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Abstract. In this paper, a concept of reduction of bi�ltrations is introduced.

Similarly to the case of �ltrations, a reduction criterion for bi�ltrations in some

class in terms of their generalized Rees rings is given.

1. Introduction

Throughout this paper, A denotes a commutative ring.

The concept of reduction of ideals was introduced by D.G. Northcott and

D.Rees in [NR]. It was actively studied in the literature since its introduction.

Since powers of ideals are special �ltrations, the concept of reduction of ideals was

generalized to �ltrations by J.S. Okon and L.J. Ratli�,Jr in [OR], where the authors

had given many important results on the subject.

Here we introduce a concept of reduction for rings bi�ltrations and we give a

criterion of reduction for bi�ltrations in some class in terms of their generalized

Rees rings, similarly to the case of �ltrations.

2. Bi�ltrations

2.1. Filtrations.

Let us recall the following de�nitions which will be used in the sequel.

(2.1.1) By a �ltration on the ring A, we mean a family f = (In)n∈Z of ideals

of A such that I0 = A, In+1 ⊆ In for all n ∈ Z and IpIq ⊆ Ip+q for all p, q ∈ Z.
It follows that if n ≤ 0, then In = A.

(2.1.2) For each integer k ≥ 1, let f (k) = (Ink)n∈Z. Then f
(k) is a �ltration on

A which is called the �ltration of index k extracted from the �ltration f.

(2.1.3) If I is an ideal of A, then the �ltration fI = (In)n∈Z,
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where In = A for all n ≤ 0, is called the I-adic �ltration of A

(2.1.4) Let f = (In)n∈Z and g = (Jn)n∈Z be �ltrations on a ring A. The

�ltration f is called a reduction of g if f ≤ g and if there exists an integer N ≥ 1

such that Jn =

N∑
p=0

In−pJp for all n > N, see [OR] for more information.

2.2. Bi�ltrations.

The set Z2 is partially ordered as follows :

For all m,n, p, q ∈ Z, (m,n) � (p, q) if and only if m ≤ p and n ≤ q.

(2.2.1) A bi�ltration on the ring A is a family F = (Im,n)(m,n)∈Z2 of ideals of

A such that

(i) I0,0 = A

(ii) For all m,n, p, q ∈ Z, if (m,n) � (p, q), then Ip,q ⊆ Im,n

(iii) Im,nIp,q ⊆ Im+p, n+q for all m,n, p, q ∈ Z.
Condition (ii) is equivalent to say that

Im+1,n ⊆ Im,n and Im,n+1 ⊆ Im,n for all m,n ∈ Z
It follows from condition (ii) that if (m,n) � (0, 0), then A = I0,0 ⊆ Im,n, so

Im,n = A.

If m ≤ 0, then (m, 0) � (0, 0), hence A = I0,0 ⊆ Im,0, so Im,0 = A.

Similarly, if n ≤ 0, then I0,n = A.

(2.2.2) Throughout this paper all the bi�ltrations F = (Im,n)(m,n)∈Z2 are sup-

posed to satisfy the following additional conditions :

(EPI) For all (k, l) ∈ Z2, Ik,l = Ik,0 if k ≥ 0 and l ≤ 0 and Ik,l = I0,l if k ≤ 0

and l ≥ 0.

Such a bi�ltration is said to be of Essentially Positive Indices type (EPI

type for short).

This de�nition will be extended to bi�ltrations F = (Im,n)(m,n)∈N2 with indices

in N2 where negative sub-indices may occur in Im,n.

As an example, let f = (In)n∈Z and g = (Jn)n∈Z be �ltrations on the ring A.

Then In = Jn = A for all n ≤ 0. We will denote by f n g the bi�ltration F de�ned

as f n g = (Fm,n), where Fm,n = ImJn for all m,n.

Then f n g is a bi�ltration which is of EPI type.

(2.2.3) Let F = (Im,n)(m,n)∈N2 and G = (Jm,n)(m,n)∈Z2 be bi�ltrations on A.

We set F ≤ G if and only if Im,n ⊆ Jm,n for all (m,n) ∈ Z2.

(2.2.4) Let F = (Im,n)(m,n)∈Z2 be a bi�ltration on the ring A. For integers

k, l ∈ N∗, we write F (k,l) = (Jm,n)(m,n)∈Z2
, where Jm,n = Imk,nl for all m,n.

Then F (k,l) is a bi�ltration on A which is called the bi�ltration of index (k, l)

extracted from the bi�ltration F.

(2.2.5) Let f = (In)n∈Z and g = (Jn)n∈Z be �ltrations on the ring A and let k, l

be positive integers. Consider the �ltrations f (k) = (Ink)n∈Z and g(l) = (Jnl)n∈Z.

Then f (k) n g(l) = (ImkJnl) = ( f n g)(k,l).
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3. Bigraded rings

3.1. De�nitions.

(3.1.1) The ring A is said to be Z2- bigraded if there exists a family

(Am,n)(m,n)∈Z2 of subgroups of A such that

A =
⊕

(m,n)∈Z2

Am,n with Am,nAp,q ⊆ Am+p,n+q for all m,n, p, q ∈ Z.

The elements of the subgroup Am,n are said to be homogeneous of degree

(m,n).

(3.1.2) The concept of N2- bigraded ring is de�ned by replacing Z by N in the

previous de�nition.

3.2. The Veronese subrings of a bigraded ring.

Let A =
⊕

(m,n)∈Z2

Am,n be a bigraded ring. For integers k, l ∈ N∗, we set

A(k,l) =
⊕

(m,n)∈Z2

Amk,nl.

Then A(k,l) is a bigraded subring of A which is called the Veronese subring

of index (k, l) of A.

4. The Rees rings of a bi�ltration

Definition 4.1. Let F = (Im,n)(m,n)∈Z2 be a bi�ltration of EPI type on the

ring A.

(4.1.1) We de�ne the Rees ring R(A,F ) =
⊕

(m,n)∈N2

Im,nX
mY n of F as a

bigraded subring of the ring A[X,Y ] of polynomials in two indeterminates X and

Y with coe�cients in A, which is bigraded by taking as degrees, deg X = (1, 0) and

deg Y = (0, 1).

(4.1.2) The generalized Rees ring of F is by de�nition the bigraded subring

R(A,F ) =
⊕

(m,n)∈Z2

Im,nX
mY n of A[u, v,X, Y ] where u = X−1 and v = Y −1.

(4.1.3) Notice that

R(A,F ) = A[I1,0X, I0,1Y, I2,0X
2, I1,1XY, I0,2Y

2, ...]

and that

R(A,F ) = A[u, v, I1,0X, I0,1Y, I2,0X
2, I1,1XY, I0,2Y

2, ...] = R(A,F )[u, v].

(4.1.4) The bi�ltration F is called Noetherian if its generalized Rees ring

R(A,F ) is Noetherian.
There is a close connexion between the generalized Rees ring R(A,F (k,l)) of the

bi�ltration F (k,l) and the Veronese subring

R(A,F )(k,l) =
⊕

(m,n)∈Z2

Imk,nlX
mkY nl of index (k, l) of the generalized Rees ring

of F, as shown in the following Proposition.

Proposition 4.2. Let F = (Im,n)(m,n)∈Z2 be a bi�ltration of EPI type on the

ring A. Then the two bigraded rings R(A,F )(k,l) and R(A,F (k,l)) are isomorphic

for all k, l ∈ N∗.
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Proof. We have R(A,F )(k,l) =
⊕

(m,n)∈Z2

Imk,nlX
mkY nl

Consider the mapping ϕ from R(A,F (k,l)) into R(A,F )(k,l) de�ned as

ϕ(z) =
∑
m,n

am,nX
mkY nl for all z =

∑
m,n

am,nX
mY n ∈ R(A,F (k,l)),

where am,n ∈ Imk,nl for all m,n. Then it is easily shown that ϕ is a ring isomor-

phism. �

Remark 4.3. (4.3.1) similarly R(A,F )(k,l) ' R(A,F (k,l)) for all k, l ∈ N∗.

(4.3.2) Let f = (In)n∈Z and g = (Jn)n∈Z be �ltrations on the ring A. Consider

the bi�ltration F = f n g de�ned as

f n g = (Fm,n)(m,n)∈Z2 , where Fm,n = ImJn for all m,n. Let k, l be positive

integers. Consider the �ltrations f (k) = (Ink)n∈Z and g(l) = (Jnl)n∈Z. Then we

have f (k) n g(l) = (ImkJnl) = ( f n g)(k,l). Therefore by Proposition 4.2,

R(A, f n g)(k,l) ' R(A, (f n g)(k,l)) = R(A, f (k) n g(l)).

5. Reduction of bi�ltrations

Definition 5.1. Let F = (Im,n)(m,n)∈Z2 and G = (Jm,n)(m,n)∈Z2 be bi�ltra-

tions of EPI type on the ring A with F ≤ G and let r ≥ 1 and s ≥ 1 be arbitrary

integers. Then if m ≤ 0 and n ≤ 0 or if 0 ≤ m ≤ r and 0 ≤ n ≤ s, then it is easily

checked that

Jm,n =

r∑
p=0

s∑
q=0

Im−p,n−qJp,q.

We call F a reduction of G if there exist integers r ≥ 1 and s ≥ 1 such that

(RED) Jm,n =

r∑
p=0

s∑
q=0

Im−p,n−qJp,q for all (m,n) ∈ Z2, with m > r or n > s.

Example 5.2. (5.2.1) Each bi�ltration F = (Im,n)(m,n)∈Z2 of EPI type is a

reduction of itself.

Indeed let (m,n) ∈ Z2, with m > r = 1 or n > s = 1. If m > 1 and n > 1, then

1∑
p=0

1∑
q=0

Im−p,n−qIp,q = Im,n + Im,n−1I0,1 + Im−1,nI1,0 + Im−1,n−1I1,1 = Im,n

If m > 1 and n ≤ 1, then

a) If n < 0, then Im,n = Im,0.

1∑
p=0

1∑
q=0

Im−p,n−qIp,q = Im,0 + Im,0I0,1 + Im−1,0I1,0 + Im−1,0I1,1 = Im,0

since Im,0I0,1 ⊆ Im,1 ⊆ Im,0, Im−1,0I1,0 ⊆ Im,0, Im−1,0I1,1 ⊆ Im,1 ⊆ Im,0

b) If n ≥ 0, then 0 ≤ n ≤ 1.
1∑

p=0

1∑
q=0

Im−p,n−qIp,q = Im,n since each component of the sum is contained in

Im,n and one of them equals Im,n.



REDUCTION CRITERION FOR BIFILTRATIONS 49

The case m ≤ 1 and n > 1 is similar to the previous one.

(5.2.2) Let f = (In)n∈Z, g = (Jn)n∈Z, h = (Hn)n∈Z and k = (Kn)n∈Z be

�ltrations on the ring A . Assume that f is a reduction of h and that g a reduction

of k. Then f n g is a reduction of hn k.

Indeed fng = (Fm,n) with Fm,n = ImJn and hnk = (Gm,n) where Gm,n = HmKn.

We have ImJn ⊆ HmKn for all m,n, hence F ≤ G.
We know by (2.2.2) that f n g and hn k are bi�ltrations of EPI type.

Let N1 ≥ 1 and N2 ≥ 1 be integers such that Hm =

N1∑
p=0

Im−pHp for all m > N1

and Kn =

N2∑
q=0

Jn−qKq for all n > N2.

If m > N1 and n > N2, then

Gm,n = HmKn =

N1∑
p=0

N2∑
q=0

Im−pJn−qHpKq =

N1∑
p=0

N2∑
q=0

Fm−p,n−qGp,q

If m ≤ N1 and n > N2, then

a) If m ≤ 0 then Hm = A, Im−pHp = Hp for all p = 0, 1, ..., N1.

N1∑
p=0

Im−pHp = Im +H1 + ...+HN1 = A since Im = A

Therefore Hm =

N1∑
p=0

Im−pHp

b) If m > 0, then

N1∑
p=0

Im−pHp = Im + Im−1H1 + ...+ I0Hm + I−1Im+1 + ..+ Im−N1
HN1

= Im + Im−1H1 + ...+Hm +Hm+1 + ..+HN1

= Hm

Hence Gm,n = HmKn =
∑

0≤p≤N1
0≤q≤N2

Fm−p,n−qGp,q

If m > N1 and n ≤ N2 then the result follows by similar arguments.

The following Theorem and its corollaries give some characterizations of the

reduction of bi�ltrations. They are the analogues for bi�ltrations of Theorem 2.3

of [OR] and some of its Corollaries .

Theorem 5.3. Let F = (Im,n)(m,n)∈Z2 and G = (Jm,n)(m,n)∈Z2 be two bi�ltra-

tions of EPI type on the ring A such that F ≤ G. Assume that the ideal Jm,n is

�nitely generated for all m,n.

Then F is a reduction of G if and only if R(A,G) is a �nitely generated

R(A,F )-module.

Proof. Suppose that F is a reduction of G. Then there exist integers r ≥ 1

and s ≥ 1 such that
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(RED) Jm,n =

r∑
p=0

s∑
q=0

Im−p,n−qJp,q for all (m,n) ∈ Z2 with m > r or n > s.

Let (m,n) ∈ Z2 and let (xm,n,j) 1 ≤ j ≤ tm,n be a system of generators of the

ideal Jm,n.

Consider any homogeneous element z of degree (m,n) of R(A,G). Then z is of
the form z = dm,nX

mY n, where dm,n ∈ Jm,n.

Following equation (RED), dm,n =

r∑
p=0

s∑
q=0

∑
i

ai,p,qbi,p,q, where

ai,p,q ∈ Im−p,n−q and bi,p,q ∈ Jp,q for all i, p and q. We may write

bi,p,q =

tp,q∑
j=1

ci,p,q,jxp,q,j , where ci,p,q,j ∈ A for all i, p, q, j.

Therefore dm,n =

r∑
p=0

s∑
q=0

∑
i

tp,q∑
j=1

ai,p,qci,p,q,jxp,q,j , where ai,p,q ∈ Im−p,n−q and

ci,p,q,j ∈ A for all i, p, q, j.

So

z =

r∑
p=0

s∑
q=0

∑
i

tp,q∑
j=1

ai,p,qci,p,q,jxp,q,jX
mY n

=

r∑
p=0

s∑
q=0

∑
i

tp,q∑
j=1

ai,p,qci,p,q,jX
m−pY n−q(xp,q,jX

pY q)

Suppose that m > r and n > s. Then ai,p,qci,p,q,jX
m−pY n−q ∈ R(A,F ) for

all i, p, q, j and z is an R(A,F )-linear combination of the elements xp,q,jX
pY q of

R(A,G), where 0 ≤ p ≤ r, 0 ≤ q ≤ s, 1 ≤ j ≤ tp,q.
Suppose now that m ≤ r and n > s. Consider an integer p such that 0 ≤ p ≤ r.
a) If p ≤ m ≤ r then z is an R(A,F )- linear combination of the elements

xp,q,jX
pY q of R(A,G), where 0 ≤ p ≤ r, 0 ≤ q ≤ s, 1 ≤ j ≤ tp,q.

b) If m ≤ p ≤ r, then

ai,p,qci,p,q,jX
m−pY n−q ∈ Im−p,n−qXm−pY n−q = I0,n−qu

p−mY n−q

= (I0,n−qX
0Y n−q)up−m

= (I0,n−qX
0Y n−q)uk,

with k = p−m.
If m ≥ 0, then k = p−m ≤ p ≤ r
If m < 0, then k = p−m = p+m' where m' > 0. So up−m = upum'. Therefore

ai,p,qci,p,q,jX
m−pY n−q ∈ (I0,n−qX

0Y n−qum')up ⊆ R(A,F )up

Hence z is an R(A,F )-linear combination of the elements ukxp,q,jX
pY q ofR(A,G),

where 0 ≤ k ≤ r, 0 ≤ p ≤ r, 0 ≤ q ≤ s, 1 ≤ j ≤ tp,q.
If m > r and n ≤ s, then we have a similar conclusion with vq in place of up. It

follows that R(A,G) is generated as R(A,F )-module by the set { ukvlxp,q,jXpY q}
where o ≤ p ≤ r, o ≤ q ≤ s, 1 ≤ j ≤ tp,q, 0 ≤ k ≤ r, 0 ≤ l ≤ s, which is �nite.

Therefore R(A,G) is �nitely generated as R(A,F )-module.

Conversely suppose thatR(A,G) is a �nitely generated R(A,F )-module. Since

both rings are bigraded subrings of A[u, v,X, Y ], we may suppose that R(A,G)
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is generated as an R(A,F )-module by �nitely many homogeneous elements. Let

z1, z2, ..., zt be the homogeneous generators of R(A,G) with nonnegative degrees.

This set is obviously non empty. Let (mi, ni) = deg zi for i = 1, 2, ..., t. Then

zi = biX
miY ni , where bi ∈ Jmi,ni

for all i. Let N1 = max{mi, i = 1, 2, ..., t} and
N2 = max{ni, i = 1, 2, ..., t}.

Let (m,n) ∈ Z2. Suppose that m > N1 and n > N2. Let b ∈ Jm,n. Take

z = bXmY n ∈ R(A,G). We have z = α1z1 + α2z2 + ...+ αtzt, where αi ∈ R(A,F )
for all i. For degree reasons, we may suppose that αi is homogeneous with degree

(m−mi, n− ni). Write αi = aiX
m−miY n−ni where ai ∈ Im−mi,n−ni

. Then

b = a1b1 + a2b2 + ...+ atbt ∈
t∑

i = 1

Im−mi,n−ni
Jmi,ni

So

Jm,n ⊆
t∑

i = 1

Im−mi,n−niJmi,ni ⊆
N1∑
p= 0

N2∑
q= 0

Im−p,n−qJp,q.

It follows that Jm,n =

N1∑
p= 0

N2∑
q= 0

Im−p,n−qJp,q

Suppose now that m ≤ N1 and n > N2.

a) If m ≤ 0 then Jm,n = J0,n
We have

N1∑
p= 0

N2∑
q= 0

Im−p,n−qJp,q =

N1∑
p= 0

N2∑
q= 0

I0,n−qJp,q

=

N1∑
p= 0

I0,nJp,0 + I0,n−1Jp,1 + ...+ I0,n−N2
Jp,N2

= (I0,nJ0,0 + I0,n−1J0,1 + ...+ I0,n−N2J0,N2)+

+(I0,nJ1,0 + I0,n−1J1,1 + ...+ I0,n−N2J1,N2) + ...+

+(I0,nJN1,0 + I0,n−1JN1,1 + ....+ I0,n−N2JN1,N2)

= I0,n(J0,0 + J1,0 + ...+ JN1,0)+

+I0,n−1(J0,1 + J1,1 + ...+ JN1,1) + ...+

+I0,n−N2(J0,N2 + J1,N2 + ...+ JN1,N2)

= I0,n + I0,n−1J0,1 + ...+ I0,n−N2J0,N2

So it su�ces to show that J0,n ⊆ I0,n + I0,n−1J0,1 + ...+ I0,n−N2J0,N2

Let b ∈ Jm,n, where m ≤ 0 and let m'= −m. Then z = bXmY n ∈ R(A,G).
Then z = bum'Y n where b ∈ Jm,n = J0,n
We have z = α1z1 + α2z2 + ...+ αtzt, where αi ∈ R(A,F ) for all i.
It su�ces to solve the question in the case of one generator t = 1.

Assume that z = bum'Y n = α1z1 where α1 =
∑

(i,j)∈Z2

ai,jX
iY j ,

where ai,j ∈ Ii,j for all i, j. Then
z = bum'Y n where b ∈ Jm,n = J0,n,

α1z1 =

 ∑
(i,j)∈Z2

ai,jX
iY j

 (b1X
m1Y n1) =

∑
(i,j)∈Z2

ai,jb1X
m1+iY n1+j ,
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where ai,j ∈ Ii,j for all i, j and b1 ∈ Jm1,n1

Since z = bum'Y n where b ∈ Jm,n = J0,n, then

bum'Y n =
∑

(i,j)∈Z2

ai,jb1X
m1+iY n1+j

If we multiply each member of the above equality by Xm' then we get

bY n =
∑

(i,j)∈Z2

ai,jb1X
m'+m1+iY n1+j ,

which gives m′ +m1 + i = 0, n1 + j = n

Therefore b =
∑

(i,j)∈Z2

ai,jb1, with m
′ +m1 + i = 0, n1 + j = n

So i = −m1 −m′, j = n− n1 and

b ∈
∑
(i,j)

I−m1−m′, n−n1Jm1, n1 ⊆ I0, n−n1J0,n1 ⊆
n1∑
q=0

I0, n−qJ0,q

It follows that J0,n ⊆
n1∑
q=0

I0,n−qJ0,q, hence J0,n =

n1∑
q=0

I0,n−qJ0,q

b) 0 ≤ m ≤ N1 et n > N2

Apply the same arguments as the case m > N1 and n > N2.

The case m > N1 and n ≤ N2 is similar to the previous one.

So Jm,n =

N1∑
p= 0

N2∑
q= 0

Im−p,n−qJp,q for all m,n with m > N1 or n > N2 and F is

a reduction of G. �

Corollary 5.4. Let A be a Noetherian ring and let F = (Im,n)(m,n)∈Z2 be

a bi�ltration of EPI type on the ring A. Then there exists a bijection between the

set of bi�ltrations G = (Jm,n)(m,n)∈Z2 of EPI type on the ring A such that F is a

reduction of G and the bigraded subrings S of A[u, v,X, Y ] that are �nite integral

extensions of R(A, F ).

Proof. For each bi�ltration G = (Jm,n)(m,n)∈Z2 of EPI type on the ring A

such that F is a reduction of G, let θ(G) = S = R(A,G). Then S is a bigraded

subring of A[u, v,X, Y ] which is a �nitely generated R(A,F )-module by Theorem

5.3, hence a �nite integral extension of R(A,F ) .
The mapping θ de�ned this way is a bijection between the set of bi�ltrations

G = (Jm,n)(m,n)∈Z2 of EPI type on the ring A such that F is a reduction of G into

the set of bigraded subrings S of A[u, v,X, Y ] that are �nite integral extensions of

R(A,F ). Indeed let S be a bigraded subring of A[u, v,X, Y ] which containsR(A,F )
and which is a �nite module over R(A,F ). Let Jm,n = umvnS ∩A for all m,n and

G = (Jm,n)(m,n)∈Z2 . Then one checks easily that G is a bi�ltration on A and that

Jm,n ⊇ umvnR(A, F ) ∩ A = Im,n for all m,n, so F ≤ G. Furthermore we have

S = R(A,G) = θ(G). Consequently θ is surjective.

Let G = (Jm,n)(m,n)∈Z2 and H = (Hm,n)(m,n)∈Z2 be two bi�ltrations of EPI

type on the ring A such that F is a reduction of G and H. If θ(G) = θ(H) = S, then,

as shown above, Jm,n = umvnS ∩ A = Hm,n for all m,n and G = H. Therefore θ

is injective hence bijective. �
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Corollary 5.5. Let F = (Fm,n)(m,n)∈Z2 , G = (Gm,n)(m,n)∈Z2 ,

H = (Hm,n)(m,n)∈Z2 and K = (Km,n)(m,n)∈Z2 be bi�ltrations of EPI type on

a Noetherian ring A. Then :

(5.5.1) If F is a reduction of G and G is a reduction of K, then F is a reduction

of K

(5.5.2) If F is a reduction of G and if F ≤ H ≤ G, then H is a reduction of

G. In addition if F is Noetherian, then F is a reduction of H.

Proof. (5.5.1) If F is a reduction of G and G is a reduction of K, then

by Theorem 5.3, R(A,G) is a �nitely generated R(A,F )-module and R(A,K) is

a �nitely generated R(A,G)-module. Therefore R(A,K) is a �nitely generated

R(A,F )-module. It follows that F is a reduction of K.

(5.5.2) If F is a reduction of G and if F ≤ H ≤ G, then R(A,G) is a �nitely

generated R(A,F )-module, hence a �nitely generated R(A,H)-module. So H is a

reduction of G.

In addition if F is Noetherian, then, since R(A,G) is a �nitely generated

R(A,F )-module and that R(A,F ) is a Noetherian ring, then each submodule of

R(A,G) and, in particular R(A,H), is a �nitely generated R(A,F )-module.

Therefore F is a reduction of H. �

Corollary 5.6. Let F = (Im,n)(m,n)∈Z2 and G = (Jm,n)(m,n)∈Z2 be bi�ltra-

tions of EPI type on a Noetherian ring A with F ≤ G. Then
(5.6.1) If F is a reduction of G, then F is Noetherian if and only if G is

Noetherian

(5.6.2) If F is Noetherian and is a reduction of G, then F (k,l) is Noetherian

and is a reduction of G(k,l) for all integers k, l ∈ N∗.

Proof. (5.6.1) If F is a reduction of G, then R(A,G) is a �nitely generated

R(A,F )-module. So, if F is Noetherian, then R(A,F ) is a Noetherian ring.

Therefore R(A,G) is a Noetherian ring and the bi�ltration G is Noetherian.

Conversely if G is Noetherian, then by Eakin's Theorem [Ea], F is Noetherian.

(5.6.2) Suppose that F is Noetherian and is a reduction of G. For integers

k, l ∈ N∗, consider the bi�ltration F (k,l) = (Imk,nl)(m,n)∈Z2
of index (k, l) extracted

from the bi�ltration F as de�ned in (2.2.4).

Let Rk,l = R(A,F )(k,l) =
⊕

(m,n)∈Z2

Imk,nlX
mkY nl

In particular R1,1 =
⊕

(m,n)∈Z2

Im,nX
mY n = R(A,F )

Remark that R(A,F (k,l)) =
⊕

(m,n)∈Z2

Imk,nlX
mY n ⊆ R1,1.

Indeed, since k, l ∈ N∗, if m ≥ 1 and n ≥ 1, then mk ≥ m and nl ≥ n.
So Imk,nl ⊆ Im,n.

If m ≤ 0 or n ≤ 0, then mk ≤ 0 or nl ≤ 0.

Therefore suppose that m ≤ 0 and n ≤ 0. Then Imk,nl = A = Im,n

If m ≤ 0 and n > 0, then mk ≤ 0 and nl > 0.

Then by convention Imk,nl = I0,nl and Im,n = I0,n
So Imk,nl ⊆ Im,n since I0,nl ⊆ I0,n
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The case m > 0 and n ≤ 0 is similar.

This achieves to show that Imk,nl ⊆ Im,n for all m,n.

Hence Imk,nlX
mY n ⊆ Im,nX

mY n.

It follows that R(A,F (k,l)) ⊆ R1,1 = R(A,F )
Similarly let Sk,l = R(A,G)(k,l) =

⊕
(m,n)∈Z2

Jmk,nlX
mkY nl.

In particular S1,1 =
⊕

(m,n)∈Z2

Jm,nX
mY n = R(A,G)

We have also Sk,l ' R(A,G(k,l)) =
⊕

(m,n)∈Z2

Jmk,nlX
mY n

Assume that F is a reduction of G. Then S1,1 = R(A,G) is a �nitely generated
R1,1 = R(A,F )-module. On the other hand

(Im,nX
mY n)kl ⊆ Imkl,nklX

mklY nkl = I(ml)k,(nk)lX
(ml)kY (nk)l ⊆ R(A,F )(k,l) = Rk,l

It follows that R1,1 is integral over R(A,F (k,l)) ' Rk,l.

Similarly S1,1 = R(A,G) is integral over Sk,l for all integers k, l ∈ N∗
We have A ⊆ Rk,l ⊆ R1,1 = R(A,F ).
Since F is noetherian then R1,1 = R(A,F ) is a �nitely generated A-algebra by

Theorem 1.1 of [GY].

Therefore R1,1 = R(A,F ) is �nitely generated as Rk,l-algebra and is integral

over Rk,l for all integers k, l ∈ N∗. So by Eakin's Theorem [Ea], Rk,l is Noetherian.

Therefore F (k,l) is Noetherian for all integers k, l ∈ N∗.
As for the last part of (5.6.2), it is clear that F (k,l) ≤ G(k,l) for all integers

k, l ∈ N∗.
On the other hand as already noted, S1,1 is a �nitely generated R1,1-module.

Since A ⊆ Rk,l ⊆ R1,1 ⊆ S1,1 then S1,1 is a �nitely generated Rk,l-module for all

integers k, l ∈ N∗. We have also Rk,l ⊆ Sk,l ⊆ S1,1. Since Rk,l is Noetherian, then

Sk,l is a �nitely generated Rk,l-module for all integers k, l ∈ N∗ and by Theorem

5.3, F (k,l) is a reduction of G(k,l) for all integers k, l ∈ N∗. �
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