of G, if and only if there exists a linear map
j : G → G satisfying

j([x, y]) = [j(x), y] = [x, j(y)], (2.30)

for all x, y in G, such that ξ′ = j + α.

Proof. Let α be a derivation and ξ′ an endomorphism of G satisfying the hypothesis of
Proposition 2.3.1, that is, [ξ′, adx] = adα(x) = [α, adx], for any x in G. We then have,

[ξ′ − α, adx] = 0, (2.31)

for any x of G. So the endomorphism j := ξ′ − α commutes with all adjoint operators.
Now a linear map j : G → G commuting with all adjoint operators, satis�es

0 = [j, adx](y) = j([x, y])− [x, j(y)], (2.32)

for all elements x, y of G. We also have,

0 = [j, ady](x) = j([y, x])− [y, j(x)], (2.33)

for all x, y in G. From (2.32) and (2.33), we have j([x, y]) = [j(x), y] = [x, j(y)], for any
x, y in G.
Thus, (2.31) is equivalent to ξ′ = j + α, where j satis�es (2.30).
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Remark 2.3.4. The above means that the space J is the centralizer of the space adG of
inner derivations of G in Gl(G) := {l : G → G linear }, i.e.

J = ZGl(G)(adG) := {j : G → G linear and [j, adx] = 0, ∀x ∈ G}.

Proposition 2.3.2. Let G be a nonabelian Lie algebra and S the space of endomorphisms
ξ′ : G → G such that there exists a derivation α of G and [ξ′, adx] = adα(x) for all x ∈ G.
Then S is a Lie algebra containing J and der(G) as subalgebras. In the case where G has a
trivial centre, then S is the semi-direct product S = der(G)⋉ J of J and der(G).

The following are equivalent

(a) The linear map ξ : G∗ → G∗ is an element of E with α as the corresponding derivation
of G, i.e. ξ satis�es (2.8) for the derivation α.

(b) The transpose ξt of ξ is of the form ξt = j − α, where j is in J and α in der(G).

(c) ξt is an element of S, with corresponding derivation −α.

The transposition ξ 7→ ξt of linear maps is an anti-isomorphism between the Lie algebras
E and S.

Proof. Using the same argument as in Lemma 2.3.1, if [ξ′1, adx] = adα1(x) and [ξ′2, adx] =
adα2(x), for every x in G, then [[ξ′1, ξ

′
2], adx] = ad[α1,α2](x), for any element x of G. Thus S is

a Lie algebra. From Proposition 2.3.1, there exist ji in J such that ξ′i = αi + ji, i = 1, 2.
Obviously, S contains J and der(G). Thus, as a vector space, S decomposes as S = der(G)+J.
Now, the Lie bracket in S reads

[ξ′1, ξ
′
2] = [α1 + j1, α2 + j2] = [α1, α2] + [α1, j2] + [j1, α2] + [j1, j2] (2.34)

Of course, [α1, α2] is in der(G). From Section 2.3.3, we know that J is a Lie algebra, hence
[j1, j2] is in J. It is easy to check that

[α, j] ∈ J, (2.35)

for all α in der(G) and for all j in J. Indeed, the following holds

[α, j]([x, y]) = α
(
[j(x), y]

)
− j
(
[α(x), y] + [x, α(y)]

)
= [α ◦ j(x), y] + [j(x), α(y)]− [j ◦ α(x), y]− [j(x), α(y)]

= [[α, j](x), y], (2.36)

for all x, y in G. The intersection der(G)∩J is made of elements j of J whose image Im(j)
is a subset of the centre Z(G) of G. Hence if Z(G) = 0, then S =der(G)⊕J and as a Lie
algebra, S = der(G)⋉J. Using this decomposition, we can also rewrite (2.34) as

[ξ′1, ξ
′
2] = [(α1, j1) , (α2, j2)] = ([α1, α2] , [j1, j2] + [α1, j2] + [j1, α2]) (2.37)

The equivalence between (b) and (c) comes directly from Proposition 2.3.1.

Now let ξ ∈ E, with [ξ, ad∗x] = ad∗α(x), α ∈ der(G), then

−adα(x) = [ξ, ad∗x]
t = −[ξt, (ad∗x)

t] = [ξt, adx]
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Hence ξt ∈ S, with adα′(x) = [ξt, adx], for all x ∈ G, where α′ := −α. Thus, (a) implies (c).
From Proposition 2.3.1, there exist j ∈ J such that ξt = −α+ j. Now it is straightforward
that if (b) ξt = −α+ j with α a derivation and j in J, then ξ satis�es [ξ, ad∗x] = ad∗α(x), for

all x in G. Hence (c) implies (a).

Of course, we also know that [ξ1, ξ2]
t = −[ξt1, ξ

t
2], for every ξ1, ξ2 ∈ E.

Lemma 2.3.5. Let ξ′ : G → G be a linear map such that there exists α : G → G linear and
[ξ′, adx] = adα(x), for all x in G. Then ξ′ preserves every ideal A of G satisfying [A,A] = A.
In particular, if G is semi-simple and G = s1 ⊕ s2 ⊕ . . .⊕ sp is a decomposition of G into a
sum of simple ideals s1, . . . , sp, then ξ

′(si) ⊂ si, for i = 1, . . . , p.

Proof. The proof is straightforward. Indeed, every element x of an ideal A satisfying the

hypothesis of Lemma 2.3.5, is a �nite sum of the form x =
∑
i

[xi, yi] where xi, yi are all

elements of A. But as A is an ideal,

ξ′([xi, yi]) = ξ′ ◦ adxi(yi) =
(
[ξ′, adxi ] + adxi ◦ ξ′

)
(yi)

=
(
adα(xi) + adxi ◦ ξ′

)
(yi) = [α(xi), yi] + [xi, ξ

′(yi)]

is again an element of A. Hence we have ξ′(x) =
∑
i

(
[α(xi), yi] + [xi, ξ

′(yi)]
)
is in A.

2.3.4 Equivariant Maps ψ : G∗ → G

Let G be a Lie algebra. In this section, we would like to explore properties of the space
Ψ of linear maps ψ : G∗ → G which are equivariant with respect to the adjoint and the
coadjoint actions of G on G and G∗ respectively and satisfy: for all f, g in G∗,

ad∗ψ(f)g = ad∗ψ(g)f.

Lemma 2.3.6. Let G be a Lie algebra and ψ an element of Ψ. Then,

(a) Imψ is an Abelian ideal of G and we have ψ(ad∗ψ(g)f) = 0, for every f, g in G∗;

(b) ψ sends closed forms on G in the center of G;

(c) [Imψ,G] ⊂ ker f , for all f in kerψ;

(d) the map ψ cannot be invertible if G is not Abelian.

Proof. (a) For every elements f of G∗ and x of G, we have,

[ψ(f), x] = −(adx ◦ ψ)(f) = −(ψ ◦ ad∗x)(f) ∈ Imψ.

Hence Im(ψ) is an ideal of G.
Now, for every f, g in G∗, since ψ(f) and ψ(g) are elements of G, we also have ψ◦ad∗ψ(f) =

adψ(f) ◦ ψ and ψ ◦ ad∗ψ(g) = adψ(g) ◦ ψ. On the one hand,(
ψ ◦ ad∗ψ(f)

)
(g) =

(
adψ(f) ◦ ψ

)
(g)

ψ(ad∗ψ(f)g) = [ψ(f), ψ(g)] (2.38)
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On the other hand, (
ψ ◦ ad∗ψ(g)

)
(f) =

(
adψ(g) ◦ ψ

)
(f)

ψ(ad∗ψ(g)f) = [ψ(g), ψ(f)] (2.39)

Using (2.38) and (2.39) we get

[ψ(f), ψ(g)] = ψ(ad∗ψ(f)g) = ψ(ad∗ψ(g)f) = [ψ(g), ψ(f)] (2.40)

Equation (2.40) implies the following

[ψ(f), ψ(g)] = ψ(ad∗ψ(g)f) = 0, (2.41)

for all elements f, g of G∗. So we have proved (a).
(b) Let f be a closed form on G, that is, f in G∗ and ad∗xf = 0, for all x in G. The relation
(2.10) implies that ad∗ψ(f)g = 0, for any g in G∗. Thus, for any element y of G and any
element g of G∗,

g([ψ(f), y]) = 0,

and hence [ψ(f), y] = 0, for all y in G. In other words ψ(f) belongs to the center of G.
(c) If f ∈ kerψ, then ad∗ψ(g)f = ad∗ψ(f)g = 0, for any g in G∗, or equivalently, for every x in

G and g in G∗, f([ψ(g), x]) = 0. It follows that [Imψ,G] ⊂ ker f , for every f of kerψ.
(d) From (a), the map ψ satis�es ψ(ad∗ψ(g)f) = 0, for any f, g in G∗. There are two possi-
bilities here:

(i) either there exist f, g in G∗ such that ad∗ψ(g)f ̸= 0, in which case ad∗ψ(g)f belongs to
kerψ ̸= 0 and thus ψ is not invertible;

(ii) or else, suppose ad∗ψ(g)f = 0, for all f, g in G∗. This implies that ψ(g) belongs to the

center of G for every g in G∗. In other words, the center of G contains Im(ψ). But
since G is not Abelian, the center of G is di�erent from G, hence ψ is not invertible.

Lemma 2.3.7. The space of equivariant maps ψ : G∗ → G bijectively corresponds to that
of G-invariant bilinear forms on the G-module G∗ for the coadjoint representation.

Proof. Indeed, each such ψ de�nes a unique coadjoint-invariant bilinear form ⟨, ⟩ψ on G∗

as follows:
⟨f, g⟩ψ := ⟨ψ(f), g⟩, (2.42)

for all f, g in G∗, where the right hand side is the duality pairing ⟨f, x⟩ = f(x), x in G, f
in G∗, as above. The coadjoint-invariance reads

⟨ad∗xf, g⟩ψ + ⟨f, ad∗xg⟩ψ = 0, (2.43)

for all x in G and all f, g in G∗; and is due to the simple equalities

⟨ad∗xf, g⟩ψ = ⟨ψ(ad∗xf), g⟩ = ⟨adxψ(f), g⟩
= −⟨ψ(f), ad∗xg⟩ = −⟨f, ad∗xg⟩ψ.
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Conversely, every G-invariant bilinear form ⟨, ⟩1 on G∗ gives rise to a unique linear map
ψ1 : G

∗ → G which is equivariant with respect to the adjoint and coadjoint representations
of G, by the formula

⟨ψ1(f), g⟩ := ⟨f, g⟩1. (2.44)

If ψ is symmetric or skew-symmetric, then so is ⟨, ⟩ψ and vice versa. Otherwise, ⟨, ⟩ψ can
be decomposed into a symmetric and a skew-symmetric parts ⟨, ⟩ψ,s and ⟨, ⟩ψ,a respectively,
de�ned by the following formulas:

⟨f, g⟩ψ,s :=
1

2

[
⟨f, g⟩ψ + ⟨g, f⟩ψ

]
, (2.45)

⟨f, g⟩ψ,a :=
1

2

[
⟨f, g⟩ψ − ⟨g, f⟩ψ

]
. (2.46)

The symmetric and skew-symmetric parts ⟨, ⟩1,s and ⟨, ⟩1,a of a G-invariant bilinear form
⟨, ⟩1, are also G-invariant. From a remark in p. 2297 of [60], the radical Rad⟨, ⟩1 := {f ∈
G∗, ⟨f, g⟩1 = 0,∀g ∈ G∗} of a G-invariant form ⟨, ⟩1, contains the coadjoint orbits of all its
points.

2.3.5 Cocycles G → G∗.

The 1-cocycles for the coadjoint representation of a Lie algebra G are linear maps
β : G → G∗ satisfying the cocycle condition β([x, y]) = ad∗xβ(y) − ad∗yβ(x), for every
elements x, y of G.

To any given 1-cocycle β, corresponds a bilinear form Ωβ on G, by the formula

Ωβ(x, y) := ⟨β(x), y⟩, (2.47)

for all x, y in G, where ⟨, ⟩ is again the duality pairing between elements of G and G∗.

The bilinear form Ωβ is skew-symmetric (resp. symmetric, nondegenerate) if and only
if β is skew-symmetric (resp. symmetric, invertible).

Skew-symmetric such cocycles β are in bijective correspondence with closed 2-forms
in G, via the formula (2.47). In this sense, the cohomology space H1(D,D) contains the
second cohomology space H2(G,R) of G with coe�cients in R for the trivial action of G
on R. Hence, H1(D,D) somehow contains the second space H2

inv(G,R) of left invariant de
Rham cohomology H∗

inv(G,R) of any Lie group G with Lie algebra G.

Invertible skew-symmetric ones, when they exist, are those giving rise to symplectic
forms or equivalently to invertible solutions of the Classical Yang-Baxter Equation. The
study and classi�cation of the solutions of the Classical Yang-Baxter Equation is a still
open problem in Geometry, Theory of integrable systems. In Geometry, they give rise to
very interesting structures in the framework of Symplectic Geometry, A�ne Geometry,
Theory of Homogeneous Kähler domains, (see e.g. [28] and references therein).

If G is semi-simple, then every cocycle β is a coboundary, that is, there exists fβ in G∗

such that β(x) = −ad∗xfβ, for any x in G.
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2.3.6 Cohomology Space H1(D,D)

Following Remarks 2.3.1 and 2.3.2, we can embed der(G) as a subalgebra der(G)1 of der(D),
using the linear map α 7→ ϕα, with ϕα(x, f) = (α(x), f ◦ α). In the same way, we have
constructed Q and Ψ as subspaces of der(D). Likewise, Jt := {jt, where j ∈ J} is seen as
a subspace of der(D), via the linear map jt 7→ ϕj, with ϕj(x, f) = (0, f ◦ j).

We give the following summary.

Theorem 2.3.3. The �rst cohomology space H1(D,D) of the (Chevalley-Eilenberg) coho-
mology associated with the adjoint action of D on itself, satis�es

H1(D,D)
∼
= H1(G,G)⊕ Jt ⊕H1(G,G∗)⊕Ψ,

where H1(G,G) and H1(G,G∗) are the �rst cohomology spaces associated with the adjoint
and coadjoint actions of G, respectively; and Jt := {jt, j ∈ J} (space of transposes of
elements of J).

If G is semi-simple, then Ψ = {0} and thus

H1(D,D)
∼
= Jt.

Moreover, we have J
∼
= Rp, where p is the number of the simple ideals si of G such that

G = s1 ⊕ . . .⊕ sp. Hence, of course, H
1(D,D)

∼
= Rp.

If G is a compact Lie algebra, with centre Z(G), we get

H1(G,G)
∼
= End(Z(G)),

J
∼
= Rp ⊕ End(Z(G)),

H1(G,G∗)
∼
= L(Z(G), Z(G)∗),

Ψ
∼
= L(Z(G)∗, Z(G)).

Hence, we get
H1(D,D)

∼
= (End(Rk))4 ⊕ Rp,

where k is the dimension of the centre of G, and p is the number of the simple components
of the derived ideal [G,G] of G. Here, if E,F are vector spaces, L(E,F ) is the space of
linear maps E → F.

The proof of Theorem 2.3.3 is given by Proposition 2.3.3 below and di�erent lemmas
and propositions, discussed in Section 2.4.

For the purpose of this investigation, we have favored a direct approach to exhibit
detailed calculations of the �rst cohomology space, instead of the traditional powerful
spectral sequences method commonly applied in the more general setting of locally trivial
�ber bundles (see e.g. [44], [65]). Some parts of Theorem C can also be seen as a re�nement,
using our direct approach, of some already known results ([44]).

As a vector space, der(D) is isomorphic to the direct sum der(G)⊕ Jt ⊕ Q⊕Ψ by

Φ : der(G)⊕ Jt ⊕ Q⊕Ψ → der(D); (α, jt, β, ψ) 7→ ϕα + ϕj + ϕβ + ϕψ. (2.48)
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In this isomorphism, we have Φ(der(G)⊕ Jt) = der(G)1 ⊕ Jt = G0 and Φ(Q⊕Ψ) = G1.

Now an exact derivation of D, i.e. a 1-coboundary for the Chevalley-Eilenberg coho-
mology associated with the adjoint action of D on D, is of the form ϕ0 = ∂v0 = adv0 for
some element v0 := (x0, f0) of the D-module D. That is,

ϕ0(x, f) = (α0(x), β0(x) + ξ0(f)),

where
α0(x) := [x0, x], β0(x) = −ad∗xf0, ξ0(f) = ad∗x0f.

As we can see ϕ0 = ϕα0 + ϕβ0 = Φ(α0, 0, β0, 0) and

Proposition 2.3.3. The linear map Φ in (2.48) induces an isomorphism Φ̄ in cohomology,
between the spaces H1(G,G)⊕ Jt ⊕H1(G,G∗)⊕Ψ and H1(D,D).

Proof. The isomorphism in cohomology simply reads

Φ̄(class(α), jt, class(β), ψ) = class(ϕα + ϕj + ϕβ + ϕψ).

2.4 Case of Orthogonal Lie Algebras

In this section, we prove that if a Lie algebra G is orthogonal, then the Lie algebra der(G) of
its derivations and the Lie algebra J of linear maps j : G → G satisfying j[x, y] = [jx, y], for
every x, y in G, completely characterize the Lie algebra der(D) of derivations ofD := G⋉G∗,
and hence the group of automorphisms of the cotangent bundle of any connected Lie group
with Lie algebra G. We also show that J is isomorphic to the space of adjoint-invariant
bilinear forms on G.

Let (G, µ) be an orthogonal Lie algebra and consider the isomorphism θ : G → G∗ of
G-modules, given by ⟨θ(x), y⟩ := µ(x, y), as in Section 2.2.1.

Of course, θ−1 is an equivariant map. But if G is not Abelian, invertible equivariant linear
maps do not contribute to the space of derivations of D, as discussed in Lemma 2.3.6.

We pull coadjoint-invariant bilinear forms B′ on G∗ back to adjoint-invariant bilinear
forms on G, as follows B(x, y) := B′(θ(x), θ(y)). Indeed, we have

B([x, y], z) = B′(θ([x, y]), θ(z))
= B′(ad∗xθ(y), θ(z))
= −B′(θ(y), ad∗xθ(z))
= −B(y, [x, z]).

Proposition 2.4.1. If a Lie algebra G is orthogonal, then there is an isomorphism between
any two of the following vector spaces:

(a) the space J of linear maps j : G → G satisfying j[x, y] = [jx, y], for every x, y in G;
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(b) the space of linear maps ψ : G∗ → G which are equivariant with respect to the coadjoint
and the adjoint representations of G;

(c) the space of bilinear forms B on G which are adjoint-invariant, i.e.

B([x, y], z) +B(y, [x, z]) = 0, (2.49)

for all x, y, z in G;

(d) the space of bilinear forms B′ on G∗ which are coadjoint-invariant, i.e.

B′(ad∗xf, g) +B′(f, ad∗xg) = 0, (2.50)

for all x in G, f, g in G∗.

Proof. • The linear map ψ 7→ ψ ◦ θ is an isomorphism between the space of equivariant
linear maps ψ : G∗ → G and the space J. Indeed, if ψ is equivariant, we have

ψ ◦ θ([x, y]) = −ψ(ad∗yθ(x)) = −adyψ(θ(x)) = [ψ ◦ θ(x), y].

Hence ψ ◦ θ is in J. Conversely, if j is in J, then j ◦ θ−1 is equivariant, as it satis�es

j ◦ θ−1 ◦ ad∗x = j ◦ adx ◦ θ−1 = adx ◦ j ◦ θ−1.

This correspondence is obviously linear and invertible. Hence we get the isomorphism
between (a) and (b).

• The isomorphism between the space J of adjoint-invariant endomorphisms and adjoint-
invariant bilinear forms is given as follows

j ∈ J 7→ Bj, where Bj(x, y) := µ(j(x), y). (2.51)

for any x, y in G. We have, for any x, y, z in G

Bj([x, y], z) := µ(j([x, y]), z) = µ([x, j(y)], z) = −µ(j(y), [x, z]) = −Bj(y, [x, z]).

Conversely, if B is an adjoint-invariant bilinear form on G, then the endomorphism j,
de�ned by

µ(j(x), y) := B(x, y) (2.52)

is an element of J, as it satis�es

µ(j([x, y]), z) := B([x, y], z) = B(x, [y, z]) = µ(j(x), [y, z]) = µ([j(x), y], z),

for all elements x, y, z of G.

• From Lemma 2.3.7, the space of equivariant linear maps ψ bijectively corresponds to
that of coadjoint-invariant bilinear forms on G∗, via ψ 7→ ⟨, ⟩ψ.
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Now, suppose ψ is skew-symmetric. Let ωψ denote the corresponding skew-symmetric
bilinear form on G:

ωψ(x, y) := µ(ψ ◦ θ(x), y), (2.53)

for all x, y in G. Then, ωψ is adjoint-invariant. If we denote by ∂ the Chevalley-Eilenberg
coboundary operator, that is,

(∂ωψ)(x, y, z) = −
(
ωψ([x, y], z) + ωψ([y, z], x) + ωψ([z, x], y)

)
,

the following formula holds true

(∂ωψ)(x, y, z) = −ωψ([x, y], z).

for all x, y, z in G.

Corollary 2.4.1. The following are equivalent.

(a) ωψ is closed;

(b) ψ ◦ θ([x, y]) = 0, for all x, y in G;

(c) Im(ψ) is in the centre of G.

In particular, if dim[G,G] ≥ dimG− 1, then ωψ is closed if and only if ψ = 0.

Proof. The above equality also reads

∂ωψ(x, y, z) = −ωψ([x, y], z) = −µ(ψ ◦ θ([x, y]), z), (2.54)

for all x, y, z in G; and gives the proof that (a) and (b) are equivalent. In particular, if
G = [G,G] then, obviously ∂ωψ = 0 if and only if ψ = 0, as θ is invertible.

Now suppose dim[G,G] = dimG− 1 and set G = Rx0 ⊕ [G,G], for some element x0 of G.
If ωψ is closed, we already know that ψ ◦ θ vanishes on [G,G]. Below, we show that, it also
does on Rx0. Indeed, the formula

0 = −ωψ([x, y], x0) = ωψ(x0, [x, y]) = µ(ψ ◦ θ(x0), [x, y]), (2.55)

for all x, y in G, obtained by taking z = x0 in (2.54), coupled with the obvious equality
0 = ωψ(x0, x0) = µ(ψ ◦ θ(x0), x0), are equivalent to ψ ◦ θ(x0) satisfying µ(ψ ◦ θ(x0), x) = 0
for all x in G. As µ is nondegenerate, this means that ψ ◦ θ(x0) = 0. Hence ψ ◦ θ = 0, or
equivalently ψ = 0.

Now, as every f in G∗ is of the form f = θ(y), for some y in G, the formula

ψ ◦ θ([x, y]) = ψ ◦ ad∗xθ(y) = adx ◦ ψ ◦ θ(y) = [x, ψ ◦ θ(y)], ∀x, y ∈ G. (2.56)

shows that ψ ◦ θ([x, y]) = 0, for all x, y on G if and only if Im(ψ) is a subset of the center
of G. Thus, (b) is equivalent to (c).

Now we pull every element ξ of E back to an endomorphism ξ′ of G given by the formula

ξ′ := θ−1 ◦ ξ ◦ θ.
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Proposition 2.4.2. Let (G, µ) be an orthogonal Lie algebra and G∗ its dual space. De�ne
θ : G → G∗ by ⟨θ(x), y⟩ := µ(x, y), as in Relation (1.2), and let E and S stand for the same
Lie algebras as above. The linear map Q : ξ 7→ ξ′ := θ−1 ◦ ξ ◦ θ is an isomorphism of Lie
algebras between E and S.

Proof. Let ξ be in E, with [ξ, ad∗x] = ad∗α(x), for every x in G. The image Q(ξ) =: ξ′ of ξ,
satis�es, for any x in G,

[ξ′, adx] := ξ′ ◦ adx − adx ◦ ξ′

:= θ−1 ◦ ξ ◦ θ ◦ adx − adx ◦ θ−1 ◦ ξ ◦ θ
= θ−1 ◦ ξ ◦ ad∗x ◦ θ − θ−1 ◦ ad∗x ◦ ξ ◦ θ
= θ−1 ◦ (ξ ◦ ad∗x − ad∗x ◦ ξ) ◦ θ
= θ−1 ◦ ad∗α(x) ◦ θ, since [ξ, ad∗x] = ad∗α(x).

= θ−1 ◦ θ ◦ adα(x), using (1.4).

= adα(x).

Now we have [Q(ξ1), Q(ξ2)]) = Q([ξ1, ξ2]) for all ξ1, ξ2 in E, as seen below.

[Q(ξ1), Q(ξ2)]) := Q(ξ1)Q(ξ2)−Q(ξ2)Q(ξ1)

:= θ−1 ◦ ξ1 ◦ θ ◦ θ−1 ◦ ξ2 ◦ θ − θ−1 ◦ ξ2 ◦ θ ◦ θ−1 ◦ ξ1 ◦ θ
= θ−1 ◦ [ξ1, ξ2] ◦ θ
= Q([ξ1, ξ2]). (2.57)

Proposition 2.4.3. The linear map P : β 7→ Dβ := θ−1 ◦ β, is an isomorphism between
the space of cocycles β : G → G∗ and the space der(G) of derivations of G.

Proof. The proof is straightforward. If β : G → G∗ is a cocycle, then the linear map
Dβ : G → G, x 7→ θ−1(β(x)) is a derivation of G, as we have

Dβ[x, y] = θ−1
(
ad∗xβ(y)− ad∗yβ(x)

)
= [x, θ−1(β(y))]− [y, θ−1(β(x))].

Conversely, if D is a derivation of G, then the linear map βD := P−1(D) = θ ◦D : G → G∗,
is 1-cocycle. Indeed we have: for every x, y in G

βD[x, y] = θ([Dx, y] + [x,Dy]) = −ad∗y(θ ◦D(x)) + ad∗x(θ ◦D(y)).

2.4.1 Case of Semi-simple Lie Algebras

Suppose now G is semi-simple, then every derivation is inner. Thus in particular, the deriva-
tion ϕ11 obtained in (2.16), is of the form

ϕ11 = adx0 , (2.58)
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for some x0 in G. The semi-simplicity of G also implies that the 1-cocycle ϕ12 obtained in
(2.17) is a coboundary. That is, there exists an element f0 of G

∗ such that

ϕ12(x) = −ad∗xf0, (2.59)

for all x in G. Here is a direct corollary of Lemma 2.3.6.

Proposition 2.4.4. If G is a semi-simple Lie algebra, then every linear map ψ : G∗ → G

which is equivariant with respect to the adjoint and coadjoint actions of G and satis�es
(2.10), is necessarily identically equal to zero.

Proof. A Lie algebra is semi-simple if and only if it contains no nonzero proper Abelian
ideal. But from Lemma 2.3.6, Im(ψ) must be an Abelian ideal of G. So Im(ψ) = {0} and
hence ψ = 0.

Remark 2.4.1. From Propositions 2.3.3 and 2.4.4, the cohomology space H1(D,D) is
completely determine by the space J of endomorphisms j with j([x, y]) = [j(x), y], for all
x, y in G, or equivalently, by the space of adjoint-invariant bilinear forms on G.

Corollary 2.4.2. If G is a semi-simple Lie group with Lie algebra G, then the space of
bi-invariant bilinear forms on G is of dimension dimH1(D,D).

Proposition 2.4.5. Suppose G is a simple Lie algebra. Then,

(a) every linear map j : G → G in J, is of the form j(x) = λx, for some λ in R;

(b) every element ξ of E is of the form

ξ = ad∗x0 + λIdG∗ , (2.60)

for some x0 in G and λ in R.

Proof. The part (a) is obtained from relation (2.31) and the Schur's lemma.
From Propositions 2.3.1 and 2.3.2, for every ξ in E, there exist α in der(G) and j in J such
that ξt = α+ j. As G is simple and from part (a), there exist x0 in G and λ in R such that
ξt = adx0 + λIdG.

We also have the following.

Proposition 2.4.6. Let G be a simple Lie group with Lie algebra G. Let D := G ⋉ G∗ be
the Lie algebra of the cotangent bundle T ∗G of G. Then, the �rst cohomology space of D
with coe�cients in D is H1(D,D)

∼
= R.

Proof. Indeed, a derivation ϕ : D → D can be written: for every element (x, f) of D,

ϕ(x, f) = ([x0, x] , ad
∗
x0
f − ad∗xf0 + λf), (2.61)

where x0 and f0 are �xed elements in G and G∗ respectively. The inner derivations are those
with λ = 0. It follows that the �rst cohomology space of D with values in D is given by

H1(D,D) = {ϕ : D → D : ϕ(x, f) = (0, λf), λ ∈ R}
= {λ(0, IdG∗), λ ∈ R}
= RIdG∗
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As a direct consequence, we get

Corollary 2.4.3. If G is a semi-simple Lie algebra over R, then dimH1(D,D) = p, where
p stands for the number of simple components of G, in its decomposition into a direct sum
G = s1 ⊕ · · · ⊕ sp of simple ideals s1, . . . , sp.

Consider a semi-simple Lie algebra G and set G = s1 ⊕ s2 ⊕ · · · ⊕ sp, p ∈ N∗, where
si, i = 1, . . . , p are simple Lie algebras. From Lemma 2.3.5, ξ′ preserves each si. Thus
from Proposition 2.4.5, the restriction ξ′i of ξ′ to each si, i = 1, 2, . . . , p equals ξ′i =
adx0i + λiIdsi , for some x0i in si and a real number λi. Hence, ξ

′ = adx0 ⊕
p
i=1 λiIdsi , where

x0 = x01 + x02 + · · ·+ x0p ∈ s1 ⊕ s2 ⊕ · · · ⊕ sp and ⊕p
i=1λiIdsi acts on s1 ⊕ s2 ⊕ · · · ⊕ sp as

follows:
(⊕p

i=1λiIdsi)(x1 + x2 + · · ·+ xp) = λ1x1 + λ2x2 + · · ·+ λpxp.

In particular, we have proved

Corollary 2.4.4. Consider the decomposition of a semi-simple Lie algebra G into a sum
G = s1⊕s2⊕· · ·⊕sp, of simple Lie algebras si, i = 1, . . . , p ∈ N∗. If a linear map j : G → G

satis�es j[x, y] = [jx, y], then there exist real numbers λ1, . . . λp such that

j = λ1ids1 ⊕ · · · ⊕ λpidsp .

More precisely
j(x1 + · · ·+ xp) = λ1x1 + · · ·+ λpxp,

if xi is in si, i = 1, . . . , p.

Now, we already know from Proposition 2.4.4, that each ψ vanishes identically. So a
1-cocycle of D is given by:

ϕ(x, f) =
(
[x0, x], ad

∗
x0
f − ad∗xf0 +

p∑
i=1

λifi

)
(2.62)

for every x in G and every f := f1 + f2 + · · ·+ fp in s∗1 ⊕ s∗2 ⊕ · · · ⊕ s∗p = G∗, where x0 is in
G, f0 is in G∗ and λi, i = 1, .., p, are real numbers. We then have,

Proposition 2.4.7. Let G be a semi-simple Lie group with Lie algebra G over R. Let
D := G ⋉ G∗ be the cotangent Lie algebra of G. Then, the �rst cohomology space of D
with coe�cients in D is given by H1(D,D)

∼
= Rp, where p is the number of the simple

components of G.

2.4.2 Case of Compact Lie Algebras

It is well known that a compact Lie algebra G decomposes as the direct sum G = [G,G]⊕Z(G)
of its derived ideal [G,G] and its centre Z(G), with [G,G] semi-simple and compact. This
yields a decomposition G∗ = [G,G]∗ ⊕ Z(G)∗ of G∗ into a direct sum of the dual spaces
[G,G]∗, Z(G)∗ of [G,G] and Z(G) respectively, where [G,G]∗ (resp. Z(G)∗) is identi�ed with
the space of linear forms on G which vanish on Z(G) (resp. [G,G]). On the other hand,
[G,G] also decomposes into as a direct sum [G,G] = s1 ⊕ . . .⊕ sp of simple ideals si. From
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Theorem 2.3.1, a derivation of the Lie algebra D := G ⋉ G∗ of the cotangent bundle of

G has the following form ϕ(x, f) =
(
α(x) + ψ(f), β(x) + ξ(f)

)
, with conditions listed in

Theorem 2.3.1.

Let us look at the equivariant maps ψ : G∗ → G satisfying ad∗ψ(f)g = ad∗ψ(g)f , for every

f, g in G∗. From Lemma 2.3.6, Im(ψ) is an Abelian ideal of G; thus Im(ψ) ⊂ Z(G). As
consequence, we have ψ(ad∗xf) = [x, ψ(f)] = 0, for every x of G and every f of G∗.

Lemma 2.4.1. Let (G̃, µ) be an orthogonal Lie algebra satisfying G̃ = [G̃, G̃]. Then, every
g in G̃∗ is a �nite sum of elements of the form gi = ad∗x̄i ḡi, for some x̄i in G̃, ḡi in G̃∗.

Proof. Indeed, consider an isomorphism θ : G̃ → G̃∗ of G̃-modules. For every g in G̃∗, there
exists xg in G̃ such that g = θ(xg). But as G̃ = [G̃, G̃], we have xg = [x1, y1] + . . . + [xs, ys]

for some xi, yi in G̃. Thus

g = θ([x1, y1]) + . . .+ θ([xs, ys])
= ad∗x1θ(y1) + . . .+ ad∗xsθ(ys)
= ad∗x̄1 ḡ1 + . . .+ ad∗x̄s ḡs,

where x̄i = xi and ḡi = θ(yi).

A semi-simple Lie algebra being orthogonal (with, e.g. its Killing form as µ), from
Lemma 2.4.1 and the equality ψ(ad∗xf) = 0, for all x in G, f in G∗, each ψ in Ψ vanishes on
[G,G]∗. Of course, the converse is true. Every linear map ψ : G∗ → G with Im(ψ) ⊂ Z(G)
and ψ([G,G]∗) = 0, is in Ψ. Hence we can make the following identi�cation.

Lemma 2.4.2. Let G be a compact Lie algebra, with centre Z(G). Then Ψ is isomorphic
to the space L(Z(G)∗, Z(G)) of linear maps Z(G)∗ → Z(G).

The restriction of the cocycle β to the semi-simple ideal [G,G] is a coboundary, that
is, there exits an element f0 in G∗ such that for every x1 in [G,G], β(x1) = −ad∗x1f0. Now
for x2 in Z(G), one has 0 = β[x2, y] = −ad∗yβ(x2), for all y of G, since x2 is in Z(G). In
other words, β(x2)([y, z]) = 0, for all y, z in G. That is, β(x2) vanishes on [G,G] for every
x2 ∈ Z(G). Hence, we write

β(x) = −ad∗x1f0 + η(x2),

for all x := x1 + x2 in [G,G]⊕ Z(G), where η : Z(G) → Z(G)∗ is a linear map. This simply
means the following.

Lemma 2.4.3. Let G be a compact Lie algebra, with centre Z(G). Then the �rst space
H1(G,G∗) of the cohomology associated with the coadjoint action of G, is isomorphic to the
space L(Z(G), Z(G)∗).

We have already seen that ξ is such that ξt = α+ j, where α is a derivation of G and j
is in J. Both α and j preserve each of [G,G] and Z(G). Thus we can write α = adx01 ⊕ φ,
for some x01 ∈ [G,G], where φ is in End(Z(G)). Here α acts on an element x := x1 + x2,
where x1 is in [G,G], x2 belongs to Z(G), as follows:

α(x) = (adx01 ⊕ φ)(x1 + x2)
:= adx01x1 + φ(x2).

We summarize this as
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Lemma 2.4.4. If G is a compact Lie algebra with centre Z(G), then

H1(G,G)
∼
= End(Z(G)). (2.63)

Now, suppose for the rest of this section, that G is a compact Lie algebra. We write

j = ⊕p
i=1λiIdsi ⊕ ρ,

where ρ : Z(G) → Z(G) is a linear map and j acts on an element x := x1 + x2 as follows:

j(x) =
( p⊕

i=1

λiIdsi ⊕ ρ
)
(x11 + x12 + · · ·+ x1p + x2) =

p∑
i=1

λix1i + ρ(x2)

where x1 := x11 + x12 + · · ·+ x1p is in [G,G], x2 is in Z(G) and x1i belongs to si. Hence,

Lemma 2.4.5. If G is a compact Lie algebra with centre Z(G), then J
∼
= Rp⊕End(Z(G)),

where p is the number of simple components of [G,G].

So, the expression of ξ now reads

ξ =
[
− ad∗x01 + (⊕p

i=1λiIds∗i )
]
⊕ φ′′,

with (φ′′)t(x2) = ρ(x2) + φ(x2), for all x2 in Z(G), where x01 is in [G,G], λi is in R, for all
i = 1, 2, . . . , p.

By identifying End(Z(G)), L(Z(G)∗, Z(G)) and L(Z(G), Z(G)∗) to End(Rk), we get

H1(D,D) = (End(Rk))4 ⊕ Rp. (2.64)

2.5 Some Possible Applications and Open Problems

Given two left or right invariant structures of the same `nature' (e.g. a�ne, symplectic,
complex, Riemannian or pseudo-Riemannian, etc) on T ∗G, one wonders whether they are
equivalent, i.e. if there exists an automorphism of T ∗G mapping one to the other. By
taking the values of those structures at the unit of T ∗G, the problem translates to �nding
an automorphism of Lie algebra mapping two structures ofD. The work within this chapter
may also be seen as a useful tool for the study of such structures. Here are some examples
of problems and framework for further extension and applications of this work. For more
discussions about structures and problems on T ∗G, one can have a look at [5], [28], [32],
[34], [47], [56].

2.5.1 Some Examples

Here, we apply the above results to produce the following examples.

Example 2.5.1 (The A�ne Lie Algebra of the Real Line). The 2-dimensional a�ne Lie
algebra G = a�(R) is solvable nonnilpotent with Lie bracket

[e1, e2] = e2,
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in some basis (e1, e2). The Lie algebra D = T ∗G of the cotangent bundle of any Lie group
with Lie algebra G, has a basis (e1, e2, e3, e4) with Lie bracket

[e1, e2] = e2 , [e1, e4] = −e4 , [e2, e4] = e3,

where e3 := e∗1 and e4 := e∗2. This is the semi-direct product Re1 ⋉H3 of the Heisenberg
Lie algebra H3 = span(e2, e3, e4) with the line Re1, where e1 acts on H3 by the restriction
of the derivation of ade1 . The Lie algebra der(D) has a basis (ϕ1, ϕ2, ϕ3, ϕ4, ϕ5) where

ϕ1(e1) = e2 , ϕ1(e4) = −e3 , ϕ2(e2) = e2,
ϕ2(e4) = −e4 , ϕ3(e1) = e3 , ϕ4(e1) = −e4,
ϕ4(e2) = e3 , ϕ5(e3) = e3 , ϕ5(e4) = e4,

the remaining vectors ϕi(ej) being zero, so that the Lie brackets are

[ϕ2, ϕ1] = ϕ1 , [ϕ2, ϕ3] = ϕ3 , [ϕ5, ϕ3] = ϕ3 , [ϕ5, ϕ4] = ϕ4.

This is the semi-direct product R2 ⋉R3 of the Abelian Lie algebras R3 = spanR(ϕ1, ϕ3, ϕ4)
and R2 = spanR(ϕ2, ϕ5). It has a contact structure (this is the Lie algebra number 18, for
p = q = 1, in the list of Section 5.2.

Example 2.5.2 (The Lie Algebra of the Group SO(3) of Rotations). Consider the Lie
algebra so(3) = span(e1, e2, e3) with

[e1, e2] = −e3 , [e1, e3] = e2 , [e2, e3] = −e1.

The Lie algebra D = T ∗G has (e1, e2, e3, e4, e5, e6) with Lie bracket

[e1, e5] = −e6 , [e1, e6] = e5 , [e2, e4] = e6,
[e2, e6] = −e4 , [e3, e4] = −e5 , [e3, e5] = e4,

where e3+i = e∗i , i = 1, 2, 3. The Lie algebra der(D) is spanned by the elements ϕ1, ϕ2, ϕ3,
ϕ4, ϕ5, ϕ6, ϕ7, where

ϕ1(e1) = −e2 , ϕ1(e2) = e1 , ϕ1(e4) = −e5,
ϕ1(e5) = e4 , ϕ2(e1) = −e3 , ϕ2(e3) = e1,
ϕ2(e4) = −e6 , ϕ2(e6) = e4 , ϕ3(e2) = −e3,
ϕ3(e3) = e2 , ϕ3(e5) = −e6 , ϕ3(e6) = e5,
ϕ4(e1) = −e5 , ϕ4(e2) = e4 , ϕ5(e1) = −e6,
ϕ5(e3) = e4 , ϕ6(e4) = e4 , ϕ6(e5) = e5,
ϕ6(e6) = e6 , ϕ7(e2) = −e6 , ϕ7(e3) = e5,

so that we have the following Lie brackets

[ϕ1, ϕ2] = −ϕ3 , [ϕ1, ϕ3] = ϕ2 , [ϕ1, ϕ5] = −ϕ7 , [ϕ1, ϕ7] = ϕ5,
[ϕ2, ϕ3] = −ϕ1 , [ϕ2, ϕ4] = ϕ7 , [ϕ2, ϕ7] = −ϕ4 , [ϕ3, ϕ4] = −ϕ5,
[ϕ3, ϕ5] = ϕ4 , [ϕ4, ϕ6] = −ϕ4 , [ϕ5, ϕ6] = −ϕ5 , [ϕ6, ϕ7] = ϕ7.

(2.65)

This is the Lie algebra der(D) = so(3)⋉ Gid, where so(3) = span(ϕ1, ϕ2, ϕ3) and Gid is the
semi-direct product Gid = Rϕ6 ⋉ R3 of the abelian Lie algebras R3 = span(ϕ4, ϕ5, ϕ7) and
Rϕ6 obtained by letting ϕ6 acts as the identity map on R3. Thus der(D) is also a contact
Lie algebra, as it is the Lie algebra number 4 of Section 5.3 in [26].
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Example 2.5.3 (The Lie Algebra of the Group SL(2,R) of Spacial Linear Group). The
Lie algebra G = sl(2,R) of SL(2,R) has a basis (e1, e2, e3) in which its Lie bracket reads

[e1, e2] = −2e2 , [e1, e3] = 2e3 , [e2, e3] = −e1 (2.66)

Set e∗1 =: e4, e
∗
2 =: e5, e

∗
3 = e6, the Lie bracket of D := T ∗G in the basis (e1, e2, e3, e4, e5, e6)

is given by

[e1, e2] = −2e2 , [e1, e3] = 2e3 , [e2, e3] = −e1,
[e1, e5] = 2e5 , [e1, e6] = −2e6 , [e2, e4] = e6,
[e2, e5] = −2e4 , [e3, e4] = −e5 , [e3, e6] = 2e4.

(2.67)

The Lie algebra der(D) is 7-dimensional. It has a basis (ϕ1, ϕ2, ϕ3, ϕ4, ϕ5, ϕ6, ϕ7), where

ϕ1 := −e22 + e33 + e55 − e66 , ϕ2 := e44 + e55 + e66,
ϕ3 := −e12 + 2e31 − 2e46 + e54 , ϕ4 := e13 − 2e21 + 2e45 − e64,
ϕ5 := −e53 + e62 , ϕ6 := e42 − e51,
ϕ7 := e43 − e61

(2.68)

Hence, the Lie bracket of der(D) reads

[ϕ1, ϕ3] = ϕ3 , [ϕ1, ϕ4] = −ϕ4 , [ϕ1, ϕ6] = ϕ6,
[ϕ1, ϕ7] = −ϕ7 , [ϕ2, ϕ5] = ϕ5 , [ϕ2, ϕ6] = ϕ6,
[ϕ2, ϕ7] = ϕ7 , [ϕ3, ϕ4] = 2ϕ1 , [ϕ3, ϕ5] = −2ϕ6,
[ϕ3, ϕ7] = −ϕ5 , [ϕ4, ϕ5] = −2ϕ7 , [ϕ4, ϕ6] = −ϕ5.

(2.69)

One realizes that der(D) = sl(2,R)⋉Gid, where sl(2,R) = span(ϕ1, ϕ3, ϕ4) and as above, Gid
is the semi-direct product Gid = Rϕ2⋉R3 of the Abelian Lie algebras R3 = span(ϕ5, ϕ6, ϕ7)
and Rϕ2 obtained by letting ϕ2 act as the identity map on R3. Again, der(D) is also a
contact Lie algebra, with η := sϕ∗

1 + tϕ∗
5 as an example of a contact form, where s, t ∈

R− {0}.

On the Lie algebra D = sl(2,R)⋉ sl(2,R)∗, consider the following two forms

φ1 ((x, f), (y, g)) = f(y) + g(y) (2.70)

φ2 ((x, f), (y, g)) = f(y) + g(y) +K(x, y) (2.71)

where K stands for the Killing form of sl(2,R). The matrix of φ1 has two eigenvalues, −1
and +1, both of multiplicty 3. Therefore φ1 is of signature (3, 3). Now the matrix of φ2 has
four eigenvalues : 4−

√
17, −2−

√
5, 2−

√
5, 2 +

√
5, −2 +

√
5, 4 +

√
17. The three �rst

eigenvalues are less than zero and the three last ones are positive. Hence the signature of
φ2 is (3, 3), too. It is now straightforward to check that

der(D) = adD ⊕ Rϕ2 (2.72)

where adD := span(ϕ1, ϕ3, ϕ4, ϕ5, ϕ6, ϕ7) is the space of inner dérivations of D, ϕ2 being, up
to multiplication by a scalar, the unique exterior derivation of D.

Let us look at the restrictions of φ1 and φ2 to the Levi subalgebra sl(2,R) of D.
Since the restriction of φ1 to sl(2,R) is degenerate, so is the restriction of φ1 to the
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image exp(ϕi)(sl(2,R)) of sl(2,R) under the standard exponential map of any of the inner
derivations ϕi, i = 1, 3, 4, 5, 6, 7, of D. That is because special automorphisms exp(ϕi),
i = 1, 3, 4, 5, 6, 7, preserve the Levi subalgebra sl(2,R) of D. Suppose that there exists a
special automorphism exp(ϕi), i = 1, 3, 4, 5, 6, 7, mapping φ1 to φ2, i.e.

φ1

(
exp(ϕi)(x, f) , exp(ϕi)(y, g)

)
= φ2

(
(x, f), (y, g)

)
(2.73)

for all x, y in sl(2,R) and all f, g in sl(2,R)∗. But the restriction of φ1 to exp(ϕi)(sl(2,R)) is
degenerate while the restriction of φ2 to sl(2,R) is equal to the Killing form K of sl(2,R),
which is not degenerate. Hence, φ1 and φ2 are not homothetic via special automorphisms
of D.

Now, what about exp(ϕ2) ? One has exp(ϕ2) = e11+ e22+ e33+ eϕ2, where e := exp(1).
For any elements (x, f) and (y, g) of D, we have,

φ2

(
exp(ϕ2)(x, f) , exp(ϕ2)(y, g)

)
= φ2

(
(x, ef), (y, eg)

)
= eφ1

(
(x, f), (y, g)

)
+K(x, y)

̸= φ1

(
(x, f), (y, g)

)
(2.74)

Hence, the automorphism exp(ϕ2) too do not map φ2 to φ1.

2.5.2 Invariant Riemannian or Pseudo-Riemannian Metrics

As discussed in Section 2.2.1, the Lie group T ∗G possesses bi-invariant pseudo-Rieman - -
nian metrics.

Among others, one of the open problems in [60], is the question as to whether, given
two bi-invariant pseudo-Riemannian metrics µ1 and µ2 on a Lie group G̃, the two pseudo-
Riemannian manifolds (G̃, µ1) and (G̃, µ2) are homothetic via an automorphism of G̃. If
this is the case, we say that µ1 and µ2 are isomorphic or equivalent.

When G̃ = T ∗G, the question as to how many non-isomorphic bi-invariant pseudo-
Riemannian metrics can exist on T ∗G is still open, in the general case. For example,
suppose G itself has a bi-invariant Riemannian or pseudo-Riemannian metric µ and let µ
stand again for the corresponding adjoint-invariant metric in the Lie algebra G of G. Then
µ induces a new adjoint-invariant metric ⟨, ⟩µ on D = Lie(T ∗G), with

⟨(x, f), (y, g)⟩µ := ⟨(x, f), (y, g)⟩+ µ(x, y), (2.75)

for all x, y in G and all f, g in G∗, where ⟨, ⟩ on the right hand side is the duality pairing
⟨(x, f), (y, g)⟩ = f(y) + g(x). In some cases (see Section 2.5.3), the two metrics can even
happen to have the same index, but are still not isomorphic via an automorphism of G̃. If
µ̃ is a bilinear symmetric form on G∗ satisfying µ̃(ad∗xf, g) = 0, for every x in G and every
f, g in G∗, then

⟨(x, f), (y, g)⟩µ̃ := ⟨(x, f), (y, g)⟩+ µ̃(f, g), (2.76)

for all x, y in G, f, g in G∗, is also another adjoint-invariant metric on D. Now in some cases,
nonzero such bilinear forms µ̃ may not exist, as is the case when one of the coadjoint orbits
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of G, is an open subset of G∗, or equivalently, when G has a left invariant exact symplectic
structure.

More generally, these equivalence questions can also be simply extended to all left (resp.
right) invariant Riemannian or pseudo-Riemannian structures on cotangent bundles of Lie
groups.

2.5.3 Poisson-Lie Structures, Double Lie Algebras, Applications

The classi�cation questions of double Lie algebras, Manin pairs, Lagrangian subalgebras,
... arising from Poisson-Lie groups, are still open problems [32], [55]. In [32], Lagrangian
subalgebras of double Lie algebras are used as the main tool for classifying the so-called
Poisson Homogeneous spaces of Poisson-Lie groups. A type of local action of those La-
grangian subalgebras is also used to describe symplectic foliations of Poisson Homogeneous
spaces of Poisson-Lie groups in [32], [27].

It would be interesting to extend the results within this chapter to double Lie algebras
of general Poisson-Lie groups. It is hard to get a common substantial description valid for
the group of automorphism of the double Lie algebras of all possible Poisson-Lie structures
in a given Lie group. This is due to the diversity of Poisson-Lie structures that can coexist
in the same Lie group.

Among other things, the description of the group of automorphisms of the double Lie
algebra of a Poisson-Lie structure is a big step forward towards solving very interesting
and hard problems such as:

- the classi�cation of Manin triples ([55]);

- the classi�cation of Poisson homogeneous spaces of a Lie groups ([27], [55]);

- a full description and understanding of the foliations of Poisson homogeneous spaces
of Poisson Lie groups. The leaves of such foliations trap the trajectories, under a
Hamiltonian �ow, passing through all its points. Hence, from their knowledge, one
gets a great deal of information on Hamiltonian systems.

- etc.

2.5.4 A�ne and Complex Structures on T ∗G

In certain cases, T ∗G possesses left invariant a�ne connections, that is, left invariant zero
curvature and torsion free linear connections. Here, the classi�cation problem involves
Aut(T ∗G) as follows. The group Aut(T ∗G) acts on the space of left invariant a�ne connec-
tions on T ∗G, the orbit of each connection being the set of equivalent (isomorphic) ones.
Recall that among other results in [28], the authors proved that when G has an invertible
solution of the Classical Yang-Baxter Equation (or equivalently a left invariant symplectic
structure), then T ∗G has a left invariant a�ne connection ∇ and a complex structure J
such that ∇J = 0.
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3.1 Introduction

In the sense of Felix Klein ([43]), studying the geometry of a "universe" is studying its
invariant structures under the action of a suitable Lie group. In semi-Riemannian geometry,
one of the suitable group used in this task is the group of isometries of pseudo-Riemannian
metrics. So it seems reasonable to well known isometries of pseudo-Riemannian metrics.
Among tools used, for instance in the case of bi-invariant (or orthogonal) Lie groups,
there are prederivations of Lie algebras. Müller ([64]) gives an algebraic description of the
group I(G,µ) of isometries of a connected orthogonal Lie group (G,µ). He proves that
if (G,µ) is a connected and simply-connected orthogonal Lie group with Lie algebra G,
then the stabilizer of the identity element of G in I(G,µ) is isomorphic to the group of
preautomorphisms of G which preserve the non-degenerate bilinear form induced by µ on G

and whose Lie algebra is the whole set of skew-symmetric prederivations of G. In [9], Bajo
studies the algebra of prederivations and skew-symmetric prederivations of a direct sum of
Lie algebras and this study allows him to generalize some results in [6], [7] and in [72].

Prederivations also present an interest in the purely algebraic point of view. As well
as Jacobson ([40]) proves that a Lie algebra admitting a non-singular derivation is neces-
sarily nilpotent, the author quoted above establishes in [8] that a Lie algebra possessing a
non-singular prederivation is necessarily nilpotent. Prederivations are also useful tools for
construction of a�ne structures on Lie algebras (see Section 3.5.2).
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In this chapter, we deal with prederivations of the Lie algebra of the cotangent bundle
of a Lie group; which Lie algebra appears as the semi-direct sum G⋉A of a Lie algebra G

and an Abelian Lie algebra A. In the sequel, we will take G to be the Lie algebra of a Lie
group G, A = G∗, the dual space of G and T ∗G := G ⋉ G∗ will be the semi-direct sum of
the Lie algebra G and the vector space G∗ via the coadjoint representation.

Our aim is to explore the structure of the Lie algebra Pder(T ∗G) of prederivations of
T ∗G. We will have a particular attention to Lie algebras admitting quadratic or orthogonal
structures.

The main results within this chapter are the following.

Theorem A. A prederivation p : T ∗G → T ∗G is de�ned by :

p(x, f) =
(
α(x) + ψ(f), β(x) + ξ(f)

)
for any element (x, f) of T ∗G, where α : G → G is a prederivation of G and β : G → G∗,
ψ : G∗ → G and ξ : G∗ → G∗ are linear maps satisfying the following four relations :

β
(
[x, [y, z]]

)
= −ad∗[y,z]

(
β(x)

)
+ ad∗x

(
ad∗y
(
β(z)

)
− ad∗z

(
β(y)

))
ψ ◦ ad∗[x,y] = ad[x,y] ◦ ψ

ad∗x

(
ad∗ψ(f)g − ad∗ψ(g)f

)
= 0,[

ξ, ad∗[x,y]

]
= ad∗([α(x),y]+[x,α(y)])

for every elements x and y of G and any elements f and g in G∗.

About the structure of the Lie algebra of the Lie algebra Pder(T ∗G) of prederivations
of T ∗G, we have the

Theorem B. Let G be any �nite-dimensional Lie group with Lie algebra G. Then the Lie
algebra Pder(T ∗G) of prederivations of the Lie algebra T ∗G of the Lie group T ∗G decomposes
as follows : Pder(T ∗G) = G′

0 ⊕ G′
1, where G′

0 is a reductive subalgebra of Pder(T ∗G), that is
[G′

0,G
′
0] ⊂ G′

0 and [G′
0,G

′
1] ⊂ G′

1.

Recall that the Lie algebra of the cotangent bundle Lie group of a semi-simple Lie
group is not semi-simple. Any way, as well as Müller proves that any prederivation of a
semi-simple Lie algebra is a derivation we prove the following

Theorem C. Let G be a semi-simple Lie group with Lie algebra G. Then every prederivation
of the Lie algebra T ∗G of the cotangent bundle Lie group T ∗G of G is a derivation.

The chapter contains �ve (5) sections. In Section 3.2 is explained the link between
prederivations and isometries of bi-invariant metrics on Lie groups. In Section 3.3 we study
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the structure of the Lie algebra Pder(T ∗G) of prederivations of the Lie algebra T ∗G of the
cotangent bundle T ∗G of a Lie group G with Lie G. The particular case where the Lie
group G possesses a bi-invariant metric is studied in Section 3.4. In Section 3.5 we give
examples and some possible applications.

3.2 Preliminaries

3.2.1 Prederivations of a Lie algebra

De�nition 3.2.1. Let G be a Lie algebra. A bijective endomorphism P : G → G such that

P
([
x, [y, z]

])
=
[
P (x), [P (y), P (z)]

]
, (3.1)

for all x, y, z in G, is called a preautomorphism of G.

The set of all preautomorphisms of G forms a Lie group (see [64]) which we note by
Paut(T ∗G). Its Lie algebra is the subset of the set Gl(G) of endomorphisms of G consisting
of elements p which satisfy the following relation.

p
([
x, [y, z]

])
=
[
p(x), [y, z]

]
+
[
x, [p(y), z]

]
+
[
x, [y, p(z)]

]
(3.2)

for every elements x, y, z of G.

One can easily convince himself that any derivation of a Lie algebra is a prederivation.
Furthermore, there exists a class of Lie algebras that are such that any prederivation is
a derivation. Semi-simple Lie algebras belong to that class of algebras (see [64]). We will
prove in Section 3.4.2 that the Lie algebras (which are not semi-simple) of the cotangent
Lie groups of semi-simple Lie groups are also members of this class.

As well as Jacobson ([40]) proves that a Lie algebra admitting a non-singular derivation
is necessarily nilpotent, Bajo ([8]) shows that a Lie algebra which possesses a non-singular
prederivation is necessarily nilpotent. The converses of the both results are false since there
are nilpotent Lie algebra that admit only singular derivations and prederivations (see [8]).

3.2.2 Prederivations and Isometries of Orthogonal Structures

Müller ([64]) proves that if (G,µ) is a connected and simply-connected orthogonal Lie group
with Lie algebra G, then the isotropy group of the neutral element of G in the group I(G,µ)
of isometries of (G,µ) is isomorphic to the subgroup of GL(G) (group of endomorphisms
of G) consisting of preautomorphisms of G which preserve the non-degenerate bilinear form
induced by µ on G and whose Lie algebra is the whole set of skew-symmetric prederivations
of G. See Section 4.2.3 for wider informations.
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3.3 Preautomorphisms of T ∗G

3.3.1 Prederivations of T ∗G

Let G be a Lie algebra and let T ∗G := G⋉ G∗ stand for the semi-direct product of G with
its dual via the coadjoint representation. The Lie bracket of T ∗G is given by

[(x, f), (y, g)] :=
(
[x, y], ad∗xg − ad∗yf

)
, (3.3)

for any elements (x, f) and (y, g) of T ∗G.

Let p : T ∗G → T ∗G be a prederivation of T ∗G and set

p(x, f) =
(
α(x) + ψ(f), β(x) + ξ(f)

)
, (3.4)

where α : G → G, ψ : G∗ → G, β : G → G∗ and ξ : G∗ → G∗ are linear maps.

Let x, y, z be elements of G. We have :

p
(
[x, [y, z]]

)
= α

(
[x, [y, z]]

)︸ ︷︷ ︸
∈G

+ β
(
[x, [y, z]]

)︸ ︷︷ ︸
∈G∗

(3.5)

On the other way, since p is a prederivation, then

p
(
[x, [y, z]]

)
=

[
p(x), [y, z]

]
+
[
x, [p(y), z]

]
+
[
x, [y, p(z)]

]
=

[
α(x) + β(x), [y, z]

]
+
[
x, [α(y) + β(y), z]

]
+
[
x, [y, α(z) + β(z)]

]
=

([
α(x), [y, z]

]
− ad∗[y,z]

(
β(x)

))
+
[
x, [α(y), z]− ad∗z

(
β(y)

)]
+
[
x, [y, α(z)] + ad∗y

(
β(z)

)]
=

([
α(x), [y, z]

]
− ad∗[y,z]

(
β(x)

))
+
([
x, [α(y), z]

]
− ad∗x ◦ ad∗z

(
β(y)

))
+
([
x, [y, α(z)]

]
+ ad∗x ◦ ad∗y

(
β(z)

))
=

([
α(x), [y, z]

]
+
[
x, [α(y), z]

]
+
[
x, [y, α(z)]

])
︸ ︷︷ ︸

∈G

+
(
− ad∗[y,z]

(
β(x)

)
− ad∗x ◦ ad∗z

(
β(y)

)
+ ad∗x ◦ ad∗y

(
β(z)

))︸ ︷︷ ︸
∈G∗

. (3.6)

From relations (3.5) and (3.6) we have :

α
([
x, [y, z]

])
=
[
α(x), [y, z]

]
+
[
x, [α(y), z]

]
+
[
x, [y, α(z)]

]
. (3.7)

for any x, y, z in G ; that is α is a prederivation of G. Relations (3.5) and (3.6) also give

β
([
x, [y, z]

])
= −ad∗[y,z]

(
β(x)

)
− ad∗x ◦ ad∗z

(
β(y)

)
+ ad∗x ◦ ad∗y

(
β(z)

)
. (3.8)
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Now let x be an element of G and f, g be in G∗. We have

p([x, [f, g]]) = p(0) = 0. (3.9)

We also have

p([x, [f, g]]) =
[
p(x), [f, g]

]
+
[
x, [p(f), g]

]
+
[
x, [f, p(g)]

]
= 0 +

[
x, [ψ(f) + ξ(f), g]

]
+ [x, [f, ψ(g) + ξ(g)]

]
= [x, ad∗ψ(f)g] + [x,−ad∗ψ(g)f ]
= [x, ad∗ψ(f)g − ad∗ψ(g)f ]

= ad∗x

(
ad∗ψ(f)g − ad∗ψ(g)f

)
. (3.10)

From (3.9) and (3.10) it comes that

ad∗x

(
ad∗ψ(f)g − ad∗ψ(g)f

)
= 0, (3.11)

for every x in G and every f, g in G∗. That is ad∗ψ(f)g − ad∗ψ(g)f belongs the centralizer

ZT ∗G(G) of G in T ∗G, for any f and g in G∗.

Let us now consider the following case. Let x and y be in G and f be in G∗.

p
([
x, [y, f ]

])
= ψ

([
x, [y, f ]

])
︸ ︷︷ ︸

∈G

+ ξ
([
x, [y, f ]

])
︸ ︷︷ ︸

∈G∗

(3.12)

Since p is a prederivation, one has

p
([
x, [y, f ]

])
=

[
p(x), [y, f ]

]
+
[
x, [p(y), f ]

]
+
[
x, [y, p(f)]

]
=

[
α(x) + β(x), [y, f ]

]
+
[
x, [α(y) + β(y), f ]

]
+
[
x, [y, ψ(f) + ξ(f)]

]
=

[
α(x) + β(x), ad∗yf

]
+
[
x, ad∗α(y)f

]
+
[
x, [y, ψ(f)] + ad∗y

(
ξ(f)

)]
= ad∗α(x) ◦ ad∗y(f) + ad∗x ◦ ad∗α(y)(f) +

[
x, [y, ψ(f)]

]
+ ad∗x ◦ ad∗y

(
ξ(f)

)
= [x, [y, ψ(f)]︸ ︷︷ ︸

∈G

+
(
ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y) + ad∗x ◦ ad∗y ◦ ξ

)
(f)︸ ︷︷ ︸

∈G∗

(3.13)

On one hand, relations (3.12) and (3.13) imply

ψ
([
x, [y, f ]

])
= [x, [y, ψ(f)]

ψ
(
ad∗x ◦ ad∗yf

)
= adx ◦ ady ◦ ψ(f),

that is
ψ ◦ ad∗x ◦ ad∗y = adx ◦ ady ◦ ψ, (3.14)

for any x and y in G. On the second hand relations (3.12) and (3.13) give

ξ
([
x, [y, f ]

])
=

(
ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y) + ad∗x ◦ ad∗y ◦ ξ

)
(f)
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ξ ◦ ad∗x ◦ ad∗y(f) =
(
ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y) + ad∗x ◦ ad∗y ◦ ξ

)
(f)(

ξ ◦ ad∗x ◦ ad∗y − ad∗x ◦ ad∗y ◦ ξ
)
(f) =

(
ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y)

)
(f)

It comes that
[ξ, ad∗x ◦ ad∗y] = ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y) (3.15)

Let us summarize in the

Theorem 3.3.1. A prederivation p : T ∗G → T ∗G is de�ned by :

p(x, f) =
(
α(x) + ψ(f), β(x) + ξ(f)

)
(3.16)

for any element (x, f) of T ∗G, where

• α : G → G is a prederivation of G and

• β : G → G∗, ψ : G∗ → G and ξ : G∗ → G∗ are linear maps satisfying the following four
relations :

β
(
[x, [y, z]]

)
= −ad∗[y,z]

(
β(x)

)
+ ad∗x

(
ad∗y
(
β(z)

)
− ad∗z

(
β(y)

))
(3.17)

ψ ◦ ad∗x ◦ ad∗y = adx ◦ ady ◦ ψ, (3.18)

ad∗x

(
ad∗ψ(f)g − ad∗ψ(g)f

)
= 0, (3.19)

[ξ, ad∗x ◦ ad∗y] = ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y), (3.20)

for every elements x and y of G and any elements f and g in G∗.

3.3.2 A Structure theorem for the Lie group Paut(T ∗G)

Let us introduce the following notations :

1. Pder(T ∗G) stands for the space of prederivations of T ∗G ;

2. Pder(G) represents for the space of prederivations of G ;

3. Q′ is the space of linear maps β : G → G∗ satisfying relation (3.17) ;

4. E′ is the space of linear maps ξ : G∗ → G∗ such that

[ξ, ad∗x ◦ ad∗y] = ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y),

for some prederivation α of G and any elements x and y of G.

5. Ψ′ stands for the space of linear maps ψ : G∗ → G satisfying (3.18) and (3.19).

6. G′
0 stands for the space of maps ϕα,ξ : T

∗G → T ∗G, (x, f) 7→
(
α(x), ξ(f)

)
, where α is

in Pder(G), ξ in E′ and [ξ, ad∗x ◦ ad∗y] = ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y), for all x, y in G ;

7. G′
1 := Ψ′ ⊕ Q′ (direct sum of vector spaces).
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Lemma 3.3.1. The space E′ is a Lie algebra. Precisely, if ξ1, ξ2 in E′ satisfy[
ξ1, ad

∗
x ◦ ad∗y

]
= ad∗α1(x)

◦ ad∗y + ad∗x ◦ ad∗α1(y)[
ξ2, ad

∗
x ◦ ad∗y

]
= ad∗α2(x)

◦ ad∗y + ad∗x ◦ ad∗α2(y)

for all x, y in G and some α1, α2 in Pder(G), then [ξ1, ξ2] belongs to E′ and satis�es[
[ξ1, ξ2] , ad

∗
x ◦ ad∗y

]
= ad∗[α1,α2](x)

◦ ad∗y + ad∗x ◦ ad∗[α1,α2](y)
,

for all elements x, y of G.

Proof. Consider ξ1 and ξ2 as in Lemma 3.3.1. We have,[
[ξ1, ξ2], ad

∗
x ◦ ad∗y

]
=

[
ξ1 ◦ ξ2 − ξ2 ◦ ξ1 , ad∗x ◦ ad∗y

]
=

[
ξ1 ◦ ξ2 , ad∗x ◦ ad∗y

]
−
[
ξ2 ◦ ξ1 , ad∗x ◦ ad∗y

]
(3.21)

[
ξ1 ◦ ξ2 , ad∗x ◦ ad∗y

]
= (ξ1 ◦ ξ2) ◦ ad∗x ◦ ad∗y − ad∗x ◦ ad∗y ◦ (ξ1 ◦ ξ2)
= ξ1

(
ξ2 ◦ ad∗x ◦ ad∗y

)
−
(
ad∗x ◦ ad∗y ◦ ξ1

)
◦ ξ2

=
(
ξ1 ◦ ad∗α2(x)

◦ ad∗y + ξ1 ◦ ad∗x ◦ ad∗α2(y)
+ ξ1 ◦ ad∗x ◦ ad∗y ◦ ξ2

)
−
(
ξ1 ◦ ad∗x ◦ ad∗y − ad∗α1(x)

◦ ad∗y − ad∗x ◦ ad∗α1(y)

)
◦ ξ2 (3.22)

Hence, [
ξ1 ◦ ξ2 , ad∗x ◦ ad∗y

]
= ξ1 ◦ ad∗α2(x)

◦ ad∗y + ξ1 ◦ ad∗x ◦ ad∗α2(y)

+ad∗α1(x)
◦ ad∗y ◦ ξ2 + ad∗x ◦ ad∗α1(y)

◦ ξ2 (3.23)

We also have :[
ξ2 ◦ ξ1 , ad∗x ◦ ad∗y

]
= ξ2 ◦ ad∗α1(x)

◦ ad∗y + ξ2 ◦ ad∗x ◦ ad∗α1(y)

+ad∗α2(x)
◦ ad∗y ◦ ξ1 + ad∗x ◦ ad∗α2(y)

◦ ξ1 (3.24)

Now we have[
[ξ1, ξ2] , ad

∗
x ◦ ad∗y

]
=

(
ξ1 ◦ ad∗α2(x)

◦ ad∗y + ξ1 ◦ ad∗x ◦ ad∗α2(y)

+ad∗α1(x)
◦ ad∗y ◦ ξ2 + ad∗x ◦ ad∗α1(y)

◦ ξ2
)

−
(
ξ2 ◦ ad∗α1(x)

◦ ad∗y + ξ2 ◦ ad∗x ◦ ad∗α1(y)

+ad∗α2(x)
◦ ad∗y ◦ ξ1 + ad∗x ◦ ad∗α2(y)

◦ ξ1
)

=
(
ξ1 ◦ ad∗α2(x)

◦ ad∗y − ad∗α2(x)
◦ ad∗y ◦ ξ1

)
+
(
ξ1 ◦ ad∗x ◦ ad∗α2(y)

− ad∗x ◦ ad∗α2(y)
◦ ξ1
)

+
(
ad∗α1(x)

◦ ad∗y ◦ ξ2 − ξ2 ◦ ad∗α1(x)
◦ ad∗y

)
+
(
ad∗x ◦ ad∗α1(y)

◦ ξ2 − ξ2 ◦ ad∗x ◦ ad∗α1(y)

)
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=
[
ξ1, ad

∗
α2(x)

◦ ad∗y
]
+
[
ξ1, ad

∗
x ◦ ad∗α2(y)

]
−
[
ξ2, ad

∗
α1(x)

◦ ad∗y
]
−
[
ξ2, ad

∗
x ◦ ad∗α1(y)

]
=

(
ad∗α1◦α2(x)

◦ ad∗y + ad∗α2(x)
◦ ad∗α1(y)

)
+
(
ad∗α1(x)

◦ ad∗α2(y)
+ ad∗x ◦ ad∗α1◦α2(y)

)
−
(
ad∗α2◦α1(x)

◦ ad∗y + ad∗α1(x)
◦ ad∗α2(y)

)
−
(
ad∗α2(x)

◦ ad∗α1(y)
+ ad∗x ◦ ad∗α2◦α1(y)

)
.

We then have [
[ξ1, ξ2] , ad

∗
x ◦ ad∗y

]
= ad∗[α1,α2](x)

◦ ad∗y + ad∗x ◦ ad∗[α1,α2](y)
.

Lemma 3.3.2. The space G′
0 is a Lie subalgebra of the Lie algebra Pder(T ∗G).

Proof. Let ϕα1,ξ1 and ϕα2,ξ2 be two elements of G′
0.

(
ϕα1,ξ1 ◦ ϕα2,ξ2

)
(x, f) = ϕα1,ξ1

(
α2(x), ξ2(f)

)
=

(
α1 ◦ α2(x), ξ1 ◦ ξ2(f)

)
We then have (

ϕα1,ξ1 ◦ ϕα2,ξ2

)
=
(
α1 ◦ α2, ξ1 ◦ ξ2

)
.

By the same way, we have (
ϕα2,ξ2 ◦ ϕα1,ξ1

)
=
(
α2 ◦ α1, ξ2 ◦ ξ1

)
.

Hence,

[ϕα1,ξ1 , ϕα2,ξ2 ] =
(
[α1, α2], [ξ1, ξ2]

)
∈ G′

0.

Lemma 3.3.3. [G′
0,Ψ

′] ⊂ Ψ′ and [G′
0,Q

′] ⊂ Q′. Hence, [G′
0,G

′
1] ⊂ G′

1.

Proof. Let ϕα,ξ and ϕψ,0 be elements of G′
0 and Ψ′ respectively. We have

ϕα,ξ ◦ ϕψ,0(x, f) = ϕα,ξ

(
ψ(f), 0

)
=

(
α ◦ ψ(f), 0

)
.

ϕψ,0 ◦ ϕα,ξ(x, f) = ϕψ,0

(
α(x), ξ(f)

)
=

(
ψ ◦ ξ(f), 0

)
.
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Then,

[ϕα,ξ, ϕψ,β](x, f) =
(
(α ◦ ψ − ψ ◦ ξ)(f), 0

)
.

Let us show that (α ◦ ψ − ψ ◦ ξ) belongs to Ψ′. For any elements x and y in G, we have

(α ◦ ψ) ◦ ad∗x ◦ ad∗y = α ◦ (ψ ◦ ad∗x ◦ ad∗y)
= α ◦ (adx ◦ ady ◦ ψ)
= (α ◦ adx ◦ ady) ◦ ψ.

Let z be an element of G. We have

(α ◦ adx ◦ ady)(z) = α([x, [y, z]])

=
[
α(x), [y, z]

]
+
[
x, [α(y), z]

]
+
[
x, [y, α(z)]

]
=

(
adα(x) ◦ ady + adx ◦ adα(y) + adx ◦ ady ◦ α

)
(z).

Then
α ◦ adx ◦ ady = adα(x) ◦ ady + adx ◦ adα(y) + adx ◦ ady ◦ α.

It comes that :

(α ◦ ψ) ◦ ad∗x ◦ ad∗y = adα(x) ◦ ady ◦ ψ + adx ◦ adα(y) ◦ ψ + adx ◦ ady ◦ α ◦ ψ. (3.25)

Now, what about (ψ ◦ ξ) ◦ ad∗x ◦ ad∗y ?

(ψ ◦ ξ) ◦ ad∗x ◦ ad∗y = ψ ◦ (ξ ◦ ad∗x ◦ ad∗y)
= ψ ◦

(
[ξ, ad∗x ◦ ad∗y] + ad∗x ◦ ad∗y ◦ ξ

)
= ψ ◦

(
ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y) + ad∗x ◦ ad∗y ◦ ξ

)
.

Hence,

(ψ ◦ ξ) ◦ ad∗x ◦ ad∗y = ψ ◦ ad∗α(x) ◦ ad∗y + ψ ◦ ad∗x ◦ ad∗α(y) + ψ ◦ ad∗x ◦ ad∗y ◦ ξ (3.26)

From (3.25) and (3.26), we have :

(α ◦ ψ − ψ ◦ ξ) ◦ ad∗x ◦ ad∗y = (adα(x) ◦ ady ◦ ψ + adx ◦ adα(y) ◦ ψ+adx ◦ ady ◦ α ◦ ψ)
−(ψ ◦ ad∗α(x) ◦ ad∗y + ψ ◦ ad∗x ◦ ad∗α(y) + ψ ◦ ad∗x ◦ ad∗y ◦ ξ).

It comes that (α ◦ ψ − ψ ◦ ξ) satis�es (3.18) as it veri�es

(α ◦ ψ − ψ ◦ ξ) ◦ ad∗x ◦ ad∗y = adx ◦ ady ◦ (α ◦ ψ − ψ ◦ ξ).

Let now f and g be elements of G∗.

Γ := ad∗(α◦ψ−ψ◦ξ)(f)g − ad∗(α◦ψ−ψ◦ξ)(g)f
= ad∗α◦ψ(f)g − ad∗ψ◦ξ(f)g − ad∗α◦ψ(g)f + ad∗ψ◦ξ(g)f

For any x in G, one has the following

ad∗x ◦ ad∗α◦ψ(f) = [ξ, ad∗x ◦ ad∗ψ(f)]− ad∗α(x) ◦ ad∗ψ(f)
ad∗x ◦ ad∗α◦ψ(g) = [ξ, ad∗x ◦ ad∗ψ(g)]− ad∗α(x) ◦ ad∗ψ(g)
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Then

ad∗x ◦ Γ = ad∗x ◦
(
ad∗(α◦ψ−ψ◦ξ)(f)g − ad∗(α◦ψ−ψ◦ξ)(g)f

)
= ξ ◦ ad∗x ◦ ad∗ψ(f)(g)− ad∗x ◦ ad∗ψ(f) ◦ ξ(g)− ad∗α(x) ◦ ad∗ψ(f)(g)

−ξ ◦ ad∗x ◦ ad∗ψ(g)(f) + ad∗x ◦ ad∗ψ(g) ◦ ξ(f) + ad∗α(x) ◦ ad∗ψ(g)(f)
−ad∗x ◦ ad∗ψ◦ξ(f)(g) + ad∗x ◦ ad∗ψ◦ξ(g)(f)

= ξ
(
ad∗x ◦ ad∗ψ(f)(g)− ◦ad∗x ◦ ad∗ψ(g)(f)

)
︸ ︷︷ ︸

=0, because of (3.19)

+ ad∗α(x)

(
ad∗ψ(g)(f)− ad∗ψ(f)(g)

)
︸ ︷︷ ︸

=0, because of (3.19)

+ ad∗x ◦ ad∗ψ◦ξ(g)f − ad∗x ◦ ad∗ψ(ξ(g))f︸ ︷︷ ︸
=0

+ ad∗x ◦ ad∗ψ(ξ(f))g − ad∗x ◦ ad∗ψ◦ξ(f)g︸ ︷︷ ︸
=0

.

Hence,

ad∗x

(
ad∗(α◦ψ−ψ◦ξ)(f)g − ad∗(α◦ψ−ψ◦ξ)(g)f

)
= 0, (3.27)

for any f, g in G∗ and any x in G. We then have shown that (α ◦ ψ − ψ ◦ ξ) belongs to Ψ′.
Hence, [G′

0,Ψ
′] ⊂ Ψ′.

Now we are going to show that [G′
0,Q

′] ⊂ Q′. For this goal, let ϕα,ξ and ϕ0,β be elements
of G′

0 and Q′ respectively.

ϕα,ξ ◦ ϕ0,β(x, f) = ϕα,ξ

(
0, β(x)

)
=

(
0, ξ ◦ β(x)

)
(3.28)

ϕ0,β ◦ ϕα,ξ(x, f) = ϕ0,β

(
α(x), ξ(f)

)
=

(
0, β ◦ α(x)

)
(3.29)

Then,

[ϕα,ξ, ϕ0,β](x, f) =
(
0, (ξ ◦ β − β ◦ α)(x)

)
(3.30)

Does (ξ ◦ β − β ◦ α) satis�es relation (3.17) ?

(ξ ◦ β)[x, [y, z]] = ξ
(
− ad∗[y,z]

(
β(x)

)
− ad∗x ◦ ad∗z

(
β(y)

)
+ ad∗x ◦ ad∗y

(
β(z)

))
= −ξ ◦ ad∗[y,z]

(
β(x)

)
− ξ ◦ ad∗x ◦ ad∗z

(
β(y)

)
+ ξ ◦ ad∗x ◦ ad∗y

(
β(z)

)
= −ξ ◦ ad∗y ◦ ad∗z

(
β(x)

)
+ ξ ◦ ad∗z ◦ ad∗y

(
β(x)

)
−ξ ◦ ad∗x ◦ ad∗z

(
β(y)

)
+ ξ ◦ ad∗x ◦ ad∗y

(
β(z)

)
= −[ξ, ad∗y ◦ ad∗z](β(x))− ad∗y ◦ ad∗z ◦ ξ(β(x))

+[ξ, ad∗z ◦ ad∗y](β(x)) + ad∗z ◦ ad∗y ◦ ξ(β(x))
−[ξ, ad∗x ◦ ad∗z](β(y))− ad∗x ◦ ad∗z ◦ ξ(β(y))
+[ξ, ad∗x ◦ ad∗y](β(z)) + ad∗x ◦ ad∗y ◦ ξ(β(z))

= −ad∗α(y) ◦ ad∗z(β(x))− ad∗y ◦ ad∗α(z)(β(x))− ad∗y ◦ ad∗z ◦ ξ(β(x))
+ad∗α(z) ◦ ad∗y(β(x)) + ad∗z ◦ ad∗α(y)(β(x)) + ad∗z ◦ ad∗y ◦ ξ(β(x))
−ad∗α(x) ◦ ad∗z(β(y))− ad∗x ◦ ad∗α(z)(β(y))− ad∗x ◦ ad∗z ◦ ξ(β(y))
+ad∗α(x) ◦ ad∗y(β(z))+ad∗x ◦ ad∗α(y)(β(z))+ad∗x ◦ ad∗y ◦ ξ(β(z)) (3.31)
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(β ◦ α)[x, [y, z]] = β
(
[α(x), [y, z]] + [x, [α(y), z]] + [x, [y, α(z)]]

)
= −ad∗[y,z]

(
β(α(x))

)
− ad∗α(x) ◦ ad∗z

(
β(y)

)
+ ad∗α(x) ◦ ad∗y

(
β(z)

)
−ad∗[α(y),z]

(
β(x)

)
− ad∗x ◦ ad∗z

(
β(α(y))

)
+ ad∗x ◦ ad∗α(y)

(
β(z)

)
−ad∗[y,α(z)]

(
β(x)

)
−ad∗x ◦ ad∗α(z)

(
β(y)

)
+ad∗x ◦ ad∗y

(
β(α(z))

)
(3.32)

We then have

(ξ ◦ β − β ◦ α)[x, [y, z]] = −ad∗[y,z]
(
(ξ ◦ β)(x)

)
−ad∗[α(y),z](β(x))−ad∗[y,α(z)](β(x))

−ad∗x ◦ ad∗z
(
(ξ ◦ β)(y)

)
+ ad∗x ◦ ad∗y

(
(ξ ◦ β)(z)

)
+ad∗[y,z]

(
(β ◦ α)(x)

)
+ad∗[α(y),z](β(x))+ad

∗
x ◦ ad∗z

(
(β ◦ α)(y)

)
+ad∗[y,α(z)](β(x))− ad∗x ◦ ad∗y

(
(β ◦ α)(z)

)
= −ad∗[y,z]

(
(ξ ◦ β−β ◦ α)(x)

)
−ad∗x ◦ ad∗z

(
(ξ ◦ β−β ◦ α)(y)

)
+ad∗x ◦ ad∗y

(
(ξ ◦ β − β ◦ α)(z)

)
(3.33)

That is (ξ ◦ β − β ◦ α) satis�es relation (3.17) and then [G′
0,Q

′] ⊂ Q′. It is now clear that
[G′

0,G
′
1] ⊂ G′

1.

We summarize the Lemmas above in the

Theorem 3.3.2. Let G be any �nite-dimensional Lie algebra. Then the Lie algebra of
prederivations of T ∗G decomposes as follows : Pder(T ∗G) = G′

0⊕G′
1, where G

′
0 is a reductive

subalgebra of Pder(T ∗G), that is

[G′
0,G

′
0] ⊂ G′

0 and [G′
0,G

′
1] ⊂ G′

1.

Remark 3.3.1. Pder(T ∗G) is not a symmetric space as is der(T ∗G) (see Theorem 2.3.2)
since [G′

1,G
′
1] is not a subset of G′

0. Precisely, let ϕψ1,β1 and ϕψ2,β2 be two elements of G′
1.

Then,

1. [ϕψ1,β1 , ϕψ2,β2 ] =
(
(ψ1 ◦ β2 − ψ2 ◦ β1) , (β1 ◦ ψ2 − β2 ◦ ψ1)

)
;

2. [ϕψ1,β1 , ϕψ2,β2 ] do not belong to G′
0 even (ψ1 ◦ β2−ψ2 ◦ β1) is a prederivation of G.

3. (β1 ◦ ψ2 − β2 ◦ ψ1) is not linked to (ψ1 ◦ β2 − ψ2 ◦ β1) by (3.20).

Indeed, let ϕψ1,β1 and ϕψ2,β2 be two elements of G′
1.

(ϕψ1,β1 ◦ ϕψ2,β2)(x, f) = ϕψ1,β1

(
ψ2(f), β2(x)

)
=

(
ψ1 ◦ β2(x), β1 ◦ ψ2(f)

)
(3.34)

By the same way

(ϕψ2,β2 ◦ ϕψ1,β1)(x, f) =
(
ψ2 ◦ β1(x), β2 ◦ ψ1(f)

)
(3.35)
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It comes that

[ϕψ1,β1 , ϕψ2,β2 ](x, f) =
(
(ψ1 ◦ β2 − ψ2 ◦ β1)(x) , (β1 ◦ ψ2 − β2 ◦ ψ1)(f)

)
(3.36)

Let us see if (ψ1 ◦ β2 − ψ2 ◦ β1) is a prederivation of G.

(ψ1 ◦ β2)[x, [y, z]] = ψ1

(
− ad∗[y,z]

(
β2(x)

)
− ad∗x ◦ ad∗z

(
β2(y)

)
+ ad∗x ◦ ad∗y

(
β2(z)

))
= −ψ1 ◦ ad∗[y,z]

(
β2(x)

)
−ψ1 ◦ ad∗x ◦ ad∗z

(
β2(y)

)
+ψ1 ◦ ad∗x ◦ ad∗y

(
β2(z)

)
= −ady ◦ adz ◦ ψ1

(
β2(x)

)
+ adz ◦ ady ◦ ψ1

(
β2(x)

)
−adx ◦ adz ◦ ψ1

(
β2(y)

)
+ adx ◦ ady ◦ ψ1

(
β2(z)

)
= −

[
y, [z, ψ1 ◦ β2(x)]

]
+
[
z, [y, ψ1 ◦ β2(x)]

]
−
[
x, [z, ψ1 ◦ β2(y)]

]
+
[
x, [y, ψ1 ◦ β2(z)]

]
(3.37)

We also have :

(ψ2 ◦ β1)[x, [y, z]] = −
[
y, [z, ψ2 ◦ β1(x)]

]
+
[
z, [y, ψ2 ◦ β1(x)]

]
−
[
x, [z, ψ2 ◦ β1(y)]

]
+
[
x, [y, ψ2 ◦ β1(z)]

]
(3.38)

Now we have :

(ψ1 ◦ β2 − ψ2 ◦ β1)[x, [y, z]] = −
[
y, [z, ψ1 ◦ β2(x)]

]
+
[
z, [y, ψ1 ◦ β2(x)]

]
−
[
x, [z, ψ1 ◦ β2(y)]

]
+
[
x, [y, ψ1 ◦ β2(z)]

]
+
[
y, [z, ψ2 ◦ β1(x)]

]
−
[
z, [y, ψ2 ◦ β1(x)]

]
+
[
x, [z, ψ2 ◦ β1(y)]

]
−
[
x, [y, ψ2 ◦ β1(z)]

]
=−
[
y, [z, (ψ1 ◦ β2−ψ2 ◦ β1)(x)]

]
+
[
z, [y, (ψ1 ◦ β2−ψ2 ◦ β1)(x)]

]
−
[
x, [z, (ψ1 ◦ β2−ψ2 ◦ β1)(y)]

]
+
[
x, [y, (ψ1 ◦ β2−ψ2 ◦ β1)(z)]

]
=
[
(ψ1 ◦ β2−ψ2 ◦ β1)(x), [y, z]

]
+
[
x, [(ψ1 ◦ β2−ψ2 ◦ β1)(y), z]

]
+
[
x, [y, (ψ1 ◦ β2−ψ2 ◦ β1)(z)]

]
(3.39)

Then (ψ1 ◦ β2 − ψ2 ◦ β1) is a prederivation of G.

We are now going to verify if (β1 ◦ψ2 − β2 ◦ψ1) satis�es relation (3.20). Let x and y be
two elements of G and f be in G∗.

[β1 ◦ ψ2 − β2 ◦ ψ1, ad
∗
x ◦ ad∗y](f) = [β1 ◦ ψ2, ad

∗
x ◦ ad∗y](f)− [β2 ◦ ψ1, ad

∗
x ◦ ad∗y](f)

=
(
β1 ◦ ψ2 ◦ ad∗x ◦ ad∗y − ad∗x ◦ ad∗y ◦ β1 ◦ ψ2

)
(f)

−
(
β1 ◦ ψ2 ◦ ad∗x ◦ ad∗y − ad∗x ◦ ad∗y ◦ β1 ◦ ψ2

)
(f)

=
(
β1 ◦ adx ◦ ady ◦ ψ2 − ad∗x ◦ ad∗y ◦ β1 ◦ ψ2

)
(f)

−
(
β2 ◦ adx ◦ ady ◦ ψ1 − ad∗x ◦ ad∗y ◦ β2 ◦ ψ1

)
(f)
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= β1

(
[x, [y, ψ2(f)]]

)
− ad∗x ◦ ad∗y

(
β1
(
ψ2(f)

))
−β2

(
[x, [y, ψ1(f)]]

)
+ ad∗x ◦ ad∗y

(
β2
(
ψ1(f)

))
= −ad∗[y,ψ2(f)]

(
β1(x)

)
− ad∗x ◦ ad∗ψ2(f)

(
β1(y)

)
+ad∗x ◦ ad∗y

(
β1
(
ψ2(f)

))
− ad∗x ◦ ad∗y

(
β1
(
ψ2(f)

))
+ad∗[y,ψ1(f)]

(
β2(x)

)
+ ad∗x ◦ ad∗ψ1(f)

(
β2(y)

)
−ad∗x ◦ ad∗y

(
β2
(
ψ1(f)

))
+ ad∗x ◦ ad∗y

(
β2
(
ψ1(f)

))
= −ad∗y ◦ ad∗ψ2(f)

(
β1(x)

)
+ ad∗ψ2(f)

◦ ad∗y
(
β1(x)

)
−ad∗x ◦ ad∗ψ2(f)

(
β1(y)

)
+ ad∗y ◦ ad∗ψ1(f)

(
β2(x)

)
−ad∗ψ1(f)

◦ ad∗y
(
β2(x)

)
+ ad∗x ◦ ad∗ψ1(f)

(
β2(y)

)
= −ad∗y ◦ ad∗ψ2(β1(x))

f + ad∗ψ2(f)
◦ ad∗y

(
β1(x)

)
−ad∗x ◦ ad∗ψ2(β1(y))

f + ad∗y ◦ ad∗ψ1(β2(x))
f

−ad∗ψ1(f)
◦ ad∗y

(
β2(x)

)
+ ad∗x ◦ ad∗ψ1(β2(y))

f (3.40)

Hence,

[β1 ◦ ψ2 − β2 ◦ ψ1, ad
∗
x ◦ ad∗y](f) = ad∗y ◦ ad∗(ψ1◦β2−ψ2◦β1)(x)f + ad∗x ◦ ad∗(ψ1◦β2−ψ2◦β1)(y)f

+ad∗ψ2(f)
◦ ad∗y

(
β1(x)

)
− ad∗ψ1(f)

◦ ad∗y
(
β2(x)

)
(3.41)

The map (β1 ◦ ψ2 − β2 ◦ ψ1) does not satisfy the relation (3.20) (with the prederivation

(ψ1 ◦ β2 − ψ2 ◦ β1)) because of the term ad∗ψ2(f)
◦ ad∗y

(
β1(x)

)
− ad∗ψ1(f)

◦ ad∗y
(
β2(x)

)
.

3.3.3 Maps ξ : G∗ → G∗

Proposition 3.3.1. Let G be a Lie algebra and let α be a prederivation of G. A linear map
ξ′ : G → G satis�es [ξ′, adx ◦ ady] = −

(
adα(x) ◦ ady + adx ◦ adα(y)

)
, for any elements x and

y of G if and only if there exists a linear map j : G → G satisfying

[j, adx ◦ ady] = 0, (3.42)

for any x, y and z in G, such that ξ′ = j − α.

Proof. Let ξ′ and α be as in the Proposition 3.3.1. For any x, y, z in G, one has

ξ′ ◦ adx ◦ ady(z)− adx ◦ ady ◦ ξ′(z) = −adα(x) ◦ ady(z)− adx ◦ adα(y)(z)
= −

[
α(x), [y, z]

]
−
[
x, [α(y), z]

]
= −α

(
[x, [y, z]]

)
+ [x, [y, α(z)]]

= −α ◦ adx ◦ ady(z) + adx ◦ ady ◦ α(z).

We then have [
(ξ′ + α) , adx ◦ ady

]
= 0, (3.43)

for any elements x, y of G. To �nish the proof we just take j = ξ′ + α.
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Let us note by J′ the space of linear maps j : G → G which satisfy

[j, adx ◦ ady] = 0, (3.44)

for every x, y, z in G.

Proposition 3.3.2. Let G be a non Abelian Lie algebra with dual space G∗. A linear map
ξ : G∗ → G∗ satis�es [ξ, ad∗x ◦ ad∗y] = ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y), for some prederivation α

of G and every x, y in G if and only if its transpose ξt : G → G is of the form ξt = j − α,
where j is in J′.

Proof. Consider a linear map ξ satisfying the hypothesis of Proposition 3.3.2. That is, for
every x, y in G, [ξ, ad∗x ◦ ad∗y] = ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y), for some α in Pder(G). Taking
transposes of the two sides one has

[ξ, ad∗x ◦ ad∗y]t =
(
ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y)

)t
−
[
ξt,
(
ad∗x ◦ ad∗y

)t]
=

(
ad∗α(x) ◦ ad∗y

)t
+
(
ad∗x ◦ ad∗α(y)

)t
−
[
ξt, ady ◦ adx

]
= ady ◦ adα(x) + adα(y) ◦ adx[

ξt, ady ◦ adx
]

= −
(
ady ◦ adα(x) + adα(y) ◦ adx

)
. (3.45)

From Proposition 3.3.1 we conclude that ξt = j − α, where j is in J′.

As a consequence, we have the following corollary of Theorem 3.3.1.

Corollary 3.3.1. A prederivation p : T ∗G → T ∗G is de�ned by :

p(x, f) =
(
α(x) + ψ(f), β(x) + f ◦ (j − α)

)
(3.46)

for any element (x, f) of T ∗G, where α : G → G is a prederivation of G, j : G → G is in J′,
β : G → G∗ and ψ : G∗ → G are linear maps satisfying relations (3.17), (3.18) and (3.19).

3.4 Orthogonal Lie algebras

3.4.1 Maps α, β, ψ, ξ in orthogonal Lie algebras

All over this section we consider an orthogonal Lie algebra (G, µ). Let θ : G → G∗ still stand
for the isomorphism de�ned by ⟨θ(x), y⟩ := µ(x, y), for all x, y in G.

Lemma 3.4.1. The map β 7→ αβ := θ−1 ◦ β is an isomorphism between the space Q′ of
linear maps β satisfying relation (3.17) and the space Pder(G) of prederivations of G.

Proof. Let β be an element of Q′. For any x, y, z in G, we have

αβ
([
x, [y, z]

])
:= θ−1 ◦ β

([
x, [y, z]

])
= θ−1

(
− ad∗[y,z]

(
β(x)

)
+ ad∗x ◦ ad∗y

(
β(z)

)
− ad∗x ◦ ad∗z

(
β(y)

))
= −ad[y,z] ◦ θ−1 ◦ β(x)+adx ◦ ady ◦ θ−1 ◦ β(z)−adx ◦ adz ◦ θ−1 ◦ β(y)
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= −
[
[y, z], αβ(x)

]
+
[
x, [y, αβ(z)]

]
−
[
x, [z, αβ(z)]

]
(3.47)

Then αβ belongs to Pder(G). Conversely, let α be a prederivation of G and set βα := θ ◦ α.
For any x, y, z in G one has

βα
([
x, [y, z]

])
:= θ

([
α(x), [y, z]

]
+
[
x, [α(y), z]

]
+
[
x, [y, α(z)]

])
= −θ ◦ ad[x,y]

(
α(x)

)
+ θ ◦ adx

(
[α(y), z]

)
+ θ ◦ adx

(
[y, α(z)]

)
= −ad∗[y,z](θ ◦ α)(x) + ad∗x ◦ θ

(
− adz(α(y))

)
+ ad∗x ◦ θ ◦ ady

(
α(z)

)
= −ad∗[y,z]βα(x)− ad∗x ◦ ad∗yβα(y) + ad∗x ◦ ad∗yβα(z)

Then βα is an element of Q′. This correspondence is obviously bijective.

Now we are going to look at maps ψ′s in the case where G is an orthogonal Lie algebra.

Lemma 3.4.2. The map ψ 7→ jψ := ψ ◦ θ is an isomorphism between the space of linear
maps ψ : G∗ → G which satisfy relations (3.18) and the space J′.

Proof. Take ψ as in the Lemma 3.4.2. Then for any elements x, y, z in G, we have

[ψ ◦ θ, adx ◦ ady] = ψ ◦ θ ◦ adx ◦ ady − adx ◦ ady ◦ ψ ◦ θ
= ψ ◦ ad∗x ◦ ad∗y ◦ θ − ψ ◦ ad∗x ◦ ad∗y ◦ θ
= 0

Then jψ := ψ ◦ θ is an element of J′.
Now consider an element j of J′ and set ψj := j ◦ θ−1. Taking two arbitrary elements x

and y of G, we have

ψj ◦ ad∗x ◦ ad∗y = j ◦ θ−1 ◦ ad∗x ◦ ad∗y
= j ◦ adx ◦ ady ◦ θ−1

= adx ◦ ady ◦ j ◦ ψ
= adx ◦ ady ◦ ψj (3.48)

Then ψj satis�es relation (3.18). This correspondence is linear and invertible.

Lemma 3.4.3. The maps ξ 7→ θ−1◦ξ ◦θ is an isomorphism of Lie algebras between the Lie
algebra E′ of linear maps ξ : G∗ → G∗ satisfying [ξ, ad∗x ◦ ad∗y] = ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y),
for some prederivation α of G and any x and y in G, and the Lie algebra S′ of linear maps
ξ′ : G → G such that [ξ′, adx ◦ ady] = adα(x) ◦ ady + adx ◦ adα(y), for some prederivation α
of G and every elements x, y of G.

Proof. Consider an element ξ of E′ and set δξ := θ−1 ◦ ξ ◦ θ. For x, y, z in G we have

[δξ, adx ◦ ady] = δξ ◦ adx ◦ ady − adx ◦ ady ◦ δξ
= θ−1 ◦ ξ ◦ θ ◦ adx ◦ ady − adx ◦ ady ◦ θ−1 ◦ ξ ◦ θ
= θ−1 ◦ ξ ◦ ad∗x ◦ ad∗y ◦ θ − θ−1 ◦ ad∗x ◦ ad∗y ◦ ξ ◦ θ
= θ−1 ◦ (ξ ◦ ad∗x ◦ ad∗y − ad∗x ◦ ad∗y ◦ ξ) ◦ θ
= θ−1 ◦ [ξ, ad∗x ◦ ad∗y] ◦ θ
= θ−1 ◦

(
ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y)

)
◦ θ, for some α ∈ Pder(G)
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=
(
adα(x) ◦ ady + adx ◦ adα(y)

)
◦ θ−1 ◦ θ

= adα(x) ◦ ady + adx ◦ adα(y). (3.49)

Then δξ is an element of S′.

Now consider an element ξ′ of S′ with α as corresponding prederivation of G. Then
ξ := θ ◦ ξ′ ◦ θ−1 is an element of E′ as one can see in the following. For any elements x, y
in G we have

[ξ, ad∗x ◦ ad∗y] = ξ ◦ ad∗x ◦ ad∗y − ad∗x ◦ ad∗y ◦ ξ
= θ ◦ ξ′ ◦ θ−1 ◦ ad∗x ◦ ad∗y − ad∗x ◦ ad∗y ◦ θ ◦ ξ′ ◦ θ−1

= θ ◦ ξ′ ◦ adx ◦ ady ◦ θ−1 − θ ◦ adx ◦ ady ◦ ξ′ ◦ θ−1

= θ ◦
(
ξ′ ◦ adx ◦ ady − adx ◦ ady ◦ ξ′

)
◦ θ−1

= θ ◦ [ξ′, adx ◦ ady] ◦ θ−1

= θ ◦
(
adα(x) ◦ ady + adx ◦ adα(y)

)
◦ θ−1

=
(
ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y)

)
◦ θ ◦ θ−1

= ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y).

It comes that ξ := θ ◦ ξ′ ◦ θ−1 belongs to E′.

Now note by δ : E′ → S′, ξ 7→ δξ := θ−1 ◦ ξ ◦ θ. For any ξ1 and ξ2 in E′, we have :

[δξ1 , δξ2 ] = δξ1 ◦ δξ2 − δξ2 ◦ δξ1
= θ−1 ◦ ξ1 ◦ θ ◦ θ−1 ◦ ξ2 ◦ θ − θ−1 ◦ ξ2 ◦ θ ◦ θ−1 ◦ ξ1 ◦ θ
= θ−1 ◦ ξ1 ◦ ξ2 ◦ θ − θ−1 ◦ ξ2 ◦ ξ1 ◦ θ
= θ−1 ◦ [ξ1, ξ2] ◦ θ
= δ[ξ1,ξ2]

Thus, the map ξ 7→ θ−1 ◦ ξ ◦ θ is an isomorphism of Lie algebras.

Now we have the following result which states that Pder(T ∗G) is completely determined
by Pder(G) and J′.

Proposition 3.4.1. Let (G, µ) be an orthogonal Lie algebra and G∗ its dual space. Consider
the isomorphism θ : G → G∗ de�ned by ⟨θ(x), y⟩ := µ(x, y). Any prederivation ϕ of T ∗G

has the following form

ϕ(x, f) =
(
α1(x) + j1 ◦ θ−1(f) , θ ◦ α2(x) + (jt2 − αt1)(f)

)
, (3.50)

for every (x, f) in T ∗G, where

- α1, α2 are prederivations of G,

- j1, j2 are in J′, with ad∗x
(
ad∗j1◦θ−1(f)g − ad∗j1◦θ−1(g)f

)
= 0, for all x in G; f, g in G∗,

- jt2 and αt1 are the transposes of j2 and α1 respectively.
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Remark 3.4.1. 1. Recall relation (3.18) :

ψ ◦ ad∗x ◦ ad∗y = adx ◦ ady ◦ ψ,

for all x and y in G. We can also write

ψ ◦ ad∗y ◦ ad∗x = ady ◦ adx ◦ ψ,

for all x and y in G. Substracting the above two relations we have, for all elements
x, y of G,

ψ ◦ [ad∗x, ad∗y] = [adx, ady] ◦ ψ
which can be written

ψ ◦ ad∗[x,y] = ad[x,y] ◦ ψ.
Hence, if ψ satis�es relation (3.18) then

ψ ◦ ad∗[x,y] = ad[x,y] ◦ ψ, (3.51)

for any x and y in G.

2. By the same way, we recall relation (3.20) :

[ξ, ad∗x ◦ ad∗y] = ad∗α(x) ◦ ad∗y + ad∗x ◦ ad∗α(y)

for any x and y in G. Changing the roles played by x and y we obtain

[ξ, ad∗y ◦ ad∗x] = ad∗α(y) ◦ ad∗x + ad∗y ◦ ad∗α(x).

Substracting again the two last relations above, we have[
ξ, [ad∗x , ad

∗
y]
]

=
[
ad∗α(x), ad

∗
y

]
+
[
ad∗x, ad

∗
α(y)

][
ξ, ad∗[x,y]

]
= ad∗[α(x),y] + ad∗[x,α(y)].

That is [
ξ, ad∗[x,y]

]
= ad∗([α(x),y]+[x,α(y)]), (3.52)

for all x and y in G.

3.4.2 Semi-simple Lie algebras

A semi-simple Lie algebra is an orthogonal Lie algebra. Moreover, if G is semi-simple, then
any prederivation is a derivation and hence an inner derivation ([64]). In this case, we can
write relation (3.52) as follows [

ξ, ad∗[x,y]

]
= ad∗α([x,y]) (3.53)

for all x, y in G. Since [G,G] = G, we can simply write

[ξ, ad∗x] = ad∗α(x) (3.54)

for any x of G. The following lemma is an immediate consequence of Section 2.4.

On the Geometry of Cotangent Bundles of Lie Groups Bakary MANGA c⃝URMPM/IMSP 2010



Orthogonal Lie algebras 65

Lemma 3.4.4. If G is a semi-simple Lie algebra, then E′ is nothing but the space of linear
maps ξ′ : G∗ → G∗ such that

[ξ, ad∗x] = ad∗α(x),

for some derivation α of G and any x in G. Furthermore, if G decomposes into simple ideal
as follows G = s1 ⊕ s2 ⊕ · · · ⊕ sp (p ∈ N), then

ξ = ad∗x0 +

p⊕
i=1

λiids∗i , (3.55)

for some x0 in G and some real numbers λ1, λ2, . . . , λp.

Now we work on the maps β and the relation (3.17). The maps β 7→ αβ := θ−1 ◦ β
de�ned in Lemma 3.4.1 is then an isomorphism between the spaces der(G) and Q′, since
Pder(G) = der(G). From Proposition 2.4.3 it comes that if αβ is a derivation then β = θ◦αβ
is a 1-cocycle of G with values in G∗ for the coadjoint representation of G on G∗. We then
proved the following lemma.

Lemma 3.4.5. If G is a semi-simple Lie algebra, then any element β of Q′ is a 1-cocycle
of G with values in G∗ for the coadjoint representation of G on G∗.

Lemma 3.4.6. If G is a semi-simple Lie algebra, then Ψ′ = {0}.

Proof. Relation (3.19) means that the linear form ad∗ψ(f)g−ad∗ψ(g)f is closed, for any linear
forms f and g on G. Since G is semi-simple, it is perfect ; that is G is equal to its derived
ideal ([G,G] = G). It is known that any closed form on a perfect Lie algebra is zero. Then,
the closed form ad∗ψ(f)g − ad∗ψ(g)f is equal to zero for any f and g in G∗, i.e.

ad∗ψ(f)g − ad∗ψ(g)f = 0, (3.56)

for every f and g in G. Again because [G,G] = G, Relation (3.18) becomes

ψ ◦ ad∗x = adx ◦ ψ (3.57)

Now we conclude with Proposition 2.4.4.

We summarize all the above by the following

Theorem 3.4.1. Let G be a �nite dimensional semi-simple Lie group with Lie algebra G.
Then every prederivation of the Lie algebra T ∗G of the cotangent bundle Lie group T ∗G of
G is a derivation.

Proof. This is direct consequence of Lemmas 3.4.4, 3.4.5, 3.4.6 and the fact that any
prederivation of a semi-simple Lie algebra is a derivation.
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3.4.3 Compact Lie algebras

Lemma 3.4.7. Let G be a compact Lie algebra. Then every prederivation α of G is of the
form α = adx0⊕φ, where x0 belongs to the derived ideal of [G,G] and φ is an endomorphism
of Z(G). That is for any x1 in [G,G] and x2 in Z(G),

α(x1 + x2) = [x0, x1] + φ(x2), (3.58)

where x0 in [G,G], where φ is an endomorphism of Z(G).

Proof. Recall that a compact Lie algebra is a Lie algebra G which decomposes into the sum
G = [G,G]⊕ Z(G) of its derived ideal and its centre, with [G,G] semi-simple and compact.
A prederivation α of such a Lie algebra preserves each of the factor [G,G] and Z(G). Then
it can be written as a direct sum of a prederivation α1 of [G,G] and a prederivation α2 of
Z(G). Since [G,G] is semi-simple, the prederivation α1 is an inner derivation. Furthermore,
the derivation α2 of Z(G) is just an endomorphism of Z(G) because Z(G) is an Abelian
ideal of G. Hence, we can write

α = adx0 ⊕ φ, (3.59)

where x0 is an element of the derived ideal of G and φ is an endomorphism of Z(G). The
prederivation α acts on G as follows. If x = x1 + x2 with x1 in [G,G] and x2 in Z(G),

α(x) = α(x1 + x2) = [x0, x1] + φ(x2). (3.60)

Lemma 3.4.8. If G is a compact Lie algebra. Then the space Ψ′ is isomorphic to the space
End(Z(G)) of endomorphisms of the centre Z(G) of G.

Proof. A compact Lie algebra admits an orthogonal structure, then from Lemma 3.4.2
the space of linear maps ψ : G∗ → G which are equivariant with respect to the adjoint
and coadjoint representation of [G,G] on G and G∗ respectively is isomorphic to the space
J′. The correspondence is given by ψ = j ◦ θ−1, for some j in J′. For any element x of
G = [G,G] ⊕ Z(G), we write x = x1 + x2, where x1 is in the semi-simple ideal [G,G] while
x2 belongs to the centre Z(G) of G. Set

j(x) =
(
j11(x1) + j21(x2)

)︸ ︷︷ ︸
∈[G,G]

+
(
j12(x1) + j22(x2)

)︸ ︷︷ ︸
∈Z(G)

, (3.61)

where j11 : [G,G] → [G,G], j12 : [G,G] → Z(G), j21 : Z(G) → [G,G] and j22 : Z(G) → Z(G)
are linear maps. For any x, y, z in G, we have

j
([

[x, y], z
])

=
[
[x, y], j(z)

]
j
([

[x1, y1], z1
])

=
[
[x1, y1], j11(z1) + j21(z2)

]
=

[
[x1, y1], j11(z1)

]
+
[
[x1, y1], j21(z2)

]
(3.62)

If we take z2 = 0, then j
([

[x1, y1], z1
])

=
[
[x1, y1], j11(z1)

]
for all x1, y1, z1 in [G,G]. Relation

(3.62) gives
[
[x1, y1], j21(z2)

]
= 0 for all x1, y1 in [G,G] and z2 in Z(G); that is j21(z2) belongs
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to the centre of [G,G] which is {0} since [G,G] is semi-simple. It comes that j21 ≡ 0. On
the other way

j
([

[x1, y1], z1
])

= j11

([
[x1, y1], z1

])
+ j12

([
[x1, y1], z1

])
[
[x1, y1], j11(z1)

]︸ ︷︷ ︸
∈[G,G]

= j11

([
[x1, y1], z1

])︸ ︷︷ ︸
∈[G,G]

+ j12

([
[x1, y1], z1

])︸ ︷︷ ︸
∈Z(G)

(3.63)

It comes that j12

([
[x1, y1], z1

])
= 0, for all x1, y1, z1 in [G,G]. Then J12 ≡ 0 on the semi-

simple ideal [G,G]. Now we have just

j(x) = j11(x1) + j22(x2), (3.64)

where j11 is an endomorphism of [G,G] satisfying

j11

([
[x1, y1], z1

])
=
[
[x1, y1], j11(z1)

]
, (3.65)

for all x1, y1, z1 in [G,G] ; and j22 is in End(Z(G)). Since [G,G] is perfect then (3.65) can
be written

j11([x1, y1]) = [x1, j11(y1)], (3.66)

for all x1, y1 in [G,G]. It comes, from Corollary 2.4.4, that

j11(x) =

p∑
i=1

λix1i + j22(x2), (3.67)

where x1 = x11 + x12 + · · · + x1p is the decomposition of x1 into elements of the simple
components of [G,G]. Now we have,

ψ(f) = j ◦ θ−1(f)

= j
( p∑
k=1

θ−1(f1k) + θ−1(f2)
)

=

p∑
i=1

λiθ
−1(f1i) + j22 ◦ θ−1(f2) (3.68)

From Lemma 3.4.6 the restriction of ψ to the semi-simple ideal must be zero, then

ψ(f) = j22 ◦ θ−1(f2). (3.69)

and we are done.

Lemma 3.4.9. If G is a compact Lie algebra, then the space Q′ is isomorphic to the space
ad[G,G] ⊕ End(Z(G)), where ad[G,G] stands for the space of inner derivations of the derived
ideal [G,G] of G.

Proof. The proof is straightforward. Lemma 3.4.1 asserts that Q′ is isomorphic to Pder(G)
and Lemma 3.4.7 implies that Pder(G)

∼
= ad[G,G] ⊕ End(Z(G)).
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Lemma 3.4.10. Let G be a compact Lie algebra. Then any linear map ξ : G∗ → G∗

satisfying relation (3.20) can be written as

ξ =

(
p⊕
i=1

λiid
∗
si
+ ad∗x0

)
⊕ η, (3.70)

where η is an endomorphism of Z(G∗), x0 is an element of [G,G] = s1 ⊕ s2 · · · ⊕ sp;
λ1, λ2, . . . , λp are real numbers and p is the number or simple components of [G,G]. More
precisely, if f = f1 + f2 is an element of G∗ with f1 = f11 + f12 + f13 + · · · + f1p in
[G,G]∗ = s∗1 ⊕ s∗2 ⊕ · · · ⊕ s∗p and f2 in Z(G)∗, then

ξ(f) =

p∑
i=1

λifi + ad∗x0f1 + η(f2). (3.71)

Proof. We have already seen that the transpose ξt of ξ has the form ξt = j −α, where j is
in J′. From the proof of Lemma 3.4.8 (see Relation (3.67)) we have

j =

(
p⊕
i=1

λiidsi

)
⊕ ρ1,

where ρ1 is an endomorphism of Z(G). Hence,

ξt =

(
p⊕
i=1

λiidsi

)
⊕ ρ1 −

(
adx0 ⊕ φ1

)
,

since a prederivation α of the compact Lie algebra G is given by α = adx0 ⊕ φ1, where x0
is in [G,G] and φ1 is an endomorphism of Z(G) (see Lemma 3.4.7). We simply write

ξt =

(
p⊕
i=1

λiidsi − adx0

)
⊕ φ2,

where φ2 = ρ1 + φ1 belongs to End(Z(G)). It comes that

ξ =

(
p⊕
i=1

λiids∗i + ad∗x0

)
⊕ η,

where η = φt2 is the transpose of φ2.

The following Proposition holds and is a direct consequence of the Lemmas above.

Proposition 3.4.2. Let G be a compact Lie algebra. Let θ : G → G∗ be the isomorphism
de�ned by ⟨θ(x), y⟩ := µ(x, y), where µ is an arbitrary orthogonal structure on G. Then any
prederivation of T ∗G has the following form :

ϕ(x, f) =
(
[x0, x1]+φ1(x2)+φ2 ◦ θ−1(f2) , θ([y0, x1])+θ ◦ φ3(x2)

+

p∑
i=1

λif1i+ad
∗
x0
f1+η(f2)

)
, (3.72)

where
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- x0, y0 are in [G,G];

- φ1, φ2, φ3 are endomorphisms of Z(G);

- η is in End
(
Z(G)∗

)
;

- νi, λi, i = 1, 2, . . . , p are real numbers;

- x = x1 + x2 = x11 + x12 + · · ·+ x1p + x2 ∈ G = [G,G]⊕ Z(G)

- and f = f1 + f2 = f11 + f12 + · · ·+ f1p + f2 ∈ G∗ = [G,G]∗ ⊕ Z(G)∗;

p being the number of simple components of [G,G] = s1 ⊕ s2 ⊕ · · · ⊕ sp.

Proof. Let G = [G,G] ⊕ Z(G) be a compact Lie algebra. From Proposition 3.4.1 we have
that any prederivation ϕ of G has the form

ϕ(x, f) =
(
α1(x) + j1 ◦ θ−1(f) , θ ◦ α2(x) + (jt2 − αt1)(f)

)
,

for every (x, f) in T ∗G, where α1, α2 are prederivations of G, j1, j2 are in J′, jt2 and α
t
1 are the

transposes of j2 and α1 respectively. Now Lemma 3.4.7 implies that α1(x) = [x0, x1]+φ1(x2)
and α2(x) = [y0, x1] + φ3(x2), for every x = x1 + x2 ∈ G = [G,G] ⊕ Z(G) where x0 and y0
are �x elements of the derived ideal [G,G]. From the proof of Lemma 3.4.8, we have

j1(x) =

p∑
i=1

νix1i + φ2(x2),

j2(x) =

p∑
i=1

λix1i + φ′
2(x2),

where x = x1 + x2 = x11 + x12 + · · · + x1p + x2 ∈ [G,G] ⊕ Z(G), λ, νi, i = 1, 2, . . . , p being
real numbers. Then, for any f = f1 + f2 = f11 + f12 + · · ·+ f1p + f2 in [G,G]∗ ⊕ Z(G)∗, we
have

j1 ◦ θ−1(f) = j1
(
θ−1(f)

)
=

p∑
i=1

νi

(
θ−1(f1i)

)
+ φ2

(
θ−1(f2)

)
. (3.73)

The restriction of ψ := j1 ◦ θ−1 to the dual space of the semi-simple ideal [G,G] must be
zero (see Proposition 2.4.4). Then we have

j1 ◦ θ−1(f) = φ2 ◦ θ−1(f2), (3.74)

for all f = f1 + f2 = f11 + f12 + · · ·+ f1p + f2 in [G,G]∗ ⊕ Z(G)∗.

Let us, now have a look at maps β := θ ◦ α2. We have

β(x) = θ
(
[y0, x1]

)
+ θ ◦ φ3(x2) (3.75)

for all x = x1 + x2 in G = [G,G]⊕ Z(G).

We �nish this chapter by giving some situations where prederivations are used.
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3.5 Possible Applications and Examples

3.5.1 Examples

Example 3.5.1 (A�ne Lie algebra of the real line). Let A�(R) stand for the a�ne Lie
group of the real line and note by a�(R) its Lie algebra. We recall (see Example 2.5.1) that
D1 := T ∗a�(R) = span(e1, e2, e3) with the following brackets

[e1, e2] = e2 , [e1, e4] = −e4 , [e2, e4] = e3,

One can readily verify that Pder(D1) = der(D1) = R2 ⋉ R3 (semi-direct product of the
Abelian Lie algebras R3 = spanR(ϕ1, ϕ3, ϕ4) and R2 = spanR(ϕ2, ϕ5)) with the following
brackets (see Example 2.5.1) :

[ϕ2, ϕ1] = ϕ1 , [ϕ2, ϕ3] = ϕ3 , [ϕ5, ϕ3] = ϕ3 , [ϕ5, ϕ4] = ϕ4.

Example 3.5.2 (The Lie Algebra of the Group SL(2,R) of Special Linear Group and
the Lie Algebra of the Group SO(3) of Rotations). The Lie algebra sl(2,R) is simple,
then Pder(T ∗sl(2,R)) = der(T ∗sl(2,R)) (See Example 2.5.3). By the same argument,
Pder(T ∗so(3,R)) = der(T ∗so(3,R)) (see Example 2.5.2).

Example 3.5.3 (The 4-dimensional Oscillator Group). In Example 1.1.3 we have de�ne
the Oscillator Lie group and its Lie algebra. The 4-dimensional oscillator algebra, is the
space Gλ = span{e−1, e0, e1, ě1} (λ > 0) with the following brackets :

[e−1, e1] = λě1 ; [e−1, ě1] = −λe1 ; [e1, ě1] = e0. (3.76)

Let (e∗−1, e
∗
0, e

∗
1, ě

∗
1) stand for the basis of G∗

λ dual to (e−1, e0, e1, ě1). Then, the Lie algebra
T ∗Gλ = span(e−1, e0, e1, ě1, e

∗
−1, e

∗
0, e

∗
1, ě

∗
1) with the brackets

[e−1, e1] = λě1 ; [e−1, ě1] = −λe1 ; [e1, ě1] = e0
[e−1, e

∗
1] = λě∗1 ; [e−1, ě

∗
1] = −λe∗1 ; [e1, e

∗
0] = −ě∗1

[ě1, e
∗
1] = −λe∗−1 ; [e1, ě

∗
1] = λe∗−1 ; [ě1, e

∗
0] = e∗1

(3.77)

Consider the form µλ de�ned on Gλ by

µλ(x, y) = x−1y0 + x0y−1 +
1

λ
(x1y1 + x̌1y̌1) (3.78)

for all x = x−1e−1 + x0e0 + x1e1 + x̌1ě1 and y = y−1e−1 + y0e0 + y1e1 + y̌1ě1. It is readily
cheiked that the form (3.78) de�nes an orthogonal structure on Gλ ([12]). The isomorphism
θ : Gλ → Gλ de�ned by ⟨θ(x), y⟩ = µλ(x, y), for all x, y in Gλ is given by

θ(e−1) = e∗0 , θ(e0) = e∗−1 , θ(e1) =
1

λ
e∗1 , θ(ě1) =

1

λ
ě∗1, (3.79)

The inverse map of θ reads :

θ−1(e∗−1) = e0 , θ−1(e∗0) = e−1 , θ−1(e∗1) = λe1 , θ−1(ě∗1) = λě1. (3.80)
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Since Gλ is an orthogonal Lie algebra, any prederivation ϕ of T ∗Gλ can be written as
follows.

ϕ(x, f) =
(
α1(x) + j1 ◦ θ−1(f) , θ ◦ α2(x) + (jt2 − αt1)(f)

)
,

for every (x, f) in T ∗G, where α1, α2 are in Pder(Gλ) and j1, j2 are in J′ with conditions
listed in Proposition 3.4.1. Now we have :

• A prederivation α of Gλ can be represented in the basis (e−1, e0, e1, ě1) by the following
matrix.

α =


0 0 0 0
a21 2a33 a23 a24

−λa23 0 a33 a34
−λa24 0 −a34 a33

 , (3.81)

where aij's are reals numbers. We can put

α1 =


0 0 0 0
a21 2a33 a23 a24

−λa23 0 a33 a34
−λa24 0 −a34 a33

 ; α2 =


0 0 0 0
b21 2b33 b23 b24

−λb23 0 b33 b34
−λb24 0 −b34 b33

 .

• A linear map j : Gλ → Gλ which satis�es (3.44) has the following form :

j =


j11 0 0 0
j21 j11 0 0
0 0 j11 0
0 0 0 j11

 , (3.82)

where j11 and j21. We set

j1 =


a1 0 0 0
a2 a1 0 0
0 0 a1 0
0 0 0 a1

 ; j2 =


b1 0 0 0
b2 b1 0 0
0 0 b1 0
0 0 0 b1

 .

It follows that

j1 ◦ θ−1 =


0 a1 0 0
a1 a2 0 0
0 0 λa1 0
0 0 0 λa1

 ; θ ◦ α2 =


b21 2b33 b23 b24
0 0 0 0

−b23 0 1
λ
b33

1
λ
b34

−b24 0 − 1
λ
b34

1
λ
b33

 .

If we consider the fact that ad∗x
(
ad∗j1◦θ−1(f)g− adj1◦θ−1(g)f

)
= 0, for all x in Gλ and any f, g

in G∗
λ, we obtain

j1 ◦ θ−1 =


0 0 0 0
0 a2 0 0
0 0 0 0
0 0 0 0
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Now we write the matrix of a prederivation ϕ of T ∗Gλ.

ϕ =



0 0 0 0 0 0 0 0

a21 2a33 a23 a24 0 a2 0 0

−λa23 0 a33 a34 0 0 0 0

−λa24 0 −a34 a33 0 0 0 0

b21 2b33 b23 b24 b1 b2 − a21 λa23 λa24

0 0 0 0 0 b1 − 2a33 0 0

−b23 0 1
λ
b33

1
λ
b34 0 −a23 b1 − a33 a34

−b24 0 − 1
λ
b34

1
λ
b33 0 −a24 −a34 b1 − a33



(3.83)

It comes that Pder(T ∗Gλ) = span{ϕi, 1 ≤ i ≤ 13}, where

ϕ1 = e21 − e56 ϕ2 = 2e22 + e33 + e44 − 2e66 − e77 − e88
ϕ3 = −e23 + λe31 − λe57 + e76 ϕ4 = e24 − λe41 + λe58 − e86
ϕ5 = e26 ϕ6 = −λe34 + λe43 − λe78 + λe87
ϕ7 = e51 ϕ8 = 2e52 +

1
λ
e73 +

1
λ
e84

ϕ9 = −λe53 + λe71 ϕ10 = λe54 − λe81
ϕ11 = e55 + e66 + e77 + e88 ϕ12 = e56
ϕ13 = −e74 + e83

(3.84)

with the following brackets

[ϕ1, ϕ2] = −ϕ1 [ϕ1, ϕ8] = −2ϕ7 [ϕ2, ϕ3] = ϕ3

[ϕ2, ϕ4] = ϕ4 [ϕ2, ϕ5] = 2ϕ5 [ϕ2, ϕ8] = −2ϕ8

[ϕ2, ϕ9] = −ϕ9 [ϕ2, ϕ10] = −ϕ10 [ϕ2, ϕ12] = 2ϕ12

[ϕ2, ϕ13] = −2ϕ13 [ϕ3, ϕ6] = λϕ4 [ϕ3, ϕ8] = − 1
λ
ϕ9

[ϕ3, ϕ13] = ϕ10 [ϕ4, ϕ6] = −λϕ3 [ϕ4, ϕ8] = − 1
λ
ϕ10

[ϕ4, ϕ13] = −ϕ9 [ϕ5, ϕ8] = −2ϕ12 [ϕ5, ϕ11] = ϕ5

[ϕ6, ϕ9] = −λϕ10 [ϕ6, ϕ10] = −λϕ10 [ϕ7, ϕ11] = −ϕ7

[ϕ8, ϕ11] = −ϕ8 [ϕ9, ϕ11] = −ϕ9 [ϕ10, ϕ11] = −ϕ10

[ϕ11, ϕ12] = ϕ12 [ϕ11, ϕ13] = ϕ13

(3.85)

One realizes that

Pder(T ∗Gλ) = adT ∗Gλ
⋉
[
R2 ⋉ (R2 ⋉R3)

]
= (R2 ⋉R4)⋉

[
R2 ⋉ (R2 ⋉R3)

]
=

(
span(ϕ6, ϕ13)⋉ span(ϕ3, ϕ4, ϕ9, ϕ10)

)
⋉
[
span(ϕ2, ϕ11)⋉

(
span(ϕ1, ϕ5)⋉ span(ϕ7, ϕ8, ϕ12

)]
(3.86)
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3.5.2 Possible Applications

The existence of a�ne structures is a di�cult and interesting problem ([39],[63], [54], [52]).

Let G be a Lie algebra. If D is an invertible derivation of G, one de�nes an a�ne
structure by the formula

∇xy = D−1 ◦ adx ◦D(y), (3.87)

for every x and y in G. Unfortunately, there are Lie algebras that admits only singular
derivations. Nilpotent such algebras are called characteristically nilpotent Lie algebras.

If the Lie algebra G admits no regular derivation, then one uses a regular prederivation
whenever it exists. The idea of the construction is the following ([15]). Given an invertible
prederivation P , set ω(x, y) = P ([x, y]) − [x, P (y)] − [P (x), y], for all x, y ∈ G. Now we
de�ne

∇xy = P−1 ◦ adx ◦ P (y) +
1

2
P−1 ◦ ω(x, y), (3.88)

for every x, y ∈ G. In general the map x 7→ P−1 ◦ adx ◦ +1
2
P−1 ◦ ω(x, ·) might not be a

representation. However, in many cases, (3.88) gives rise to an a�ne structure.
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4.1 Introduction

A Lie group endowed with a pseudo-Riemannian metric which is invariant under both left
and right translations, is called an orthogonal, a bi-invariant or a quadratic Lie group. The
corresponding Lie algebra is called an orthogonal or quadratic Lie algebra.

Such Lie groups are important in Mathematics and in Physics. These objects are, for
instance, useful in pseudo-Riemannian geometry, in the theory of Poisson-Lie groups, in
relativity, in the theory of Hamiltonian systems,... ([4], [5], [10], [29], [32], [35], [50]).

According to the works of Medina and Revoy ([60],[58]), any orthogonal Lie algebra is
obtained by the so-called double extension procedure. This is the case of orthogonal Lie
algebras called hyperbolic and whose quadratic form is of signature (n, n) (where 2n is the
dimension of the concerned Lie algebra). One particularly interesting case is the one where
the Lie algebra admits two totally isotropic subalgebras which are in duality. These latter
Lie algebras named Manin-Lie algebras describe simply connected Poisson-Lie groups.

It is known that the cotangent bundle T ∗G of a Lie group G with Lie algebra G,
considered with its Lie group structure obtained by semi-direct product of the Lie group
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G and the Abelian Lie group G∗ (dual of G) by means of the co-adjoint representation,
possesses a hyperbolic metric : the duality pairing.

Here we seek to characterize, up to isometric automorphisms, all orthogonal structures
on T ∗G by means of the duality pairing and adjoint-invariant endomorphisms; hence, all bi-
invariant metrics on T ∗G; and to determine the corresponding group of isometries. We will
focus our study on orthogonal Lie algebras and on the more particular class of semi-simple
Lie algebras.

We will take G to be the Lie algebra of a Lie group G, G∗ will be the dual space of G
and T ∗G := G ⋉ G∗ will be the semi-direct sum of the Lie algebra G and the vector space
G∗ via the coadjoint representation. Recall that Pder(G) stands for the Lie algebra of all
prederivations of the Lie algebra G while J′ is the set of all endomorphisms j of G which
satisfy j(

[
[x, y], z

]
) =

[
[x, y], j(z)

]
, for any x, y, z in G.

Among others, here are some of the important results contained in this chapter.

Theorem A

1. Let G be a Lie algebra. Any orthogonal structure µ on T ∗G is given by

µ
(
(x, f), (y, g)

)
=
⟨
g, j11(x)

⟩
+
⟨
f, j11(y)

⟩
+
⟨
g, j21(f)

⟩
+
⟨
j12(x), y

⟩
, (4.1)

where j11 : G → G, j12 : G → G∗, j21 : G
∗ → G are as in Proposition 4.3.1.

2. If (G, µ) is an orthogonal Lie algebra, then any orthogonal structure µD on T ∗G has
the form

µD

(
(x, f), (y, g)

)
=
⟨
g , j11(x)

⟩
+
⟨
f , j11(y)

⟩
+
⟨
g, j2◦θ−1(f)

⟩
+
⟨
θ◦j1(x), y

⟩
, (4.2)

for all (x, f), (y, g) in T ∗G, where θ is the isomorphism induced by the µ through the
formula (1.2) and j11, j1, j2 satisfy conditions listed in Lemma 4.4.1.

3. Let G be a semi-simple Lie algebra. Any orthogonal structure µ on T ∗G is given by

µ
(
(x, f), (y, g)

)
=

p∑
i=1

λi
⟨
(xi, fi), (yi, gi)

⟩
si
+

p∑
k=1

νkKk(xk, yk), (4.3)

for all x, y ∈ G = s1⊕ s2⊕ · · ·⊕ sp and f, g ∈ G∗ = s∗1⊕ s∗2⊕ · · ·⊕ s∗p ; where λi ∈ R∗,
νi ∈ R and Ki stands for the Killing form on si for all i = 1, 2, . . . , p.

Theorem B

1. Let G be a Lie algebra and let µD be an orthogonal structure on T ∗G. A µD-skew-
symmetric prederivation ϕ of T ∗G has the form

ϕ(x, f) =
(
α(x) + ψ(f) , β(x) + (j′t − αt)(f)

)
, (4.4)

where j′ : G → G is in J′, α : G → G is in Pder(G), β : G → G∗ and ψ : G∗ → G are
as in Theorem 3.3.1, with the additional conditions listed in Proposition 4.3.2.
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2. Let (G, µ) be an orthogonal Lie algebra. Then any prederivation ϕ of T ∗G which is
skew-symmetric with respect to any orthogonal structure µD on T ∗G can be written
as follows

ϕ(x, f) =
(
α1(x) + j′1 ◦ θ−1(f) , θ ◦ α2(x) + (j′2

t − αt1)(f)
)
, (4.5)

where α1, α2 are in Pder(G); j′1, j
′
2 are in J′ with the additional conditions listed in

Proposition 4.4.1.

3. Let G a semi-simple Lie algebra. Then any prederivation of T ∗G which is skew-
symmetric with respect to any orthogonal structure µD on T ∗G is an inner derivation
of T ∗G.

In Section 4.2 is given some basic notions useful to make the chapter understandable.
Section 4.3 is dedicated to the characterization of orthogonal structures on the Lie algebras
of cotangent bundles of Lie groups and their groups of isometries. In Sections 4.4 and 4.5
are respectively studied the case of orthogonal Lie algebras and the case of semi-simple Lie
algebras. The chapter �nishes with some examples given in Section 4.6.

4.2 Preliminaries

4.2.1 Orthogonal Structures and Bi-invariant Endomorphisms

Let (G,µ) be an orthogonal Lie group with Lie algebra G. The metric µ induces on G an
adjoint-invariant symmetric non-degenerate bilinear form ⟨, ⟩, i.e. a symmetric and non-
degenerate form ⟨, ⟩ such that

⟨[x, y], z⟩+ ⟨y, [x, z]⟩ = 0, (4.6)

for all x, y in G. The form ⟨, ⟩ is called an orthogonal structure on G. It is well known ([60])
that any other non-degenerate symmetric bilinear form B on G can be written as

B(x, y) = ⟨j(x), y⟩, (4.7)

for all x, y in G, where j is a ⟨, ⟩-symmetric automorphism of the vector space G. Further-
more, the bilinear form B is adjoint-invariant, i.e. is an orthogonal structure, if and only
if j commutes with all the adjoint operators adx, (x ∈ G); that is

j([x, y]) = [j(x), y] = [x, j(y)], (4.8)

for every x, y in G.

An endomorphism j of G which satis�es Relation (4.8) is called a bi-invariant or an
adjoint-invariant endomorphism.

From what is said above it comes that if one orthogonal structure ⟨, ⟩ is known on G

then we will be able to characterize all the orthogonal structures on G by characterizing
all the ⟨, ⟩-symmetric bi-invariant tensors on G.
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4.2.2 Isometries of Bi-invariant Metrics of Lie Groups

Let us begin by some reminders.

De�nition 4.2.1. Let M be a smooth manifold equipped with a pseudo-Riemannian metric
µ. An isometry of the pseudo-Riemannian manifold (M,µ) is a di�eomorphism f :M →M
such that f ∗µ = µ, where f ∗ stands for the "pull-back" via f . More precisely, for all x in
M and any vectors X|x, Y|x in the tangent space TxM ,

µf(x)

(
Txf ·X|x, Txf · Y|x

)
= µx

(
X|x, Y|x

)
. (4.9)

We denote by I(M,µ) the set of all isometries of (M,µ). Nomizu shows in [66] that
the set A�(M,∇) of all a�ne transformations of the induced a�ne connection on M ,
with the compact-open topology, is a Lie transformation group. But I(M,µ) is a closed
subgroup of A�(M,∇). Then, equipped with the compact-open topology, I(M,µ) is a Lie
transformation group.

Let (G,µ) be an orthogonal Lie group with Lie algebra G. We note by I(G,µ) = I(G)
the set of all isometries of (G,µ), by F (G) the set of those isometries which �x the identity
element ϵ of G and by LG the set of all left translations of G. We recall the following result
due to Müller.

Lemma 4.2.1. ([64]) Let G be a connected Lie group endowed with a bi-invariant metric.

1. F (G) is a closed Lie subgroup of I(G) ;

2. LG is a closed connected subgroup isomorphic to G ;

3. I(G) = LGF (G), with LG ∩ F (G) = {id}; id : G→ G is the identity map of G ;

4. the manifolds I(G) and G× F (G) are di�eomorphic.

4.2.3 Isometries of Bi-invariant Metrics and Preautomorphisms

Let (G,µ) be an orthogonal Lie group with unit element ϵ and let G be its Lie algebra. We
will often note by ⟨, ⟩ := µ|ϵ the resulting non-degenerate adjoint-invariant bilinear form
on G. The fact that G is orthogonal is equivalent to the one that the geodesics through ϵ
are the one-parameter subgroups of G (see [38, Exercise 5, page 148]).

Let exp : G → G denote the exponential map of the Lie group G. Consider an open
neighborhood U of 0 in G such that the restriction exp|U : U → exp(U) of exp to U is a
di�eomorphism and note by log : exp(U) → U the inverse of exp|U .

De�nition 4.2.2. A local isometry at ϵ is a di�eomorphism φ : V1 → V2 between two open
neighborhoods V1 and V2 of ϵ in G such that

• φ �xes ϵ, i.e. φ(ϵ) = ϵ ;

• φ∗µ = µ on V1, where φ
∗ stands for the pull-back via φ.
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Now, let φ be a local isometry at ϵ and x any arbitrary element of G. The local isometry
φ maps any geodesic through ϵ onto a geodesic through ϵ on a neighborhood of ϵ. Then
there exists an element y of G such that

φ
(
exp(tx)

)
= exp(ty), (4.10)

for t small enough. Derivating relation (4.10) with respect to t at t = 0, one has

Tϵφ · x = y, (4.11)

where Tϵφ is the tangent linear map of φ at ϵ. From relation (4.10) we have

y = log ◦φ ◦ exp(x). (4.12)

Relations (4.10) and (4.11) give the following nice formula

φ = exp ◦Tϵφ ◦ log (4.13)

on a suitable neighborhood of ϵ in exp(U).

Thus if we identify two local isometries at ϵ that agree on a neighborhood of ϵ, it comes
that a local isometry at ϵ is uniquely determine by its di�erential at ϵ. A local isometry at ϵ
can be uniquely extended to an isometry on G. Indeed, it is well known that ifM and N are
two connected simply connected and geodesically complete pseudo-Riemannian manifolds,
then every isometry between connected open subsets ofM and N can be uniquely extended
to an isometry between M and N ([45], [67], [71]).

Now we have the following theorem which establishes a link between local isometries
at ϵ and the so-called preautomorphisms of the Lie algebra G of G.

Theorem 4.2.1. ([64]) Let (G,µ) be a connected orthogonal Lie group with Lie algebra G.
Let ⟨, ⟩ := µ|ϵ stands for the resulting orthogonal structure on G and let P be an endomor-
phism of G. Then there exists a local isometry φ of G at ϵ with Tϵφ = P if and only if P
satis�es

1. ⟨P (x), P (y)⟩ = ⟨x, y⟩, for any x, y in G ;

2. P
([
x, [y, z]

])
=
[
P (x), [P (y), P (z)]

]
, for all x, y, z in G.

Now, the author quoted above proves that once the Lie algebra of F (G) is known one
can readily construct the Lie algebra of I(G). Here is his construction.

For g in G we de�ne the following maps :

Lg : G → G ; Rg : G → G ; Ig : G → G
h 7→ gh h 7→ hg h 7→ ghg−1 (4.14)

This maps are respectively the left transformation, the right translation and the inner
automorphism by the element g of G.
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Let ξ be in G and exp : G → G be the exponential map of G. Then, Lexp(tξ), Rexp(tξ),
Iexp(tξ) are one-parameter subgroups of I(G). Let us note by Xξ,L, Xξ,R and Xξ,I their
respective in�nitesimal generators. Now, we set

Xξ,s = Xξ,R +Xξ,L and Xξ,a = Xξ,R −Xξ,L. (4.15)

If {α1, α2, . . . , αm} is a basis of the Lie algebra F(G) of F (G) and {ξ1, ξ2, . . . , ξn} a basis
of G then {α1, α2, . . . , αm, X

ξ1,s, Xξ2,s, . . . , Xξn,s} is a basis of the Lie algebra I(G).

It remains to compute the brackets on I(G). Let us �rst de�ne some useful objects.

Let Paut(G) be the group of preautomorphisms of G and denote by F (G) the subgroup of
Paut(G) consisting of those preautomorphisms which preserve the orthogonal structure on
G. Now consider the map Tϵ : F (G) → F (G) which associates to any element ϕ of F (G) its
di�erential Tϵϕ at the neutral element ϵ of G. The map Tϵ induces a map ∂ϵ : F(G) → F(G)
between the Lie algebras F(G) and F(G) of F (G) and F (G) respectively :

∂ϵD =

(
d

dt
Tϵ[expI(G)(tD)]

)
|t=0

(4.16)

Note that F(G) consists of prederivations of G which are skew-symmetric with respect to
the orthogonal structure on G.

The following theorem gives the brackets on I(G).

Theorem 4.2.2. ([64]) Let ξ, η be in G and D be an element of F(G). Then,

1. [Xξ,s, Xη,s] = [Xξ,a, Xη,a] = −X [ξ,η],a ;

2. [D,Xξ,s] = X∂ϵD(ξ),s ;

Now we conclude that if we know the prederivations of G which are skew-symmetric
with respect to the orthogonal structure on G we can calculate the Lie algebra I(G) of the
group I(G) of isometries of the orthogonal Lie group (G, µ).

4.3 Bi-invariant Metrics on T ∗G

Let G be a Lie group with Lie algebra G. We have already seen (Section 2.2.1) that the
duality pairing ⟨, ⟩ given by

⟨(x, f), (y, g)⟩ = f(y) + g(x), (4.17)

for all x, y in G, de�nes an orthogonal structure on the Lie algebra T ∗G = G⋉G∗ of the Lie
group T ∗G.
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4.3.1 Bi-invariant Tensors on T ∗G

Let ⟨, ⟩ stand for the duality pairing on T ∗G, a bi-invariant metric on T ∗G is given by an
invertible linear map j : T ∗G → T ∗G satisfying

j([u, v]) = [u, j(v)]; (4.18)

⟨j(u), v⟩ = ⟨u, j(v)⟩, (4.19)

for all u, v ∈ T ∗G.

Lemma 4.3.1. Any linear map j : T ∗G → T ∗G satisfying (4.18) can be written as

j(x, f) =
(
j11(x) + j21(f) , j12(x) + j22(f)

)
, (4.20)

for any (x, f) ∈ T ∗G ; where j11 : G → G, j12 : G → G∗, j21 : G
∗ → G and j22 : G

∗ → G∗ are
linear maps such that for all x in G, the following relations hold :

j11 ◦ adx = adx ◦ j11 (4.21)

j12 ◦ adx = ad∗x ◦ j12 (4.22)

j21 ◦ ad∗x = adx ◦ j21 = 0 (4.23)[
j22, ad

∗
x

]
= 0 (4.24)

ad∗x ◦ (j22 − jt11) = 0, (4.25)

where jt11 stands for the transpose of the map j11.

Proof. If we write u = (x, f) and v = (y, g), then

j([u, v]) = j
(
[x, y], ad∗xg − ad∗yf

)
=

(
j11([x, y]) + j21(ad

∗
xg − ad∗yf) , j12([x, y]) + j22(ad

∗
xg − ad∗yf)

)
(4.26)

and

[u, jv] = [(x, f) ,
(
j11(y) + j21(g), j12(y) + j22(g)

)
]

=
(
[x, j11(y)] + [x, j21(g)] , ad

∗
x

(
j12(y) + j22(g)

)
− ad∗j11(y)+j21(g)f

)
(4.27)

Considering the case where f = g = 0 the equality between (4.27) and (4.28) gives

j11([x, y]) = [x, j11(y)] and j12([x, y]) = ad∗x(j12(y)),

for all x, y ∈ G. The two relations above are equivalent to (4.21) and (4.22) respectively.

The equality between (4.26) and (4.27) now gives(
j21(ad

∗
xg−ad∗yf) , j22(ad∗xg−ad∗yf)

)
=
(
[x, j21(g)] , ad

∗
x

(
j22(g)

)
−ad∗j11(y)+j21(g)f

)
. (4.28)

Taking f = 0, we get on one hand

j21(ad
∗
xg) = [x, j21(g)],
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for all x ∈ G and all g ∈ G∗. Then Relation (4.23) is proved. On the second hand we have

j22(ad
∗
xg) = ad∗x(j22(g)),

for every g in G∗ ; that is
j22 ◦ ad∗x = ad∗x ◦ j22, (4.29)

which is nothing but Relation (4.24). Now if we take x = 0, we get from Eq. (4.28)(
j21(−ad∗yf), j22(−ad∗yf)

)
=
(
0,−ad∗j11(y)+j21(g)f

)
. (4.30)

The equality above implies the following two relations

j21(−ad∗yf) = 0,

j22(−ad∗yf) = −ad∗j11(y)+j21(g)f,

for all y ∈ G, f ∈ G∗. These equations are equivalent to

j21 ◦ ad∗y = 0, (4.31)

j22 ◦ ad∗y = ad∗j11(y), (4.32)

ad∗j21(g) = 0, (4.33)

for all y ∈ G and g ∈ G∗. The relations

ad∗y ◦ j22 = j22 ◦ ad∗y
= ad∗j11(y)
= ad∗y ◦ jt11, (4.34)

for all y ∈ G, coming from (4.29) and (4.32), give

ad∗y ◦ (j22 − jt11) = 0, (4.35)

for all y ∈ G ; which means that (j22 − jt11)f is a closed 1-form, for every f ∈ G∗.

Remark 4.3.1. 1. The equality ad∗j21(g) = 0, for all g is equivalent to

Im(j21) ⊂ Z(G), (4.36)

where Z(G) is the centre of G. So if Z(G) = {0} then j21 = 0.

2. Relation (4.34) also gives

−⟨j22(f), [y, x]⟩ = ⟨j22(ad∗y(f)), x⟩
= −⟨f, [j11(y), x]⟩
= −⟨f ◦ j11, [y, x]⟩, (4.37)

for all f in G∗ and any x, y in G.
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Lemma 4.3.2. Any linear map j : T ∗G → T ∗G which is ⟨, ⟩-symmetric can be written as

j(x, f) =
(
j11(x) + j21(f) , j12(x) + jt11(f)

)
, (4.38)

for any (x, f) ∈ T ∗G ; where j11 : G → G, j12 : G → G∗, j21 : G
∗ → G are linear maps with

the following relations valid for all x, y in G and all f, g in G∗.

⟨j12(x), y⟩ = ⟨x, j12(y)⟩ (4.39)

⟨j21(f), g⟩ = ⟨f, j21(g)⟩. (4.40)

Proof. Let u = (x, f) and v = (y, g) be two elements of T ∗G.

⟨ju, v⟩ =
⟨(
j11(x) + j21(f), j12(x) + j22(f)

)
, (y, g)

⟩
= ⟨j11(x), g⟩+ ⟨j21(f), g⟩+ ⟨j12(x), y⟩+ ⟨j22(f), y⟩ (4.41)

⟨u, jv⟩ =
⟨
(x, f),

(
j11(y) + j21(g), j12(y) + j22(g)

)⟩
= ⟨f, j11(y)⟩+ ⟨f, j21(g)⟩+ ⟨x, j12(y)⟩+ ⟨x, j22(g)⟩ (4.42)

For f = g = 0, the equality between (4.41) and (4.42) implies that for all x, y in G,

⟨j12(x), y⟩ = ⟨x, j12(y)⟩.

So (4.39) is established. By the same way, for x = y = 0, Relation (4.40) is obtained, as

⟨j21(f), g⟩ = ⟨f, j21(g)⟩.

Now the equality between (4.41) and (4.42) can be written

⟨j11(x), g⟩+ ⟨j22(f), y⟩ = ⟨f, j11(y)⟩+ ⟨x, j22(g)⟩.

We take y = 0 to obtain

⟨x, jt11(g)⟩ = ⟨j11(x), g⟩ = ⟨x, j22(g)⟩

for all x in G and g in G∗; or equivalently

jt11 = j22

Remark 4.3.2. Relations (4.39) and (4.40) mean that j12 and j21 are symmetric with
respect to the duality.

Lemma 4.3.3. Let G be a Lie algebra without centre, that is Z(G) = {0}. A ⟨, ⟩-symmetric
bi-invariant endomorphism j : T ∗G → T ∗G de�ned by (4.38) is invertible if and only if j11
is invertible.
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Proof. Let j : T ∗G → T ∗G be de�ned by (4.38) with conditions listed in Lemma 4.3.1. We
have seen in Remark 4.3.1 that if Z(G) = {0} then j21 = 0. The determinant of j is

det(j) =

∣∣∣∣ j11 j21
j12 jt11

∣∣∣∣ = ∣∣∣∣ j11 0
j12 jt11

∣∣∣∣ = ( det(j11))2. (4.43)

Let us summarize the above three Lemmas in the

Proposition 4.3.1. Let G be a Lie algebra. Any ⟨, ⟩-symmetric and adjoint-invariant tensor
j : T ∗G → T ∗G has the form

j(x, f) =
(
j11(x) + j21(f) , j12(x) + jt11(f)

)
, (4.44)

for any (x, f) ∈ T ∗G ; where j11 : G → G, j12 : G → G∗, j21 : G
∗ → G are linear maps with

the following relations valid for all x, y in G and all f, g in G∗.

j11 ◦ adx = adx ◦ j11 (4.45)

j12 ◦ adx = ad∗x ◦ j21 (4.46)

j21 ◦ ad∗x = adx ◦ j21 = 0 (4.47)

⟨j12(x), y⟩ = ⟨x, j12(y)⟩ (4.48)

⟨j21(f), g⟩ = ⟨f, j21(g)⟩. (4.49)

If, in addition, the centre Z(G) of the Lie algebra is {0}, then the endomorphism j is
invertible if and only if j11 is invertible.

4.3.2 Orthogonal Structures on T ∗G

In the sequel we will use the duality pairing on T ∗G and Relation (4.7) in order to determine
all non-degenerate symmetric and adjoint-invariant form on T ∗G, hence all bi-invariant
metrics on T ∗G. Precisely, any other orthogonal structure µ on T ∗G is linked to the duality
pairing ⟨, ⟩ by

µ
(
(x, f), (y, g)

)
=
⟨
j(x, f), (y, g)

⟩
, (4.50)

for every (x, f), (y, g) in T ∗G; where j is an endomorphism of T ∗G such that :

• j is invertible;

• j is symmetric with respect to the duality, i.e. ⟨j(u), v⟩ = ⟨u, j(v)⟩, for all u, v ∈ T ∗G;

• j([u, v]) = [j(u), v] = [u, j(v)], for all u, v ∈ T ∗G.

We have the following characterization of all orthogonal structures on T ∗G.

Theorem 4.3.1. Let G be a Lie algebra. Any orthogonal structure µ on T ∗G is given by

µ
(
(x, f), (y, g)

)
=
⟨
g, j11(x)

⟩
+
⟨
f, j11(y)

⟩
+
⟨
g, j21(f)

⟩
+
⟨
j12(x), y

⟩
, (4.51)

where j11 : G → G, j12 : G → G∗, j21 : G
∗ → G are as in Proposition 4.3.1.
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Proof. Indeed, an orthogonal structure µ on T ∗G is de�ned by

µ
(
(x, f), (y, g)

)
=
⟨
j(x, f), (y, g)

⟩
,

where j is given by (4.44) and condition listed in Proposition 4.3.1. We then have

µ
(
(x, f), (y, g)

)
=

⟨(
j11(x) + j21(f) , j12(x) + jt11(f)

)
, (y, g)

⟩
=

⟨
g, j11(x) + j21(f)

⟩
+
⟨
j12(x) + jt11(f), y

⟩
=

⟨
g, j11(x)

⟩
+
⟨
g, j21(f)

⟩
+
⟨
j12(x), y

⟩
+
⟨
jt11(f), y

⟩
=

⟨
g, j11(x)

⟩
+
⟨
g, j21(f)

⟩
+
⟨
j12(x), y

⟩
+
⟨
f, j11(y)

⟩

4.3.3 Skew-symmetric Prederivations on T ∗G

Let G be a Lie algebra. On T ∗G we consider the orthogonal structure µ de�ned by (4.51).
We seek to characterise all prederivations of T ∗G which are skew-symmetric with respect
to t he orthogonal structure µ.

Let us �rst recall the space J′ = {j′ : G → G linear : [j′, adx ◦ ady] = 0,∀x, y ∈ G}.

Proposition 4.3.2. A µ-skew-symmetric prederivation ϕ of T ∗G has the form

ϕ(x, f) =
(
α(x) + ψ(f) , β(x) + (j′t − αt)(f)

)
, (4.52)

where j′ : G → G is in J′, α : G → G is a prederivation of G, β : G → G∗ and ψ : G∗ → G

are as in Theorem 3.3.1, with the additional conditions

⟨β(x), j11(y)⟩+ ⟨β(y), j11(x)⟩+ ⟨j12 ◦ α(x), y⟩+ ⟨j12 ◦ α(y), x⟩ = 0 (4.53)

⟨f, j11 ◦ ψ(g)⟩+ ⟨g, j11 ◦ ψ(f)⟩+ ⟨f, j′ ◦ j21(g)⟩
+⟨g, j′ ◦ j21(f)⟩ − ⟨f, α ◦ j21(g)⟩ − ⟨g, α ◦ j21(f)⟩ = 0 (4.54)[

j11, α
]
+ j21 ◦ β + j′ ◦ j11 + ψt ◦ j12 = 0 (4.55)

for every elements x and y of G and any elements f and g in G∗.

Proof. Recall that according to Corollary 3.3.1 a prederivation ϕ of T ∗G can be written as

ϕ(x, f) =
(
α(x) + ψ(f) , β(x) + (j′t − αt)(f)

)
,

where j′ belongs to J′ and α, β, ψ are as in Theorem 3.3.1. The prederivation ϕ is µ-skew-
symmetric if and only if

µ
(
ϕ(x, f), (y, g)

)
+ µ
(
(x, f), ϕ(y, g)

)
= 0, (4.56)

for all (x, f) and (y, g) in T ∗G. On one hand, we have

µ
(
ϕ(x, f), (y, g)

)
= µ

((
α(x) + ψ(f) , β(x) + (j′t − αt)(f)

)
, (y, g)

)
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=
⟨
g , j11

(
α(x) + ψ(f)

)⟩
+
⟨
β(x) + (j′t − αt)(f) , j11(y)

⟩
⟨
g , j21

(
β(x) + (j′t − αt)(f)

)⟩
+
⟨
j12
(
α(x) + ψ(f)

)
, y
⟩

=
⟨
g , j11 ◦ α(x)

⟩
+
⟨
g , j11 ◦ ψ(f)

⟩
+
⟨
β(x) , j11(y)

⟩
+
⟨
f , j′ ◦ j11(y)

⟩
−
⟨
f , α ◦ j11(y)

⟩
+
⟨
g , j21 ◦ β(x)

⟩
+
⟨
g , j21 ◦ j′t(f)

⟩
−
⟨
g , j21 ◦ αt(f)

⟩
+
⟨
j12 ◦ α(x), y

⟩
+
⟨
j12 ◦ ψ(f), y

⟩
(4.57)

On the other hand,

µ
(
(x, f), ϕ(y, g)

)
= µ

(
(x, f) ,

(
α(y) + ψ(g) , β(y) + (j′t − αt)(g)

))
=

⟨
β(y) + (j′t − αt)(g) , j11(x)

⟩
+
⟨
f , j11

(
α(y) + ψ(g)

)⟩
+
⟨
β(y) + (j′t − αt)(g) , j21(f)

⟩
+
⟨
j12(x), α(y) + ψ(g)

⟩
=

⟨
f , j11 ◦ α(y)

⟩
+
⟨
f , j11 ◦ ψ(g)

⟩
+
⟨
β(y) , j11(x)

⟩
+
⟨
g , j′ ◦ j11(x)

⟩
−
⟨
g , α ◦ j11(x)

⟩
+
⟨
β(y) , j21(f)

⟩
+
⟨
g , j′ ◦ j21(f)

⟩
−
⟨
g, α ◦ j21(f)

⟩
+
⟨
j12 ◦ α(y) , x

⟩
+
⟨
j12 ◦ ψ(g) , x

⟩
, since j21 is ⟨, ⟩-symmetric (4.58)

Summing (4.57) and (4.58) and taking f = g = 0, Relation (4.56) becomes⟨
β(x) , j11(y)

⟩
+
⟨
j12 ◦ α(x), y

⟩
+
⟨
β(y) , j11(x)

⟩
+
⟨
j12 ◦ α(y) , x

⟩
= 0

So (4.53) is proved.

Now we rewrite (4.56) and take x = y = 0 to obtain (4.54).

Last, (4.55) is obtained by summing (4.57) and (4.58), simplifying and taking y = 0.

4.4 Case of Orthogonal Lie Algebras

Let G be a Lie algebra. We recall that an orthogonal structure µ on G induces an isomor-
phism θ : G → G∗ by the formula ⟨θ(x), y⟩ = µ(x, y), for all x, y in G. We also recall the set
J = {j : G → G : j([x, y]) = [j(x), y],∀x, y ∈ G}.

4.4.1 Bi-invariant Metrics On Cotangent Bundles of Orthogonal
Lie groups

Lemma 4.4.1. Let (G, µ) be an orthogonal Lie algebra. Any bi-invariant ⟨, ⟩-symmetric
invertible endomorphism j : T ∗G → T ∗G is given by

j(x, f) =
(
j11(x) + j2 ◦ θ−1(f) , θ ◦ j1(x) + jt11(f)

)
, (4.59)

for any (x, f) in T ∗G; where j11, j1, j2 are elements of J such that

• j11 is invertible,

On the Geometry of Cotangent Bundles of Lie Groups Bakary MANGA c⃝URMPM/IMSP 2010



Case of Orthogonal Lie Algebras 86

• j1 is µ-symmetric

• and j2 satis�es the following two relations

j2 ◦ adx = 0, (4.60)

⟨j2 ◦ θ−1(f) , g⟩ = ⟨f , j2 ◦ θ−1(g)⟩ (4.61)

for all x in G and all f, g in G∗.

Proof. We have already seen that any bi-invariant ⟨, ⟩-symmetric invertible endomorphism
of T ∗G is given by

j(x, f) =
(
j11(x) + j21(f) , j12(x) + jt11(f)

)
,

with conditions listed in Proposition 4.3.1.

The linear maps θ−1 ◦ j12 : G → G and j21 ◦ θ : G → G commutes with all adjoint
operators of G; that is there exists j1, j2 in J such that θ−1 ◦ j12 = j1 and j21 ◦ θ = j2. It
comes that j12 = θ ◦ j1 and j21 = j2 ◦ θ−1.

Now, (4.47) is equivalent to j2 ◦ θ−1 ◦ ad∗x = 0, for all x in G. Since θ−1 ◦ ad∗x = adx ◦ θ−1,
for all x in G, we have j2 ◦ adx ◦ θ−1 = 0, for any x in G. It comes that j2 ◦ adx = 0, for all
x in G, since θ−1 is an isomorphism.

Relation (4.48) becomes ⟨θ ◦ j1(x), y⟩ = ⟨x, θ ◦ j1(y)⟩, for any x, y in G. The latter can be
written µ

(
j1(x), y

)
= µ

(
x, j1(y)

)
, for any x, y in G.

Last, Relation (4.49) reads ⟨j2 ◦ θ−1(f), g⟩ = ⟨f, j2 ◦ θ−1(g)⟩, for all f, g in G∗.

Remark 4.4.1. The relation j2 ◦ adx = 0, for all x in G means that j2 vanishes identically
on the derived ideal [G,G] of G. So, if G is perfect, then j2 vanishes identically on all G.

The following comes immediately from Lemma 4.4.1 and Remark 4.4.1

Corollary 4.4.1. Let (G, µ) be an orthogonal and perfect Lie algebra. Then, any bi-
invariant ⟨, ⟩-symmetric invertible endomorphism j : T ∗G → T ∗G is given by

j(x, f) =
(
j11(x) , θ ◦ j1(x) + jt11(f)

)
, (4.62)

for any (x, f) in T ∗G; where j11, j1 are bi-invariant tensors G such that j1 is µ-symmetric
and j11 is invertible.

Theorem 4.4.1. Let (G, µ) be an orthogonal Lie algebra. Any orthogonal structure µD on
T ∗G is given by

µD

(
(x, f), (y, g)

)
=
⟨
g , j11(x)

⟩
+
⟨
f , j11(y)

⟩
+
⟨
g, j2 ◦ θ−1(f)

⟩
+
⟨
θ ◦ j1(x), y

⟩
, (4.63)

for all (x, f), (y, g) in T ∗G, where j11, j1 and j2 satisfy conditions listed in Lemma 4.4.1.
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Proof. Any orthogonal structure µD on T ∗G is linked to the duality pairing by means of
a map j : T ∗G → T ∗G de�ned by (4.59) through the following formula valid for all (x, f),
(y, g) in T ∗G :

µD

(
(x, f), (y, g)

)
= ⟨j(x, f) , (y, g)⟩.

=
⟨(
j11(x) + j2 ◦ θ−1(f) , θ ◦ j1(x) + jt11(f)

)
, (y, g)

⟩
=

⟨
g , j11(x) + j2 ◦ θ−1(f)

⟩
+
⟨
θ ◦ j1(x) + jt11(f) , y

⟩
=

⟨
g , j11(x)

⟩
+
⟨
g , j2 ◦ θ−1(f)

⟩
+
⟨
θ ◦ j1(x) , y

⟩
+
⟨
jt11(f) , y

⟩
=

⟨
g , j11(x)

⟩
+
⟨
g , j2 ◦ θ−1(f)

⟩
+
⟨
θ ◦ j1(x) , y

⟩
+
⟨
f , j11(y)

⟩

We have the following consequence coming from Theorem 4.4.1 and Remark 4.4.1.

Corollary 4.4.2. Let (G, µ) be an orthogonal and perfect Lie algebra. Any orthogonal
structure µD on T ∗G is given by

µD

(
(x, f), (y, g)

)
=
⟨
g , j11(x)

⟩
+
⟨
f , j11(y)

⟩
+
⟨
θ ◦ j1(x) , y

⟩
, (4.64)

for all (x, f), (y, g) in T ∗G, where j11 and j1 are are bi-invariant tensors of G such that j11
is invertible, j1 is µ-symmetric.

Let us now characterise skew-symmetric prederivations of T ∗G in the case where G is
an orthogonal Lie algebra.

4.4.2 Skew-symmetric Prederivations

Proposition 4.4.1. Let (G, µ) be an orthogonal Lie algebra. Then any prederivation ϕ of
T ∗G which is skew-symmetric with respect to the orthogonal structure µD de�ned by (4.63)
can be written as

ϕ(x, f) =
(
α1(x) + j′1 ◦ θ−1(f) , θ ◦ α2(x) + (j′2

t − αt1)(f)
)
, (4.65)

where α1, α2 are in Pder(G); j′1, j
′
2 are in J′ with the following additional conditions:

θ ◦ j1 ◦ α1 + αt1 ◦ θ ◦ j1 + αt2 ◦ θ ◦ j11 = 0 (4.66)

(j11 ◦ j′1 + j′2 ◦ j2 − α1 ◦ j2) ◦ θ−1 + j2 ◦ θ−1 ◦ (j′2
t − αt1) + θ−t ◦ j′1

t ◦ jt11 = 0 (4.67)[
j11, α1

]
+ j2 ◦ α2 + j′2 ◦ j11 + θ−t ◦ j′1

t ◦ θ ◦ j1 = 0, (4.68)

where θ−t is the transpose of θ−1.

Proof. From Proposition 3.4.1, if G is an orthogonal Lie algebra, then any prederivation of
T ∗G is given by

ϕ(x, f) =
(
α1(x) + j′1 ◦ θ−1(f) , θ ◦ α2(x) + (j′2

t − αt1)(f)
)
,
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for every (x, f) in T ∗G, where α1, α2 are prederivations of G, j
′
1, j

′
2 are in J′. The prederiva-

tion ϕ is µD-skew-symmetric means that

µD

(
ϕ(x, f), (y, g)

)
+ µD

(
(x, f), ϕ(y, g)

)
= 0, (4.69)

for all (x, f), (y, g) in T ∗G. Firstly, we compute µD

(
ϕ(x, f), (y, g)

)
.

µD

(
ϕ(x, f), (y, g)

)
= µD

((
α1(x) + j′1 ◦ θ−1(f) , θ ◦ α2(x) + (j′2

t − αt1)(f)
)
, (y, g)

)
=

⟨
g , j11

(
α1(x) + j′1 ◦ θ−1(f)

)⟩
+ ⟨f, j11(y)⟩

+
⟨
g , j2 ◦ θ−1

(
θ ◦ α2(x) + (j′2

t − αt1)(f)
)⟩

+
⟨
θ ◦ j1

(
α1(x) + j′1 ◦ θ−1(f)

)
, y
⟩

=
⟨
g , j11 ◦ α1(x)

⟩
+
⟨
g , j11 ◦ j′1 ◦ θ−1(f)

⟩
+ ⟨f, j11(y)⟩

+
⟨
g , j2 ◦ α2(x)

⟩
+
⟨
g , j2 ◦ θ−1 ◦ j′2

t
(f)
⟩

−
⟨
g , j2 ◦ θ−1 ◦ αt1(f)

⟩
+
⟨
θ ◦ j1 ◦ α1(x) , y

⟩
+
⟨
θ ◦ j1 ◦ j′1 ◦ θ−1(f) , y

⟩
. (4.70)

Secondly,

µD

(
(x, f), ϕ(y, g)

)
= µD

(
(x, f) ,

(
α1(y) + j′1 ◦ θ−1(g) , θ ◦ α2(y) + (j′2

t − αt1)(g)
))

=
⟨
θ ◦ α2(y)+(j′2

t − αt1)(g) , j11(x)
⟩
+
⟨
f , j11

(
α1(y)+j

′
1 ◦ θ−1(g)

)⟩
+
⟨
θ ◦ α2(y) + (j′2

t − αt1)(g) , j2 ◦ θ−1(f)
⟩

+
⟨
θ ◦ j1(x) , α1(y) + j′1 ◦ θ−1(g)

⟩
=

⟨
θ ◦ α2(y) , j11(x)

⟩
+
⟨
j′2
t
(g) , j11(x)

⟩
−
⟨
αt1(g) , j11(x)

⟩
+
⟨
f , j11 ◦ α1(y)

⟩
+
⟨
f , j11 ◦ j′1 ◦ θ−1(g)

⟩
+
⟨
θ ◦ α2(y) , j2 ◦ θ−1(f)

⟩
+
⟨
j′2
t
(g) , j2 ◦ θ−1(f)

⟩
−
⟨
αt1(g) , j2 ◦ θ−1(f)

⟩
+
⟨
θ ◦ j1(x) , α1(y)

⟩
+
⟨
θ ◦ j1(x) , j′1 ◦ θ−1(g)

⟩
. (4.71)

Now, if we take f = g = 0, (4.69) gives⟨
θ ◦ j1 ◦ α1(x) , y

⟩
+
⟨
θ ◦ α2(y) , j11(x)

⟩
+
⟨
θ ◦ j1(x) , α1(y)

⟩
= 0

which can be written⟨
θ ◦ j1 ◦ α1(x) , y

⟩
+
⟨
y , αt2 ◦ θ ◦ j11(x)

⟩
+
⟨
αt1 ◦ θ ◦ j1(x) , y

⟩
= 0

for all x, y in G. Then,

θ ◦ j1 ◦ α1 + αt1 ◦ θ ◦ j1 + αt2 ◦ θ ◦ j11 = 0.
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We can rewrite (4.69) as follows

⟨
g , j11 ◦ α1(x)

⟩
+
⟨
g , j11 ◦ j′1 ◦ θ−1(f)

⟩
+⟨f, j11(y)⟩

+
⟨
g , j2 ◦ α2(x)

⟩
+
⟨
g , j2 ◦ θ−1 ◦ j′2

t(f)
⟩
−
⟨
g , j2 ◦ θ−1 ◦ αt1(f)

⟩
+
⟨
θ ◦ j1 ◦ j′1 ◦ θ−1(f) , y

⟩
+
⟨
j′2
t(g) , j11(x)

⟩
−
⟨
αt1(g) , j11(x)

⟩
+
⟨
f , j11 ◦ α1(y)

⟩
+
⟨
f , j11 ◦ j′1 ◦ θ−1(g)

⟩
+
⟨
θ ◦ α2(y) , j2 ◦ θ−1(f)

⟩
+
⟨
j′2
t(g) , j2 ◦ θ−1(f)

⟩
−
⟨
αt1(g) , j2 ◦ θ−1(f)

⟩
+
⟨
θ ◦ j1(x) , j′1 ◦ θ−1(g)

⟩
=0.

(4.72)

If we take x = y = 0, (4.72) becomes⟨
g , j11 ◦ j′1 ◦ θ−1(f)

⟩
+
⟨
g , j2 ◦ θ−1 ◦ j′2

t(f)
⟩
−
⟨
g , j2 ◦ θ−1 ◦ αt1(f)

⟩
+
⟨
f , j11 ◦ j′1 ◦ θ−1(g)

⟩
+
⟨
j′2
t(g) , j2 ◦ θ−1(f)

⟩
−
⟨
αt1(g) , j2 ◦ θ−1(f)

⟩
= 0

(4.73)

which is⟨
g , j11 ◦ j′1 ◦ θ−1(f)

⟩
+
⟨
g , j2 ◦ θ−1 ◦ j′2

t(f)
⟩
−
⟨
g , j2 ◦ θ−1 ◦ αt1(f)

⟩
+
⟨
θ−t ◦ j′1

t ◦ jt11(f) , g
⟩
+
⟨
g , j′2 ◦ j2 ◦ θ−1(f)

⟩
−
⟨
g , α1 ◦ j2 ◦ θ−1(f)

⟩
= 0,

for all f, g in G∗, where θ−t is the transpose of θ−1. This latter equality is equivalent to

(j11 ◦ j′1 + j′2 ◦ j2 − α1 ◦ j2) ◦ θ−1 + j2 ◦ θ−1 ◦ (j′2
t − αt1) + θ−t ◦ j′1

t ◦ jt11 = 0

Last, (4.69) have a more simple expression :

⟨
g , j11 ◦ α1(x)

⟩
+⟨f, j11(y)⟩+

⟨
g , j2 ◦ α2(x)

⟩
+
⟨
θ ◦ j1 ◦ j′1 ◦ θ−1(f) , y

⟩
+
⟨
j′2
t(g) , j11(x)

⟩
−
⟨
αt1(g) , j11(x)

⟩
+
⟨
f , j11 ◦ α1(y)

⟩
+
⟨
θ ◦ α2(y) , j2 ◦ θ−1(f)

⟩
+
⟨
θ ◦ j1(x) , j′1 ◦ θ−1(g)

⟩
=0.

(4.74)

We take y = 0 and obtain

⟨g , j11◦α1(x)⟩+⟨g , j2◦α2(x)⟩+⟨g , j′2◦j11(x)⟩−⟨g , α1◦j11(x)⟩+⟨θ◦j1(x) , j′1◦θ−1(g)⟩ = 0
(4.75)

The latter equality is equivalent to

[j11, α1] + j2 ◦ α2 + j′2 ◦ j11 + θ−t ◦ j′1
t ◦ θ ◦ j1 = 0.

4.5 Case of Semi-simple Lie Algebras

Let G = s1 ⊕ s2 ⊕ · · · ⊕ sp be a semi-simple Lie algebra, where si, i = 1, 2, . . . , p (p ∈ N∗)
are simple ideals.
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4.5.1 Bi-invariant metrics On Cotangent bundles of Semi-simple
Lie groups

Lemma 4.5.1. Any ⟨, ⟩-symmetric and invertible bi-invariant tensor j : T ∗G → T ∗G is
de�ned by

j(x, f) =
( p∑
i=1

λixi ,

p∑
k=1

νkθ(xk) +

p∑
i=1

λifi

)
, (4.76)

where x = x1 + x2 + · · ·+ xp ∈ s1 ⊕ s2 ⊕ · · · ⊕ sp, f = f1 + f2 + · · ·+ fp ∈ s∗1 ⊕ s∗2 ⊕ · · · ⊕ s∗p,
λi, (i = 1, 2, . . . , p) are non-zero real numbers, νi (i = 1, 2, . . . , p) are any real numbers
and θ : G → G∗ is the isomorphism induced by any orthogonal structure on G through the
formula (1.2).

Proof. According to Corollary 4.4.1, any bi-invariant, ⟨, ⟩-symmetric and invertible endo-
morphism j : T ∗G → T ∗G has the form

j(x, f) =
(
j11(x), θ ◦ j1(x) + jt11(f)

)
, (4.77)

for all (x, f) in T ∗G, where j11 and j1 are bi-invariant endomorphisms of G such that

• j11 is invertible,

• j1 is symmetric with respect to any orthogonal structure on G.

Now we have seen in Section 2.4.1 that the map j11 must have the form

j11(x) =

p∑
i=1

λixi, (4.78)

if x = x1 + x2 + · · ·+ xp ∈ s1 ⊕ s2 ⊕ · · · ⊕ sp, where λi, i = 1, 2, . . . , p are real numbers. It
comes that

jt11(f) =

p∑
i=1

λifi, (4.79)

if f = f1 + f2 + · · ·+ fp ∈ s∗1 ⊕ s∗2 ⊕ · · · ⊕ s∗p.

We also have

j1(x) =

p∑
k=1

νkxk, (4.80)

where νk, k = 1, 2, . . . , p, are real numbers. So we have

θ ◦ j1(x) = θ
( p∑
k=1

νkxk

)
=

p∑
k=1

νkθ(xk) (4.81)

We then can write j as follows

j(x, f) =
( p∑
i=1

λixi,

p∑
k=1

νkθ(xk) +

p∑
i=1

λifi

)
(4.82)
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Now j is invertible if and only if j11 =
∑p

i=1 λiIdsi is invertible.
For all i = 1, 2, . . . , p, note by ni the dimension of the simple ideal si (ni := dim si).

The matrix of j11, in some basis {e11, e12, . . . , e1n1 ; e21, e22, . . . , e2n2 ; . . . ; ep1, ep2, . . . , epnp},
is the following 

A1 O . . . O
O A2 . . . O
...

...
. . . O

O O . . . Ap

 (4.83)

where Ai is the ni × ni-matrix de�ned as follows

Ai = diag(λi, λi, . . . , λi︸ ︷︷ ︸
ni times

) =


λi O . . . O
O λi . . . O
...

...
. . . O

O O . . . λi

 (4.84)

The determinant of j11 is then

det(j11) =

p∏
k=1

λnk
k . (4.85)

Then, j11 is invertible if and only if each of λk is non-zero.

Remark 4.5.1. The matrix of j in the basis {e11, e12, . . . , e1n1 ; e21, e22, . . . , e2n2 ; . . . ;
ep1, ep2, . . . , epnp ; e

∗
11, e

∗
12, . . . , e

∗
1n1

; e∗21, e
∗
22, . . . , e

∗
2n2

; . . . ; e∗p1, e
∗
p2, . . . , e

∗
pnp

} is given by

A1 O . . . O O O . . . O
O A2 . . . O O O . . . O
...

...
. . . O

...
...

...
...

O O . . . Ap O O . . . O
A1 O . . . O
O A2 . . . O
...

...
. . .

...
O O . . . Ap


(4.86)

and the determinant of j is

det(j) =

p∏
k=1

λ2nk
k . (4.87)

Note by ⟨, ⟩si the duality pairing between si and its dual space s∗i . The following theorem
characterizes all orthogonal structures on T ∗G.

Theorem 4.5.1. Let G be a semi-simple Lie algebra. Any orthogonal structure µ on T ∗G

is given by

µ
(
(x, f), (y, g)

)
=

p∑
i=1

λi
⟨
(xi, fi), (yi, gi)

⟩
si
+

p∑
k=1

νk⟨θ(xk), yk⟩sk , (4.88)
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for all x, y in G = s1 ⊕ s2 ⊕ · · · ⊕ sp and f, g in G∗ = s∗1 ⊕ s∗2 ⊕ · · · ⊕ s∗p ; where for all
i = 1, 2, . . . , p, (λi, νi) belongs to R∗ × R.

In particular, if G is simple, then any orthogonal structure can be written

µ
(
(x, f), (y, g)

)
= λ

⟨
(x, f), (y, g)

⟩
+ ν⟨θ(x), y⟩, (4.89)

for all (x, f), (y, g) in T ∗G, where (λ, ν) is in R∗ × R.
Proof. Any orthogonal structure on T ∗G is given by an adjoint-invariant invertible and
⟨, ⟩-symmetric endomorphism j through the formula

µj
(
(x, f), (y, g)

)
= ⟨j(x, f) , (y, g)⟩, (4.90)

We have seen in Lemma 4.5.1 that

j(x, f) =
( p∑
i=1

λixi ,

p∑
k=1

νkθ(xk) +

p∑
i=1

λifi

)
,

where x = x1 + x2 + · · ·+ xp ∈ s1 ⊕ s2 ⊕ · · · ⊕ sp, f = f1 + f2 + · · ·+ fp ∈ s∗1 ⊕ s∗2 ⊕ · · · ⊕ s∗p,
λi, νi, (i = 1, 2, . . . , p) are real numbers, λi ̸= 0, for all i = 1, 2, . . . , p. We can write

µj
(
(x, f), (y, g)

)
=

p∑
i=1

λig(xi) +

p∑
k=1

νkθ(xk)(y) +

p∑
i=1

λifi(y)

=

p∑
i=1

λi

(
g(xi) + fi(y)

)
+

p∑
k=1

νkθ(xk)(y)

=

p∑
i=1

λi

(
gi(xi) + fi(yi)

)
+

p∑
k=1

νkθ(xk)(yk)

=

p∑
i=1

λi
⟨
(xi, fi), (yi, gi)

⟩
si
+

p∑
k=1

νk⟨θ(xk), yk⟩sk (4.91)

So, the �rst part of the theorem is proved.

Now, if G is simple, then G = s1, x = x1, f = f1 and Relation (4.91) becomes

µj
(
(x, f), (y, g)

)
= λ

⟨
(x, f), (y, g)

⟩
+ ν⟨θ(x), y⟩ (4.92)

where λ ∈ R∗ and ν ∈ R.
Remark 4.5.2. If G = s1⊕s2⊕· · ·⊕sp is a semi-simple Lie algebra, where si, i = 1, 2, . . . , p
are simple ideals, then on any of the ideals si the Killing form Ksi de�nes an orthogonal
structure. Thus, Relation (4.88) can be written

µ
(
(x, f), (y, g)

)
=

p∑
i=1

λi
⟨
(xi, fi), (yi, gi)

⟩
si
+

p∑
k=1

νkKsk(xk, yk) (4.93)

and Relation (4.89) can be expressed as

µj
(
(x, f), (y, g)

)
= λ

⟨
(x, f), (y, g)

⟩
+ νK(x, y), (4.94)

where K stands for the Killing form on G.

Let us now study the group of isometries of bi-invariant metrics on T ∗G, when G is a
semi-simple Lie group.
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4.5.2 Skew-symmetric Prederivations

Proposition 4.5.1. Let G be a semi-simple Lie. Then any prederivation of T ∗G which is
skew-symmetric with respect to any orthogonal structure µ on T ∗G is an inner derivation
of T ∗G; that is if ϕ is a µ-skew-symmetric prederivation of T ∗G, then there exist x0 in G

and f0 in G∗ such that
ϕ(x, f) = ([x0, x], ad

∗
x0
f − ad∗xf0), (4.95)

for every x and f in G and G∗ respectively.

Proof. We have shown in Theorem 3.4.1 that if G is a semi-simple Lie algebra, then every
prederivation of T ∗G is a derivation. From Relation (2.62) we have that, if G is semi-simple,
any derivation of T ∗G has the form

ϕ(x, f) = ([x0, x], ad
∗
x0
f − ad∗xf0 +

p∑
i=1

γifi) (4.96)

for every x in G and every f := f1 + f2 + · · ·+ fp in s∗1 ⊕ s∗2 ⊕ · · · ⊕ s∗p = G∗, where x0 is in
G, f0 is in G∗ and γi, i = 1, .., p, are real numbers. To prove the Proposition it su�ces to
prove that ϕ is µ-skew-symmetric if and only if γi = 0, for all i = 1, 2, . . . , p.

µ
(
ϕ(x, f), (y, g)

)
= µ

((
[x0, x], ad

∗
x0
f − ad∗xf0 +

p∑
i=1

γifi
)
, (y, g)

)
=

p∑
i=1

λi

⟨(
[x0, x]i,

(
ad∗x0f − ad∗xf0 +

p∑
k=1

γkfk
)
i

)
, (yi, gi)

⟩
si

+

p∑
k=1

νk

⟨
θ(yk), [x0, x]k

⟩
sk

That is

µ
(
ϕ(x, f), (y, g)

)
=

p∑
i=1

λi

[
gi([x0, x]i) + (ad∗x0f)i(yi)− (ad∗xf0)i(yi) +

(
p∑

k=1

γkfk

)
i

(yi)

]

+

p∑
k=1

νk⟨θ(yk), [x0, x]k⟩ (4.97)

By the same way we obtain

µ
(
(x, f), ϕ(y, g)

)
=

p∑
i=1

λi

[
fi([x0, y]i) + (ad∗x0g)i(xi)− (ad∗yf0)i(xi) +

(
p∑

k=1

γkgk

)
i

(xi)

]

+

p∑
k=1

νk⟨θ([x0, y]k), xk⟩. (4.98)

Now ϕ is µ-symmetric means that

0 = µ
(
ϕ(x, f), (y, g)

)
+ µ
(
(x, f), ϕ(y, g)

)
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= −
p∑
i=1

λi

[
(ad∗xf0)i(yi) + (ad∗yf0)(xi)

]
+

p∑
k=1

νk

[
⟨θ(yk), [x0, x]k⟩+ ⟨θ([x0, y]k), xk⟩

]
+

p∑
i=1

λigi([x0, x]i) +

p∑
i=1

λi(ad
∗
x0
f)i(yi) +

p∑
i=1

λi

(
p∑

k=1

γkfk

)
i

(yi)

+

p∑
i=1

λifi([x0, y]i) +

p∑
i=1

λi(ad
∗
x0
g)i(xi) +

p∑
i=1

λi

(
p∑

k=1

γkgk

)
i

(xi)

=

p∑
i=1

λif0

(
[xi, yi] + [yi, xi]︸ ︷︷ ︸

=0

)
+

p∑
k=1

νk

[
⟨θ(yk), [x0, xk]⟩ − ⟨θ(yk), [x0, xk]︸ ︷︷ ︸

=0

⟩
]

+

p∑
i=1

λi

gi([x0, x]i) + (ad∗x0g)i(xi)︸ ︷︷ ︸
=0

+

p∑
i=1

f([x0, y]i) + (ad∗x0f)i(yi)︸ ︷︷ ︸
=0


+
∑
i=1

λi

[(
p∑

k=1

γkfk

)
i

(yi) +

(
p∑

k=1

γkgk

)
i

(xi)

]
. (4.99)

We then have
p∑
i=1

λi

[(
p∑

k=1

γkfk

)
i

(yi) +

(
p∑

k=1

γkgk

)
i

(xi)

]
= 0

p∑
i=1

λi

[
γifi(yi) + γigi(xi)

]
= 0 (4.100)

for all x, y in G and all f, g in G∗. Now if we take y = 0, we obtain

p∑
i=1

λi

(
p∑

k=1

γkgk

)
i

(xi) = 0, (4.101)

for all x, y in G and all f, g in G∗. That is

p∑
i=1

λiγigi(xi) = 0, (4.102)

for all x = x1 + x2 + · · ·+ xp ∈ G and for all g = g1 + g2 + · · ·+ gp in G∗. Since, λi ̸= 0, for
any i = 1, 2, . . . , p, then we have γi = 0, for any i = 1, 2, . . . , p.

4.6 Examples

4.6.1 The A�ne Lie Group of the Real Line R
Let G := A�(R) be the Lie group of a�ne motions of R and let G := a�(R) its Lie algebra.
We note by T ∗G := T ∗a�(R) = G ⋉ G∗ the Lie algebra of the cotangent bundle of the Lie
group G. If G := span{e1, e2} and {e3, e4} denotes the dual basis of {e1, e2}, we have the
following brackets:

[e1, e2] = e2, [e1, e4] = −e4, [e2, e4] = e3 (4.103)
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Proposition 4.6.1. Let ⟨, ⟩ denote the duality pairing between G and G∗.

1. Any orthogonal structure µ on T ∗G is given by the following expression:

µ
(
(x, f), (y, g)

)
= a⟨(x, f), (y, g)⟩+ bx1y1, (4.104)

for all (x, f) = x1e1+x2e2+f3e3+f4e4 and (y, g) = y1e1+y2e2+ g3e3+ g4e4 in T
∗G,

where a ∈ R∗ and b ∈ R.

2. Any orthogonal structure µ on T ∗G is of signature (2, 2).

Proof. On the basis (e1, e2, e3, e4) of T
∗G an invertible bi-invariant tensor j : T ∗G → T ∗G

has the following matrix 
a 0 0 0
0 a 0 0
b 0 a 0
0 0 0 a

 , a ∈ R∗, b ∈ R. (4.105)

We note ja,b := j if j is de�ned by (4.105). One can verify that ja,b is ⟨, ⟩-symmetric.

Now any adjoint-invariant scalar product on T ∗G is given by an adjoint-invariant invertible
and ⟨, ⟩-symmetric endomorphism ja,b. We note it by µja,b or simply by µa,b. We have

µa,b

(
(x, f), (y, g)

)
= ⟨ja,b(x, f), (y, g)⟩, (4.106)

for all (x, f) and (y, g) in T ∗G. Now if we set (x, f) = x1e1 + x2e2 + f3e3 + f4e4 and
(y, g) = y1e1 + y2e2 + g3e3 + g4e4, then we have

µa,b

(
(x, f), (y, g)

)
=

⟨
ax1e1 + ax2e2 + (bx1 + af3)e3 + af4 , y1e1 + y2e2 + g3e3 + g4e4

⟩
= ax1g3 + ax2g4 + (bx1 + af3)y1 + ay2f4
= a(x1g3 + x2g4 + y1f3 + y2f4) + bx1y1.

That is
µa,b

(
(x, f), (y, g)

)
= a⟨(x, f), (y, g)⟩+ bx1y1,

for all (x, f) and (y, g) in T ∗G, where a ∈ R∗ and b ∈ R.

Let us study the signature of the scalar product µa,b. The matrix of µa,b on the basis
(e1, e2, e3, e4) of T

∗G is given by

Ma,b =


b 0 a 0
0 0 0 a
a 0 0 0
0 a 0 0

 . (4.107)

The characteristic polynomial of Ma,b is

Pa,b(t) = (t− a)(t+ a)(t2 − bt− a2), (4.108)
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for any t ∈ R. It is now a little matter to check that Ma,b has four eigenvalues :

−a , a ,
b−

√
b2 + 4a2

2
,

b+
√
b2 + 4a2

2
.

Two of these eigenvalues are less than zero and two are greater than zero. Hence, µa,b is of
signature (2, 2) for all (a, b) ∈ R∗ × R.

Let G1 stand for the identity connected component of G. We also note by µa,b the
bi-invariant metric induced on the Lie group T ∗G1 by the orthogonal structure µa,b given
by (4.104).

Proposition 4.6.2. Any µa,b-skew-symmetric prederivation ϕ of T ∗G is an inner derivation
of T ∗G.

Proof. A prederivation α of T ∗G has the following matrix on the basis (e1, e2, e3, e4) of T
∗G

(see Examples 2.5.1 and 3.5.1):
0 0 0 0
α21 α22 0 α24

α31 α32 α33 −α21

−α32 0 0 α33 − α22

 (4.109)

A µa,b-skew-symmetric prederivation α of T ∗G is characterised by

µa,b

(
α(x, f), (y, g)

)
= −µa,b

(
(x, f), α(y, g)

)
, (4.110)

for all (x, f) and (y, g) in T ∗G. The left hand side of the equality above is

µa,b

(
α(x, f), (y, g)

)
= µa,b

(
(α21x1+α22x2+α24f4)e2+(α31x1 + α32x2+α33f3−α21f4)e3

+(−α32x1+(α33 − α22)f4)e4 , y1e1 + y2e2 + g3e3 + g4e4

)
= a

⟨
(α21x1+α22x2+α24f4)e2+(α31x1 + α32x2+α33f3−α21f4)e3

+(−α32x1+(α33 − α22)f4)e4 , y1e1 + y2e2 + g3e3 + g4e4

⟩
= a

[
(α21x1+α22x2+α24f4)g4+(α31x1 + α32x2+α33f3−α21f4)y1

+(−α32x1+(α33 − α22)f4)y2

]
= a

[
α21(x1g4 − y1f4) + α22x2g4 + α24f4g4 + α31x1y1

+α32(x2y1 − x1y2) + α33y1f3 + α42x2y2 + α44y2f4

]
(4.111)

The right hand side gives

−µa,b
(
(x, f), α(y, g)

)
=−µa,b

(
x1e1 + x2e2 + f3e3 + f4e4 , (α21y1+α22y2+α24g4)e2

+(α31y1 + α32y2+α33g3−α21g4)e3+(−α32y1+α42y2+α44g4)e4

)
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=−a
[
(α21y1+α22y2+α24g4)f4+x1(α31y1 + α32y2+α33g3−α21g4)

+x2(−α32y1+α42y2+α44g4)
]

= −a
[
α21(−x1g4 + y1f4) + α22y2f4 + α24f4g4+α31x1y1

+α32(−x2y1 + x1y2) + α33x1g3 + α42x2y2 + α44x2g4

]
(4.112)

The equality (4.110) then implies that α24 = α31 = α33 = 0. In this case α can be
written α = α21ϕ1 + α22ϕ2 + α32ϕ4. One can readily check that ϕ1 = −ade2 , ϕ2 = ade1 ,
ϕ4 = −ade4 .

Let us now focus our attention on isometries of bi-invariant metrics on T ∗G1. Recall
�rst the following materials.

• The operation law of T ∗G1 is given by (see Proposition 5.3.1) :

x · y =
(
x1 + y1 , x2 + y2e

x1 , x3 + y3 + x2y4e
−x1 , x4 + y4e

−x1
)
. (4.113)

The unit element is ϵ = (0, 0, 0, 0) and the inverse of an element x = (x1, x2, x3, x4)
is the element x−1 = (−x1,−x2e−x1 ,−x3 + x2x4,−x4ex1).

• The exponential map of T ∗G1 is de�ned as follows (see Chapter 5, Corollary 5.3.1) :
let ξ = ξ1e1 + ξ2e2 + ξ3e3 + ξ4e4 be in T

∗G,

exp(ξ)=



(
0 , ξ2 ,

1

2
ξ2ξ4 + ξ3 , ξ4

)
, if ξ1 = 0

(
ξ1,

ξ2
ξ1
[exp(ξ1)−1], ξ3+

ξ2ξ4
ξ1

+
ξ2ξ4
ξ21

[exp(−ξ1)−1],
ξ4
ξ1
[1−exp(−ξ1)]

)
if ξ1 ̸= 0.

For i = 1, 2, 3, 4, note by X iL, X iR the in�nitesimal generators of the one-parameter sub-
groups Lexp(tei) and Rexp(tei) respectively. It is readily checked that for all g = (x1, x2, x3, x4)
in T ∗G1, we have :

X1,L
|g = (1, x2, 0,−x4) , X1,R

|g = (1, 0, 0, 0)

X2,L
|g = (0, 1, x4, 0) , X2,R

|g = (0, ex1 , 0, 0)

X3,L
|g = (0, 0, 1, 0) , X3,R

|g = (0, 0, 1, 0)

X4,L
|g = (0, 0, 0, 1) , X4,R

|g = (0, 0, x2e
−x1 , 0).

(4.114)
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It is now easy to obtain

X1,s
|g = (2, x2, 0,−x4) , X1,a

|g = (0,−x2, 0, x4)

X2,s
|g = (0, 1 + ex1 , x4, 0) , X2,a

|g = (0, ex1 − 1,−x4, 0)

X3,s
|g = (0, 0, 2, 0) , X3,a

|g = (0, 0, 0, 0)

X4,s
|g = (0, 0, x2e

−x1 , 1 + e−x1) , X4,a
|g = (0, 0, x2e

−x1 , e−x1 − 1)

(4.115)

Now {ϕ1, ϕ2, ϕ4, X
1,s, X2,s, X3,s, X4,s} is a basis of the Lie algebra I(G1) of the Lie group

I(G1) of isometries of any bi-invariant metric on T ∗G1. Now we just have to compute the
brackets on I(G1) by Theorem 4.2.2. The non-vanishing brackets are the following :

[ϕ1, ϕ2] = −ϕ1 , [ϕ1, X
1,s] = X2,s , [ϕ1, X

4,s] = −X1,s

[ϕ2, X
2,s] = X2,s , [ϕ2, X

4,s] = −X4,s , [ϕ4, X
1,s] = X4,s

[ϕ4, X
2,s] = −X3,s , [X1,s, X2,s] = −X2,s , [X1,s, X4,s] = X4,s

[X2,s, X4,s] = −X3,s.

(4.116)

4.6.2 The Special Linear Group SL(2,R)
Let G2 denote the special linear group SL(2,R). Set G2 := sl(2,R) = span{e1, e2, e3} and
T ∗G2 := G2 ⋉ G∗

2 = span{e1, e2, e3, e4, e5, e6}. We have the following brackets (see Example
2.5.3):

[e1, e2] = −2e2 [e1, e3] = 2e3 [e1, e5] = 2e5
[e1, e6] = −2e6 [e2, e3] = −e1 [e2, e4] = e6
[e2, e5] = −2e4 [e3, e4] = −e5 [e3, e6] = 2e4

(4.117)

An element (x, f) of T ∗G2 can be written (x, f) = x1e1 + x2e2 + x3e3 + f4e4 + f5e5 + f6e6.

Proposition 4.6.3. Let ⟨, ⟩ stand for the duality pairing between G2 and G∗
2 and µ be any

orthogonal structure on T ∗G2. Then,

1. there exist (a, b) in R∗ × R such that

µ
(
(x, f), (y, g)

)
= a
⟨
(x, f), (y, g)

⟩
+ 4b(2x1y1 + x2y3 + x3y2), (4.118)

for all (x, f) and (y, g) in T ∗G.

2. The orthogonal structure µ on T ∗G2 is of signature (3, 3).

Proof. 1. Since G2 is a simple Lie algebra, Theorem 4.5.1 asserts that any orthogonal
structure µa,b on T

∗G2 is given by

µa,b
(
(x, f), (y, g)

)
= a
⟨
(x, f), (y, g)

⟩
+ b⟨θ(x), y⟩, (4.119)

for all (x, f), (y, g) in T ∗G2, where (a, b) ∈ R∗ × R. Because of the simplicity of G2

every orthogonal structure on G2 is a multiple of the Killing form. So, we let θ be
induced by the Killing form K of G2, i.e. ⟨θ(x), y⟩ = K(x, y), for all x, y in G2. Then,

µ
(
(x, f), (y, g)

)
= a
⟨
(x, f), (y, g)

⟩
+ bK(x, y),
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for all (x, f), (y, g) in T ∗G2.

By de�nition, the Killing form is given by

K(x, y) = trace(adx ◦ ady), (4.120)

for all x, y in G2. On the basis of (e1, e2, e3) of G2, we have the following matrix of K 8 0 0
0 0 4
0 4 0


Now it is a little matter to checked that

µa,b
(
(x, f), (y, g)

)
= a
⟨
(x, f), (y, g)

⟩
+ b(8x1y1 + 4x2y3 + 4x3y2)

2. The matrix of µa,b on the basis of T ∗G2 is

Ma,b =


8b 0 0 a 0 0
0 0 4b 0 a 0
0 4b 0 0 0 a
a 0 0 0 0 0
0 a 0 0 0 0
0 0 a 0 0 0

 . (4.121)

The characteristic polynomial of Ma,b is

Pa,b(t) = (t2 − 8bt− a2)
[
t4 − 2(a2 + 8b2)t2 + a4

]
, (4.122)

for all t ∈ R. The roots of Pa,b are

t1 = 4b−
√
a2 + 16b2 ; t2 = 4b+

√
a2 + 16b2

t3 = −
√
a2 + 8b2 − 4|b|

√
a2 + 4b2 ; t4 = +

√
a2 + 8b2 − 4|b|

√
a2 + 4b2

t5 = −
√
a2 + 8b2 + 4|b|

√
a2 + 4b2 ; t6 = +

√
a2 + 8b2 + 4|b|

√
a2 + 4b2

The roots t1, t3 and t5 are negative while t2, t4 and t6 are positive. Then, the signature
of the bilinear form µa,b is (3, 3), for all (a, b) ∈ R∗ × R.

From Theorem 3.4.1, any prederivation of T ∗G2 is a derivation. Then the space of
prederivations of T ∗G2 is Pder

(
T ∗G2

)
= der(T ∗G2) = span(ϕ1, ϕ2, ϕ3, ϕ4, ϕ5, ϕ6, ϕ7), where

ϕi, i = 1, 2, 3, 4, 5, 6, 7 are de�ned in Example 2.5.3. If ϕ is a prederivation of T ∗G2,

ϕ = α1ϕ1 + α2ϕ2 + α3ϕ3 + α4ϕ4 + α5ϕ5 + α6ϕ6 + α7ϕ7, (4.123)
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where αi, i = 1, 2, 3, 4, 5, 6, 7, are real numbers. Now, since G2 is simple then ϕ is skew-
symmetric with respect to the form (4.118) if and only if it is an inner derivation (Propo-
sition 4.5.1). Hence, α2 = 0 and then any µa,b-skew-symmetric prederivation of T ∗G2 has
the form

ϕ = α1ϕ1 + α3ϕ3 + α4ϕ4 + α5ϕ5 + α6ϕ6 + α7ϕ7, (4.124)

where αi, i = 1, 3, 4, 5, 6, 7, are real numbers. In the basis of T ∗G2, such prederivation has
the following matrix 

0 −α3 α4 0 0 0
−2α4 −α1 0 0 0 0
2α3 0 α1 0 0 0
0 α6 α7 0 2α4 −2α3

−α6 0 −α5 α3 α1 0
−α7 α5 0 −α4 0 −α1

 (4.125)

4.6.3 The 4-dimensional Oscillator Lie Group

In Example 3.5.3 we have de�ned the 4-dimensional osciallator Lie group Gλ and its Lie
algebra Gλ.

Proposition 4.6.4. Any bi-invariant metric on the 4-dimensional oscillator group is
Lorentzian and its induced orthogonal structure ⟨, ⟩λ on the Lie algebra Gλ has the fol-
lowing form :

⟨x, y⟩λ = kµλ(x, y) +mx−1y−1, (4.126)

for any x = x−1e−1 + x0e0 + x1e1 + x̌1ě1 and y = y−1e−1 + y0e0 + y1e1 + y̌1ě1 in Gλ, where
µλ is the orthogonal structure on Gλ given by (3.78) and (k,m) is in R∗ × R.

Proof. We have already seen that the form µλ given by (3.78) is an orthogonal structure on
Gλ. Then, any other orthogonal structure ⟨, ⟩λ on Gλ is given by ⟨x, y⟩λ = µλ

(
j(x), y

)
, for all

x, y in Gλ, where j : Gλ → Gλ in an µλ-symmetric and invertible bi-invariant tensor. Now,
one can check that such map j is given by j(x) = kx−1e−1+(mx−1+kx0)e0+kx

1e1+kx̌
1ě1,

where (k,m) is in R∗ × R. So, we have

⟨x, y⟩λ = µλ

(
kx−1e−1 + (mx−1 + kx0)e0 + kx1e1 + kx̌1ě1 , y

−1e−1 + y0e0 + y1e1 + y̌1ě1

)
= kx−1y0 + (mx−1 + kx0)y−1 +

1

λ
(kx1y1 + kx̌1y̌1)

= kx−1y0 +mx−1y−1 + kx0y−1 +
1

λ
(kx1y1 + kx̌1y̌1)

= k
[
x−1y0 + x0y−1 +

1

λ
(x1y1 + x̌1y̌1)

]
+mx−1y−1

= kµλ(x, y) +mx−1y−1.

Now the matrix of ⟨, ⟩λ on the basis (e−1, e0, e1, ě1) of Gλ is given by

Mλ =


m k 0 0
k 0 0 0
0 0 k

λ
0

0 0 0 k
λ

 (4.127)
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The characteristic polynomial of Mλ is Pλ(t) =
(
t− k

λ

)2
(t2 −mt− k2) and its roots are

t1 =
k

λ
; t2 =

1

2

(
m+

√
m2 + 4k2

)
; t3 =

1

2

(
m−

√
m2 + 4k2

)
(4.128)

t2 and t3 are simple roots while t1 is of multiplicity 2. It is clear that t2 ≥ 0, t3 ≤ 0 and t1
has the same sign as k.

Proposition 4.6.5. Any orthogonal structure µ∗
λ on T ∗Gλ can be written as

µ∗
λ

(
(x, f), (y, g)

)
=A⟨(x, f), (y, g)⟩+Bµλ(x, y)+C(x−1g0+y−1f 0)+Dx−1y−1+Ef 0g0, (4.129)

for all elements (x, f) = x−1e−1 + x0e0 + x1e1 + x̌1ě1 + f−1e∗−1 + f 0e∗0 + f 1e∗1 + f̌ 1ě∗1 and
(y, g) = y−1e−1+y

0e0+y
1e1+y̌

1ě1+g
−1e∗−1+g

0e∗0+g
1e∗1+ǧ

1ě∗1 in T
∗Gλ, where (A;B,C,D,E)

is in R∗ × R4 and ⟨, ⟩ stands for the duality pairing between Gλ and G∗
λ.

Proof. Since Gλ is an orthogonal Lie algebra, then (see Theorem 4.4.1) any orthogonal
structure µ∗

λ on T ∗Gλ is given by

µ∗
λ

(
(x, f), (y, g)

)
=
⟨
g , j11(x)

⟩
+
⟨
f , j11(y)

⟩
+
⟨
g, j2 ◦ θ−1(f)

⟩
+
⟨
θ ◦ j1(x), y

⟩
,

for all (x, f), (y, g) in T ∗Gλ, where θ : Gλ → G∗
λ, ⟨θ(x), y⟩ = µλ(x, y) for all x, y in Gλ; j11,

j1 and j2 commute with all adjoint operators of G and satisfy the following conditions :

1. j11 is invertible ;

2. j1 is µλ-symmetric
(
⟨, ⟩λ being de�ned by (4.126)

)
;

3. j2 ◦ adx = 0 and ⟨j2 ◦ θ−1(f), g⟩ = ⟨f, j2 ◦ θ−1(g)⟩, for all x in G and all f, g in G∗.

One can easily establish that the endomorphisms j11, j1 and j2 have the following matrices
on the basis (e−1, e0, e1, ě1) of Gλ :

j11 =


a11 0 0 0
a21 a11 0 0
0 0 a11 0
0 0 0 a11

 ; j1 =


b11 0 0 0
b21 b11 0 0
0 0 b11 0
0 0 0 b11

 ; j2 =


0 0 0 0
c21 0 0 0
0 0 0 0
0 0 0 0


where a11 ̸= 0, a21, b11, b21, c21 are real numbers. It is also readily checked that, with respect
to the basis (e−1, e0, e1, ě1) and (e−1, e0, e1, ě1) of Gλ and G∗

λ respectively, θ and θ−1 have
the following matrices :

θ =


0 1 0 0
1 0 0 0
0 0 1

λ
0

0 0 0 1
λ

 ; θ−1 =


0 1 0 0
1 0 0 0
0 0 λ 0
0 0 0 λ

 (4.130)

It is now a little matter to establish that

µ∗
λ

(
(x, f), (y, g)

)
= a11⟨(x, f), (y, g)⟩+ b11µλ(x, y)

+a21(x
−1g0 + y−1f 0) + b21x

−1y−1 + c21f
0g0. (4.131)

This latter equality is nothing but (4.129); one just has to put A = a11, B = b11, C = a21,
D = b21, E = c21.
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Chapter Five

Kählerian Structure On The Lie

Group of Affine Motions of the

Real Line R

Contents
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5.2 The A�ne Lie Group of the Real Line . . . . . . . . . . . . . . 104

5.3 Double Lie groups of the a�ne Lie group of R . . . . . . . . . 112

5.1 Introduction

An almost complex structure on a Lie algebra G, when it exists, is de�ned by a linear
endomorphism J : G → G, J2 = −Id (Id is the identity map of G). If, in addition, J
satis�es the condition

J [x, y]− [Jx, y]− [x, Jy]− J [Jx, Jy] = 0,

for all x and y in G, we will say that J is integrable. Now, an integrable almost complex
structure is called a complex structure. In this case the pair (G, J) is called a complex
algebra.

A metric µ on a complex algebra (G, J) is called Kählerian if it is hermitian, that is,

µ(Jx, Jy) = µ(x, y),

for all vectors x and y in G, and if J is a parallel tensor with respect to the connection
arising from µ. Likewise, given a Lie algebra with metric µ, we shall say that a complex
structure J on G is Käahlerian if µ is Kählerian with respect to J in the above sense. Such
a pair (J, µ) de�nes a Kählerian structure on G.

A Poisson-Lie structure on a Lie group G, is given by a Poisson tensor π on G, such
that, when the Cartesian product G × G is equipped with the Poisson tensor π × π,
the multiplication m : (σ, τ) 7→ στ is a Poisson map between the Poisson manifolds
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(G×G, π× π) and (G, π). If f, g are in G∗ and f̄ , ḡ are C∞ functions on G with respective
derivatives f = f̄∗,ϵ, g = ḡ∗,ϵ at the unit ϵ of G, one de�nes another element [f, g]∗ of G

∗

by setting
[f, g]∗ := ({f̄ , ḡ})∗,ϵ.

Then [f, g]∗ does not depend on the choice of f̄ and ḡ as above, and (G∗, [, ]∗) is a Lie
algebra. Now, there is a symmetric role played by the spaces G and G∗, dual to each other.
Indeed, as well as acting on G∗ via the coadjoint action, G is also acted on by G∗ using the
coadjoint action of (G∗, [, ]∗). A lot of the most interesting properties and applications of
π, are encoded in the new Lie algebra (G⊕ G∗, [, ]π), where

[(x, f), (y, g)]π := ([x, y] + ad∗fy − ad∗gx, ad
∗
xg − ad∗yf + [f, g]∗), (5.1)

for every x, y in G and every f, g in G∗.

The Lie algebras (G ⊕ G∗, [, ]π) and (G∗, [, ]∗) are respectively called the double and
the dual Lie algebras of the Poisson-Lie group (G, π). Endowed with the duality pairing
de�ned in (2.2), the double Lie algebra of any Poisson-Lie group (G, π), is an orthogonal
Lie algebra, such that G and G∗ are maximal totally isotropic (Lagrangian) subalgebras.

Let r be an element of the wedge product ∧2G. Denote by r+ (resp. r−) the left (resp.
right) invariant bivector �eld on G with value r = r+ϵ (resp. r = r−ϵ ) at ϵ. If πr := r+−r− is
a Poisson tensor, then it is a Poisson-Lie tensor and r is called a solution of the Yang-Baxter
Equation. If, in particular, r+ is a (left invariant) Poisson tensor on G, then r is called a
solution of the Classical Yang-Baxter Equation (CYBE) on G (or G). In this latter case,
the double Lie algebra (G ⊕ G∗, [, ]πr) is isomorphic to the Lie algebra D of the cotangent
bundle T ∗G of G. See e.g. [28]. We may also consider the linear map r̃ : G∗ → G, where
r̃(f) := r(f, .). The linear map θr : (G⊕ G∗, [, ]πr) → D,

θr(x, f) := (x+ r̃(f), f),

is an isomorphism of Lie algebras, between D and the double Lie algebra of any Poisson-Lie
group structure on G, given by a solution r of the CYBE.

Let G = A�(R) denote the group of a�ne motions of the real line R. It possesses a lot
of interesting structures : symplectic ([1],[5]), complex, a�ne ([11]), Kälerian ([53]). Note
by G = a�(R) its Lie algebra. We wish to study the geometry of G as a Kählerian Lie
group. This supposes to describe the symplectic structures, the complex structures, the
a�ne transformations and transformations which preserve those structures. Furthermore,
the symplectic structure corresponds to a solution of the Classical Yang-Baxter equation
r (see [28]). So we will also study the double Lie group D(G, r) of G associated to r.

In Section 5.2 we show how can man construct a sympectic structure on G, determine
the induced left-invariant a�ne structure, study the geodesics of this a�ne structure and
compare these geodesics with the integral curves of left-invariant vector �elds on G. In
Section 5.3 we deal with the geometry of a double Lie group of G associated to a solution
of the Classical Yang-Baxter equation. As explained below, the Lie algebra D(G, r) :=
G⋉G∗(r) of any double Lie group D(G, r) of G is isomorphic to the Lie algebra T ∗G of the
cotangent bundle T ∗G := G⋉G∗([28]). The Lie group structure on T ∗G considered here is

On the Geometry of Cotangent Bundles of Lie Groups Bakary MANGA c⃝URMPM/IMSP 2010



The A�ne Lie Group of the Real Line 104

the one obtained by semi-direct product via the coadjoint action of G on the dual space G∗

of G, considered as an Abelian Lie group. We construct a double Lie group D(G, r) with
Lie algebra D(G, r) ≃ T ∗G. The double Lie group D(G, r) admits an a�ne structure and a
complex structure ([28]). We study the both structures.

5.2 The A�ne Lie Group of the Real Line

5.2.1 The A�ne Lie Group of R and its Lie algebra

An a�ne transformation of R is a function R → R, x 7→ ax + b, where a and b are real
numbers (a ̸= 0). Let A�(R) denote the set of all such transformations. We identify the
sets A�(R) and R∗×R by putting f = (a, b) if f : x 7→ ax+ b. Now consider the operation

(a1, b1)(a2, b2) := (a1a2, a1b2 + b1), (5.2)

for all (a1, b1), (a2, b2) in A�(R). It is readily checked that, endowed with the composition
rule (5.2) A�(R) is a group. The identity element is ϵ := (1, 0) and the inverse of the

element (a, b) ∈ G is given by (a, b)−1 = (
1

a
,− b

a
). Considering the underlying manifold

R∗ × R, G is a Lie group. We will note it by G.

Remark 5.2.1. The operation law (5.2) is nothing but the composition law of maps.

The Lie algebra of G is G = R2 (as a set). The bracket on G is given by

[(u′, v′), (u, v)] = (0,−uv′ + vu′). (5.3)

In some basis (e1, e2) of G we have the following :

[e1, e2] = e2 (5.4)

5.2.2 Symplectic and A�ne Structures on the A�ne Lie group

We �rst recall the a�ne Lie group of Rn (n ∈ N) and how can man construct a symplectic
form on it (see [1]). The a�ne group of Rn is the even dimensional Lie group

A�(Rn) =

{(
A v
0 1

)
, A ∈ GL(n,R), v ∈ Rn

}
(5.5)

Its Lie algebra is

a�(Rn) :=

{(
A v
0 0

)
, A ∈ gl(n,R), v ∈ Rn

}
(5.6)

Let eij be the matrix such that the (i − j)-entry equals 1 and the other entries are zero.
(eij) 1≤i≤n

1≤j≤n+1
forms a basis of a�(n,R). Denote by (e∗ij) 1≤i≤n

1≤j≤n+1
its dual basis and set

α0 :=
n∑
k=1

e∗k,k+1 and ω0 := −dα0. (5.7)
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Hence, if x, y belong to a�(n,R),
ω0(x, y) = −dα0(x, y),

= α0([x, y])

One can check that the 2-form ω0 is non-degenerate and gives a left invariant symplectic
structure ω on A�(n,R) by the following formula :

ωg(X|g, Y|g) := ω0(TgLg−1 ·X|g, TgLg−1 · Y|g), (5.8)

for all g in A�(n,R) and all vectorsX|g, Y|g in TgA�(n,R), where Lg : A�(n,R) → A�(n,R),
h 7→ g · h stands for the left translation by g in G.

From now on we focus our attention on G = A�(R). The Lie algebra of G can be
written

G := a�(R) = {
(
u v
0 0

)
;u, v ∈ R} (5.9)

Put

e11 :=

(
1 0
0 0

)
; e12 :=

(
0 1
0 0

)
.

Then G = vect{e11, e12}. We rename the vectors as follow : e11 = e1, e12 = e2. We have

[e1, e2] = e2. (5.10)

Now we put
α0 = e∗12 = e∗2 and ω0 = −dα0 = −de∗2,

that is
ω0(x, y) = e∗2([x, y]), (5.11)

for all x, y in G. We then have

ω0(e1, e1) = 0 ; ω0(e1, e2) = 1 ; ω0(e2, e2) = 0. (5.12)

ω0 is a non-degenerate 2-form on G. It induces a symplectic form ω on G by relation (5.8).

For any ξ in G, let Xξ denote the associated left invariant vector �eld. That is

Xξ
|g := TϵLg · ξ, (5.13)

for any g in G, where ϵ is the identity element of G. One de�nes an a�ne connection ∇ on
G by the following formula (see [17]) : ∀ ξ, η, σ ∈ G,

ω(∇XξXη, Xσ) = −ω(Xη, [Xξ, Xσ]). (5.14)

We obtain

∇e1e1 = −e1 ; ∇e1e2 = 0 ; ∇e2e1 = −e2 ; ∇e2e2 = 0. (5.15)

Note by Γkij the symbols of Christo�el, that is ∇eiej = Γkijek (Einstein's summation). We
then have the following symbols of Christo�el

Γ1
11 = −1 ; Γ2

11 = 0 ; Γ1
12 = 0 ; Γ2

12 = 0
Γ1
21 = 0 ; Γ2

21 = −1 ; Γ1
22 = 0 ; Γ2

22 = 0
(5.16)

In the sequel, we will consider the connected component of the unit ϵ of G. Let us note
it by G0. That is G0 = R∗

+×R = {(x, y) ∈ R×R, x > 0}. We endow G0 with the connection
(also denote by ∇) induced on G0 by the connection ∇ de�ned by relation (5.15).
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5.2.3 Geodesics of (G0,∇) at the unit

Let (ξ0, η0) be an element of G and let γ = (γ1, γ2) be an auto-parallel (∇γ̇(t)γ̇(t) = 0, for
all t) curve such that

γ(0) = ϵ = (1, 0) ; γ̇(0) = (ξ0, η0). (5.17)

The curve γ satis�es the equations :

γ̈1 − γ̇21 = 0. (5.18)

γ̈2 − γ̇1γ̇2 = 0. (5.19)

Now we consider the following two cases.

Case 1. γ(0) = (1, 0) and γ̇(0) = (0, η0).
If γ1 is not constant, then for any t ∈ R such that γ1(t) ̸= 0, we can solve equation (5.18)
as follows :

γ̈1 − γ̇21 = 0 ⇔ γ̈1
γ̇21

= 1

⇔ − 1

γ̇1
= t+ c, c ∈ R

⇔ γ̇1(t) = − 1

t+ c
. (5.20)

From the condition γ̇1(0) = 0, we obtain : −1
c
= 0, which is not possible, then γ̇1(t) = 0,

for all t ∈ R. We then have :

• γ1(t) = constante = a, for all real number t ;

• Equation (5.18) gives γ2(t) = bt+ d, for all t in R, where b and d belong to R.

From conditions γ(0) = (1, 0) and γ̇(0) = (0, η0), we have :

a = 1 ; d = 0 ; b = η0. (5.21)

So, for any (0, η0) in G the geodesic through ϵ with velocity (0, η0) is given by

γ(t) = (1, η0t), (5.22)

for all t ∈ R.

Case 2. Now we consider an element (ξ0, η0) of a�(R), with ξ0 ̸= 0. Equation (5.18) can
be solve as above and

γ̇1(t) = − 1

t+ c
. (5.23)

From the condition γ̇1(0) = ξ0 we obtain : −1

c
= ξ0, i.e. c = − 1

ξ0
. Now we have :

γ̇1(t) = − 1

t− 1
ξ0

= − ξ0
ξ0t− 1

, t ̸= 1

ξ0
γ1(t) = − ln |ξ0t− 1|+ cste. (5.24)
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Since γ1(0) = 1, we have cste = 1. It comes that :

γ1(t) = 1− ln |ξ0t− 1|, (5.25)

for any t ̸= 1

ξ0
and

1− e

ξ0
< t <

1 + e

ξ0
, since γ1(t) > 0, if it is de�ned. Equation (5.19) now

becomes

γ̈2 +
ξ0

ξ0t− 1
γ̇2 = 0. (5.26)

So we have

γ̇2(t) =
C1

|ξ0t− 1|
, (5.27)

where C1 is a real number. Since γ̇2(0) = η0, we have C1 = η0 and

γ̇2(t) =
η0

|ξ0t− 1|
. (5.28)

Integrating the latter we have :

γ2(t) =
η0
ξ0

ln(k|ξ0t− 1|), (5.29)

where k > 0, t ̸= 1

ξ0
and

1− e

ξ0
< t <

1 + e

ξ0
. Since γ2(0) = 0, we have k = 1 and

γ2(t) =
η0
ξ0

ln |ξ0t− 1|, (5.30)

for any t ̸= 1

ξ0
and

1− e

ξ0
< t <

1 + e

ξ0
. Hence, for any element (ξ0, η0), with ξ0 ̸= 0, the

geodesic through ϵ with velocity (ξ0, η0) is given by :

γ(t) =
(
1− ln |ξ0t− 1| , η0

ξ0
ln |ξ0t− 1|

)
, (5.31)

for all t ̸= 1

ξ0
and

1− e

ξ0
< t <

1 + e

ξ0
.

Now we can summarize.

Proposition 5.2.1. A geodesic through the unit element of (G0,∇) with velocity (ξ, η) in
G is given by

γ(t) =


(1, ηt) if ξ = 0,

(1− ln |ξt− 1| , η
ξ
ln |ξt− 1|) if ξ ̸= 0.

(5.32)

for all t ̸= 1

ξ
and

1− e

ξ
< t <

1 + e

ξ
.

In order to represent them, let us write Cartesian equations of the geodesics. Set

γ(t) = (y(t), x(t)). (5.33)
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• If ξ = 0, the Cartesian equation of the geodesic through ϵ with velocity (0, η) reads

y = 1. (5.34)

This is the unique complete geodesic and is just a horizontal line through ϵ.

• If ξ ̸= 0 and η = 0, the Cartesian equation of the geodesic through ϵ with velocity
(ξ, 0) is given by {

x = 0
y > 0.

(5.35)

This geodesic is not complete and is the vertical line through ϵ contained in the
half-plan {(y, x) ∈ R2 : y > 0}.

• If ξ ̸= 0 and η ̸= 0, the Cartesian equation of the geodesic through ϵ with velocity

(ξ, η) is y = −ξ
η
x+ 1 and y > 0. We can simply write

{
y = ax+ 1
y > 0.

a ̸= R. (5.36)

These geodesics are oblique lines through ϵ. They are not complete.

The Figure 5.1 represents the geodesics of (G0,∇) through ϵ.

Figure 5.1: Geodesics of G0 through ϵ

We just take the geodesics at t = 1, whenever it is possible, to get the
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Corollary 5.2.1. The exponential map of the a�ne structure ∇ on G0 is de�ned for any
(ξ, η) in G such that ξ ̸= 1 and 1− e < ξ < 1 + e, by

Expϵ(ξ, η) =


(1, η) if ξ = 0,

(1− ln |ξ − 1| , η
ξ
ln |ξ − 1|) if ξ ̸= 0.

(5.37)

Let us now look at the inverse of Expϵ, whenever it exists. Let (y, x) be an element of
Gϵ. We wish to �nd (ξ, η) in G such that Expϵ(ξ, η) = (y, x).

1. If y = 1, then the unique solution is (ξ, η) = (0, x).

2. Suppose now y ̸= 1, then the equation Expϵ(ξ, η) = (y, x) gives the following two
equations :

1− ln |ξ − 1| = y (5.38)
η

ξ
ln |ξ − 1| = x (5.39)

Equation (5.38) is equivalent to

ln |ξ − 1| = 1− y
|ξ − 1| = exp(1− y)

ξ − 1 =

{
exp(1− y) if ξ > 1
− exp(1− y) if ξ < 1

ξ =


1 + exp(1− y) if ξ > 1

1− exp(1− y) if ξ < 1
(5.40)

Relation (5.39) becomes

η

ξ
(1− y) = x

η =
ξ

1− y
x

η =


1 + exp(1− y)

1− y
x if ξ > 1

1− exp(1− y)

1− y
x if ξ < 1

(5.41)

It comes that the logarithm map of (G0,∇) which is the inverse of Expϵ, is de�ned only
on the subset {(1, x), x ∈ R} of G0.

Proposition 5.2.2. The Logarithm map of (G0,∇) is de�ned on {(1, x), x ∈ R} and is
given by

Logϵ(1, x) = (0, x). (5.42)
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5.2.4 Integral curves of left invariant vector �elds on G

If g = (y, x) et h = (y′, x′) are two elements of G0, the left translation Lg by g acts on h
as follows :

Lgh = (yy′, yx′ + x). (5.43)

It comes that the di�erential map at ϵ of Lg on the basis (e1, e2) has the following matrix :

TϵLg =

(
y 0
0 y

)
.

Let ξ = ξ1e1 + ξ2e2 be an element of G. We wish to compute the exponential expG(ξ) of ξ.
Let Xξ stand for the left invariant vector �eld associated to ξ. We have :

Xξ
|g := TϵLg · ξ =

(
y 0
0 y

)(
ξ1
ξ2

)
= yξ1

∂

∂y
+ yξ2

∂

∂x
. (5.44)

Now let γ = (γ1, γ2) be the curve such that

γ(0) = ϵ = (1, 0) and γ̇(t) = Xξ
|γ(t). (5.45)

We then have the following equations :{
γ̇1(t) = γ1(t)ξ1;
γ̇2(t) = γ1(t)ξ2.

(5.46)

The �rst relation of the system (5.46) has the following solution :

γ1(t) = k exp(ξ1t), t ∈ R, (5.47)

where k > 0. Since γ1(0) = 1, we have k = 1 and

γ1(t) = exp(ξ1t), t ∈ R. (5.48)

Now the second equation of the system (5.46) becomes :

γ̇2(t) = ξ2 exp(ξ1t). (5.49)

We consider two cases :

(i) If ξ1 = 0, then we have

γ̇2(t) = ξ2
γ2(t) = ξ2t+ q, (5.50)

where q is a real number. But γ2(0) = 0, then q = 0 and

γ2(t) = ξ2t, t ∈ R. (5.51)
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(ii) If ξ1 ̸= 0, then the equation (5.49) integrates to

γ2(t) =
ξ2
ξ1

exp(ξ1t) + r, (5.52)

for some real number r. Since, γ2(0) = 0, then
ξ2
ξ1

+ r = 0, i.e. r = −ξ2
ξ1
. Hence, we

have :

γ2(t) =
ξ2
ξ1

[
exp(ξ1t)− 1

]
, (5.53)

for all t in R.

We then summarize in the

Proposition 5.2.3. For any element ξ = ξ1e1 + ξ2e2 in G, the integral curve γξ of the
left-invariant vector �eld associated to ξ is de�ned by

γ(t) =


(1 , ξ2t) if ξ1 = 0;(

exp(ξ1t) ,
ξ2
ξ1
[exp(ξ1t)− 1]

)
if ξ1 ̸= 0.

(5.54)

for all t in R.

It is readily checked that the Cartesian equation of these integral curves are given as
follows. Set γξ(t) = (y, x).

• If ξ1 = 0, then the Cartesian equation of γξ is y = 1. These curve is complete.

• If ξ1 ̸= 0 and ξ2 = 0, then x = 0 and y > 0. This is a non-complete integral curve.

• If ξ1 ̸= 0 and ξ2 ̸= 0, we have the equation : y =
ξ1
ξ2
x + 1 and y > 0 or simply

y = ax+ 1 and y > 0, where a is a non-zero real number.

Remark 5.2.2. The integral curves of the left-invariant vector �elds associated to the
elements of G globally coincides with the geodesics through ϵ of G0 obtained in (5.32).

Corollary 5.2.2. The exponential map of the group G0 is de�ned by

expG(ξ) =


(1 , ξ2) if ξ1 = 0;(

exp(ξ1) ,
ξ2
ξ1
[exp(ξ1)− 1]

)
if ξ1 ̸= 0.

(5.55)

for all ξ = ξ1e1 + ξ2e2 in G.

Let us now de�ne the Logarithm map of G0. Let (y, x) ∈ G = R∗
+ × R. We want to �nd

ξ ∈ G such that expG(ξ) = (y, x).

1. If y = 1, then the unique solution is ξ = (0, x).
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2. Suppose y ̸= 1, then (
exp(ξ1) ,

ξ2
ξ1
[exp(ξ1)− 1]

)
= (y, x). (5.56)

That is 
exp(ξ1) = y

ξ2
ξ1
[exp(ξ1)− 1] = x

(5.57)

and then 
ξ1 = ln y

ξ2 =
x

y − 1
ln y.

(5.58)

We get,

Proposition 5.2.4. The map expG is invertible and its inverse is the map LogG : G→ G

de�ned by

LogG(y, x) =


(0, x) if y = 1(

ln y ,
x

y − 1
ln y

)
if y ̸= 1

(5.59)

5.3 Double Lie groups of the a�ne Lie group of R

5.3.1 Double Lie group of the a�ne Lie group of R
Let G := A�(R) be the a�ne Lie group of R and let G := a�(R) stand for the a�ne Lie
algebra. It is shown (see [28]) that the double Lie algebra D(G, r) (where r : G∗ → G is
a solution of the Classical Yang-Baxter Equation), of a double Lie group D(G, r) of G, is
isomorphic to the Lie algebra T ∗G of the cotangent bundle T ∗G = G ⋉ G∗ endowed with
the Lie group structure obtained by semi-direct product via the coadjoint action of the Lie
group G and the Abelian Lie group G∗. The Lie bracket of T ∗G, on some basis (e1, e2, e3, e4),
reads :

[e1, e2] = e2 , [e1, e4] = −e4 , [e2, e4] = e3. (5.60)

We write T ∗G = Re1⋉H3 (see Example 2.5.1), where e1 acts on the Heisenberg Lie algebra
H3 = span(e2, e3, e4) by the restriction of ade1 . Set D := ade1 = diag(1, 0,−1). One Lie
group of T ∗G is then the group R ⋉ H3, where H3 is the 3-dimensional Heisenberg group
(Lie(H3) = H3) and R acts on H3 via the standard exponential of the endomorphism D
by ρ : R → Aut(H3). Precisely,

ρt : y 7→ expH3

(
Exp(tD)Y

)
, (5.61)

where expH3
stands for the exponential map of the Lie group H3, Exp is the standard

exponential of endomorphisms and Y is an element of G such that expH3
(Y ) = y. The

product on R⋉H3 reads :

(t, x)(s, y) = (t+ s, x · ρt(y)), (5.62)
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where x ·ρt(y) is the product in the Heisenberg group of the elements x and ρt(y). We then
need to know the exponential and the logarithm map of the Heisenberg group.

Lemma 5.3.1. Let expH3
and lnH3 be the exponential and the logarithm maps of the Heisen-

berg group H3. Then,

1. the exponential map is de�ned by : for all ξ = (ξ2, ξ3, ξ4) in H3,

expH3
(ξ) = (ξ2 , ξ3 +

1

2
ξ2ξ4 , ξ4) (5.63)

2. while the logarithm is given by

lnH3(y) = (y2 , y3 −
1

2
y2y4 , y4), (5.64)

for any (y2, y3, y4) in H3.

Proof. Recall that the multiplication of H3 is given by :

x · y = (x2, x3, x4) · (y2, y3, y4) = (x2 + y2, x3 + y3 + x2y4, x4 + y4) (5.65)

and the unit element of H3 is ϵH3 = (0, 0, 0). The di�erential map at ϵH3 of the left trans-
lation by an element x has the following matrix on the basis (e2, e3, e4) :

TϵH3
Lx =

 1 0 0
0 1 x2
0 0 1

 . (5.66)

Let us compute the exponential map expH3
. Consider an element ξ = ξ2e2 + ξ3e3 + ξ4e4

of H3 and let Xξ be the associated left invariant vector �eld. We note by γξ the integral
curve of Xξ with initial conditions γξ(0) = ϵH3 and γ̇ξ(0) = ξ. We have :

Xξ
|(x2,x3,x4) = TϵL(x2,x3,x4) · ξ = (ξ2, ξ3 + x2ξ4, ξ4) (5.67)

and
γ̇ξ(l) = Xξ

|γξ(l). (5.68)

If we set γξ = (γ2ξ , γ
3
ξ , γ

4
ξ ), we obtain :

γ̇2ξ (l) = ξ2 (5.69)

γ̇3ξ (l) = ξ3 + γ2ξ (l)ξ4 (5.70)

γ̇4ξ (l) = ξ4. (5.71)

With the initial conditions we obtain the following solution :

γ2ξ (l) = ξ2l (5.72)

γ3ξ (l) = ξ3l +
1

2
ξ2ξ4l

2 (5.73)

γ3ξ (l) = ξ4l. (5.74)
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It comes that

expH3
(ξ) = (ξ2 , ξ3 +

1

2
ξ2ξ4 , ξ4). (5.75)

Let now Y = (Y2, Y3, Y4) be an element of H3 such that expH3
(Y ) = y. Then

(Y2, Y3 +
1

2
Y2Y4, Y4) = (y2, y3, y4).

We obtain that

Y2 = y2 ; Y3 = y3 −
1

2
y2y4 ; Y4 = y4. (5.76)

That is

lnH3(y) = (y2 , y3 −
1

2
y2y4 , y4), (5.77)

where lnH3 is the inverse map of expH3
.

Now we have :

Exp(tD) = diag(et, 1, e−t) =

 et 0 0
0 1 0
0 0 e−t

 . (5.78)

Hence,

ρt(y) = expH3

(
Exp(tD)Y

)
= expH3

(
y2e

t , y3 −
1

2
y2y4 , y4e

−t
)

=
(
y2e

t , y3 −
1

2
y2y4 +

1

2
y2e

t × y4e
−t , y4e

−t
)

=
(
y2e

t , y3 , y4e
−t
)

(5.79)

Now we can write the multplication on R⋉H3 as follows :

(t, x) · (s, y) = (t, x2, x3, x4) · (s, y2, y3, y4)
=

(
t+ s , (x2, x3, x4) · ρt(y2, y3, y4)

)
=

(
t+ s , (x2, x3, x4) · (y2et, y3, y4e−t)

)
=

(
t+ s , x2 + y2e

t , x3 + y3 + x2y4e
−t , x4 + y4e

−t
)
. (5.80)

Hence, the product of two elements x = (x1, x2, x3, x4), y = (y1, y2, y3, y4) of R × H3 is
given by

x · y =
(
x1 + y1 , x2 + y2e

x1 , x3 + y3 + x2y4e
−x1 , x4 + y4e

−x1
)
. (5.81)

The unit element is ϵ = (0, 0, 0, 0) and the inverse of an element x = (x1, x2, x3, x4) is the
element x−1 = (−x1,−x2e−x1 ,−x3 + x2x4,−x4ex1).

We have prove the following

Proposition 5.3.1. Endowed with the product (5.81), R×H3 is a double Lie group of the
a�ne Lie group of R.

Let D(G, r) denote the double Lie group of G de�ned in Proposition 5.3.1.
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5.3.2 Connection on the double of the a�ne Lie group

Among a lot of possibilities, we are interested in the left invariant a�ne connection on
D(G, r), introduced on any double Lie group of a symplectic Lie group by Diatta and
Medina in [28] :

∇(x,α)+(y, β)
+ = (x · y + adαy, ad

∗
r(α)β + ad∗xβ)

+, (5.82)

where x · y is the product induced by the symplectic structure on G through the formula

ω(x · y, z) = −ω(y, [x, z]), (5.83)

for all x, y, z ∈ G.

Proposition 5.3.2. On the basis of D(G, r), the connection is given by

∇e1e1 = −e1 ; ∇e1e2 = 0 ; ∇e1e3 = e2 ; ∇e1e4 = −e1 − e4
∇e2e1 = −e2 ; ∇e2e2 = 0 ; ∇e2e3 = 0 ; ∇e2e4 = e3
∇e3e1 = e2 ; ∇e3e2 = 0 ; ∇e3e3 = 0 ; ∇e3e4 = −e3
∇e4e1 = −e1 − e4 ; ∇e4e2 = e3 ; ∇e4e3 = 0 ; ∇e4e4 = −e4

Proof. We have (see Relation (5.12))

ω(e1, e2) = 1 (5.84)

and (see Relation (5.15))

e1 · e1 = −e1 ; e2 · e1 = −e2. (5.85)

Let us compute the bracket [e3, e4]∗ on G∗(r).

[e3, e4]∗ = ad∗r(e3)e4 − ad∗r(e4)e3, (5.86)

where r := q−1 : G∗ 7→ G, with ⟨q(x), y⟩ = ω(x, y).

⟨q(e1), e1⟩ = ω(e1, e1) = 0. (5.87)

⟨q(e1), e2⟩ = ω(e1, e2) = 1. (5.88)

Then, q(e1) = e∗2 = e4.

⟨q(e2), e1⟩ = ω(e2, e1) = −1. (5.89)

⟨q(e2), e2⟩ = ω(e2, e2) = 0. (5.90)

Hence, q(e2) = −e∗1 = −e3. We then have the matrix of q on the basis (e1, e2) and (e3, e4)
of G and G∗ respectively :

M =

(
0 −1
1 0

)
. (5.91)

The matrix M est invertible and its inverse reads :

M−1 =

(
0 1
−1 0

)
. (5.92)
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It comes that r(e3) = −e2 et r(e4) = e1. Hence,

[e3, e4]∗ = −ad∗e2e4 − ad∗e1e3.
= +e4 ◦ ade2 + e3 ◦ ade1 . (5.93)

e4 ◦ ade2(ei) =
{

−1 si i = 1
0 si i = 2

⇒ e4 ◦ ade2 = −e3. (5.94)

e3 ◦ ade1(ei) =
{

0 si i = 1
0 si i = 2

⇒ e3 ◦ ade1 = 0. (5.95)

We then have [e3, e4]∗ = −e3.

We can now compute the connection on the basis of D(G, r).

∇e1e1 = e1 · e1 = −e1. (5.96)

∇e1e2 = e1 · e2 = 0. (5.97)

∇e1e3 = ad∗e3e1 + ad∗e1e3 = ad∗e3e1 = −e1 ◦ ade3 |G∗(r) = e2 (5.98)

∇e1e4 = ad∗e4e1 + ad∗e1e4 = −e1 ◦ ade4 |G∗(r) +−e4 ◦ ade1 |G = −e1 − e4. (5.99)

∇e2e1 = e2 · e1 = −e2. (5.100)

∇e2e2 = e2 · e2 = 0. (5.101)

∇e2e3 = ad∗e3e2 + ad∗e2e3 = 0. (5.102)

∇e2e4 = ad∗e4e2 + ad∗e2e4 = e3. (5.103)

∇e3e1 = ∇e1e3 = e2. (5.104)

∇e3e2 = ∇e2e3 = 0. (5.105)

∇e3e3 = ad∗r(e3)e3 = −ad∗e2e3 = 0. (5.106)

∇e3e4 = ad∗r(e3)e4 = −ad∗e2e4 = −e3. (5.107)

∇e4e1 = ∇e1e4 = −e1 − e4. (5.108)

∇e4e2 = ∇e2e4 = e3. (5.109)

∇e4e3 = ad∗r(e4)e3 = ad∗e1e3 = 0.
∇e4e4 = ad∗r(e4)e4 = ad∗e1e4 = −e4. (5.110)

Thus, if we set ∇eiej = Γkijek (Einstein's summation), the Christo�el's symbols Γkij for
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this connection are :

Γ1
11 = −1 ; Γ2

11 = 0 ; Γ3
11 = 0 ; Γ4

11 = 0
Γ1
12 = 0 ; Γ2

12 = 0 ; Γ3
12 = 0 ; Γ4

12 = 0
Γ1
13 = 0 ; Γ2

13 = 1 ; Γ3
13 = 0 ; Γ4

13 = 0
Γ1
14 = −1 ; Γ2

14 = 0 ; Γ3
14 = 0 ; Γ4

14 = −1
Γ1
21 = 0 ; Γ2

21 = −1 ; Γ3
21 = 0 ; Γ4

21 = 0
Γ1
22 = 0 ; Γ2

22 = 0 ; Γ3
22 = 0 ; Γ4

22 = 0
Γ1
23 = 0 ; Γ2

23 = 0 ; Γ3
23 = 0 ; Γ4

23 = 0
Γ1
24 = 0 ; Γ2

24 = 0 ; Γ3
24 = 1 ; Γ4

24 = 0
Γ1
31 = 0 ; Γ2

31 = 1 ; Γ3
31 = 0 ; Γ4

31 = 0
Γ1
32 = 0 ; Γ2

32 = 0 ; Γ3
32 = 0 ; Γ4

32 = 0
Γ1
33 = 0 ; Γ2

33 = 0 ; Γ3
33 = 0 ; Γ4

33 = 0
Γ1
34 = 0 ; Γ2

34 = 0 ; Γ3
34 = −1 ; Γ4

34 = 0
Γ1
41 = −1 ; Γ2

41 = 0 ; Γ3
41 = 0 ; Γ4

41 = −1
Γ1
42 = 0 ; Γ2

42 = 0 ; Γ3
42 = 1 ; Γ4

42 = 0
Γ1
43 = 0 ; Γ2

43 = 0 ; Γ3
43 = 0 ; Γ4

43 = 0
Γ1
44 = 0 ; Γ2

44 = 0 ; Γ3
44 = 0 ; Γ4

44 = −1

The only non vanishing symbols are :

Γ1
11 = −1 ; Γ2

13 = 1 ; Γ1
14 = −1 ; Γ4

14 = −1
Γ2
21 = −1 ; Γ3

24 = 1 ; Γ2
31 = 1 ; Γ3

34 = −1
Γ1
41 = −1 ; Γ4

41 = −1 ; Γ3
42 = 1 ; Γ4

44 = −1

5.3.3 Geodesics of (D(G, r),∇)

Now let γ(t) =
(
γ1(t), γ2(t), γ3(t), γ4(t)

)
be a geodesic such that γ(0) = (0, 0, 0, 0) in

T ∗G ≃ D(G, r) and γ̇(0) = (ξ1, ξ2, ξ3, ξ4) ∈ D(G, r). We have the following non-linear
di�erential equations which are the equations of geodesics of D(G, r).

γ̈1 − γ̇21 − γ̇1γ̇4 − γ̇1γ̇4 = 0,
γ̈2 + γ̇1γ̇3 − γ̇1γ̇2 + γ̇1γ̇3 = 0,
γ̈3 + γ̇2γ̇4 − γ̇3γ̇4 + γ̇2γ̇4 = 0,
γ̈4 − γ̇24 − γ̇1γ̇4 − γ̇1γ̇4 = 0.

We rearrange the latter equations as follows :

γ̈1 − γ̇21 − 2γ̇1γ̇4 = 0, (5.111)

γ̈2 − γ̇1γ̇2 + 2γ̇1γ̇3 = 0, (5.112)

γ̈3 − γ̇3γ̇4 + 2γ̇2γ̇4 = 0, (5.113)

γ̈4 − γ̇24 − 2γ̇1γ̇4 = 0. (5.114)

Unfortunately we do not yet have a solution for this system.
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5.3.4 Integral curves of left-invariant vector �elds on the double
Lie group of the a�ne Lie group of R

Let ξ = ξ1e1+ ξ2e2+ ξ3e3+ ξ4e4 be in D(G, r). The left invariant vector �eld Xξ associated
to ξ is given by

Xξ
|(x1,x2,x3,x4) = TϵL(x1,x2,x3,x4) · ξ

=


1 0 0 0
0 ex1 0 0
0 0 1 x2e

−x1

0 0 0 e−x1




ξ1
ξ2
ξ3
ξ4


= (ξ1 , ξ2e

x1 , ξ3 + x2ξ4e
−x1 , ξ4e

−x1). (5.115)

Let γξ the unique curve such that γξ(0) = ϵ, γ̇ξ(0) = ξ and

γ̇ξ(t) = Xξ
|γξ(t). (5.116)

If γξ(t) = (γ1ξ (t), γ
2
ξ (t), γ

3
ξ (t), γ

4
ξ (t)), we have the following equations coming from (5.116) :

γ̇1ξ (t) = ξ1 (5.117)

γ̇2ξ (t) = ξ2 exp[γ
1
ξ (t)] (5.118)

γ̇3ξ (t) = ξ3 + ξ4γ
2
ξ (t) exp[−γ1ξ (t)] (5.119)

γ̇4ξ (t) = ξ4 exp[−γ1ξ (t)]. (5.120)

Resolving relation (5.117) and taking care with the initial conditions we have :

γ1ξ (t) = ξ1t. (5.121)

Relation (5.118) is resolved as follows.

• If ξ1 = 0, then

γ2ξ (t) = ξ2t+ b, b ∈ R
= ξ2t since γ2ξ (0) = 0. (5.122)

• If ξ1 ̸= 0, then we have

γ2ξ (t) =
ξ2
ξ1

exp(ξ1t) + b1, b1 ∈ R;

=
ξ2
ξ1
[exp(ξ1t)− 1], since γ2ξ (0) = 0. (5.123)

Now we come to the relation (5.119) and again consider two cases.
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• If ξ1 = 0, the equation (5.119) can be written as

γ̇3ξ (t) = ξ3 + ξ4ξ2t. (5.124)

The latter equation is solved as follows :

γ3ξ (t) = ξ3t+
1

2
ξ4ξ2t

2 + c1, c1 ∈ R;

= ξ3t+
1

2
ξ4ξ2t

2, as γ3ξ (0) = 0. (5.125)

• If ξ1 ̸= 0, the relation (5.119) can be written as

γ̇3ξ (t) = ξ3 + ξ4
ξ2
ξ1
[exp(ξ1t)− 1] exp(−ξ1t)

= ξ3 +
ξ2ξ4
ξ1

[1− exp(−ξ1t)]. (5.126)

and is integrated as

γ3ξ (t) = ξ3t+
ξ2ξ4
ξ1

[
t+

1

ξ1
exp(−ξ1t)

]
+ c2

= ξ3t+
ξ2ξ4
ξ1

[
t+

1

ξ1
exp(−ξ1t)

]
− ξ2ξ4

ξ21
, since γ3ξ (0) = 0.

=

(
ξ3 +

ξ2ξ4
ξ1

)
t+

ξ2ξ4
ξ21

[exp(−ξ1t)− 1] . (5.127)

Let us now solve equation (5.120).

• If ξ1 = 0, then (with the condition γ4ξ (0) = 0)

γ4ξ (t) = ξ4t. (5.128)

• If ξ1 ̸= 0, then

γ4ξ (t) = −ξ4
ξ1

exp(−ξ1t) + d, d ∈ R;

=
ξ4
ξ1
[1− exp(−ξ1t)], since γ4ξ (0) = 0. (5.129)

Let us summarize all the above.

Proposition 5.3.3. The integral curve of the left invariant vector �eld associated to any
element ξ = ξ1e1 + ξ2e2 + ξ3e3 + ξ4e4 of D(G, r) is de�ned by

γξ(t) =

(
0 , ξ2t ,

1

2
ξ2ξ4t

2 + ξ3t , ξ4t

)
, (5.130)

if ξ1 = 0; and by

γξ(t)=

(
ξ1t,

ξ2
ξ1
[exp(ξ1t)−1],

(
ξ3+

ξ2ξ4
ξ1

)
t+
ξ2ξ4
ξ21

[exp(−ξ1t)−1],
ξ4
ξ1
[1−exp(−ξ1t)]

)
(5.131)

if ξ1 ̸= 0.
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As an immediate consequence, we have the

Corollary 5.3.1. The exponential map of the double Lie group D(G, r) of the a�ne Lie
group of R is de�ned as follows. For any ξ = ξ1e1 + ξ2e2 + ξ3e3 + ξ4e4,

expD(G,r)(ξ)=



(
0 , ξ2 ,

1

2
ξ2ξ4 + ξ3 , ξ4

)
, if ξ1 = 0

(
ξ1,

ξ2
ξ1
[exp(ξ1)−1], ξ3+

ξ2ξ4
ξ1

+
ξ2ξ4
ξ21

[exp(−ξ1)−1],
ξ4
ξ1
[1−exp(−ξ1)]

)
if ξ1 ̸= 0.

We are now going to deal with the invertibility of the exponential map above. Let
(x, y, z, t) be an arbitrary element of D(G, r). Our goal is to �nd ξ in T ∗G such that
expD(G,r)(ξ) = (x, y, z, t).

1. If x = 0, then (
0, ξ2,

1

2
ξ2ξ4 + ξ3, ξ4

)
= (x, y, z, t)

0 = x

ξ2 = y

1
2
ξ2ξ4 + ξ3 = z

ξ4 = t

⇐⇒



0 = x

ξ2 = y

ξ3 = z − 1

2
yt

ξ4 = t

(5.132)

We then have that

Lemma 5.3.2. The restriction exp|{0}×R3 of the exponential map of D(G, r) to the
subset {0} × R3 of D(G, r) is invertible and its inverse is given by

(0, y, z, t) 7→ (0, y, z − 1

2
yt, t) (5.133)

2. Suppose x ̸= 0, then we have(
ξ1,

ξ2
ξ1
[eξ1 − 1], ξ3+

ξ2ξ4
ξ1

+
ξ2ξ4
ξ21

[e−ξ1−1],
ξ4
ξ1
[1−e−ξ1 ]

)
= (x, y, z, t) (5.134)

ξ1 = x

ξ2
ξ1
[eξ1 − 1] = y

ξ3+
ξ2ξ4
ξ1

+
ξ2ξ4
ξ21

[e−ξ1−1] = z

ξ4
ξ1
[1−e−ξ1 ] = t

⇔



ξ1 = x

ξ2 =
xy

ex − 1

ξ3 = z +
xyt

(ex − 1)(e−x − 1)
+

yt

ex − 1

ξ4 =
xt

1− e−x

Hence,
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Lemma 5.3.3. The restriction exp|R∗×R3 of the exponential map of the Lie group
D(G, r) to the subset R∗ × R3 is invertible and its inverse is the map de�ned as :

(x, y, z, t) 7→
(
x,

xy

ex − 1
, z+

yt

ex − 1

[ x

e−x−1
+1
]
,

xt

1−e−x

)
(5.135)

The precedent two Lemmas imply

Proposition 5.3.4. The exponential map of the Lie group D(G, r) is invertible ans its
inverse is the map LogD(G,r) : D(G, r) → D(G, r) de�ned as follows :

LogD(G,r)(x, y, z, t) =


(0, y, z − 1

2
yt, t) if x = 0(

x,
xy

ex − 1
, z+

yt

ex − 1

[ x

e−x−1
+1
]
,

xt

1−e−x

)
if x ̸= 0

(5.136)

5.3.5 A Left Invariant Complex Structure On The Double of The
A�ne Lie group of R

From [28], the following formula de�nes a left-invariant complex structure J on any Lie
group with Lie algebra D(G, r) :

J
(
(x, α)+

)
:=
(
− r(α), q(x)

)+
, (5.137)

for any (x, α) in D(G, r). We have

Je+1 = (q(e1))
+ = e+4 =


1 0 0 0
0 ex1 0 0
0 0 1 x2e

−x1

0 0 0 e−x1




0
0
0
1

 =


0
0

x2e
−x1

e−x1

 (5.138)

Je+2 = (q(e2))
+ = −e+3 = −


1 0 0 0
0 ex1 0 0
0 0 1 x2e

−x1

0 0 0 e−x1




0
0
1
0

 = −


0
0
1
0

 (5.139)

Je+3 = (−r(e3))+ = e+2 =


1 0 0 0
0 ex1 0 0
0 0 1 x2e

−x1

0 0 0 e−x1




0
1
0
0

 =


0
ex1

0
0

 (5.140)

Je+4 = (−r(e4))+ = −e+1 = −


1 0 0 0
0 ex1 0 0
0 0 1 x2e

−x1

0 0 0 e−x1




1
0
0
0

 = −


1
0
0
0

(5.141)
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Let us summarize

Je+1 = x2e
−x1 ∂

∂x3
+ e−x1

∂

∂x4
(5.142)

Je+2 = − ∂

∂x3
(5.143)

Je+3 = ex1
∂

∂x2
(5.144)

Je+4 = − ∂

∂x1
(5.145)

This tensor is not bi-invariant, that is it does not commute with the adjoint operators
of G. Indeed, if j := J|ϵ, we have

• j[e1, e2] = je2 = −e3 ;

• [e1, je2] = [e1,−e3] = 0,

then j[e1, e2] ̸= [e1, je2].
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General Conclusion

In this thesis we study some aspect of the geometry of cotangent bundles of Lie groups
as Drinfel'd double Lie groups. Automorphisms of cotangent bundles of Lie groups are
completely characterized and interesting results are obtained. We give prominence to the
fact that the Lie groups of automorphisms of cotangent bundles of Lie groups are super-
symmetric Lie groups (Theorem 2.3.2). In the cases of semi-simple Lie algebras, compact
Lie algebras and more generally orthogonal Lie algebras, we recover by simple methods
interesting co-homological known results (Section 2.3.6).

Another theme in this thesis is the study of prederivations of cotangent bundles of Lie
groups. The Lie algebra of prederivations encompasses the one of derivations as a subalge-
bra. We �nd out that Lie algebras of cotangent Lie groups (which are not semi-simple) of
semi-simple Lie groups have the property that all their prederivations are derivations. This
result is an extension of a well known result due to Müller ([64]). The structure of the Lie
algebra of prederivations of Lie algebras of cotangent bundles of Lie groups is explore and
we have shown that the Lie algebra of prederivations of Lie algebras of cotangent bundle
of Lie groups are reductive Lie algebras.

Prederivations are useful tools for classifying objects like pseudo-Riemannian metrics
([9], [64]). We have studied bi-invariant metrics on cotangent bundles of Lie groups and
their isometries. The Lie algebra of the Lie group of isometries of a bi-invariant metric
on a Lie group is entirely determine by prederivations of the Lie algebra which are skew-
symmetric with respect to the induced orthogonal structure on the Lie algebra. We have
shown that the Lie group of isometries of any bi-invariant metric on the cotangent bundle of
any semi-simple Lie groups is given by inner derivations of the Lie algebra of the cotangent
bundle.

Last, we have dealt with an introduction to the geometry of the Lie group of a�ne
motions of the real line R, which is a Kählerian Lie group (see [53]). We describe, through
explicit expressions, a symplectic structure, a complex structure, geodesics. Since the sym-
plectic structure corresponds to a solution r of the Classical Yang-Baxter equation (see
[28]), we also study the double Lie group associated to r.

Admittedly, questions remain. Can it be otherwise ?

Let G be a Lie algebra. We have said that the Lie algebra Pder(T ∗G) of prederivations
of T ∗G contains the one der(T ∗G) of derivations as a Lie subalgebra. It would be interesting
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to know :

• if Pder(T ∗G) can be decomposed into a semi-direct sum of der(T ∗G) and a subspace
h of Pder(T ∗G) : Pder(T ∗G) = der(T ∗G)⋉ h ;

• if der(T ∗G) is an ideal of Pder(T ∗G).

We have seen that if G is semi-simple, then Pder(T ∗G) = der(T ∗G). It would be a great
step to �nd necessary and su�cient conditions for which the latter equality holds.

Another open question is the following. As the cotangent bundle of any Lie group is
a Drinfel'd double Lie group, it seems to be a good idea to extend the results within this
thesis to the class of Lie groups which are double Lie groups of Poisson-Lie groups.

One other step is to list all orthogonal Lie groups of low-dimension using the double
extension procedure of Medina and Revoy. Studying the isomorphic classes, up to isomet-
ric automorphisms, of bi-invariant metrics on cotangent bundles of Lie groups is also an
interesting subject. It seems to be reasonable to begin by simple Lie algebras.
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