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ABsTrRACT. In this paper, a concept of reduction of bifiltrations is introduced.
Similarly to the case of filtrations, a reduction criterion for bifiltrations in some
class in terms of their generalized Rees rings is given.

1. Introduction

Throughout this paper, A denotes a commutative ring.

The concept of reduction of ideals was introduced by D.G. Northcott and
D.Rees in [NR]. It was actively studied in the literature since its introduction.
Since powers of ideals are special filtrations, the concept of reduction of ideals was
generalized to filtrations by J.S. Okon and L.J. Ratliff,Jr in [OR], where the authors
had given many important results on the subject.

Here we introduce a concept of reduction for rings bifiltrations and we give a
criterion of reduction for bifiltrations in some class in terms of their generalized
Rees rings, similarly to the case of filtrations.

2. Bifiltrations

2.1. Filtrations.
Let us recall the following definitions which will be used in the sequel.

(2.1.1) By a filtration on the ring A, we mean a family f = (I,,)nez of ideals
of A such that Iy = A, I,4+1 C I, forall n € Z and 1,1, C I, for all p,q € Z.
It follows that if n < 0, then I,, = A.

(2.1.2) For each integer k > 1, let f) = (Ink)nez. Then f*) is a filtration on
A which is called the filtration of index k extracted from the filtration f.

(2.1.3) If I is an ideal of A, then the filtration f; = (I")nez,

2010 Mathematics Subject Classification. 13A15, 16W70.
Key words and phrases. Filtration, Bifiltration, Rees rings of a Bifiltration, Noetherian Bi-
filtrations, Reduction of Bifiltrations.

45



46 Y. IDRISSA AND D. SANGARE
where I™ = A for all n <0, is called the I-adic filtration of A

(2.1.4) Let f = (In)nez and g = (Jp)nez be filtrations on a ring A. The

filtration f is called a reduction of g if f < g and if there exists an integer N > 1
N

such that J,, = Z I,_pJ, for all n > N, see [OR] for more information.
p=0

2.2. Bifiltrations.
The set Z? is partially ordered as follows :
For all m,n,p,q € Z, (m,n) < (p,q) if and only if m < p and n < q.

(2.2.1) A bifiltration on the ring A is a family F' = (I,;,n)(m,n)ez2 of ideals of
A such that

(i) oo = A

(ii) For all m,n,p,q € Z, it (m,n) < (p,q), then I, , C I,,, ,

(ili) Lmndp,qg € Imtp, ntq for all m,n,p,q € Z.

Condition (ii) is equivalent to say that

Imiin © Iy and Ly, py1 € Iy for all myn € Z

It follows from condition (ii) that if (m,n) < (0,0), then A = Iy o C Ipyn, SO
Iy = A.

If m <0, then (m,0) < (0,0), hence A =1y C I, 50 I 0 = A.

Similarly, if n <0, then I, , = A.

(2.2.2) Throughout this paper all the bifiltrations F' = (I;n,n)(m,n)cz> are sup-
posed to satisfy the following additional conditions :

(EPI) For all (k,1) € Z?, Iy =Ixoif k> 0and [ <0 and Iy, = I, if k <0
and [ > 0.

Such a bifiltration is said to be of Essentially Positive Indices type (EPI
type for short).

This definition will be extended to bifiltrations F' = (In,5) (m,n)en2 With indices
in N2 where negative sub-indices may occur in I, ,.

As an example, let f = (I,)nez and g = (J,)nez be filtrations on the ring A.
Then I,, = J, = A for all n < 0. We will denote by f x g the bifiltration F' defined
as f x g = (Fiun), where Fy, ,, = I, J,, for all m, n.

Then f x g is a bifiltration which is of EPI type.

(2.2.3) Let F' = (Im,n)(m,n)€N2 and G = (Jmm)(m,n)GZ? be bifiltrations on A.
We set F' < G if and only if I, , € Jp , for all (m,n) € Z2.

(2.2.4) Let F' = (I;mn)(m,n)ez> be a bifiltration on the ring A. For integers
k1 € N*, we write F(F1) = (Timn) myezz s Where Jpn = L for all m,n.
Then F(*:) is a bifiltration on A which is called the bifiltration of index (k,1)
extracted from the bifiltration F.

(2.2.5) Let f = (In)nez and g = (J,)nez be filtrations on the ring A and let &, [
be positive integers. Consider the filtrations f*) = (Ix)nez and g = (Jp))nez.
Then f® & g® = (L) = ( f x g)&D.
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3. Bigraded rings

3.1. Definitions.

(3.1.1) The ring A is said to be Z2- bigraded if there exists a family

(Apin)(m,n)ez2 of subgroups of A such that

A= @ A, with Ay Ay C Anspntg for all m,n,p,q € Z.

(m,n)€Z?

The elements of the subgroup A, , are said to be homogeneous of degree
(m,n).

(3.1.2) The concept of N%- bigraded ring is defined by replacing Z by N in the
previous definition.

3.2. The Veronese subrings of a bigraded ring.

Let A= @ A, be a bigraded ring. For integers k,I € N*, we set
(m,n)€Z2
A(kJ) = @ Amk,nl~
(m,n)€Z?

Then A®-) is a bigraded subring of A which is called the Veronese subring
of index (k,1) of A.

4. The Rees rings of a bifiltration

DEFINITION 4.1. Let F' = (Ijn)(m,n)ez> be a bifiltration of EPI type on the
ring A.

(4.1.1) We define the Rees ring R(A,F) = @ L, ,X"Y" of F as a

(mn)En?

bigraded subring of the ring A[X,Y] of polynomials in two indeterminates X and
Y with coefficients in A, which is bigraded by taking as degrees, deg X = (1,0) and
deg Y = (0,1).

(4.1.2) The generalized Rees ring of F is by definition the bigraded subring
RAF)= @ Ly X™Y" of Alu,v,X,Y] whereu= X" andv=Y "

(m,n)€z2

(4.1.3) Notice that
R(AF) = AL 0X,Ip,Y, I, 0X? [ 1 XY, In2Y?, .. ]

and that

R(A,F) = Alu,v, 110X, Io1Y, o0 X? 111 XY, Ip2Y?,..] = R(A, F)[u,v].

(4.1.4) The bifiltration F is called Noetherian if its generalized Rees ring
R(A, F) is Noetherian.

There is a close connezxion between the generalized Rees ring R(A, F(k’l)) of the
bifiltration F*D and the Veronese subring

RA,F)ED) = @ LupuX™ Y™ of index (k,1) of the generalized Rees ring

(m,n)ez?

of F, as shown in the following Proposition.

PROPOSITION 4.2. Let F' = (I n)(m,n)ez2 be a bifiltration of EPI type on the
ring A. Then the two bigraded rings R(A, F)*Y and R(A, F**D) are isomorphic
for all k,1 € N*.
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Proor. We have R(A, F)*) = @ L X™Fy™
(m,n)ez?

Consider the mapping ¢ from R(A, F*D) into R(A, F)* defined as
2) = ama XY™ forall 2= a4y X"Y" € R(A, FED),

where ap,., € Lk, for all m,n. Then it is easily shown that ¢ is a ring isomor-
phism. (I

REMARK 4.3. (4.3.1) similarly R(A, F)*D ~ R(A, F&D)Y for all k,1 € N*.

(4.8.2) Let f = (I,)nez and g = (Jn)nez be filtrations on the ring A. Consider
the bifiltration F = f X g defined as

[ % g = (Fun)mnyezz, where Fr, n = Iy Jy for all m,n. Let k,1 be positive
integers. Consider the filtrations f*) = (Ii)nez and g = (Ju)nez. Then we
have f*) x g = (IpJu) = ( f x g)(k D). Therefore by Proposition 4.2,

R(A, fx g)*D ~ R(A, (f x g) D) = R(A, fF) x g).

5. Reduction of bifiltrations

DEFINITION 5.1. Let F = (L n)(mnyezz and G = (Jmn)mn)ezz be bifiltra-
tions of EPI type on the ring A with FF < G and let r > 1 and s > 1 be arbitrary
integers. Then if m <0 andn <0 orif 0 <m <71 and 0 < n < s, then it is easily
checked that

Jm,n = Z Z Im—p,n—qu,q~

p=0q=0
We call F a reduction of G if there exist integers r > 1 and s > 1 such that
T S

(RED) Jmn= Z Zlm—pm—q‘]p,q for all (m,n) € Z2, withm > r orn > s.
p=0 q=0
EXAMPLE 5.2. (5.2.1) Each bifiltration F' = (I.n)(m,n)ez2 of EPI type is a

reduction of itself.

Indeed let (m,n) € Z?, withm >r=1orn>s=1. If m > 1 and n > 1, then

Z Z In—pin—qlp.qg = Imm + Imn-1lo1 + Im—1nd10 + Im—1n—1l11 = Imp
p=0 q=0

If m > 1 and n <1, then
a) If n <0, then I,,, , = Ly 0.

1 1
szm p.n—q pq ImO"'ImOIOl"'Im 10110+Im 10111 ImO

p=0 gq=0
since I, 0101 € Im,1 € Ipmo, Iin—1,011,0 € Iy, Im—10010 € Ima C Inp
b) If n > 0, then 0 < n < 1.
11
Z ZIm,p,n,qu,q = I, n since each component of the sum is contained in
p=0¢=0

I, » and one of them equals I, ;.
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The case m <1 and n > 1 is similar to the previous one.

(5-2-2) Let f = (In)n627 g = (Jn)nEZ, h = (Hn)nEZ and k = (Kn)nEZ be
filtrations on the ring A . Assume that f is a reduction of h and that g a reduction
of k. Then f X g is a reduction of h X k.

Indeed fxg = (Fy, ) with F, ,, = I, J, and hxk = (G, ) where G, , = H,,, KKy
We have I,,J, C H,,K, for all m,n, hence F' < G.
We know by (2.2.2) that f x g and h X k are bifiltrations of EPI type.

Ny
Let N7 > 1 and Ny > 1 be integers such that H,, = Z[m,pHp for all m > Ny
p=0
N2
and K,, = Z Jn—gKy for all n > No.
q=0
If m > Ny and n > N,, then
N1 N2 Nl N2
Gmgpn = Hp Ky = Zzlmfp‘]nququ = ZZmep,nqup,q
p=0g=0 p=0g=0

If m < Ny and n > N,, then
a) If m <0 then H,, = A, I,,_,H, = H, for all p=10,1, ..., Ny.

Ny
> InpHp =TI+ Hy + ...+ Hy, = Asince I, = A
p=0

Ny
Therefore H,, = Zlm_pHp

p=0
b) If m > 0, then

Ny
> InpHy = Inm+InmaHi+ .+ IoHpy + I 1Ty + ..+ Ln_n, Hy,
p=0
L+ Ly 1 Hy 4 o4+ Hyy + Hypr + .+ Hy,
Hp,
Hence Gy = Hipn K, = Z Frpn—qGpyq
0<p<N:
0<g<N>

If m > N7 and n < N5 then the result follows by similar arguments.

The following Theorem and its corollaries give some characterizations of the
reduction of bifiltrations. They are the analogues for bifiltrations of Theorem 2.3
of [OR] and some of its Corollaries .

THEOREM 5.3. Let F = (Im.n)(mnyezz 0nd G = (Jmn)(mn)cz2 be two bifiltra-
tions of EPI type on the ring A such that F' < G. Assume that the ideal Jp, r is
finitely generated for all m,n.

Then F is a reduction of G if and only if R(A,G) is a finitely generated
R(A, F)-module.

PROOF. Suppose that F' is a reduction of G. Then there exist integers r > 1
and s > 1 such that
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T S
(RED) Jyy = ZZIm_pm_qu,q for all (m,n) € Z? with m > r or n > s.
p=0 gq=0
Let (m,n) € Z? and let (T, ) 1 < j <ty be a system of generators of the
ideal Jy, .
Consider any homogeneous element z of degree (m,n) of R(A, G). Then z is of
the form z = d,;, , X™Y™, where dp, , € Jm n-

Following equation (RED), dy, ., = Z Z Z @i p.qbip,q, Where
p=0qg=0 1

Gipg € Im—pn—qand b; p 4 € Jpq for all 7,p and ¢. We may write
tP-,q

bip.q = E Cip.q.iTp.a.gs Where ¢ipq; € Aforalli,p,q,j.
j=1

r s tp,q
Therefore d,, ,, = g E E E Gip,gCip,q,iTp.q.j> Where a; p o € Iyy_pn—q and

p=0qg=0 i j=1
Cipq,j € Aforall i,p,q,j.
So

tp,q

r S
= . . . ymyn
£ = ZZZ Zal,p,qcl,p,wxp,q,]X Y

p=0qg=0 i j=1

r S tp,q
) ) Y m—pyn—q XPVY
E E E E @ip,qCi,p,q,j X YU (2,4, XPY )

p=0qg=0 i j=1

Suppose that m > r and n > s. Then a; p ¢Cipq,; X" PY"" 7 € R(A, F) for
all i,p,q,7 and z is an R(A, F)-linear combination of the elements z, , ; X?Y? of
R(A,G), where 0 <p<r, 0<¢g<s,1<j<t,,

Suppose now that m < r and n > s. Consider an integer p such that 0 < p <.

a) If p < m < r then z is an R(A, F')- linear combination of the elements
Tp,qj XPY90f R(A,G), where 0 <p <7, 0<qg<s,1<7 <1,

b) If m < p < r, then

i p,qCipqi X~ LYl € Ly g XTPY" 9 = Iy, _quP™ Y4
(I n—g X0V 9)p—m
(Io,n—g XY 9k,

with k =p—m.
fm>0,thenk=p—-m<p<r
If m < 0, then k = p—m = p+m’ where m’ > 0. So uP~™ = uPu™ . Therefore

Wi pgCipg i X PY 1€ (I g XOY" 9™ )uP C R(A, F)uP

Hence z is an R(A, F)-linear combination of the elements u*z,, , ; XPY? of R(A, G),
where 0 <k <7r,0<p<r,0<¢<s,1<7<1,,.

If m > randn < s, then we have a similar conclusion with v? in place of u?. It
follows that R(A, Q) is generated as R(A, F)-module by the set { u*v'z, , ; XPY 7}
where 0 <p<7r,0<qg<5,1 <5< tpe,0<k <0< 1 < s, which is finite.
Therefore R(A, G) is finitely generated as R(A, F)-module.

Conversely suppose that R(A4, G) is a finitely generated R(A, F')-module. Since
both rings are bigraded subrings of A[u,v,X,Y], we may suppose that R(A, Q)
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is generated as an R(A, F)-module by finitely many homogeneous elements. Let
21, 22, ..., 2t be the homogeneous generators of R(A, G) with nonnegative degrees.
This set is obviously non empty. Let (m;,n;) = deg z; for i = 1,2,...,¢t. Then
zp = b XY™, where b; € Jy,, », for all i. Let Ny = max{m,;,i = 1,2,...,t} and
Ny = max{n;,i =1,2,...,t}.

Let (m,n) € Z*. Suppose that m > N; and n > N,. Let b € J,, ,,. Take
z=bX"Y" € R(A,G). We have z = a121 + agza + ... + a4 z¢, where a; € R(A, F)
for all 7. For degree reasons, we may suppose that «; is homogeneous with degree
(m —m;, n —n;). Write a; = @; X"~ ™Y """ where a; € Iyy—m; n—n;- Then

t
b= albl + &ng + ...+ atbt € Z Im—mi,n—ni Jmlnb

i=1
So
t N1 No
Jm,n C Z Im—mi,n—mei,m C Z Z Im—p,n—qu,q-
i=1 p=0g=0
N1 Ny
It follows that .J,, , = Z Z I—pn—qJpg
p=0g=0
Suppose now that m < Ny and n > No.
a) If m <0 then J, , = Joon
We have
N1 Nz Nl N2
Z Z Im—pn—qJpq = Z Z Ton—qJp.q
p=0g=0 p=0g=0
1
= D Jowdpo+Ton-1Jpa + o+ Ion-naJp.na

p=20
= (IopnJoo +Ion-1Jo1+ ...+ Ion-n,Jo N, )+
+TomJ1,0 + Ton—1J110 + oo + Ion—nyJ1,n,) + ot
+(ZonIny 0+ Lon—1Iny 10 + oo + Lo =Ny JIN, Ny)
= IO,n(JO,O -+ Jl,O + ...+ JN170)+
+lon-1(Jo1 + 11+ .+ JIny 1) + oo F
+on—n, (Jone + J1ng + oo+ TNy Ns)
= Iopn+Ion-1Jo1+ ... +Ion_n,Jo,nN,

So it suffices to show that Jy,, C Io,n + Io,n-1J0,1 + --- + Lon—n, Jo, N,
Let b € Jp, pn, where m < 0 and let m’= —m. Then z = bX™Y"™ € R(4,G).
Then z = bu™ Y™ where b € Jmn =Jon

We have z = o121 + asza + ... + ap2¢, where «; € R(A, F) for all i.

It suffices to solve the question in the case of one generator ¢t = 1.

Assume that z = bu™ Y™ = ay2; where ay = Z a;; XY,

(i,4)€z?
where a; ; € I; ; for all 4, j. Then
2z =bu™Y"™ where b € Jmn = Jon,
a2 = Z a%inyj (lemlyrn) — Z ai7jb1Xm1+iYn1+j,

(i,4)€Z? (i,9)€z?
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where a; ; € I; ; for all 7,5 and b1 € Jp, n,
Since z = bu™ Y™ where b € J,, ,, = Jo.n, then

bu™ Y™ = Z ai7jb1Xm1+iYnl+j
(i,5)eZ?

If we multiply each member of the above equality by X™ then we get

BY" = Y i by XAy,
(i,4)€2?
which gives m' +my +i=0,n1 +j=n
Therefore b = Z a; b1, withm’ +m;+i=0,n+j=n
(i,)€z?
Soi=—-mi—m',j=n—mn; and
ny
be Z I—ml—m’, n—mni J’ml, ny C IO, n—mni JO,nl - ZIO, n—qJO,q
(4,4) q=0
ni ni
It follows that Jo, € Y Ton—qJo.q: hence Jon = Ton—qJog
q=0 q=0
b) 0 <m < Nyet n> N
Apply the same arguments as the case m > Ny and n > Ns.
The case m > N; and n < N, is similar to the previous one.

Ny No

So Jmn = Z Z I pn—qdp,q for all m,n with m > N; or n > Ny and F is
p=0g=0

a reduction of G. O

COROLLARY 5.4. Let A be a Noetherian ring and let F' = (I n)(mn)ezz be
a bifiltration of EPI type on the ring A. Then there exists a bijection between the
set of bifiltrations G = (Jm.n)(m,n)yez2 of EPI type on the ring A such that F is a
reduction of G and the bigraded subrings S of Alu,v, X,Y] that are finite integral
extensions of R(A, F).

PRrOOF. For each bifiltration G = (Jm,n)(m,n)ezz of EPI type on the ring A
such that F is a reduction of G, let 8(G) = S = R(A,G). Then S is a bigraded
subring of Afu,v, X,Y] which is a finitely generated R(A, F')-module by Theorem
5.3, hence a finite integral extension of R(A, F') .

The mapping 6 defined this way is a bijection between the set of bifiltrations
G = (Jm,n)(m,n)ez2 of EPI type on the ring A such that F' is a reduction of G' into
the set of bigraded subrings S of Afu,v, X,Y] that are finite integral extensions of
R(A, F). Indeed let S be a bigraded subring of A[u, v, X, Y] which contains R(A, F)
and which is a finite module over R(A, F'). Let Jy, p, = u™0v™S N A for all m,n and
G = (Jm.n)(m.n)ez2- Then one checks easily that G is a bifiltration on A and that
Imn 2 WMV"R(A, F)NA = I, , for all m,n, so F < G. Furthermore we have
S =R(A,G) =0(G). Consequently 6 is surjective.

Let G = (Jmn)(mmnyezz and H = (Hp ) (m,n)ez2 be two bifiltrations of EPI
type on the ring A such that F'is a reduction of G and H. If 0(G) = 0(H) = S, then,
as shown above, J,, , = uv™v"SNA = H,,, for all m,n and G = H. Therefore 6
is injective hence bijective. [
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COROLLARY 5.5. Let F' = (Fyn)(mn)ez2, G = (Gmn) (mn)ez2s

H = (Hpn)(mmnyezz and K = (K n)(mnyezz  be bifiltrations of EPI type on
a Noetherian ring A. Then :

(5.5.1) If F is a reduction of G and G is a reduction of K, then F is a reduction
of K

(5.5.2) If F' is a reduction of G and if F < H < G, then H is a reduction of
G. In addition if F' is Noetherian, then F is a reduction of H.

Proor. (5.5.1) If F is a reduction of G and G is a reduction of K, then
by Theorem 5.3, R(A,G) is a finitely generated R(A, F)-module and R(A, K) is
a finitely generated R(A, G)-module. Therefore R(A, K) is a finitely generated
R(A, F)-module. It follows that F is a reduction of K.

(5.5.2) If F'is a reduction of G and if F < H < G, then R(A, G) is a finitely
generated R(A, F')-module, hence a finitely generated R(A, H)-module. So H is a
reduction of G.

In addition if F' is Noetherian, then, since R(A,G) is a finitely generated
R(A, F)-module and that R(A, F) is a Noetherian ring, then each submodule of
R(A, G) and, in particular R(A, H), is a finitely generated R(A, F)-module.

Therefore F' is a reduction of H. O

COROLLARY 5.6. Let F = (In)(mnycze and G = (Jmn)(m,n)cz2 be bifiltra-
tions of EPI type on a Noetherian ring A with F < G. Then

(5.6.1) If F is a reduction of G, then F is Noetherian if and only if G is
Noetherian

(5.6.2) If F is Noetherian and is a reduction of G, then F®V js Noetherian
and is a reduction of G for all integers k,1 € N*.

ProOF. (5.6.1) If F is a reduction of G, then R(A, G) is a finitely generated
R(A, F)-module. So, if F' is Noetherian, then R(A, F) is a Noetherian ring.

Therefore R(A,G) is a Noetherian ring and the bifiltration G is Noetherian.

Conversely if G is Noetherian, then by Eakin’s Theorem [Ea], F' is Noetherian.

(5.6.2) Suppose that F' is Noetherian and is a reduction of G. For integers
k,1 € N*, consider the bifiltration F(*D = (Lmkomit) of index (k, 1) extracted
from the bifiltration F' as defined in (2.2.4).

Let Ry = R(A, F)*) = @ Ly uX™Fy™

(m,n)ez2

In particular R11 = @ Ln X"Y"=R(AF)

(m.n)ez?

(m,n)€z?
Remark that R(A, F®D) = @  LupuX"Y" C Ry

(m,n)€z?

Indeed, since k,l € N*  if m > 1 and n > 1, then mk > m and nl > n.
So Imk,nl - Im,n~

If m <0orn<0,then mk <0ornl<0.

Therefore suppose that m < 0 and n < 0. Then Lygni = A= Inn

If m <0 and n >0, then mk <0 and nl > 0.

Then by convention Ikt = lon and Iy, = Iop

So Ikt C Im oy since I n C Ion
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The case m > 0 and n < 0 is similar.

This achieves to show that I,i 1 C Iy, for all m,n.
Hence I, XY™ C I, , XY™,

It follows that R(A, F(*D) C Ry 1 = R(A, F)

Similarly let Sy; = R(A,G)*) = @ Jppum XY™

(m,n)ez2
In particular S11 = @ T XYY" =R(A,G)
(m,n)€z?
We have also S;; ~ R(A4, G(k’l)) = B JnpuXT"Y"
(m,n)€z2

Assume that F is a reduction of G. Then S; 1 = R(A4, G) is a finitely generated
R1,1 = R(A, F)-module. On the other hand

(Im,nXmYn)kl c Imkl,nlemlenkl = I(’ml)k,(nk)lX(ml)kY(nk)l c R(A7F)(k’l) = Rk,l

It follows that R4 is integral over R(A, F(k’l)) ~ R

Similarly 11 = R(A, Q) is integral over Sy ; for all integers k,! € N*

We have A C Ry CR11=R(AF).

Since F' is noetherian then Rq 1 = R(A, F) is a finitely generated A-algebra by
Theorem 1.1 of [GY].

Therefore R11 = R(A, F) is finitely generated as Ry -algebra and is integral
over Ry for all integers k, ! € N*. So by Eakin’s Theorem [Ea], Ry ; is Noetherian.
Therefore F(®!) is Noetherian for all integers &, € N*.

As for the last part of (5.6.2), it is clear that F(*) < G for all integers
k,l € N*.

On the other hand as already noted, S;; is a finitely generated R; ;-module.
Since A C Ry, € Ri,1 € Si1,1 then S is a finitely generated Ry ;-module for all
integers k,l € N*. We have also Ry,; C Si,; € S1,1. Since Ry is Noetherian, then
Sk, is a finitely generated Ry ;-module for all integers k,! € N* and by Theorem
5.3, F®D is a reduction of G* for all integers k,1 € N*. O
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