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» Abstract »

Mosquitoes represent a major threat to public health. Constants efforts are being made
to develop or improve control strategies in the framework of control vectors. Control vectors
aims to maintain mosquitoes at a low levels that do not represent risk for health. Planning
of efficient control strategies requires in-depth knowledge of the mosquito’s biology and
ecology, as well as good understanding of the processes governing the dynamics of the
population in time and space. In malaria endemic regions, dispersal of mosquitoes from
one location to another for survival and reproduction is a fundamental biological process
that operates at multiple temporal and spatial scales. This dispersal behaviour is an
important factor that causes uneven distribution of malaria vectors causing heterogeneous
transmission. In published literature, most models that addressed mosquito dynamics
rely on temporal modelling in which spatial dynamics and movements of mosquito are
not taken into account. My investigations in this thesis deals with spatial distribution of
anopheles mosquito. | develop spatio-temporal models that consider mosquito dispersal,
spatial dynamics, environmental heterogeneity and age structure of the mosquitoes, which
are needed for designing, planning, and management of the control strategies. In the
first, | develop a spatio-temporal model of mosquito dynamics using discrete patches
as a representation of space. | analyze and simulate the spreading of mosquitoes on a
complex metapopulation, that is, network of population connected by migratory flows. The
theoretical study of this model is done using the theory of monotone dynamical systems.
This study allow to identify threshold values that ensure an effective control of mosquitoes.
Secondly, using an alternative approach to discrete-space model developed previously, |
develop an advection-reaction-diffusion model in order to take into account the mosquito
dispersal and spatial heterogeneity of their resources. The model incorporates female
mosquitoes of oviposition’s cycle, which provides a framework to study the life style of the
adult mosquito. | carry out a qualitative analysis that highlights some biological thresholds
that summarize the dynamics of the systems. In addition, for these models, meaningful
numerical schemes are developed through nonstandard finite difference methods. The aim
is to illustrate the theoretical part and investigate the effect of heterogeneous distribution
of resources used by mosquitoes. Results reveal that due to dispersal, the distribution of
mosquitoes highly depends on the distribution of hosts and breeding sites.

Keywords : Anopheles mosquito ; Dispersal ; Metapopulation ; Advection-Reaction-
Diffusion Equation ; Spatial heterogeneity ; Dynamical Systems ; Threshold analysis.



&+ Résumé

Les moustiques représentent une menace majeure pour la santé publique. Des
efforts constants sont faits pour développer ou améliorer les stratégies de contrble des
moustiques. Le contrbéle des moustiques vise a maintenir la densité des moustiques a des
niveaux bas ne représentant aucun danger pour la santé. La planification des stratégies
de contrble efficaces exigent une bonne connaissance de la biologie du moustique et
une bonne compréhension du processus gouvernant la dynamique de la population
dans le temps et I'espace. Dans les régions ou la malaria est endémique, la dispersion
des moustiques d’'un endroit a l'autre, a la recherche de ressources pour leur survie
et leur reproduction, est un processus biologique fondamental fonctionnant a I'échelle
temporelle et spatiale. Ce comportement de dispersion est un important facteur qui cause
une distribution inégale des moustiques et une transmission hétérogene du paludisme.
Dans cette thése jétudie la distribution spatiale des moustiques en développant des
modeéles mathématiques qui prennent en compte la dispersion, la dynamique spatiale,
I'nétérogénéité environnementale et la structure d’age des moustiques, lesquels sont
nécessaires pour la conception, la planification et la gestion des stratégies de controdle.
Premiérement, je développe un modéle spatio-temporel de la dynamique des moustiques
en utilisant des patches discrets comme représentation de I'espace. J'analyse et simule
la propagation des moustiques sur un réseau de noeuds de population relié par des
flux migratoires. Létude théorique de ce modele est faite a I'aide de la théorie des
systemes dynamiques monotones. Cette étude permet d’identifier des valeurs seuils
qui assurent un contrOle efficace des moustiques. Ensuite, je développe un modeéle de
réaction-advection-diffusion afin de prendre en compte la dispersion des moustiques et
I’nétérogénéité spatiale de leurs ressources. Le modéle incorpore les moustiques femelles
du cycle de reproduction. Jeffectue une analyse qualitative qui met en évidence des
seuils écologiques résumant la dynamique des systemes. De plus, pour ces modéles, des
méthodes numeériques appropriées ont été construites dans le but d’illustrer les parties
théoriques et d’explorer les effets de la distribution hétérogene des ressources utilisées
par les moustiques. Les résultats révelent qu’a cause de la dispersion, la répartition des
moustiques dépend fortement de la répartition des hotes et des sites de reproduction.

Mots Clés : Moustique Anopheles ; Dispersion ; Métapopulation ; Equation d’Advection-
Reaction-Diffusion ; Hétérogénéité Spatiale ; Systemes Dynamiques.
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& (GENERAL INTRODUCTION &

General overview

Malaria is a vector-borne disease transmitted by anopheles mosquitoes. The disease
is transmitted between humans through bites of infectious mosquitoes. It is estimated that
more than 3 billion people live in malarious areas and most of them live in sub-Saharan
Africa [151]. Most individuals in this region are infected by Plasmodium Falciparum parasite
which is the most prevalent and prominent malaria parasite in sub-Sahara Africa [51]. This
parasite is not only associated with severe malaria but is also life threatening, causing high
morbidity and mortality rates in the region. The World Health Organization [151] estimates
that in 2010, more than 200 million malaria cases occurred worldwide [151]. Of the 660.000
malaria deaths that occurred in 2010 around the world, 91% were in Africa and 86% were
children under the age of five years [151]. Despite the growing international pressure and
efforts to provide treatment, to develop vaccines, and implement vector control, malaria
continues to remain a major problem worldwide. Due to this trend, it is unlikely that the set
goals for reducing the global burden of malaria will be achieved. Therefore, countries where
malaria is prevalent need examine in depth the vectors that are responsible for transmitting
the disease, and the type of behaviour, and dynamics these vectors follow. There is also
a need to understand in detail the natural cause of the continuous transmission, and to
design more realistic control strategies for vector management at local level.

Malaria control is multi-faceted and a more integrated approach towards malaria control
in sub-Saharan Africa may have a greater impact in reducing malaria morbidity and
mortality. However, with the increase of human populations, rural to urban migration,
urbanization and environmental degradation, there has been an increase in suitable
mosquito ponds and a modified ecosystem giving the vector an even greater opportunity
to adopt its efficiently in disease transmission. There is a need therefore for more research
focusing on improving our understanding of malaria vector population ecology, reducing
human vector contact and disease transmission. Vector control has been the means of
eradication of malaria in numerous regions of the world, and has dramatically reduced
its incidence in some countries. The vector remains the key link in the transmission of
malaria, and hence, warrants research and control effort in areas where the disease is still



General introduction

a public health problem. Historically, success in combating malaria has been attributed to
mosquito control, a strategy which has largely failed due to various reasons including the
development of insecticide resistance, economic limitations and gaps in the basic biological
knowledge of these vectors [95]. For any vector control effort to achieve a reduction in
malaria transmission, it is important for control programme staff to have access to adequate
information on the local malaria vector ecology, distribution, transmission patterns and
the factors affecting transmission in order to design interventions suitable to the area
corresponding considered.

Modelling provide interesting tools for experts to validate or improve vector control
strategies with a minimal number of field experiments that can be very difficult to conduct
and expensive. Most models of malaria transmission and control explain relationships
between the number of mosquitoes and malaria transmission in humans while assuming
enclosed systems of mosquitoes in which spatial dynamics and movements are not taken
into account. These models have limited ability to assess and quantify the distribution
of risks and interventions at local scales. Therefore, in order to overcome this limitation,
mathematical models that consider the interaction between dispersal behaviour, population
dynamics, environmental heterogeneity, and age structures of the mosquito are needed for
designing, planning, and management of the control strategies at local scales.

Several studies have demonstrated that remote sensing and geographical information
systems (GIS) are powerful tools for understanding mosquito distribution [62, 63, 121] and
are suitable for understanding the link between seasonal variations and environmental
factors to malaria transmission indicators at large spatial scales. However, these tools
remain reliable only at global spatial scales. At local scales, mathematical models provide
an alternative way of assessing and quantifying the distribution of risks or assessing
interventions. They can also explain the complex dynamics of local populations and
dispersal patterns exhibited by mosquitoes. They are also useful tools for capturing spatial
characteristics for assisting decisions on mosquito surveillance and malaria prevention
[76]. In these models, groups or spatially distributed populations can be linked together
across a set of spatial locations.

The concept of modelling mosquito dispersal was highlighted a century ago by Ronald
Ross (Ross, 1905). In his model, Ross described distribution of the mosquitoes by distance
covered and concluded that mosquitoes movement follows a "centripetal law of random
wandering" in which the number of dispersing mosquitoes is high in the vicinity and low
far away from their original location. This law is conserved even in situations where the
distribution of resources such as hosts and breeding sites is heterogeneous. Although
Ross’s idea of modelling mosquito dispersal is an important aspect for improving scientific
experiments (Ross, 1905), modelling studies has rarely considered it. Other mathematical
models of Ronald Ross (Ross, 1915), have long been used to explain relationships between
the number of mosquitoes and malaria transmission in humans.
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Several mathematical models including different factors have been proposed to un-
derstand the distribution of mosquito population and have been used to implement or
improve vector managements [46, 105, 104, 131, 15, 2, 48, 1, 108]. The model studied
by Anguelov, Esteva and Thomé [2, 46, 131] incorporated sterile insects to assess the
effectiveness of the sterile insect technique (SIT) for vector management. The model
proposed by Ngwa et al. [105, 104] incorporated human-vector interaction to observe how
this interaction could drive mosquito dynamics. The models developed by Abdelrazec and
Okuneye [1, 108] incorporated temperature and rainfall in order to assess their effects on
mosquitoes abundance. However, these models have always assumed closed systems
of mosquitoes in which spatial dynamics and movement are not taken into account. This
assumption has enabled many intuitive analyses but has considerable consequences
on implementing better strategies for control and evaluation of control interventions in
field settings. Some authors have focused on the distribution of mosquitoes including
mosquito dispersal. In Lutambi et al. [83], Nourridine et al. [106] and Yakob et al. [154],
spatial aspect of mosquito have been modelled in terms of migration between patches in
a hypothetical landscape. Likewise, models of spatial dynamics using PDEs have given
sufficient conditions to mosquitoes to persist and spread [70, 126, 158, 132, 161]. These
modelling studies indicate the need for more explicit models that include vital components
of ecological interactions. In response to this need, mathematical models that consider the
interaction between dispersal behaviour, population dynamics, environmental heterogene-
ity, and age distribution of the mosquito are needed for the designing, the planning, and
the management of the control strategies at local scales.

Aim and objectives

This thesis aims at providing a mathematical framework to understand the spatial
distribution of mosquitoes, which could help to the development and/or improvement of
mosquito control strategies. This mathematical framework comprises mathematical models
coupled with an appropriate theoretical analysis and thresholding, with adequate schemes
for numerical solutions. It is developed in order to address challenges related to what,
when and how questions regarding control interventions. The primary objective is to
develop spatial mathematical models that capture mosquito dispersal to achieve a broader
understanding of mosquito foraging behaviour and its interactions with environmental
heterogeneity. To this end, we use two formalisms to capture mosquito dispersal, namely,
(1) discrete-space continuous-time approach based on ordinary differential equations and
(2) continuous-space continuous-time approach based on partial differential equations.

To address the first objective, we develop a spatial model based on biological and
ecological knowledge of mosquitoes. We use a new approach recently introduced to deal
with the spread of diseases in ensembles of (local) populations with a complex spatial
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arrangement and connected by migration. Such sets of connected populations living in
a patchy environment are called metapopulations in ecology. The reaction and diffusion
processes modelling the spread of mosquitoes are considered as a two-step process.
First, inside each network node, the reaction takes place under the assumption of a
homogenous conserving the total number of mosquitoes. In particular, in each node, an
individual mosquito is in one of the states of mosquito life cycle. Second, the diffusion
term include the outflow of mosquitoes from their current nodes and the inflow of migratory
mosquitoes from the nearest nodes. This objective is addressed in chapter 2 of this thesis.

The second objective of this thesis is addressed by constructing an advection-reaction-
diffusion model for the dynamics of mosquitoes. To account for specific behaviours, the
population is divided into appropriate compartments. We develop a spatial framework that
captures mosquito dispersal behaviour in a heterogeneous environment as factors that
affect the distribution of mosquitoes in a spatial environment. From modelling perspective,
a general functional form of eggs oviposition rate is used including the Verhlust-Pearl
logistic, the Hassell and the Maynard-Smith-Slatkin functions. In this work is presented
in chapter 3, the dynamics of mosquito population as described on the one hand by a
temporal compartmental model which is extended into spatio-temporal model on the other
hand.

Outline

In chapter 1 we provide a non exhaustive literature review of mathematical models that
concern mosquito population. The goal of this literature review is to properly compare our
modelling assumptions as well as our modelling framework with already published models
enabling to better discuss the improvements either from modelling or from a mathematical
analysis point of view.

In chapter 2, following the classical ordinary differential equation (ODE) modelling
framework ([2]), we build and analyse a new mathematical model, which considers the
spreading of anopheles mosquito on a complex metapopulation, that is, networks of
populations connected by migratory flows which configurations are described in terms of
connectivity distribution of nodes (patches) and the conditional probabilities of connections
between nodes. The model incorporates age distribution in form of the aquatic and adult
stages of the mosquito life cycle and further divides the adult mosquito population into
three stages. The metapopulation setting developed in this part, use a recent approach
based on statistical mechanics. The spatial characteristics of the model are based on
discretisation of space into discrete patches. These patches are assumed to be connected
by migration of mosquitoes which move between patches as they search for oviposition
sites and blood meals. Local dispersal is modeled by assuming that dispersing adults move
from their current locations enter nearest neighboring locations and long-range dispersal
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is achieved through repeated movements. The model is based on ordinary differential
equations and is replicated across a landscape, a multi-patch system that represents a
two-dimensional space. The model is applied to examine the significance of larval habitat
connectivity and mosquito dispersal in a homogeneous and a heterogeneous landscapes
on the persistence of mosquitoes populations. More precisely, we construct corresponding
metapopulation model and perform their qualitative and quantitative analyzes.

In chapter 3, we derive a more general mathematical model for the population dynamics
of anopheles mosquitoes that feeds on human blood but breeds outside of the human body
at a distinct spatial location, the breeding site away from the human habitat. We develop
models that incorporate both intrinsic dynamics and spatial variation of mosquitoes, taking
into consideration the dynamics of the human-vector interaction. We will start with a
temporal model that allows a general description of the mosquito’s growth. This initial
model captures the mosquito oviposition cycle as well as its main behavior (which could
be useful when one considers chemical or biological control tools, such as SIT or GMM).
Moreover, we consider a more general function for egg oviposition rate. Next, we will
extend the obtained temporal model to a PDE system by adding both advection and
diffusion terms that reflect mosquito’s mobility. We study the global well-posedness and
the asymptotic behavior of the solutions of this PDE model. Finally, we assess the impact
of mosquito dispersal, heterogeneous distribution of mosquito resources (hosts), and other
parameters on the spatial distribution, dynamics and persistence of mosquito populations.

Finally, we summarize, discuss and conclude the modeling work presented in the thesis,
and suggests directions for future studies.
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VECTORS, THEIRS DISTRIBUTIONS AND MATHEMATICAL
MODELING

1.1 Vectors of malaria and their distribution

1.1.1 Vectors of malaria

Mosquito-borne diseases are found in many countries in the world and constitute a
major cause of human mortality (morbidity). Mosquitoes transmit some of the world’s most
relevant parasitic diseases and belong mainly to three genera : Anopheles, Culex and
Aedes. Tropical diseases such as malaria, yellow fever, lymphatic filariasis, dengue fever,
the West Nile Virus (WNV), Zika virus and other arboviruses are transmitted by mosquitoes.
Of these, malaria is the most common and important, transmitted through the bite of a
female anopheles mosquito, leading to the infection of humans with either one or more
protozoan parasites such as Plasmodium falciparum, P. ovale, P. malariae and P. vivax.

The life cycle of mosquitoes involves aquatic (egg, larva, pupa) and adult stages (see
Figure 1.1). The first stage is the egg stage, where eggs are laid on standing water by adult
females. The development process of eggs is temperature dependent and eggs are likely
to survive low temperatures. The second stage is the larval stage. In this stage, larvae
progress through several stages of growth. Their survival depends on climatic conditions
and relies very much on standing water providing food in form of organic matters. After
the second stage, larvae develop into pupae, the third aquatic stage. It is from this stage
mosquitoes emerge as adults. In the fourth stage, emerging adult mosquitoes fly in space.
Male and female adults mate rapidly after emerging from the last aquatic stage. The
lifespan of males usually is shorter than that of females. After insemination, females
disperse to seek a host, possibly resulting in long distance movements and a risk of host
defence response. After a blood meal, females mostly remain in a sheltered place during
the few days needed for the eggs to mature. Then, females seek for an oviposition site,
which may result again in long distance and risky movements. Depending on the species,
different sites may be used, from aquatic environments to humid places.
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Figure 1.1: An illustration of the mosquito life cycle (P. Ezanno et al. [48])

1.1.2 Distribution of anopheles mosquitoes

Approximately 400 species of anopheles mosquitoes have been identified [95, 133]
and out of these, 60 to 80 species have been implicated in malaria transmission, but
only 40 are of major importance [147, 95]. In sub-saharan Africa, members of the An.
gambiae complex and An. funestus complex are the most efficient vectors of P. falciparum
malaria, which is the most important parasite [95]. The importance of each species in
malaria transmission however varies from one region to another, as does their geographical
distribution.

Mosquito distribution differs in time and space due to seasonal variations and environ-
mental heterogeneity. In areas with favorable environmental factors such as temperature,
rainfall and humidity, malaria transmission distribution is highly related to the mosquito
abundance. In parts where temperature is not a limiting factor, malaria transmission is
highly seasonal. Global maps on the distribution of malaria vectors highlight the present
spatial variability of mosquito species across different regions (see for example Figure
1.2). In Africa, for example, An. gambiae, An. arabiensis and An. funestus are prevalent
vectors that are responsible for malaria transmission. In Asia and other regions, multi-
ple species co-exists. These differences in species across regions are mainly due to
differences in climatic and environmental conditions. These conditions are critical for
sustaining the production of resources needed by mosquitoes for survival and reproduction.
Since mosquitoes need a variety of resources to survive and reproduce, the distribution of
these resources in space affects their distribution and rate of dispersal [121]. This effect
contributes to variation in local densities [16, 76, 97, 122], human exposure to vectors, and
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Figure 1.2: A global map of dominant malaria vector species (Sinka et al.[121])

our ability to control disease transmission.

1.1.3 Mosquito dispersal

The planning of future malaria vector control interventions requires information on the
vector population, such as vector dispersal and survival. This information is important not
only as determinants of the epidemiology of malaria but also for operational malaria vector
control activities [71]. The dispersal of mosquito vectors-to find mates, nectar sources,
resting sites, oviposition sites, and blood meals-underlies the spatial distribution of vectors,
and plays a major role in shaping population structure [120]. Mosquito survivorship and
dispersal ability are also critical for understanding malaria transmission risk [18].

Mosquito dispersal is the movement of mosquitoes from one location to another.
Mosquito dispersal is a fundamental biological process that operates at multiple tem-
poral and spatial scales, making it an important factor that causes uneven distribution
of malaria vectors in local settings. Dispersal may lead to temporary extinction in local
settings without driving the population of the whole region to extinction and this is achieved
if the population in one or more locations goes to zero. Re-colonization is also possible
and can be achieved subsequently through dispersal from other locations.

Studies indicate that the existence of olfactory, visual, and thermal cues play an
important role in modifying mosquito flying behaviour [9, 127]. Several experiments have
been performed to understand mosquito dispersal [54, 55, 56] and factors such as those
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shown in Figure (1.1.3) affect mosquito dispersal at local level. Experiments from capture-

Water bodies
Oviposition

Interventions

Blood meal
search

Figure 1.3: Factors affecting dispersal

mark-recapture methods have shown that mosquito dispersal distance is short and variable
if driven by search for food, sheltering, and egg laying [120]. These short distances consist
in few hundred meters although longer lasting flights of 1 km may be necessary if hosts and
oviposition sites are widely separated. The searching strategy may depend on whether
mosquitoes rely on information from neighboring areas or from places that are far apart
from their present locations. The later can be incrementally achieved by movements
made to neighboring locations. The dispersal can be random or unidirectional if facilitated
by environmental factors such as wind [120]. Sometimes, long dispersal is likely to be
facilitated by human travel.

Dispersal is also affected by vector control interventions. Interventions such as source
reduction or environmental management create distances between breeding sites, affecting
their spatial distribution. Several studies have shown that there is an association between
distance to potential mosquito breeding sites and the variability in the Anopheline density
[16] and that availability of hosts and the distribution of larval habitats has an influence on
malaria vector abundance [76, 97, 122]. Some interventions divert mosquitoes without
killing them (e.g. cream, lotion, soap, and gel, insect proofing of houses, sprays, coils, and
local herbs) [98, 115, 118] resulting into local dispersal; others change mosquito densities
(e.g. insecticide treated bed-nets) by reducing mosquito population and hence change
patterns of mosquito variations among different places. This relationship has a potential
effect on the spatial distribution of mosquitoes, and thus of malaria morbidity and mortality.

Mosquito dispersal is directly linked to the population density of mosquitoes, and is the
driving force of heterogeneous transmission in local settings. Dispersal and its interaction
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with other factors such as population density, interventions, and transmission is complex
and has several implications in public health. The effect of dispersal on interventions is
two fold. Interventions may appear less effective when evaluated because of mosquito
movement between areas under interventions and those not under interventions [71] or
may appear beneficial due to the community effects catalyzed by dispersal. The interaction
between a heterogeneous environment and movement behaviour of malaria vectors is
challenging, requiring different techniques to fight the disease.

1.2 Modelling population dynamics

Population dynamics is the study of the variations in a population size, its structure
and/or its distribution with respect to changes in various factors such as time, space,
temperature and other environmental factors. The aim of population dynamics is to identify
the factors responsible for the growth or decline of a population. Further, it provides a
better understanding of the underlying processes that explain how a population interacts
with its surrounding environment, for instance, how individuals react to di.erent stimuli.
The study of population dynamics has a wide range of useful applications. Studying the
spread of a disease, for instance, helps to identify the best periods of intervention to
reduce epidemiological risks [34, 172]. In mosquito management, the understanding of the
mosquito population dynamics allows to develop appropriate control methods to maintain
the population at a low risk level [163]. Population dynamics is also a powerful tool to
predict biological invasions [113], by modelling its spreading for instance, and evaluate
ecological risks.

Population dynamics can be studied following empirical or theoretical approaches.
On the one hand, empirical study of population dynamics is based on observation data
obtained via experimentation. A descriptive analysis can be carried out to describe the
variations observed in a population in the setting of the experiment. Observation data
are useful to establish the behaviour of the population, however, it is typically inherent to
the experimental setting and provides very limited information on the general dynamics
of a population. On the other hand, theoretical study of population dynamics allows to
test various biological hypothesis difficult to assess with direct observations, in particular
concerning interactions between the population and its environment, through methods of
analysis such as statistical or mathematical modelling. Before going further, | recall what
means a mathematical model.

1.2.1 A brief definition of a "Mathematical Model"

A model is a process through which given specific inputs (e.g. time, spatial location
or temperature), and specific parameters (e.g. growth rate or dispersal rate), provides an
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output which is an approximation of a variable of interest such as the population size. In the
essence, a model is a representation of a reality involving some degree of approximation
[6, 17, 25]). A model may help to explain natural and artificial phenomena. According to
Deutsch et al. [39], other objectives are to test different scenarios and assumptions, to
demonstrate that certain ideas should not or cannot be achieved, or to predict for the future.
However, if all mechanisms and interactions are included, the resulting mathematical
model will have a large number of variables, parameters, constraints leading to complex
systems. Paraphrasing Albert Einstein, models should be as simple as possible, but not
simpler. Therefore, a major challenge in modelling is to identify key parameters of the
physical phenomenon that is to be modelled.

A model is built on biologically/ecologically relevant hypothesis and assumptions to
provide an approximation of the population variable of interest, such as the population
size, given specific inputs and parameter values. Statistical models are constructed using
a specific set of observation data from which the parameter values of the model are
estimated in such a way that the output of the model fits as well as possible to the data.
Thus, statistical models often provide a good match to the data, but the results are limited
by the fact that they are constructed and valid only for the specific setting of the experiment
for which the observation data were obtained. Such a model can be used to identify
correlations between different variables. However, it does not give information on why
such correlations exist. Mathematical models on the other hand, are built on biological and
ecological knowledge of the population dynamics, independently from specific observation
data. Although the output of mathematical models is not as good in fitting observation
data, they offer the possibility to change the settings and simulate various scenarios. This
process allows to gain understanding on the underlying mechanisms that govern the
dynamics of the population.

Formal models! for dynamical systems, in which the set of assumptions about reality is
expressed in mathematical (mathematical model) or a computer (simulation model) lan-
guage, have turned out to be especially useful. Note that not all mathematical models are
accessible to mathematical analysis but that all of them can be simulated on a computer. If
an analytic solution is available, this may provide a complete characterization of the system
dynamics. Many simulation models cannot be described in a coherent mathematical frame-
work in such a way that they become accessible to an analytical mathematical analysis®.
Those models are to be assessed by means of statistical analysis of large numbers of
simulation runs. The choice of a model approach depends on the characteristics of the
dynamical system itself and on the aspects of the dynamical system that are emphasized

In contrast to physical models, and pure semantic models, which are mainly used in psychology and

social sciences.
ZFor example, agent-based models and models in the framework of artificial life research (Deutsch et al.

(2005) [39])
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according to the model’s purpose [13, 39]. Therefore, interdisciplinary approaches are
essential because those who are experts on the structure of the particular application
have to work together with those who are experts on the structure of the mathematical
modelling approaches. This is particularly true for the designing of ecological/biological
systems models, which requires both experimental and mathematical knowledge [39].

In this thesis, | will focus on mathematical models. According to Cobelli et al. [25]
a mathematical model is a representation of reality that is expressed in the form of
mathematical equations. The process of developing a mathematical model is termed
mathematical modeling. Mathematical models are used in many disciplines: natural
sciences (such as physics, biology, ecology, meteorology), engineering (such as computer
science, artificial intelligence), and social sciences (such as economics, psychology,
sociology, political science).

Generally, mathematical modelling is divided into six steps forming a loop as shown
in figure 1.2.1. Step 1 Observation of the physical phenomenon (static/dynamic). Step 2
Formulation of hypotheses (formalisation and writing of the mathematical model). Step
3 Mathematical analysis (theory and results). Step 4 Parameter values specification
Step 5 Numerical simulations and predictions. Step 6 Testing hypotheses formalised
(confirmation/refutation). This last step requires a return to step 1 and possibly the
modification of some hypotheses.

Modelling is a useful tool to improve our understanding on the interactions between
the population and its environment. Through simulations, modelling enables to vary the
parameters and identify the factors of importance in the variation of a population. In
the following, we discuss how heterogeneity in a population can be handled considering
structured population models. Then, we give an overview on models incorporating the
space and time variables, which represent the major interest in this thesis.

1.2.2 Structured population models

Individuals of a population can contribute significantly and differently to the dynamics of
the population depending on different aspects, such as their age, stage of development,
epidemiological state, spatial position, etc. After we will refer to such aspects as structuring
variables. In order to obtain a meaningful model, we structure the population to take into
account the heterogeneity of the individual with respect to the mentioned-above aspects.
If the structuring variable is discrete assuming a finite number of distinct states, then
the model is formulated via a system of equations for which each equation accounts for
the dynamics of the population in each state of the structuring variable. Typically the
different distinct states are referred to compartments, and the resulting model is called a
compartmental model. For example, insects have distinct stages of development, eggs,
larvae, pupae and adults, with specific duration, survival rates, exposure to predation,
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Figure 1.4: An elementary modelling methodology (adapted from Carson and Cobelli
(2001)).

behaviour, displacement ranges, etc.

A compartmental model can be discrete or continuous with respect to the time variable.
In the discrete case, the state of the population is approximated at specific times ty, t1, . . ., tx,
using a relation of the form

Nkt =f(Ny), Kk{0,1,...,K},

where N; is the vector of each compartments of the population at time t; and f is a
vector functions which describes the dynamics of each compartment (i.e. demography,
interactions between the compartments, etc.).

When the time-variable is continuous, then the state of the population at time ¢t is
approximated by a continuous and differentiable vector function N(t) € R" . The resulting
model is a system of ODEs formulated as follows

% = ¢1(t/N1/"'/Nn)/

(1.1)

d;\in = (Pn(t/Nl/'--/Nn)/

or equivalently NG
— = ¢(N®),
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where ¢ is a continuous vector function. Each differential equation of (1.1) describes
the temporal growth of a specific (homogeneous) compartment and can be modelled
using standard temporal population models (exponential, logistic, etc.) and functional and
numerical responses.

The model presented in Chapter 3 is of the form of (1.1) and aims at characterizing the
asymptotic behavior of this system for some nonlinear birth functions.

1.2.3 Spatio-temporal models

The growth of a population is strongly correlated to its geographic distribution range
[74]. A spatio-temporal population model is a structured population model that governs the
dynamics a population with respect to changes in time and space. In addition the spatial
component makes possible to model population dynamics with more realism taking into
account interactions between a species and its habitat. Adding spatial information however
makes the model more complex rendering its study more difficult, and simulations more
computationally intensive. Therefore a trade-off between the realism of the model and
the question it is meant to answer must be kept in mind for its conception. A distinction
that can be made among characteristics of spatio-temporal models is on the discrete or
continuous nature of the space variable. In discrete-space models, the space is divided
in separate areas with an index referring to its position, while continuous-space models
use the spatial coordinates of each location. The choice of the model depends on the
population as well as on the aim of the model. We now give some examples of commonly
used models with applications.

1.2.3.1 Metapopulation models

When the space variable is taken into account implicitly, temporal models at specific
locations can be constructed with location-specific parameters and interactions between
them, while in the explicit case, the model incorporates a space variable. This is the
case of metapopulation models, first formulated by R. Levin in 1969, where the space
is discretized in distinct patches with their own specificities on which temporal dynamics
are described [59, 60]. The spatio-temporal model is then a coupling of the temporal
models on each of the patches with interactions between them. Metapopulation models
are discrete in space and continuous in time and are formulated mathematically by ODE
or Difference Equations. Considering the migration of populations from a patch i to a patch
j,1i,j=1,2,...,n, equation of the population in patch i is given as follows :

du, - y
Lélt('t) = ﬁ(tl ui) _( Z mﬂJ ui(t) ¥ Z mz]u](t),

j=1,j#i j=1,j#i
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where u;(t) represents the population density at time ¢t in patch i, the parameters m;; and
m;; are the transfer rate from patch i to patch j, i # j. The function f is the reaction term.

Metapopulation models have been used, for example, to study host-parasit interactions
in patchy environments [61]. They have also been used to study the spread of Malaria in a
vector-host population structured according to its infectious state [4, 5]. Another example
of application of metapopulation model is to model the dynamics of disease-transmitting
vectors in a patchy environment [106].

1.2.3.2 Reaction-Advection-Diffusion models

In the prospect of modelling mosquito population dynamics, a particular attention
is given to Reaction-Advection-Diffusion (RAD) models governed by PDEs. These are
deterministic mass-interaction models continuous in time and space, thus they account for
an average behaviour of the population. In RAD models, the diffusion process accounts
for the random dispersal of the individuals of the population, without considering any
sort of stimulus to direct their movements [35, 112]. The advection process accounts for
directional displacements due to a flow, like wind transport, or attractiveness to a point
(feeding site, breeding site, attractive traps...). Finally the reaction process governs the
demography. In addition, in order to account for some heterogeneity within the population,
the individuals can be grouped according to their age class or development stage. In this
case the models becomes a system of coupled RAD equations where the reaction process
also accounts for interactions between the different compartments.

RAD models are continuous in space (x) and time (t) and are formulated in terms of
partial differential equations. The general form of a RAD equation is given as follows :

du(t, dult,x) _ dutt,
M - pZB (2 s fate, ),

where u(t, x) represents the population density at time t and position x, the parameters D
and a are respectively the diffusion rate and the advection force, and the function f is the
reaction term.

The population RAD models can be derived from random walk processes at the
individual level using Taylor’s expansions. This derivation is detailed in several publications
[10, 107]. Alternatively, it is worth mentioning that the diffusion processes can also be
derived using flux considerations instead of random walk processes [44]. In the latter case,
the derivation is based on the physics conservation law and the Fick’s law of diffusion
which connects fluxes of particles to their gradient [29]. The derivation of models from
individual level to the population level is a challenge of its own as the dynamics of the
individuals are typically more complicated than a simple non-isotropic random walk.

RAD models are particularly useful to study insect dispersal [42, 126, 158, 132] and
biological invasion processes. In addition, dispersal abilities of insects is an essential
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information to plan efficient control of disease vectors and/or prevent biological invasions.
RAD models can be studied analytically to obtain biologically relevant results. For instance,
in some cases, we can obtain equilibrium solutions that describe the spatial distribution
of the organism as time approaches infinity. Such results are very useful to understand
the interaction between spatial heterogeneity and movement, and/or to determine areas
where the organisms are most likely to establish. Some theoretical background useful for
the mathematical study of RAD models is provided in chapter 3 section 3.3.

1.3 Some mathematical models of mosquito dynamics

In this section, we recall some mathematical models developed for mosquito dynamics.
Mosquito models rely on several formalisms that include ordinary differential equations
(ODE), partial differential equations (PDE), stochastic differential equations (SDE), etc.
Generally, the choice of a modelling formalism is motivated by sake of simplicity and/or
realism and/or mathematical tractability.

1.3.1 Mathematical modelling of mosquito dynamics without dispersal

The simplest dynamical population models of mosquitoes and other insect populations
are based on ordinary differential equations (ODEs). These are essentially non-spatial
dynamical systems, in which the dynamical variables represent the sizes or densities
of various sub-populations of the insect species (e.g. eggs, larvae, mature females),
tracked by cohort, with the rates of transition between these sub-populations at each
step time defined by means of dynamical equations. These equations may be extremely
complex, involving many separate biological and physical processes, and are generally
dependent on parameters that represent characteristics of the insects (e.g. oviposition
rate, mortality) and the habitat (e.g. temperature, number and type of available oviposition
sites, predation). The parameters may vary both seasonally and stochastically, though the
population dynamics themselves are otherwise intrinsically deterministic [109]. Several
models using a system of ordinary differential equations (ODEs) have been proposed
to depict and understand mosquito dynamics. In this subsection, we summarize some
well known mosquito models in the literature. Some of them are due to the works in
[46, 105, 104, 131, 15, 2, 48, 1, 108].

1.3.1.1 The L. Esteva et al. (2005) model [46]

Esteva et al. [46] proposed a mathematical model to assess the effectiveness of
the Sterile Insect Technique (SIT) applied to mosquito population. They considered the
following compartments : the immature phase of the insects (A), females before mating (I),
mating fertilized females (F), mating unfertilized females (U), male insects (M) and sterile
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insects (Mr). Their model was given by the following system of ODE :

A = o= )E- (i,
, MI Mrl
P At
, MI
F = ]Vf—!—MT - ‘UFF’
(1.2)
w = -l
M = (1-nyA-puM,
Ma- = a_HTMT-

In order to evaluate the effectiveness of the application of both SIT and insecticide to
mosquito population, Thomé et al. [131] used optimal control theory on model (1.7). Their
purpose was to find the minimal effort necessary to reduce the fertile female mosquitoes
considering the cost of insecticide application, the cost of the production of irradiated
mosquitoes and the social cost.

1.3.1.2 The Ngwa et al. (2006, 2010) models [104, 105]

Given that the dynamics of indirectly transmitted infectious diseases of humans is
driven, in the most part, by the human biting rate of the vector and based on the idea that
the mosquito has a human biting habit, Ngwa et al. [104] derived and studied a simple
model for the dynamics of the human malaria vector. One of their objectives was to analyse
carefully the dynamics of the human-vector interaction and how this interaction could drive
the population dynamics of the vector. In their model, the density of the total mosquito
population is divided into three compartments based on the physiological status of the
mosquito, namely : (i) the class U, comprising fertilized, well nourished with blood and
reproducing female vectors ; (ii) the class W, comprising fertilized but non-reproducing
vectors that have left the breeding site and are questing for a blood meal and (iii) the
class V, comprising all previously fertilized females at the breeding site that have just laid
their eggs but are still resting at the breeding site together with all unfertilized females that
are not fed with blood and are not questing for blood but are swarming at the breeding
site. In this case, the vector population dynamics in a uniform environment, that may be
regarded as a single human habitat site and single vector breeding site, is represented by
the following nonlinear system of delay differential equations :

dd—ltl = ptHW - @+ u)l,

W= aB(U(t - YUt - The " +all - (u + L)V, (1.3)
W= (ML) V= (u+ TH)W,

Ph.D Thesis: Study of the spatial distribution of anopheles mosquitoes M. L. MANN MANYOMBE ©UYI 2020



Disease vectors, theirs distributions and mathematical modeling

where B(U) is the per capita birth rate per reproducing vector of the type U. The function
B:[0,00) — R, U — B(U) is assumed to be a non-negative strictly monotone decreasing,
continuously-differentiable function. The functional form B(U) = By (1 - %) was used there
and is commonly know in the literature as the Verhulst-Pearl logistic. The previous model
(1.3) originally derived in Ngwa et al. [105] subjected to two birth rate functions :

e the Verhulst-Pearl logistic growth B(U) = By (1 - %) ;

_Bo
1+(%)w

The objectives in Ngwa et al. [105] was to : (1) extend the theoretical results of the model
(1.3) and (2) study the problem of a suitable functional form for the birth rate function in the

e the Maynard-Smith-Slatkin function B(U) = n>0.

population dynamics of mosquitoes.

1.3.1.3 The P. Cailly et al. (2012) model [15]

In order to (1) predict mosquito abundance over several years, (2) identify the main
determinants of mosquito population dynamics and (3) assess mosquito control strategies,
P. Cailly et al. [15] proposed a general model representing all of the steps of the mosquito
life cycle. Ten different stages were considered: 3 aquatic stages (eggs (E), larvae (L),
pupae (P)), 1 emerging adult stage (A..), 3 nulliparous stages (A, Aig, A1,), @and 3 parous
stages (A, Az, Ax). Parous females are females that have oviposited at least once, thus
including multiparous females. Adults were subdivided regarding their behaviour during
the gonotrophic cycle (host-seeking (%), transition from engorged to gravid (g), oviposition
site seeking (0)). Their model was based on two systems of ordinary differential equations
(ODE), one for the favorable period, during which mosquitoes are active given by

E = ya,(B1A1w + B2A2) — (ue + fe)E,
L = fiE—(m(1+L/x)+ fi)L,
P = fiL—(mp+ fp)P,
Aem = fPPU exp(_Hem(l + P/xp)) — (ma + YAB,H)Aem;
Ay = Y AgAem — (Ma + ty + Y an)An,
Ay = yamAu — (ma+ fag)Aig,
Ay = fagAig — (ma+ fy + Ya0)Aso,
A = VaolAro + Az) — (ma + tr + Y an)Aan,
Ay = yanAon — (ma + fag)Asg,
Ay = faghog — (Ma+ e + Y a0) A,

(1.4)
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and one for the unfavorable period, during which diapause occurs given by

X = _XmX/ for Xe {L/ P/AZh/AZg/ AZO}/
B o= -k (1.5)
Aem = _(mim TV Aom )Aemr

Al = A, Ao — mdi”Al with A=Ay + A, + A
‘)/ em A 8

Ezanno et al. [48] used and modified the framework proposed by Cailly et al. [15] via the
model (1.4) to identify some principal drivers of mosquito population dynamics.

1.3.1.4 The Anguelov-Dumont-Lubuma (2012) models [2]

Anguelov et al. [2] proposed simple mathematical models in which the first model
governs the dynamics of anopheles mosquito while the second model deals with the
interaction between treated males and wild anopheles. Their purpose was to analyse
the impact of the SIT as a measure for the control of the anopheles mosquito population.
This model was developed according to the life cycle of a mosquito, which consists of
two main stages : aquatic (egg, larvae, pupa) and adult. After emergence from pupa, a
female mosquito needs to mate and get a blood meal before it starts laying eggs. Then,
the classical Anguelov et al. model is given by the following system

A OF — (y + p1 + 1hA)A,
Y = A= (B+mw)Y,
M = (1-1yA-uuM,

F = BY — urF,

(1.6)

where the population of mosquitoes is divided into the following compartments: population
in aquatic stage A; young female not yet laying eggs Y; fertilized and eggs laying females
F and males M. Note that in this model, the eggs are laid (at a constant rate ¢) in the so-
called gonotrophic cycle, which consists of taking blood meal, maturation of the eggs and
oviposition. Here, the population of aquatic stage was restricted by a density dependent
death rate in a different way as in Esteva et al. [46] where this population was restricted by
an carrying capacity beyond which no eggs are laid.

In order to take into account of the interaction between treated males and wild anopheles
and extend the theoretical results in Esteva et al. [46], the authors modified the model (1.6)
and obtained the following SIT model

= OF — (y + 1 + rpA)A,
= P A-(B+w)Y,

M
syl U237

_  _BMr
= g Y —uul

= (1 -ryA-uuM,
Mr = pqy - prMr.

(1.7)

S om =
I
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1.3.1.5 The Abdelrazec-Gumel (2017) model [1]

Extending the models of Ngwa et al. [105, 104] by adding the aquatic stages of the
mosquito, in order to assess the effect of temperature and rainfall on mosquito abundance,
Abdelrazec et al. [1] proposed a stage-structured non-autonomous model. Their model
which splits the total mosquito population at time t into mutually exclusive compartments
of eggs (E(t)), larvae (L(t)), pupae (P(t)) and female adult mosquitoes (M(t)), is given by
the following deterministic, non-autonomous system of nonlinear differential equations :

E = MB(M) - [Fe(T,R) + ue(T, R)IE(),

L = FgE—[FL(T,R) + u(T,R) + &, L]L, 18
P = F.(T,R)L - [Fp(T,R) + up(T, R)]P,

M = oFp(T,R)P — upm(T)M,

where T = T(t) and R = R(t) represent temperature and rainfall respectively. The two
following functional forms of B(M) were considered in this study, namely :

¢ the Verhulst-Pearl logistic growth B, : B(U) = By (1 — %) ;

By
1+ (%)n

e the Maynard-Smith-Slatkin function Bs : B(U) =

1.3.1.6 The Okuneye et al. (2018) model [108]

In order to design a new temperature and rainfall dependent mosquito population model,
Okuneye et al. [108] extended the Abdelrazec et al. [1] model’s by incorporating four
stages for larval development and three different dispersal states (questing for blood meal,
fertilized and resting at breeding site) of female adult mosquitoes. Their model, which
takes into consideration the human-vector interaction, splits the total immature mosquito
population into compartments for eggs (E), four larval stages (L;, i = 1,2,3,4), and
pupae (P). To account for the gonotrophic cycle, the population of adult female anopheles
mosquitoes was sub-divided into compartments for the class of unfertilized female vectors
not questing for blood meal and fertilized female mosquitoes that have laid eggs at the
mosquito breeding site (V), the class of fertilized but not producing, female mosquitoes
questing for blood meal (W), and the class of fertilized, well-nourished with blood, and
reproducing female mosquitoes (U). The Okuneye et al. model is given by the following
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deterministic system of nonlinear differential equations.

L = py(T)(1- L)U- (xR, T) + ue(T)E,
L = 6p(R,T)E - [&1(R, T) + pr(T) + 61]Ls,

% = &R, T)Li—1y — [E(R, T) + pur(T) + 6, ]L;, i=2,3,4,

= &(R,T)Ly — [0p(R, T) + up(T)]P, (1.9)
¥ = op(R TP +yull - FZV - ua(m)V,
W~ By 0 H 4 pa(DIW,

4 = atwHW - [yu + pa(MIU,

wthL =L+ L+ L3+ Ly, R=R(t)and T = T(¢).

1.3.2 Mathematical modelling of mosquito dynamics with dispersal

The spatial distribution of mosquitoes has shown great potential to affect malaria
transmission intensity. The success of some methods for controlling mosquito population
is based on taking into account of mosquitoes dispersal ([30, 42]). Mathematical models
play an important role in understanding and providing solutions to phenomena which are
difficult to measure in the field, but few models have incorporated dispersal or heterogeneity
when modelling resource availability. Recently, the spatio-temporal dynamics of mosquito
populations have been particularly focused on, either using spatially explicit simulation
models [111, 85, 154, 110], or plume models [30]. Some spatial models have used
discrete-space continuous-time approach based on ordinary differential equations (ODEs)
while another spatial models have used the diffusion approach based on partial differential
equations (PDEs), which considers space as a continuous variable. In this subsection, we
summarize some well know mosquito models in the literature. Some of them are due to
the works in [106, 83, 42, 70, 126, 158, 132, 161].

1.3.2.1 The Nourridine et al. (2011) model [106]

Extending the Ngwa et al. [104] model by including more than one vector-breeding
site and more than one host habitat, Nourridine et al. [106] presented and analyzed a
deterministic model with spatial consideration for a class of human disease-transmitting
vectors. Their goal was to understand how variation in the number of human habitats or
variation in the number of breeding sites enhances or affects the interaction between the
vector habitat or breeding sites and the host habitat dynamics and how this ultimately
affects the dynamics and existence of the vector populations. Their basic model divides
the entire vector population into three compartmental classes representing physiological
status. These classes are: the class of fed and reproducing vectors returning from human
habitats to vector-breeding sites represented by the variable U ; the class of unfed and
resting vectors present at vector-breeding sites represented by the variable V ; and the
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class of unfed vectors questing (or foraging) for food (blood meal) in human habitats
represented by the variable W. Each class of vectors is again subdivided into subclasses
representing spatial locations. Assuming that there are M human habitats x;, i =1,--- ,M
and N vector-breeding sites y;, j=1,--- ,N, then the classes of vectors U, V and W are
subdivided into subclasses U;, V;and W;,i=1,--- ,M, j=1,--- ,N, respectively, where
U;’s represents fed vectors returning from location x;, W;’s represent unfed vectors foraging
for food at location x; and V;'s are unfed and resting vectors resting at the vector-breeding
site y;. Let the density of human population at habitat x; be H;(t), then the Nourridine et
al. model was given by the following discrete-space-continuous-time mathematical model
(metapopulation model) :

dHy(b) M M .
= = G- Y wyH(t)+ Y. w;H;(t)—ugHit), i=1,---,M;
j=1 i j=1, i
AV M M
i = Lagd(U(t = THUG =TT~y + X by | V()
1= 1=
M
+ ), a;Ui(t), j=1,---,N; (1.10)
i
N
T = LUV - @ )W), =10 M,
]:
N
% = ijWi(t) - (uuz + Ztlal]) ul(t)l Z = 1/ e /M/
]:

where A : [0, 00) — R is a suitable birth rate function for the vectors of type U.

1.3.2.2 The Lutambi et al. (2013) model [83]

Lutambi et al. [83] developed and simulated a discrete-space-continuous-time mathe-
matical model to estimate mosquito dispersal distances and to evaluate the effect of spatial
repellents as a vector control strategy. On the one hand, they have developed the following
system of differential equations to describe mosquito dynamics without movement :

£ = bpsA, — (u + pr)E,

% = peE—(u, +uLL+pu)L,

@ = pL-(up+pp)P,

(1.11)
% = ppP + pAvo - (yAh + pAh)Ah/
d;tr = pAhAh - (luAr + pAr)Ai’l
dA,

= = paAr — (ua, + pa,)Ao,

which consider six compartments of the mosquito life cycle : eggs (E), larvae (L), pupal
(P), host seeking adults (A), resting adults (A,) and oviposition site seeking adults (A,).
On the other hand, by considering a set of discrete patches and allowing to host seeking
and oviposition site searching mosquitoes to move between patches, the model (1.11) was
extended in a metapopulation model which incorporate dispersal processes. Then, they
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combined the system of equations (1.11) for patch (i, j) and the movement terms

dXj
Q) . . )
at Z PejipXe |~ Z BiijyeXip |+ X = An A
S,GN(i,]') E/EN(Z,])
to form the following system of equations :
e (l’])wi,‘p‘qo(lrl) oli,j) ~ \MEG,j) T PEG,j))EG,j),
(©.))
dL(,',‘) _
7 = PeapEep = (M) + Hia6pkap + PLip)lip,
dp(l'/') _
a = Puiplap = Weap + prp)Pa,
dAnipy B .
w = PPapPap T Y6 PG — (Banip PG PaGN ARG
- X B ,)Ah +( Y pY A.Ahé,), (1.12)
(éfeN(i,j) Pajyer | Arcis NG ) Beip
dAgy  H
7 = YapPaindnen = (Hap + Pa)Arig,
dAU(],) _ B
7 = PatipArin = (Wasip + 5Pt
- ¥ pH ,)A +( y pH "Aé’)-
(é'eN(i,j) Pijrer | Aot £eNG ) B i jo

1.3.2.3 The Dufourd-Dumont (2013) model [42]

Dufourd et al. [42] developed a mathematical model to simulate the spread of mosquito
aedes albopictus taking into account the environment parameters such as wind, tempera-
ture and landscape. Their purpose was to investigate the use of sterile insect technique
(SIT) which introduces a large number of sterile insects in the environment. Their model,
combining ordinary differential equations (ODEs) for the mosquito population and partial
differential equation (PDE) for the dispersion of the population, is given by the following
system :

% = Nig (1 - u?A) Vyup(x, t) = (Na + Ma)uia,

ag_ty = V(DVuy) + VVuy — (My + By)uy + rnaua,
DL = V(DVug) + VVip = VVCH)g) — (Mg + i1 iy + sy ity + By (L)
% = V(DVu,) + VVi, — (Mg + )ty + pip A g,

2 = V(DVuy) + VVity — V(VCo(X)up) — (M + 1)ty + thypidy,

A4 = V(DVup) + VVup — V(VCr(x)ttr) = V(VCo(X)tirr) = Miting + (1 = P)1atka,

M = V(DVuys) + Vit = VVCs(0)tuss) = V(VCH(X)ttute) = Mistings,

ua(x,0) = uy(x), xe€Q,
ux(x,0) = 0, x€Q with Xe{Y, f,b,M, Ms},
(-DVux + Vuy)-ny =0, Vxe€dQ;,, and t>0, with XelY, f,b,M, Ms},
Vux -ngy = 0, Yx€dQ,,, and t>0, with X e{Y,f, b, M, Ms}.

(1.13)
In this model, seven different compartments were considered : the aquatic stage (u4),
the immature females (uy), the matures females (u¢, u,, u;), the wild males (u) and the
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sterilized males (). This system was numerically studied using the splitting operator
approach in order to test different vector control scenarios. However, it is very difficult to
analytically study this system. Therefore, some simplifications are needed to investigate
the asymptotic behavior and the threshold-type dynamics of this system.

1.3.2.4 The Jiang et al. (2014) model [70]

Jiang et al. [70] considered a system of partial differential equations that describes
the interaction of sterile and fertile species undergoing the sterile insect release method
(SIRM). Their goal was to derive sufficient conditions for success of the SIRM. The authors
considered an SIRM model given by the following system of reaction-diffusion equations :

u = diAu+u ( ar _ az) —26u(u+n), xeQ,

u+n
ny = dyAn+r—amn—-20u(u+n) xeqQ,
du | —
el i 0, t>0,
u(x,0) = wug(x) >0, n(x,0)=np(x) >0, xeQ,

(1.14)

where u(t, x) and n(t, x) denote the densities of fertile and sterile females respectively. % is
the derivative along the outward normal direction.

1.3.2.5 The Takahashi et al. (2005) [126], Yamashita et al. (2017) [158], Tian et al. (2017)
[132] and Zhang et al. (2017) [161] models

Takahashi et al. [126] proposed and studied mathematical model mosquito population
dispersal by wing and wind. In their attempt to simplify, they considered only two sub-
populations of the mosquito : the winged form or matured females (M) and the aquatic
forms (eggs, larvae and pupae) denoted by A. The following model was formulated :

{ IM(x,t) = ZM(x,t) - vEM(x, ) + LA(x, (1 = M(x, ) — iM(x, t), (1.15)

%A(x, t) = k(1 —A(x,t))M(x,t) — (2 + )A(x, ).

This model takes into account the vital aspects of spatial dispersal of the mosquito and,
through PDE modelling which was numerically studied, they derived travelling wave
solutions for their differential equations.

In the Takahashi et al. model, both invasion along the flow and against the flow
scenarios were observed. However, only the first one was studied in details. Yamashita et
al. [158] complemented and performed this work (through a rigorous analysis of the model
(1.15)) by proving that the invasion against the flow solution also possesses a travelling
wave profile.

Since mosquito invasion is an asymptotic process, the habitation of mosquitoes will
change with time. In order to describe the dynamics of habitation, Tian et al. [132] assumed
that the habitation has a moving free boundary and from model (1.15), they formulated the
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free boundary problem as follows :

M; = DMy - vM, + yA(1= ¥) = iuM, >0, 0<x<h(),

M(t,x) =0, t>0, x>h(t),

Ar=r(1-£)M =+ )A, £>0, x>0,

M,(t,0) =0, A(t,0)=0, t>0, (1.16)
M(L () =0, W(t) = —uM(t,h(t), >0,

h(0) = ho, M(0,x) = Mo(x), x € [0, hol,

A(0,x) = Ao(x), x € [0, ),

where M(t, x) is the spatial density of the winged mosquitoes at time ¢ and space location
x and A(t, x) is the density of the aquatic mosquitoes.

Considering the spatial heterogeneity, based on model (1.16) in order to extend some
theoretical results from the above studies, Zhang et al. [161] proposed the following
reaction-diffusion-advection problem with free boundaries x = g(t) and x = h(t) to describe
the spatial dispersal dynamics of mosquitoes :

M, = DMy = vM, + y(0)A (1= 8) = iy (M, £>0, g(t) <x <h(t),

Ar=r(x) (1= £) M= (122) + Y (1), t>0, g(t) <x<h),

M(t,x) = A(t,x) =0, t>0, x=g(t) or x=h(t), 117)
g(0) = ~ho, g'(H) = —uMi(t, (1)), £>0,

h(0) = by, H(t) = —uM.(t, h(t)), t>0,

M(0,x) = Mo(x), A(0,x) = Ao(x), —hy < x < hy.

1.4 Conclusion

Altogether, there exists a very large variety of mathematical models designed to study
mosquito dynamics. The modelling formalism considered by mosquito modelers included
several aspects which are in agreement or not with field observations. The agreement
may be also restricted to specific contexts. Moreover, even when a common mechanism
of mosquito life cycle is taken into account by different authors, it remains the question of
how they translated it in their model ? For example, for mosquito dispersal two modelling
frameworks are found, namely, discrete-space continuous-time and continuous-space
continuous-time formalisms. Of course, a modelling option has a cost. For example, a
non-spatial model using a system of ODEs can lead to a gain in mathematical tractability
of the model but also not capture all insights into behavior. Conversely, spatial models
using a system of PDEs leads to a gain of realism but it is not always possible to carry
out a deep mathematical analysis of such models due to lack of tools. In fact, using
diffusion approach, many authors limited their studies to simulations and never investigated
qualitative properties of the system. However the mathematical analysis is nevertheless the
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essential part of mathematical modeling. Other formalism using discrete-space continuous-
time framework has been proposed in [106, 83]. Although these models consider some
formalisms to model mosquito dispersal, it is possible to investigate the spatial dynamics of
mosquitoes using statistical mechanics of complex networks. Moreover, another formalism
using diffusion approach has been proposed in [126, 42, 70, 158, 132, 161]. However,
some of them do not take into account all stages of mosquito life cycle while another of
them limited their studies to simulations. The aim of my work is to propose and study new
spatio-temporal models for mosquito population using two different approaches (continuous
and discrete) which incorporate heterogeneity.

1.5 Hypothesis and description of models

In this thesis, we are particularly interested in the spatial dynamics of anopheles
mosquitoes. In order to provide a mathematical and modelling framework for the spatial
distribution of diseases vectors, we use two different approaches to develop mathematical
models that capture mosquito dispersal processes, namely, discrete-space and continuous-
space approaches. In the first approach, we use discrete patches as a representation of
space to obtain a metapopulation model (see chapter 2), while in the second approach, we
use continuous-space model to obtain an advection-reaction-diffusion model (see chapter
3). These models are different from each other and they are presented below.

1.5.1 A metapopulation model for the population dynamics of anopheles
mosquito

We make use of an approach based on statistical mechanics which could allow us
to identify other breeding-feeding site characteristics and better explain abundance of
mosquitoes. We consider the spread of anopheles mosquitoes on complex metapopu-
lations, i.e. networks of populations connected by migratory flows which configurations
are described in terms of the conditional probabilities of connections between nodes (see
Figure 1.5).

Each nodes of the network represent potential breeding and feeding sites of mosquitoes,
around which there are human hosts habitations. The methodology and objectives of this
part are : (1) to design a complex network extension of the seminal model in [2] and (2) to
analyze and simulate the metapopulation model for the dynamics of anopheles mosquito
obtained. The system has four compartments : population in aquatic stage A; young
female not yet laying eggs Y; fertilized and eggs laying females F and males M. Using
Figure 2.2, we have been able to list some key assumptions of the metapopulation model
as follows :

(A1) The architecture of the network of patches is mathematically encoded by means of
the connectivity distribution p(k), where p(k) is the probability that a randomly chosen
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Figure 1.5: A general n-patches network for the population dynamics of anopheles mosquito

between 1 feeding-breeding sites.

patch has degree k. The degree or connectivity of a patch is the number of links
connected to this patch.

(A2) The probability Py of leaving a patch with degree k is given by
Pi=k ) P(K Dy,
k/

where P(k’|k) is the conditional probability that any given edge departing from a node
of degree k is pointing to a node of degree k’ [27].

In this network, we assume that the degree of the nodes at the end of any given link
are independent. In this case, we have

PKK) = kKp()/ky with ) =) kp(k).
k

(As) The diffusion rate that mosquito move from a node with degree k to another node
with degree k’ is given by

Dy = Me_/\(ﬁk_ﬁk’)/

k
where D; is the constant migration rate, dy is the cartesian distance between nodes
of degree k and k', H; is the proportion of hosts in patch of degree k and ¥ (dy)
the distance function. In the case were all patches have similar characteristics, the
dispersal parameter is the same for all patches and the diffusion rate is simply equal

to Dy = %

Following the aforementioned assumptions, the equations governing the spatio-temporal
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evolution of anopheles mosquito are given by the system below :

Dpr — (y + 1 + topar)Pak

PAk
) rypax — (B + ty)pyk — Prpyr + k ; P(k'\k)Dyrpyi,

Pk

) , 1.18
Pmr = (1 =7)ypar— tumpmk — Prpmi + k; P(K'\k)Dyxpaie (1.18)

Prk = PPk — Urprk — Prprex +k %. P(k'\k)Dyxprye -

System (1.18) consists of three main components. The first component is the continuous-
time model that describe the mosquito dynamics. The second component involves the
inclusion of the spatial characteristics where the space is discretized into discrete locations
to form a patches network. The third component involves the inclusion of the dispersal of
adult mosquitoes, which move from one patch to another creating connections between
patches. System (1.18) is fully studied in Chapter 2 in the form of the published paper M.
L. Mann Manyombe et al. [88]. The advantage of the above discrete-space model is that
one can easily assess diseases vector control strategies. Nevertheless, this approach con-
strains the modeled mosquito movements to follow a limit set of trajectories. To overcome
this limitation, we use the continuous-space approach.

1.5.2 A spatio-temporal model for the population ecology of anopheles
mosquito

In this part, as an alternative approach to our discrete-space model, we use a par-
tial differential equations (PDE) model for mosquito dispersal. We develop models that
incorporate both intrinsic dynamics and spatial variation of mosquitoes, taking into consid-
eration the dynamics of the human-vector interaction. We modify some seminal models
[1,2, 68, 126, 132, 158] by taking into account all stages in the gonotrophic cycle (questing,
resting and breeding females). The aquatic stage is reduced to one compartment (A), gath-
ering eggs, larvae and pupae. The adult stage is divided into five compartments including
four for females and one for males as follows: immature females (Y), feeding/questing
females (Q), resting females (U), breeding females (W) (or more precisely "egg laying
females") and males (M). Using Figure 1.6, we list some key assumptions of the model as
follows :

(Ag) Inthe current model, we use a general form of the eggs oviposition function, denoted
by B(W). The growth function B(W) depend on the environmental carrying capacity
of female adult mosquitoes, which can be related to the availability of breeding sites.
In Table 1.1, we have gathered typical examples of function B(W), which are used in
the literature.

(As) Based on the idea that the mosquito has a human biting habit and since the mating
in the most time takes place near the feeding sites [67], questing females success-
fully obtain blood meals and become resting females at rate apH, where H is the
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Figure 1.6: Anopheles mosquito simplified life cycle. The dashed arrow indicates the

mating between male and immature female mosquitoes.

Table 1.1: Examples of oviposition function B(W) used in the literature.
Names B(W) Sources

Malthus (By) Nege [2, 28]

Verhulst-Pearl logistic (Br) | Negg (1 - %), W <L | [1, 12,28, 105]

Maynard-Smith-Slatkin (Bg) n>0 [1,12, 28, 105]

Hassell (By)

n>0 [12]

human population density. After rest, the vector moves to a convenient breeding
site. We assume that the breeding females that enter to questing class depend on
the proportion of human % since breeding females breed outside of the human
body at a distinct spatial location, the breeding site away from the human habitat and

mosquitoes can adapt their host choice in case of a lower availability of human hosts
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[86].

(A¢) Based on the mosquito ability to move [42, 45, 73, 83], we have the following
additional assumptions :

— We add advection terms or drift terms, denoted by ezg—i, Z = Q,W, since
mosquitoes stimulated by attractants (hosts, breeding sites) move preferably in
certain directions.

0*Z

o2’
submitted to stimuli, move randomly in any direction ;

— We add diffusion terms denoted by D, Z =Y,Q,W, since mosquitoes not

— The number of hosts is allowed to differ across the domain introducing het-
erogeneity. Thus, we assume that the population density of humans H(x) is
location-dependent.

Thus, following the aforementioned assumptions, the equations governing the temporal
evolution of mosquitoes are given by the system below :

A

BW)W = [y + w1 + nAJA,
Y = ryA —[uy + 1Y,

M = (1-r)yA-uuM,

(1.19)

H
i KW - [apH + 1olQ,

QO = pre
U = apHQ-[a+ pull,

bH
H+K

W = aU—[ +HW]W
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The temporal model (1.19) is then extended into an advection-reaction-diffusion model
given by the following system :

‘;—‘? = B(W(t, x))W(t, x) — [y + i1 + At x)]A(, x),
Y zy

(98_t = Dyg? +ryA(t, x) — [uy + BIY(t, x),

oM *M oM

- = DMW —em—+ (1 = r)yA(t, x) — umM(t, x),

0 20 2 bH() -
Q Q Q H(x

E = DQa_xz - EQE + ﬁY(t, x) + mw(t/ X) - [aqu(x) + MQ]Q(t’ x)’

%—ltl = a(pH(x)Q(t, x) —[a+ Hulu(t/ x),

oW PW IW bH(x)

W = Wa—x2 - Swa—x + LIU(t, X) - lm + ‘UW] W(t, x)/

Here A(t,x), Y(t,x), Q(t,x), U(t,x) and W(t,x) measure the density of mosquitoes at
location x and time t. Attractiveness is represented via an advection term taking into
account blood meals, breeding sites, wind, etc. We aims to : (1) extend some stability
results of the previous works [1, 108], (2) study the global well-posedness and asymptotic
behavior of the solution of system (1.20) and (3) assess the impact of host heterogeneity on
the spatial distribution of mosquito population in a given region. Systems (1.19) and (1.20)
are fully studied in Chapter 3 in the form of the publisher paper M. L. Mann Manyombe et
al. (2019)[89].
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A METAPOPULATION MODEL FOR THE POPULATION
DYNAMICS OF ANOPHELES MOSQUITO

A more robust assessment of malaria control will come from a better understanding of
the distribution and connectivity of breeding and blood feeding sites. Spatial heterogeneity
of mosquito resources, such as hosts and breeding sites, affects mosquito dispersal
behavior. The main purpose of this chapter is to develop a reaction-diffusion type model to
describe the spatial evolution of the anopheles mosquito on a complex metapopulation.
The novelty in our work is to make use of an approach based on statistical mechanics of
complex networks, that is, networks of populations connected by migratory flows whose
configurations are described in terms of connectivity distribution of nodes (patches) and the
conditional probabilities of connections between nodes. We examine the impacts of vector
dispersal on the persistence and extinction of a mosquito population in both homogeneous
and heterogeneous landscapes. For uncorrelated networks in a homogeneous landscape,
we derive an explicit formula of the basic offspring number. Using the theory of monotone
operators, we obtain sufficient conditions for the global asymptotic stability of equilibria.
Precisely, the value one of the basic offspring number is a forward bifurcation for the
dynamics of the anopheles mosquito, with the trivial (mosquito-free) equilibrium point
being globally asymptotically stable (GAS) when the basic offspring number is less than
one, and one stable nontrivial (mosquito-persistent) equilibrium point being born with
well determined basins of attraction when the basic offspring number is greater than
one. Theoretical results are numerically supported and the impact of the migration of
mosquitoes are discussed through global sensitivity analysis and numerical simulations.
All the content of this chapter is based on the published paper of Mann Manyombe et al.
(2017) [88].

2.1 Introduction
For long, vector-borne diseases among all infectious diseases of human beings, have
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constituted a major cause of human mortality and morbidity. Even with the recent advances
in biomedical sciences, vector-borne diseases still seriously threaten world health. For
example, according to the latest WHO estimates, released in December 2015, there were
214 million cases of malaria in 2015 and 438000 deaths [148]. It is well known that the
malaria parasite is transmitted from human-to-human through the anopheles mosquito
bites, and that the transmission cycle is essentially driven by the human biting habit of
the mosquito [52]. Now, the female anopheles mosquito bites a human being for the sole
purpose of harvesting blood that she needs for the development of her eggs. The malaria
parasite has exploited the mosquito’s life style by adapting its life cycle so that part of it is
in the human being and the other part in the mosquito. By so doing, the mosquito can then
propagate the parasite from human to human. Transmission of most indirectly transmitted
diseases of human being follows the same pattern. The vector (in most cases an insect)
interacts with a human being, and depending on the disease status of both organisms, will
either infect or be infected. Thus, understanding the population dynamics of mosquitoes,
and relationship between mosquitoes and the environment is fundamental to the study of
the epidemiology of mosquito-borne diseases. Mosquito abundance is a key determining
factor that affects the persistence or resurgence of mosquito-borne diseases in a given
region [146]. Hence, it is crucial to study the dynamics of mosquitoes, and devise effective
and realistic methods for controlling mosquito population in communities.

The spatial distribution of anopheles vectors has shown great potential to affect malaria
transmission intensity [146]. Therefore, a better understanding of the distribution, produc-
tivity and connectivity of anopheles breeding sites in order to determine their influence on
anopheles distribution could be very useful in malaria control. Several theoretical studies
of malaria vector dynamics have emphasized the importance of considering individual
larval habitats, but few have addressed the effects of interactions between larval habitat
connectivity [146, 154].

Mathematical models play an important role in understanding and providing solutions
to natural phenomena which are difficult to measure in the field, and some models have
incorporated dispersal or heterogeneity when modeling mosquito population [83, 42, 78].
Spatial models usually used the diffusion approach, which considers space as a continuous
variable. Although partial differential equations (PDEs) are a good and classical way of
modelling such dispersal [42, 139], their analysis is usually limited and does not incorporate
the various factors that affect migrations. However, discrete approaches offer a better and
simpler way of modeling heterogeneity [83, 5]. Thus, in areas where resources can be
located in patches, mosquito dispersal is more suitably modeled by using a metapopulation
approach, in which the population is subdivided into discrete patches. Then, in each patch,
the population is subdivided into compartments corresponding to different status. This
leads to a multi-patch, multi-compartment system.

Talking about the metapopulation setting, a recent approach based on the formalism
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used in statistical mechanics of complex networks is presented in [103, 26, 27, 119]. Under
this approach, the structure of the spatial network of patches is encapsulated by means
of the connectivity (degree) distribution p(k) defined as the probability that a randomly
chosen patch has connectivity k. Note that the degree or connectivity of a patch (node)
is the number of links connected to that node (i.e., the number its neighbors). Recent
works have shown that it is possible to investigate the dynamics of epidemic spread using
statistical mechanics on configuration model networks [11, 114, 137, 138, 140]. Most of the
above-mentioned investigations [119, 114, 137, 140] mainly considered epidemic models
on networks with no degree correlation (i.e., uncorrelated networks). In such networks,
a patch which is only constrained by degree distribution (and hence by the number of
neighbors it has), can point to any patch from a pool of the network. However, few recent
works [11, 138] have taken into account the degree correlation in complex networks and
have conducted comparison studies on the prediction of disease evolution on correlated
networks.

Many other works have focused on a metapopulation approach to model the mosquito
population [154, 83]. In their work in [154], the authors presented a stochastic network
model not governed by a dynamical system and did not consider all main stages of the
mosquito life cycle to analyze the significance of the productivity of breeding sites. The
work in [83] considered a set of discrete hexagonal patches to investigated the effects of
mosquito dispersal on its dynamics.

In this work, we intend to fill in some of the gaps mentioned above in order to better take
into account the heterogeneity in the connectivity of the nodes of network. To fulfill our goal,
we make use of an approach based on statistical mechanics which could allow us to identify
other breeding site characteristics which could best explain the distribution and abundance
of mosquitoes. The methodology and objectives of this paper are (1) to design a complex
network extension of the seminal model in [2], (2) to analyze and simulate a mathematical
model for the spatio-temporal dynamics of anopheles mosquito using the alternative
approach based on a statistical mechanics. This extension is inspired by the works
[154, 83, 26, 27, 119] and some references therein. We consider the spread of anopheles
mosquitoes on complex metapopulations, i.e., networks of populations connected by
migratory flows whose configurations are described in terms of the conditional probabilities
of connections between nodes. Note that nodes of the network represent potential breeding
and feeding sites of mosquitoes, around which are human hosts habitations.

From the modelling perspective, the model proposed in this manuscript is a substantial
extension of the basic model in [2] by incorporating the dispersal of mosquitoes. It
also extends and enriches the work in [154, 83] by considering: (i) all the stages of
the mosquito life cycle and (ii) heterogeneity in the connectivity of patches. From the
theoretical and numerical perspectives, we examine the significance of larval habitat
connectivity and mosquito dispersal in a homogeneous and a heterogeneous landscapes
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on the persistence of mosquitoes populations. More precisely, we construct corresponding
metapopulation models and perform their qualitative and quantitative analyzes. Specifically,
for the mathematical tractability, uncorrelated networks in a homogeneous landscape are
considered and the following investigations are highlighted:

e The bifurcation/threshold parameter (basic offspring number) is explicitly computed.

e The sensitivity analysis of the threshold parameter, the model variables with respect
to model parameters is given.

e A simple and digestive proof based on the Hethcote-Thieme fixed point theorem [65],
of a unique nontrivial equilibrium point is provided.

e Contrary to the few existing works where, Lyapunov-LaSalle techniques are usu-
ally used, the monotone operator theory [124] is the main ingredient here for the
establishment of global asymptotic stability of both trivial and nontrivial equilibrium
points.

Moreover for both homogeneous and heterogeneous landscapes, the effects of disper-
sal/migration and patch heterogeneity on the mosquito population are numerically in-
vestigated. Finally, the comparison of metapopulation models in homogeneous and
heterogeneous landscapes are presented through numerical simulations. The rest of the
paper is organized as follows. After the presentation of the basic model without mosquito
dispersal in Section 2, we formulate metapopulation models for both homogeneous and
heterogeneous landscapes in Section 3. Their qualitative and quantitative analyzes are
further presented. Theoretical results and the role of dispersal, patch connectivities and
migration are investigated through numerical simulations in Section 4. The summary of
the main results of our work and its possible extensions conclude the paper in Section 5.

2.1.1 Mosquito dynamics in a single patch without dispersal

We consider the classical Anguelov-Dumont-Lubuma model [2]:

A = OF- (y + 1+ wA)A,
YA =B+ uy)Y,

(1 —1)yA - umM,

= BY — urF.

2.1)

Y
M
F
This model was developed according to the following biological and entomological facts
recalled hereafter. The life cycle of mosquitos consists of two main stages: aquatic (egg,
larva, pupa) and adult. After its emergence from pupa, a female mosquito needs to mate

and get a blood meal before it starts laying eggs. Depending on the condition, this takes
about a week. Then, every 4-5 days she will take a blood meal and lay 100-150 eggs at
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different places (10-15 per place). Mathematically, the population of mosquitoes is then
divided into the following compartments: population in aquatic stage A; young female not
yet laying eggs Y;; fertilized and eggs laying females F and males M. This description was
depicted in [2] by the flowchart in Fig. 2.1.

@er, | 4 ry - v g - F
1—7)y l i 1P
p1 4 peA Y
M

‘ Har

Figure 2.1: Wild mosquito flow chart.

Note that the first equation of system (2.1) can be combined as logistic population
with harvesting. A female needs to mate successfully only once. The eggs are laid in the
so-called gonotrophic cycle, which consists of taking blood meal, maturation of the eggs
and oviposition. Before a female begins to lay eggs, two essential events need to take
place, mating and taking a blood meal, occurring in varying order.

A female mosquito is considered to be in the Y-compartment since its emergence from
pupa until her gonotrophic cycle has began, that is the time needed to mate and take the
first blood meal, which takes typically 3-4 days. The death rate during that period reflects
essentially only death from predators and adverse climatic conditions. Therefore, it is
generally lower than the death rate for the F-compartment. Typically, the male mosquitoes
are (depending on the temperature) about half or 40 percent of the total population.

In the model, the fraction of the emerging female mosquitoes is denoted by r, with (1—7)
being the fraction of emerging male mosquitoes. A male mosquito can mate practically
through all its life. Since a female needs one successful mating, there is an overabundance
of males. Therefore, in general, it is reasonable to assume that the waiting time for
mating does not depend on the number of males (M) in the sense that, if M is increased
further this rate remains the same. For the model, this means that the transfer rate g from
compartment Y to compartment F is independent of M. Mathematically, this means that
the third equation of system (2.1) can be decoupled from the system. Sometimes § is
referred to as "mating rate", which, as explained above, can be abetted misleading and
does not define clearly the boundary between compartments Y and F. The model under
derivation clearly fixed boundary at the beginning of the first gonotrophic cycle of female,
that is immediately after the mating and first blood meal. Then, the rate (per day) of laying
eggs in the breeding sites is ¢F, where ¢ is the average amount of eggs laid per fertilized
female per day. In the model, the size of the population is restricted by a density dependent
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Table 2.1: Numerical values for the parameters of system (2.1) [2].

Parameter Description Value

r Fraction of the emerging female mosquitoes (per day) 0.5

y Maturation rate from larvae to adult (per day) 0.1

B Transfer rate from the compartment Y to F (per day)  0.25

1/ um Average lifespan of male mosquitoes (in days) 7

1/ur Average lifespan of female mosquitoes (in days) 10

1/uy Average lifespan of adult female mosquitoes (in days) 20

D Number of eggs at each deposit per capita (per day)  variable
Hi Mortality rate of the aquatic stage (per day) 0.25

U2 Density mortality rate of the aquatic stage (per day) 107

death rate similar to [21, 22]. However, the density dependent death rate is used only for
the aquatic stage. The reason is that in a typical environment the size of the mosquito
population is also restricted mainly by the available breeding sites. In [46], the size of the
population is also restricted only in the aquatic stages but in a different way by an explicit
carrying capacity beyond which no egg is laid. In equation (2.1), the parameters u; and
2 denote the density independent and the density dependent death rates of the aquatic
stage, respectively. In all equations of model (2.1), p with respective index refers to the
death rate for the specific compartment (which is density independent).

The parameter values of model (2.1) used for simulations are given in Table 2.1 and
the analytical results for this model can be found in [2]. However, for an easier readability
of our work, we recall without proof the main results. System (2.1) has two equilibria: the
trivial equilibrium Q, = (0,0, 0, 0) and the nontrivial equilibrium Q* = (A*, Y*, F, M*)T where
A*, Y*, FF and M* are defined as follows:

_ (y+u)Ro—1) v = ry(y + u1)(Ro — 1)

A)F
2 ' B +uy)
By )R- 1) A=y + )R- 1) 22)
= and M = ,
prp2(B + tiy) Hafim
where R, is given by
Ry = r7pe 2.3)
o (y + w)(B + py)ur '

The nontrivial equilibrium Q* has a biological meaning if and only if Ry > 1. The threshold
quantity R, is the basic offspring number for the population of anopheles mosquitoes in
a single patch model [2]. It is the average number of the newly anopheles mosquitoes
generated by a single fertilized and eggs laying female anopheles mosquito during her life
when she is introduced into a population of male anopheles mosquitoes in the absence of
any given intervention strategies.
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The following result summarizes the asymptotic behavior of model (2.1) as shown in

2]

Theorem 2.1.1. System (2.1) is a dissipative dynamical system in Q = R = {(S,Y,E, M) €
R*/S,Y,F, M > 0}. Moreover,

(i) If Ry < 1, then the trivial (mosquito-free) equilibrium Q) is globally asymptotically
stable on Q.

(ii) If Ro > 1, then the system has two equilibria Qy and Q* on Q2 where Q*(the mosquito-
persistent equilibrium) is stable with basin of attraction Q \ {(4, Y, M,F) e R, A =

Y = F = 0} and Qy is unstable with the nonnegative M-axis being a stable manifold.

2.2 Metapopulation models in complex networks

2.2.1 A generic reaction-diffusion model in a complex network

Herein, we extend model (2.1) to incorporate the diffusion/migration process. Mosquitoes
disperse while searching for hosts or breeding sites [154]. We consider the dynamical
evolution of the population of anopheles mosquitoes in heterogeneous metapopulation.
The model consists of n patches. We recall that these patches represent breeding-feeding
sites around which are potential human habitats and between which mosquitoes move
creating links between these nodes. A given fraction of adult mosquitoes searching
for hosts and a fraction of adult mosquitoes searching for breeding sites leave their
current patches of residence, while the remaining fraction is motionless. We assume
that the architecture of the network of patches (nodes) where local populations live is
mathematically encoded by means of the connectivity (degree) distribution p(k). Typically,
p(k) is defined as the probability that a randomly chosen path has degree k. We recall
that the degree or connectivity of a patch is the number of links connected to that patch.
At any given time, in each patch, an individual mosquito is in one of the following states:
population in aquatic stage (pax), young female not yet laying eggs (pvx), fertilized and
eggs laying females (prx), male mosquitoes (paix). The total variable population size in
patches of degree k at time t is given by p(t) = par(t) + pyi(t) + pre(t) + pmi(t). Note
again that, we focus in this part on the migration of mosquitoes from patch to patch (that is
the case of connected patches). A reasonable assumption is that, mosquitoes in aquatic
phase can not move out of their residence patch, while those in adult phase can migrate.

In Fig. 2.2, we give an example of a n-patches network: each patch here is breeding-
feeding site. Without loss of generality, we suppose that in each patch, the population
dynamics of anopheles mosquitoes is governed by the basic system (2.1). Mosquitoes
move from a patch with degree k to another with degree k’ with a diffusion rate Dy that
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Figure 2.2: A general n-patches network for the population dynamics of anopheles

mosquito between n feeding-breeding sites.

depends on the degrees of the origin and destination patches. The probability P of leaving
a patch with degree k is then given by

Py =k P(K'I)Dy, 24
k/

where P(k’|k) is the conditional probability that any given edge departing from a node of
degree k is pointing to a node of degree k’ [27].

Under this generic type of diffusion, the equations governing the spatio-temporal
evolution of anopheles mosquitoes are giving by the system below :

Pajy = DPppx— (¥ + 1+ t2par)pak
Pyk = 1Ypair— B+ uy)pyvk — Prpyr +k kZ P(K'|k)Dyrpyx,

) , 2.5
Pmr = (1 =7)ypar— umpmk — Prpmi + k; P(K'|k)Dixpaje, (25)

Prk = PPk — UrPrk — Prprx +k % P(K'lk)Dy-xpre -

As in classical reaction-diffusion processes, system (2.5) expresses the time variation
of the subpopulations of mosquitoes in aquatic phase, young female not yet laying eggs,
fertilized and eggs laying females and males mosquitoes as the sum of two independent
contributions: reaction and diffusion. In particular, the diffusion term includes the outflow
of mosquitoes (diffusing particles) from patches of degree k and the inflow of migratory
mosquitoes from the nearest patches of degree k’. In general, with n different patches of
corresponding degrees ki, ky, ..., k, in the network, Eq. (2.5) is a 4 X n system of differential
equations. The solutions of system (2.5) remain nonnegative in RY* because the out
movement always stops when the corresponding patch is emptied. This latter assertion is
mathematically established in the following result.

Theorem 2.2.1. If system (2.5) with initial condition in R}" has a solution, then the latter

solution remains in R} (i.e. nonnegative) for all times.
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Proof: It suffices to show that system (2.5) can written in the following form:
X = M(X)X, (2.6)

where M(X) is a 4n x 4n cooperative (Metzler) matrix, and X a 4n column matrix to be
determined below. To this end, system (2.5) rewrites:

Do, — (y + ph1 + t2pak)Pak
rypak = (B + ux)pyk = Prpyi + ki 21 P(kilki) Di g py;.
]:

PAK;

p Yki

Pme = (A =1)ypar — umpPmr — Prpmx, + ki le(kﬂki)ijkiPM,kj i=1{1,2,..,nj,
]:

OEk; Bovk — trPek — Pripek + ki 21 P(kjlki) Di;x, pri;-
j=
2.7)
Now, let

_ T _ T
Xa = Paks Paksr -+ PARD + Xy = (O¥kys PYhar - -+ 1 PYR)

— T — T
XM - (PM,kU PM,kzz ceey PM,kn) 7 XF - (pF,kw PF,kzz ey PF,kn) ’

Qi = diag(Py,, -, Py), Q@ = (kP (ki) D)), Ma = =( + )l — padiag(Xa),
My=-B+uy+Q)L,+Q, My=—-(um+Q),+Q Mr=—(ur+@),+Q,,
and

My O, 0O, &I,

ryl, My O, O,
1-ryl, O, My O,

Oy Bl On Mr
where I, and O,, denote the n X n identity and null matrices, respectively. Since the entries
of Q; and Q, are nonnegative, it is straightforward that M,, My, My, My are Metzler
matrices, so is M(X). Finally, let

M(X) =

X = (X4, Xy, Xu, X5,

then model (2.7) becomes
X = M(X)X.

This achieves the proof. O

In the following subsections we study special cases of system (2.5) depending on the
type of diffusion processes by considering diffusion rates that are inherent to the traffic
characteristics of each node. Typically there are two distinguishable landscapes with
different features which must retain our attention.
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2.2.2 The metapopulation model in a homogeneous landscape

A landscape is homogeneous when all its patches have similar characteristics. Thus,
in such landscapes, it is reasonable to assume that the mosquitoes have the same
dispersal/diffusion rate between patches. The mosquitoes searching for breeding sites to
lay their eggs are attracted by the availability of breeding sites [97]. Therefore they move
randomly in any breeding sites to lay their eggs. Mosquitoes can detect host odor, but
it is unclear whether they have the learning capacity they would need to enable them to
return to particular hosts or breeding sites [83, 72]. In the case where all patches have
similar characteristics (i.e. homogeneous landscape), the mosquitoes disperse equally
between the patches and the dispersal parameter is the same for all patches. In this case,
the diffusion rate along any given link of a node with degree k is simply equal to

D; .
Dy = - 1= Y, M, F. (2.8)
For the sake of brevity, we consider strictly positive diffusion rates Dy, Dr, Dy > 0. Thus,
assuming that distance has no bearing on the probability of mosquito flying between

breeding sites and, using the fact that }_ P(k|k’) = 1, the dynamics of free-flying mosquitoes
k

in a patch of degree k is

Pax = Pper—(y + i + W2par)pak,
Pyk = 1Ypak— (B + py)pyk — Dypyx + kDy kZ P(k’lk)pki’k,
P (2.9)

k7

omr = (1 =1)ypar— tmpmr — Dmpmi + kDm % P(k'|k)

Bpyx — UrPEk — DEpEx + kDF kZ p(}guq%,

PEk

Note that, since the number of links emanating from nodes of degree k to nodes of degree
k' must be equal to the number of links emanating from nodes of degree k’ to nodes of
degree k in non-directed graphs, we have the following relationship between p(k) and P(k’|k)
[11]:

kP(K'|k)p(k) = k' P(klk")p(K'). (2.10)

For networks with a connectivity pattern defined by a set of conditional probabilities P(k’|k),
we define the elements of the connectivity matrix C as

Civ = %P(k’lk). (2.11)

Note that these elements are the average number of mosquitoes that patches of degree k
receive from neighboring patches of degree k' assuming that one mosquito leaves each
of these patches by choosing at random one of the k' connections [119]. On the other
hand, for those degrees k that are not present in the network, one must have P(k’|k) = 0,
Vk'. Hereafter in this paper, when talking about degrees, we implicitly mean those degrees
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that are present in the network. Furthermore, the case where all patches have the same
connectivity is excluded from our consideration because, under the present approach, the
model equations reduce to those of a single patch model.

In order to obtain further analytical results about the metapopulation dynamics of
anopheles mosquitoes, we need to be precise about the form of P(k’|k). As in most network
models, the easiest and usual assumption is to restrict ourselves to uncorrelated networks.

(a) Uncorrelated networks

In these networks, the degrees of the nodes at the end of any given link are independent.

In other words, there is no degree-degree correlation between the connected nodes.
Therefore, we have

P(K'lk) = K'p(k")/<k), (2.12)

which corresponds to the degree distribution of nodes (patches) that arrive at by following

a randomly chosen link [103]. Using Egs. (2.10), (2.11), (2.12), Y P(klk’) = 1 and change

k
the order of summations in system (2.7), one obtains the following equations for the time
evolution of anopheles mosquitoes in metapopulations described by uncorrelated networks:

Par = DQppr— (Y + p1 + t2par)pa
k
Pyk = 1Ypax— (B + uy)pyx — Dy (PY,k - @PY) ,
. k (2.13)
omrk = (A =1)ypar— tumpmk — Dm|pmr — @pM ,
) B k
Pec = PpPyk — KrPek — D (PF,k o PP) ,

where
k)= kp(k) and pi(t) =) pMpy j=AY,MF.
k k

(k) is defined as the average network degree. pa, py, pr and py, represent the average
number of population in aquatic stage, young females and eggs laying females, and
population of males mosquitoes in each patch at time ¢, respectively. In this case, the
diffusion term is simply given by the difference between the outflow of young females not
yet laying eggs (Dypyx), fertilized and eggs laying females (Drpri) and male mosquitoes
(Dmpm) in patches of connectivity k and the total inflow of young females not yet laying
eggs (Dypy/<ky), fertilized and eggs laying females (Drpr/{k)) and male mosquitoes
(Dmpm/<k)) in patches of connectivity k, respectively; across all their k connections, which
is k times the average flow of mosquitoes across a connection in the network. Note that this
average flow across a connection does not depend on the degree k of the considered patch
because we have assumed that the architecture of the metapopulation is described by an
uncorrelated network. In these network configurations, the elements of the connectivity
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matrix C are simply
kp(K')
ky

Clearly, C is a rank-one matrix and the vector v, whose components v = k, is its eigenvector

Cir =

(2.14)

corresponding to its unique non-zero eigenvalue 1. Thus, if there are (as assumed above)
n different patches in the network, then the eigenvalues of the said connectivity matrix are
A = 0 (with algebraic multiplicity n — 1) and A = 1 (which is a simple eigenvalue). This latter
remark will be used to prove the stability of equilibria of the model. For the way forward,
we first "vectorialize" system (2.13), using the following set of vectors as formerly defined:

_ T _ T
Xa = (Paks PAKyr -1 PAK) + Xy = (ki PYiar -+ -1 PYkn) s

Xt = (Pmkys PMkgs - -1 PME)T S XE = (OEkys PEkys -+ - 1 PER,) -

Remind that, if X € R" is a vector, diag(X) denotes the n x n diagonal matrix whose entries
are given by the respective components of X. With these notations, system (2.13) becomes

Xa=AX) = OXp—[y+m+ podiag(Xa)] Xa,

Xy =fo(X) = ryXa—[B+uy+Dy] Xy + DyCXy,
Xu = f3(X) (1 =r)yXa — [um + Du] Xpr + DpCX,
Xr = fa(X) = pXy- [[Jp + Dr] X + DCXp,

(2.15)

where C is the connectivity matrix defined in Eq. (2.14).

Notice that, in the case where the parameters @, y, B, 1, iz, ty, Um and ur are not the
same for all patches, they are replaced in system (2.15) by nonnegative diagonal blocs
matrices and this does not change the fundamental structure of the system.

(b) Basic offspring number

System (2.15) has a trivial (mosquito-free) equilibrium £, = (0, 0,0, 0) with 0 standing
for the zero vector of dimension n when there is no fertilized and eggs laying females in
each patch. We calculate the basic offspring number, Ré’”) (where the subscript "m" stands
for "metapopulation" and simply differentiate it with the single patch basic offspring number
Ro), using the next generation approach developed in [40]. Let

DXr yXa+ (u1 + podiag(Xa))Xa
F = 0 and V= —V)/XA + (‘Lly + ‘B)Xy + Dy Xy — DyCXy
0 —‘BXY + [JFXF + DrXr — DFCXF

The Jacobian matrices of ¥ and V at the trivial equilibrium #, are

(y + m)l, 0 0
Fii Fip
= F E and V = —T)/In (ﬁ + Uy + Dy — DyC)In 0 ’
Aoz 0 —pI, (ur + D — D),
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where
0 00
Fi1 =0, Fip = [0, (1)], Fy = and Fyp = .
0 00
To compute V-1, denote
_ V1 Vz _ _ _ —7’)/1,1
= V3 V4 , where V1 = ()/ + ‘ul)ln/ V2 = [0 0] , V3 = 0 ]
and
V. = (B + uy + Dy — DyQ)I, 0
4= )
—Bl, (ur + Dp)l,, — DeC

We emphasize that, since V is a M-matrix and —V is stable, V-! > 0. Let the inverse matrix
of V be written in the following form:

_— {wu lel

(W W
where Wy, and W, are square matrices of dimension (2n x 2n) and (n X n), respectively.

With this in mind, one has
A B

0 0

Fv'l=

7

where A = Fi, Wy and B = F1, Wy,. Then following [40], the basic offspring number R\
is defined as the spectral radius of the next generation matrix, FV~!. Precisely,

R = p(FV™1) = p (Fia War). (2.16)

To obtain an explicit expression of the basic offspring number, we only need to compute
W>,. The following lemma is instrumental :

Lemma 2.2.1. Let N be a square block matrix of the following form:

N; N
N NN ’
N; Ny
where N; and N, are square matrices.

If Nyand D = Ny — N3Ny IN, are invertible, then the inverse matrix of N is given by

N{'+N;'N,D7IN;N;' =N{'N,D™*

Nt =
—D7'N;N7*! D!

Proof. Note that the matrix N can be written as
_[Ni N| [Ny of{I N{'N,
~INs N| [N; Ifjo D
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Then, one can deduce that

- -1 -1
Nt = |DNTN| [N o =NPIN DTN
0 D N; I o D! ~N3N T
_[N7 4+ N'NL,DINGNT -NJIN,D!
- ~D'N;N; ! Db
This ends the proof. O

Notice that V defined above has the same form as N defined in Lemma 2.2.1 ( with:
N; = Vi1, N, = V,, N3 = V3 and N, = V,). Moreover, it is easy to check that V satisfies all
the assumptions in Lemma 2.2.1. Thus, applying Lemma 2.2.1, V! is given by

vl 0
-V, vavit vt

vl=

7

from which one can extract Wy = —V;'V3V;'. Thus, computing W»; amounts to compute
V;l since V3 is given and Vfl is obvious. Notice also that V, has the same form as N in
Lemma 2.2.1 (with N; = (6+py+Dy—DyC)I,, N> = 0, N3 = —BI, and Ny = (up+Dr)I,—Dr C).
Hence, another application of Lemma 2.2.1 yields

5 N 0
V4 = -1 -1 -1
—N;'"N3N7* Nj
From the above expressions, it appears that to obtain an explicit expressions of V!, we

need to compute the inverse matrices of N;! and N;'. These shall be done using another
instrumental lemma, stated below.

Lemma 2.2.2. Let G = U + KW Z be an n X n invertible matrix. Assume the matrices U,

W and W™ + ZU ' K are invertible. Then the inverse matrix of G is given by
Gl'=u'-u'kw'+zu'ky'zu. (2.17)
Proof. Tt suffices to verified that GG™! = .. Indeed, one has
-1
GG' = UU'-K [W-1 + Zu—lx] ZU-' + KWZU"!
-1
— KWZU'K [W-l n Zu—lK] Zu-t,
-1 -1
= I,-K [[W—l + Zu—lk] +W-—WZU 'K [W—1 + Zu—lK] ]Zu—l,
-1 -1
- I, - KW|w [w—1 + zu—lK] — I, + zu—lK[w—1 + Zu—lK] ]zu—l,
-1
= I,— KW [W-1 + zu—11<] [W—1 + Zu-lK] - In] zZu-',

= I, - KW(I, - L)ZU,
= I,

This concludes the proof. |
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Now, we can explicitly calculate N;' and N;*. We shall use recursively Lemma 2.2.2
and the fact that C" = C,Vm € IN".
Note that Ny = (ur + Dr)l, — DrC has the form of the matrix G with

u-= ([JF + DF)IH, K= (k1, ceey kn)T, W = In and

_DF
Z =——(P(k), ..., P(ky)) .
o (Pl PUKD)
With this in mind and using Lemma 2.2.2, it is straightforward that
k1 "
N_l = In — I” : l n— DF
4 (ur+ Dr)  (ur + Dr) ur + Dr
—Dr
X ————(P(ky), ..., P(k2)),
<k>([-1F+DF)( (k1), ..., P(k2))
I, I, DfC 1 Dr ]
= + = I, + —C|.
(ur+Dr)  (ur+Dr) ur  (ur+Dp) [ UF

Now, let us compute N; = (B + uy + Dy — DyC)IL,. One can also observe that N; has the
form of G in Lemma 2.2.2, with

U= (B + uy+Dy)l,, K= (ky,... k)T, W =1, and

Z - <k> (P(kl)l "'IP(le)) .
Thus, another application of Lemma 2.2.2 yields
_ 1 Dy
Ntl=—- I, + Cl.
! (ﬁ+uv+Dv)[ B+ iy l

Using the expressions of N;* and N;!, one has

_ _ _ﬁ ( Dyc DFC D[:Dyc )
N{IN;N;! I, + + + )
¢ (ur +DR)B+puy + D)\ " Bty pr o pr(B+ py)
Thus,
rBy® [ DyC Dy D:Dy ]
FiuWyy = L — + —=C+—L(|.
2 (y + w1)(ur + De)(B + py + Dy) B+uy Ur ure(B + ty)

The basic offspring number is therefore

Rém) = p(F12Wa), (2.18)
= p[T(@ol, + (b + co + do)C)],
where
Dy DF DFDY Tﬁ)/q)
=1, b= , cg=—, do=——— and I'= .
o ’ B+ uy ’ UF ° ue(B + ty) (y + p1)(ur + D)(B + uy + Dy)
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Since the rank of C is one and A = 1 is its unique non-zero and positive eigenvalue, the
largest eigenvalue of the matrix T[agl, + (by + co + do)C) is T(ag + by + ¢ + do) > 0. Thus, R\
for system (2.13) is

o 70 L. Dv D DDy
0 (y + w)(ur + De)(B + py + Dy) B+uy ur  pre(B+ py)

(2.19)

Remark 2.2.1. The relevance of the above techniques (Lemma 2.2.1 and Lemma 2.2.2)
used to compute R(()m) lies in that it enables us to obtain an explicit formula of the basic
offspring number for a complex metapopulation model. More importantly, it gives an
easy interpretable expression of the basic offspring number. In metapopulation settings,
this kind of result is quite rare (or does not exist at all). It is worth pointing out that,
this achievement has been probably made possible thanks to the "statistical" modelling

approach used in this work.

(c) Sensitivity analysis

We carried out sensitivity analysis to determine the model robustness to parameter
values [87, 90]. This amounts to single out the most influential parameters on 7{(0’”)
and mosquito subpopulation dynamics. A Latin Hypercube Sampling (LHS) scheme
[90] samples 1000 values for each input parameter using a uniform distribution over the
range of biologically realistic values, listed in Table 2.3 with descriptions and references
given in Table 2.1 and Table 2.2. Using system (2.15), 1000 model simulations are
performed by randomly pairing sampled values for all LHS parameters. Outcome measures
are calculated for each run : the basic offspring number (Rg")), the average number of
population in aquatic stage (pa), young females (py) and fertilized females (pr) for a
network of five patches. Partial Rank Correlation Coefficients (PRCC) and corresponding
p-values are computed. An output is assumed sensitive to an input if the corresponding
PRCC is less than —0.50 or greater than +0.50, and the corresponding p-values is less
than 5%.

Parameter Range Parameter Range Parameter Range
r [0.49, 0.51] U2 [1076, 107*] UF [0.05, 0.2]
Y [0.05, 0.2] B [0.05, 0.35] Dy [1072, 1]
O [0.5, 50] Uy [0.01, 0.2] D [1072, 1]
H1 [0.1, 0.5] U [0.05, 0.2] Dr [1072, 1]

Table 2.2: Parameter value ranges of model (2.15) used as input for the LHS method.

Table 2.3 suggests that parameter ® has the highest influence on the offspring number
Rg"), following in decreasing order by the parameters ur, u1, y, py and g. One can also
observe that, for the values of p4, py and pr, the parameters with more influence are Dy,
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Parameter R()m) pa % OF

r 0.0831 0.0003 0.0325 0.0593
)4 0.6617 0.3648 0.2364 0.4401
O 0.9281 0.4003 0.5414 0.5079
ti -0.7047 —0.0565 -0.0123 —0.0520
2 —— -0.3327 -0.4112 -0.3789
B 0.5329 0.2586 0.2033 0.1317
Uy -0.5770 —0.2008 —0.1530 —0.1389
UM —— 0.0874 —0.0066 -0.1577
UF -0.7959 -0.3169 —0.2749 -0.1873
Dy 0.0136 0.9103 0.8641 0.8411
Dy, —— -0.0237 0.0283 0.0231
Dk 0.0402 -0.9058 -0.8712 -0.8547

Table 2.3: PRCCs between R(()m), P4, Py, pr and each parameter: The (*)’s indicate the most
influential parameters. Precisely, (*) indicates a parameter whose sensitivity level (in
absolute value) is between 0.5 and 0.65. The (**) indicates a parameter whose sensitivity
level (in absolute value) is between 0.66 and 0.8. The (***) indicates a parameter whose

sensitivity level (in absolute value) is above 0.84.

Dr and ®. This suggests that the migration of female mosquitoes between the patches
may play a dominant role on the persistence of the mosquito’s population.

(d) Global stability of the trivial (mosquito-free) equilibrium point

Using Theorem 2 in [40], the following result is straightforward.

Lemma 2.2.3. The trivial (mosquito-free) equilibrium point $; of system (2.15) is locally

asymptotically stable whenever Rém) < 1, and unstable if Rg") > 1.

Biologically speaking, Lemma 3.2.1 implies that mosquitoes can be eliminated in all
breeding sites (when Rg”) < 1) if the initial sizes of the population of anopheles mosquitoes
are in the basin of attraction of the trivial equilibrium point #.

System (2.15) can be written in the form X = £(X), where X = (X, Xy, Xy, X¢)T and
fX) = (AX), LX), £(X), f1(X)). It is straightforward that system (2.15) is cooperative
on Q = R} because the jacobian matrix of (2.15) is a Metzler matrix. Furthermore, f is
continuous on Q and the vector field defined by f is directed inwards on the border JQ of
Q. Thus, Theorems 2, 5 and 6 in [2] can be applied to extend the local result in Lemma
3.2.1 to a global one on Q) as follows:
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Theorem 2.2.2. System (2.15) defines a dissipative dynamical system on Q = R
Moreover, if 7(3") < 1 then the trivial (mosquito-free) equilibrium point P is globally
asymptotically stable on Q.

Proof. It hinges basically on the monotone properties of model (2.15). The inequalities

j=1,j#i < Y+t U2pAk
(k) Y+

AR kp(k;) + 4T 12 kip(k))

i=1,2,--,n, (2.20)

hold for all sufficiently large X,. Let m = (m;, my,--- ,m,) > 0 and let X, be so large that
in addition to (2.20) the following inequalities also hold :

Xa, = m, (2.21)
+ Uy + Updiag(Xs )X
Xp = (y+m uzzclsg( A Xa, S 2.22)
I, + D¢l — DiC)X
Xy, = Mt Do DOX (2.23)
2p
2(1 -
Xy o= Mllﬁ%cl Xy, > m. (2.24)
pm + Dy Um

Let b,, = (Xa,, Xv,,, X¢,, Xu,)". Then, one has

filbn) = =0Xg, <0;  falbn) = =1 =1)yXa, <0;  falbw) = —pXy, <0;

—1\-1/A7-1}-1 .
At = 1y [In CIND)TING) Ty A +uzd1ag(XAm)]] X,

45Dry
B (@0l + (bo + co + do)C) ' [y + w1 + podiag(Xa,)]
= 1’)/ In - aT XA,,,/
Yt
+ Uy + wpdiag(X
< 0 i AT(aol, + (by + ¢y + do)C) < LY H2diag(Xa,)
YVt
i.e.

ARMkip(ki) +4T Y. kip(k))

) j=1j#i Y+ U1+ H2PAk )
b,) <0 if < i=1,2,---,n.
f2(b) 1 ) v+

So, f(bw) = (fi(bw), f2(bw), f3(bw), fs(bw))T < 0. Applying Theorem 6 in [2] with a = 0 and
b = b,, we obtain that (2.15) defines a dynamical system on [0, b,,]. However, b,, can be
selected larger than any X € R¥". Thus, (2.15) defines a dynamical system on Q = R}". The
only equilibrium point in Q is the trivial equilibrium $y. It follows from Theorem 6 in [2]
that Py is globally asymptotically stable on [0, b,,] for any m > 0, and therefore is globally
asymptotically stable on Q = R%". O O
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(e) Nontrivial (mosquito-persistent) equilibrium point and its stability

In this paragraph, we begin by showing that system (2.15) has a unique nontrivial
equilibrium point when R\ > 1. To achieve our goal, we reformulate the problem in terms
of fixed point problem and use Theorem 2.1 in [65] for the existence and uniqueness of a
positive fixed point of a multi-variable function. To be self contained, Theorem 2.1 in [65] is
recalled hereafter.

Theorem 2.2.3 ([65], Theorem 2.1). Let F(x) be a continuous, monotone non-decreasing,
strictly sublinear, bounded function which maps the non-negative orthant R’} into itself.
Let F(0) = 0 and F’(0) exists and be irreducible. Then F(x) does not have a nontrivial fixed
point on the boundary of R’}. Moreover, F(x) has a positive fixed point iff p(F’(0)) > 1. If

there is a positive fixed point, then it is unique.
An equilibrium point #* = (X, X}, X}, X}) for system (2.15) satisfies the following

system of equations

OX: — [7/ + p1 + [sziag(X;l)] X, =0,

T)/XZ — [(ﬁ + ‘Lly) + Dy] X*Y + DyCX*Y = O,

(2.25)
(1 =7r)yX, = [um + Du] X, + DMCX;, = 0,
ﬁX*Y — [[JP + DF] X; + DFCX; =0.
Solving (2.25) yields
v - [y + 1 + padiag(X;,)1X,
F O ,
I, + Drl,, — DrO)[y + 1y + updiag(X:,) X
X, = (ur F FOly + 1 + podiag( A)] A, (2.26)
pP
1-ry | Dy ]
X; — I, + —C| X}.
M m + Dy YR

Replacing (2.26) in the second equation of system (2.25), one obtain
- NiNy[y + p1 + updiag(X,)]

! pory
Hence, the existence of the nontrivial equilibrium point is reformulated as the following

]X;:O.

fixed point problem: Find a unique positive X*,, such that X, = F(X},), where
. R o DR T
F(X,) = rpy®@ [y + g+ yzdlag(XA)] N;INTIX,.

Notice that F is a continuous, bounded function that maps R into itself and it is infinitely
differentiable.

Let us prove that F is strictly sublinear in R i.e. F(vX},) > vF(X},), for any X, € R with
X, > 0,and v € (0,1). Direct, but lengthly calculations give

VECC)EWX)]™ = diag (V i Vipa, Y Vpag, )

Y+t apay Y+ Wapag,
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Since v € (0,1), we have

P TV
Y+ H2apak

Thus, vF(X)[FvX:)]™' <1, i.e. vF(X,) < F(vX?,). Hence, F is strictly sublinear.
One can easily check that the off-diagonal elements 4; ; (i # j) of the matrix F'(X,) is

1, i=12,---,n.

_ r(bo +Co + do)klp(k])
RY(y + b + tapa)

ajj >0, Vi¢j€{1,2,---,n}.

Thus, F is a monotone non-decreasing function. We have also that F(0) = 0 and F’(0) =
T(aol, + (bo + coC + do)C). Therefore p(F/(0)) = R > 1iff R™ > 1. Thanks to the graph
theory and the irreducibility of the matrix C, F’(0) is irreducible because its associated
graph is strongly connected. Thus, we have established the following theorem :

Theorem 2.2.4. If Rg") < 1, the only equilibrium point of the system is the trivial
equilibrium Py. If Rgﬂ) > 1 there also exists a unique nontrivial (mosquito-persistent)

equilibrium point £ in int(Q2).

By Lemma 3.2.1, the trivial equilibrium point P, is unstable whenever R > 1. We
terminate this section by proving the following result which establishes the global stability
of the nontrivial equilibrium.

Theorem 2.2.5. If R(()m) > 1, the nontrivial (mosquito-persistent) equilibrium #* of the
system (2.15) is GAS on Q.

Proof. Since 72(()"1) > 1, the inequalities

R"kp(k;) + T Y kp(k))
)4 + Ha + U2PAK < j=1,j#i

Y+ Rgﬂ) (k)

. i=1,2,-,n, (2.27)

hold for all sufficiently small values X,. Let ¢ = (&1, €2, -+ , &,) > 0 and let X4, be so small

that in addition to (2.27) the following inequalities also hold :

Xo < ¢ (2.28)
JRY (7 + 1 + padiag(Xa,)Xa,

X = <e, (2.29)

D

VR (uel, + Del, = DEC) X,

}Q/é = ‘B <g, (230)

1 —
Xt ) l[n + %cl Xa <é. (2.31)
M

JRY™ (s + Dag)
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Let a. = (Xa,, Xv,., Xr,, Xp1,)T- Then, one has

1 (YR = 1)1 - r)y
fila) =1~ DX, >0; fa(a.) = Xa, > 0;
4 [ p(m) (1m)
RO RO
1
faa) = [1- = BXy, > 0;
4 m
7QO
1 VRN Ny + i + podiag(Xa,)] .
fZ(ag) - rV n - ‘Bq)r,)/ Amr
VRS @0l + boL,C + o, C +dolO) ™ [y, 4y + wodiag(Xa,)]
= ryl|l, - Xa,
T Y+ U
> 0 if F(aoln + boInC + CoInC + doInC) S Y+ Ut ‘uzdiag(XAm),
aa(m) Y+
RO
ie.
L RYkp(k) +T 3. kiplk)
) =1,j#i
foa:) >0 if Ul = , i=1,2,--,n.

+ m
YT Ré) )<k>

Thus, f(a.) = (fi(a.), f2(a.), f3(ae), fa(a:))™ > 0. Applying once again Theorem 6 in [2]
(with a = a, and b = b,,), we obtain that the nontrivial equilibrium point #* is globally
asymptotically stable on [a., b,,]. Since a. can be selected to be smaller than any X > 0 and
b,, can be selected to be larger than any X > 0, we obtain that " is asymptotically stable on

Q = RY{" with basin of attraction being at least the interior of Q. |

2.2.3 The metapopulation model in a heterogeneous landscape

Differences in the distribution of resources create heterogeneity on the network, since
patches may have different degrees of attractiveness to mosquitoes. According to [83]
we describe how heterogeneity and differences in patch attractiveness to mosquitoes
during movement is incorporated. Here, each patch represent a potential breeding-feeding
site. The number of hosts is allowed to differ between patches across the local network,
introducing heterogeneity. Heterogeneity of breeding sites is incorporated here by taking
different values for parameter u, in each patch. In this case, the carrying capacities of
breeding sites would be different.
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Let H be the total population of hosts in the network and Hy the population of hosts in
patches of degree k. The proportion of hosts in patches of degree k is

— H . —
Hy = Ek with Zk‘Hk =1. (2.32)

Mosquitoes are attracted by odors released by hosts, this leads to mosquitoes being
less likely to leave the patch if their current patch is a home with many hosts and more
likely to move out of the patch if there are few hosts [72, 100]. As in [83], we mimic this
phenomenon by using a decreasing exponential function to model the movement rate. We
assume that heterogeneity of hosts also influence the males dispersal because females
go to the hosts for blood-meal and males go to meet females [24]. Note that immature
females are not subjected to the attraction of hosts, they diffuse randomly in any direction.
We also incorporate the spatial proximity of patches by using a decreasing linear function,
since mosquitoes have a limited mobility. Hence, we can define the diffusion rate along
any given link of a patch of degree k to a patch of degree k’ as

Dy (di)

D ilp(dkk’) —A(H-Hyp
2 Era—

D/:

and Dy = ), i=M,F (2.33)

where A is a constant parameter for the decay function, dy = \/(xk —xp)? + (Y — yi)? is
the cartesian distance between a node of degree k and a node of degree k’; 1 the distance

function defined as

Do ZIE g < e,
Y(dpe) = nax (2.34)
0 else,

with d,,,, the maximal mobility distance.
Thus, the equations governing the spatio-temporal evolution of anopheles mosquitoes
in this case for a n-patches in an uncorrelated network are giving by the system below:

Par = DOrprk — (Vi + tak + HoxPai)PAks
. _ _ _ & ’ ’ ’
O (Z K'p(k )¢(dkkf)J 4% L o Z p(E)Y (e ) pyies

Dy
Pvmr = (A =1)Vepax— UmPrvk — © (Z o~ MHi- ka)kfp(k')l,b Ayie) ]PMk

kD = =
(k;/l e_A(Hk'_Hk)P(k')ED(dkk')PM,kf,

PEk = ﬁkPYk — Ur,PEK — 5{) (Z e_A(Hk Hk’)k' (k/)llb(dkk' ]ppk
v L R,

(2.35)
From Theorem 2.2.1 above, one can easily see that (2.35) is a dynamical system in R%".
A patch of degree k is at a mosquito-free equilibrium point if pax = pyx = pmx = pex = 0
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However, given the complexity of the equations, we do not perform further theoretical
analysis for model (2.35). We shall rather focus on numerical analysis in the next section.

2.3 Numerical simulations

To illustrate the various theoretical results of the previous sections, we consider a
metapopulation network with five patches and the following connectivities: k; = 2; k, = 3;
ks = 4; ky =1 and ks = 2 (see Figure 2.3). Since we do not know what trajectories

G\f :

Figure 2.3: An example of a network with five patches.

mosquitoes adopt in reality, we use strategies such as Levy-flight (which are comprised
of random sequences of movement-segments with lengths [ drawn from a probability
distribution function having a power-law tail p(/) ~ I"* where 1 < u < 3) to optimize foraging
efficiency [116]. Thus, we consider an architecture network given by the distribution
p(k) ~ k3 [27, 119].

Models (2.15) and (2.35) are both simulated by using data from recent works. These
data are summarized in Table 2.1. As far as mosquito dispersal is concerned, some
studies have shown that daily flights range from 200 to 400 m, where the maximum distance
recorded is 661 m [95]. We run all simulations with the following initial conditions: the total
number mosquitoes in aquatic stages is 1500, 1000 young mosquitoes are females not yet
laying eggs, 1000 are males, while 1250 are fertilized and eggs laying females. They are
evenly distributed across the network.
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2.3.1 General dynamics

In this subsection, we numerically illustrate the asymptomatic behavior of model (2.15).
For that, we consider a network of metapopulation with five patches. The dynamics of all
compartments are very similar to each other. Hence, only the graphs of mosquitoes at the
aquatic stage and total flying mosquito population (that is, Y + M + F) are presented here.
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Figure 2.4: Simulation results showing the GAS of the trivial equilibrium P for the basic
model when ® = 0.5, Dy = Dy; = Dr = 0.1 and Rf)m) < 1. All other parameters are as in
Table 2.1.

Figure 2.4 presents the trajectories of model (2.15) for all patches when @ = 0.5,
Dy = Dy = Dr = 0.1 and the basic offspring number R\ is less than one (R(" = 0.6531).
From this figure, we can see that the mosquito populations die out in all patches. Thus, the
trajectories converge to the trivial equilibrium as shown in Theorem 2.2.2.

Figure 2.5 plots the trajectories of system (2.15) when ® = 10, Dy = Dy, = Dr = 0.1 and
the basic offspring number R" is greater than one (R(" = 13.0612). This illustrates the
fact that the mosquitoes are always present in all patches and the trajectories converge to
the nontrivial equilibrium as established in Theorem 2.2.5.

2.3.2 Impact of dispersal on population dynamics

To evaluate the impact of dispersal on population dynamics, we carry out in Figure 2.6
numerical simulations (when @ = 10) on system (2.15) both without and with dispersal. This
figure shows that persistence of mosquito population is more important in the presence of
dispersal than in the case without dispersal, especially in high-degree patches.
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Figure 2.5: Simulation results showing the GAS of the nontrivial equilibrium #* when
® =10, Dy =Dy =Dr =0.1and R(()m) > 1. All other parameters are as in Table 2.1.
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Figure 2.6: Trajectories plots of model (2.15) without dispersal (left) and with dispersal
(right) when @ = 10: the total mosquito population increases as the diffusion coefficients

increase.

2.3.3 Impact of the heterogeneous connectivity of patches on popula-

tion dynamics

To investigate the significance of heterogeneous connectivity of patches on vector
population dynamics, system (2.15) is simulated in Figure 2.7 with variable degrees of
patches.

Figure 2.7 illustrates the fact that, with the same diffusion coefficients (D); = Dy =
Dr), the total mosquito population increases as the connectivity of the patch increases.
This suggests that the heterogeneous connectivity of patches play an important role on
vector population dynamics. This heterogeneity may come from the daily productivity and
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Figure 2.7: Mosquito population in patches of degree k = 1,2, ...,10, when ® = 10 and
Dy = Dy = Dr = 0.1: the total mosquito population increases as the patch connectivity

increases.

destruction of some breeding sites, since small pools of water are continually destroyed
and reformed [154].

2.3.4 Impact of migration and heterogeneity on mosquito spread

In this section, numerical simulations are carried out to investigate the role of disper-
sal/diffusion and heterogeneity on mosquito spread. Models (2.15) and (2.35) are both
simulated with different values of @ in each patch. In order to observe more effects of
the migration on the dynamics of model (2.15) and (2.35), we consider the hypothetical
scenario where the mosquito-persistent equilibrium is GAS in the patch of minimal degree
(patch 4) and unstable in the other patches (patch 1, 2, 3, 5). Model (2.35) is simulated with
Hy, = 0.6, Hy, = 0.07, Hy, = 0.06, Hy, = 0.03, Hy, = 0.24, dmax = 661 mand A = 0.5. Let R?,
i=1,2,3,4,5, denotes the basic offspring number for the local population of anopheles
mosquito in patch i as defined in (2.3). Choose ®; = @, = O3 = 5 = 0.5, P, = 10 so that
R =R = RY = RO = 05714 < 1 and RYY = 11.4286 > 1. It is observed from Figure 2.8
that, in the absence of migration/diffusion (i.e. Dy; = Dy = D = 0), the mosquito-persistent
equilibrium point is unstable in patches 1, 2, 3, 5 and stable in the fourth patch, as expected.

Figures 2.9-2.12 present the mosquito spread from an mosquito-persistent patch
(patch 4) to mosquito-free patches (patches 1, 2, 3, 5) under different scenario when
Dy =Dy =Dr=0.1.

Observing these latter figures, one can see that in the presence of dispersal, mosquitoes
moving out of an mosquito-persistent patch (patch 4) migrate into the mosquito-free patches
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Figure 2.8: Simulation results of systems (2.15) and (2.35) showing the mosquito population
in mosquito-free patches (left) and mosquito-persistent patch (right) in absence of migration.
Rg) <1,i=1,2,3,5and RgD > 1. All other parameters are as in Table 2.1.
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Figure 2.9: Simulation result showing the mosquito spread from mosquito-persistent
patch (right) to mosquito-free patches (left) in a homogeneous landscape (Eq. 2.15) with
Dy = Dy = Dp = 0.1 and all other parameters are as in Table 2.1. Rg) <1,i=1,2,3,5and
RY > 1

0 .

(patches 1, 2, 3, 5). This illustrates the fact that mosquito dispersal could lead to a larger
presence of mosquitoes in all patches and, shows the important effects of dispersal and
connectivity of patches on population spread. However, this diffusion varies according to
the type of landscape.

(a) Dispersal in a homogeneous landscape

Figure 2.9 presents the trajectories of the mosquito spread from mosquito-persistent
patch (right) to mosquito-free patches (left) in a homogeneous landscape (Eq. (2.15)).
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Figure 2.11: Simulation results showing the mosquito spread from mosquito-persistent

patch (right) to non mosquito-persistent patches (left) in a heterogeneous landscape

(heterogeneity of hosts and homogeneity of breeding sites) with y(di) as in (2.34),

Dy = Dy = Dr = 0.1 and all other parameters are as in Table 2.1. Rg) <1,i=1,2,3,5and
4)

R, > 1.

We observe in this case that mosquitoes coming from mosquito-persistent patch (patch
4) migrate more to the high-degree patches (see patches 3 and 2) and equitably to the
patches with equal degree (see patches 1 and 5).

(b) Dispersal in a heterogeneous landscape

Figure 2.10 gives numerical solutions of model (2.35), depicting the mosquito spread
from mosquito-persistent patch (right) to non mosquito-persistent patches (left) in a het-
erogeneous landscape (heterogeneity of hosts and homogeneity of breeding sites), when
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Figure 2.12: Simulation result showing the mosquito spread from mosquito-persistent
patch (right) to non mosquito-persistent patches (left) in a heterogeneous landscape
(heterogeneous hosts and breeding sites) with V(dw) = 1, Yk, K/, txn = 1074, up = 1073,
ts =102, tay = 107, tps = 10° and Dyy = Dy = Dp = 0.1 Dyy = Dy = Dy = 0.1. RY < 1,
i=1,235and R > 1.
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Figure 2.13: Simulation result showing the mosquito spread from mosquito-persistent patch
(right) to non mosquito-persistent patches (left) (heterogeneity of hosts and homogeneity
of breeding sites) with {(djr) as in (2.34), when distances between patches 1, 2, 3, 5 are
large.

distance has no effect on mosquito flights (i.e. Y(dw) = 1, Yk, k’). Even though a great
number of mosquitoes moves into the patches of high degree, the dispersal becomes more
important in the patches with more hosts.

Figure 2.11 simulates the solutions of model (2.35) and displays the mosquito spread
from mosquito-persistent patch (right) to non mosquito-persistent patches (left) in a het-
erogeneous landscape (heterogeneity of hosts and homogeneity of breeding sites), when
distance affects mosquito dispersal (i.e. P (di-) as in (2.34), with dy,x, = 300 m, dy, = 370

M. L. ManN Manyomse ©QUYT 2020
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M, dir, = 361 M, diy, = 361 M, dir, = 400 m, dii, = 380 m). As in the latter Figure
2.10, similar result is observed, with the difference in that the mosquito dispersal from
mosquito-persistent patch (patch 4) to mosquito-free patches (patches 1, 2, 3 and 5) is
less important in this case.

Figure 2.12 presents the simulation results of model (2.35), showing the mosquito
spread from mosquito-persistent patch (right) to mosquito-free patches (left) in a heteroge-
neous landscape (heterogeneity of hosts and breeding sites), with i = 107, px» = 1073,
s = 1072, g = 107°, tps = 107° and ¢(dw) = 1, Yk, k’. From this figure, it is noticeable
that heterogeneity of hosts and breeding sites greatly influences the mosquito dispersal
and their spatial distribution. This suggests that the heterogeneous connectivity of patches
and heterogeneous distribution of hosts and breeding sites may play an important role on
the spatial distribution of mosquitoes.

Figure 2.13 simulates model (2.35) and shows that the mosquito spread from mosquito-
persistent patch (right) to mosquito-free patches (left) in a heterogeneous landscape
(heterogeneity of hosts and homogeneity of breeding sites), with y(di) as in (2.34) when
patches are highly distanced from each other and close to the maximal distance d,;;,
between nodes (dix, = 500 M, di, = 510 M, diy, = 589 m, diy, = 539 m, di, = 400
m, dik, = 539 m). From this figure, one observes that mosquito migration rate to distant
patches is very low. This is coherent with the known preference of the mosquito dispersal:
indeed, according to [45] the dispersal of adult mosquitoes can be classified into long-
range and short-range dispersals. Long-range dispersal is often unintentional and aided
by wind or human transport while short-range dispersal is often intentional. Furthermore,
Figure 2.13 shows that the availability and abundance of sites have a strong influence
on the distance that individual adult female mosquitoes need to fly in order to lay their
eggs, since spatial distance between patches is large when breeding sites are eliminated
from neighborhoods of hosts or are not available in most patches. Similar findings were
obtained in [22]. Thus, more efforts to reduce breeding sites in close proximity to houses
(mechanical control) is needed and can be very efficient as a vector control strategy.

Our simulations results in homogeneous landscape (Eq. 2.15) and heterogeneous
landscape (Eq. 2.35) reveal that the heterogeneous connectivity of patches plays an
important role on the spatial distribution of mosquito population. Simulations in a homo-
geneous landscape indicate that there is a linear relationship between connectivity of
patches and mosquitoes distribution (see Figures 2.6 and 2.9). However, when there are
heterogeneities in the network (hosts, distances), this linear relationship is perturbed and
induces a strong influence on spatial distribution and population dynamics of mosquitoes
(see Figures 2.10-2.13).
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2.4 Conclusion and perspectives

In this paper, we have developed a reaction-diffusion type model to describe the spatial
evolution of the anopheles mosquito in heterogeneous complex metapopulations and
assess the influences of larvae habitats (breeding-feeding sites) connectivity and vector
on the spatial distribution and populations dynamics of mosquitoes. We have focused
on the migration of mosquitoes from one patch to another in both homogeneous and
heterogeneous landscapes. The spatial configuration was given by the degree p(k) and
the conditional probabilities P(k’/k).

For uncorrelated networks in a homogeneous landscape, we have derived an explicit
formula for the basic offspring number, R™, which has been proven to be a sharp threshold
parameter for our model. The most influential parameter on the expression for Rg”) is the
number of eggs at each deposit ®. Using the theory of monotone operators, we have
established the global stability of equilibrium points. Precisely, we have shown that the
mosquito-free equilibrium is GAS whenever Rgm) < 1 and unstable otherwise. In the case
where R(‘)’”’ > 1, we have shown that there exists a unique mosquito-persistent equilibrium,
which is GAS.

For uncorrelated networks in a heterogeneous landscape, we have only carried out
numerical studies. Comparing our simulation results in Figures 2.6 - 2.12, we have
concluded that numerous factors considered in our models play important roles in spatial
distribution of mosquitoes and could lead to a larger amount of mosquitoes. Further, our
sensitivity analysis results have revealed that an efficient strategy to reduce the amount
of mosquitoes in all patches could be to control the production of eggs (by mechanical
control for example) and minimize the migration of female mosquitoes.

To summarize our contributions in few words, the methodology and results we have
obtained are as follows:

e From the modelling perspective, we have extended to a complex network of patches the
single patch models in [154, 2] by incorporating the dispersal of mosquitoes and patch
connectivity.

e From the theoretical and numerical perspectives, we have examined the impacts of
larval habitat connectivity and mosquito dispersal in a homogeneous and a heterogeneous
landscapes on the persistence of mosquitoes populations.

e From the qualitative and quantitative aspects for uncorrelated networks have obtained
the following analytical results:

1. The bifurcation/threshold parameter (basic offspring number) has been explicitly
computed.

2. The sensitivity analysis of the threshold parameter has been performed.
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3. A simple and digestive proof based on Hethcote-Thieme fixed point theorem [65], of
a unique mosquito-persistent equilibrium has been provided.

4. Contrary to the few existing works where, Lyapunov-LaSalle techniques are usually
used, the monotone operator approach [124] has been the main ingredient here,
for the establishment of the global asymptotic stability of both mosquito-free and
mosquito-persistent equilibria.

The advantage of the above discrete-space model is that one can easily assess
diseases vector control strategies, because the discrete space enables easy representation
of interventions that cover sets houses or villages. Nevertheless, this approach constrain
the modeled mosquito movements to follow a limit set of trajectories. As immediate
possible extension of this work, we use the continuous-space approach to capture mosquito
dispersal.
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MATHEMATICAL ANALYSIS OF A SPATIO-TEMPORAL
MODEL FOR THE POPULATION ECOLOGY OF
ANOPHELES MOSQUITO

In this chapter, | propose a novel model for the population dynamics of mosquitoes by
considering the dispersal states of female mosquitoes of oviposition’s cycle and spatial
variations. From the modelling perspective, a general functional form of eggs oviposition
rate is used including the Malthusian, the Verhlust-Pearl logistic, the Hassell and the
Maynard-Smith-Slatkin functions. From the theoretical and numerical perspectives, the
study is done in two steps using the more realistic birth Maynard-Smith-Slatkin function.
Firstly, we consider an ordinary differential equations model and show that the mosquito-
free equilibrium (MFE) is globally asymptotically stable whenever the basic offspring
number of the ODE model is less than unity. Using a fluctuation argument, we prove
that the uniqgue mosquito-persistent equilibrium (MPE) is globally attractive, whenever
the basic offspring number of the ODE model exceeds the unity. Moreover, the temporal
model undergoes a Hopf bifurcation in the absence of density-dependent mortality in the
aquatic stage of mosquitoes. Secondly, the temporal model is extended into an advection-
reaction-diffusion model in order to account for the movement of mosquitoes and their
spatial source of heterogeneity. We establish the uniform persistence and the existence of
at least one positive steady state whenever the spatial basic offspring number of the PDE
model is greater than unity. Finally, for the case study of malaria vector agent (Anopheles
mosquito), we construct a nonstandard finite difference scheme which is dynamically
consistent with the features of the continuous model to illustrate our results, including the
spatial heterogeneity of mosquito resources.

3.1 Introduction

Among all infectious diseases of humans, vector-borne diseases (VBDs) constitute a
major cause of human mortality and morbidity. They account for 17% of the estimated
global burden of all infectious diseases [149, 150]. Mosquitoes are the best known vectors
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of such diseases. They are responsible for many diseases throughout the world such as
malaria, yellow fever, chikungunya, west Nile virus, dengue fever, Zika virus and other
arboviruses [3, 101]. These diseases are transmitted from human-to-human through
effective mosquito bites. The transmission cycle is essentially driven by the human bite
habit of the mosquito [104]. Typically, the vector interacts with a human being. Then
depending on the disease status of both organisms, they will either infect or be infected.

Due to the significant burden caused by mosquitoes on human health, specifically as
reflected through the persistence and/or resurgence of vector-borne diseases, mosquitoes
have become a target of medical, veterinary and conservation research since the nine-
teenth century [108]. In order to devise effective control and realistic control methods, it is
crucial and essential to study the mosquitoes population dynamics, their interaction with
their biotope and subsequently the epidemiology of mosquito-borne diseases [88, 146].

Like many other insect species, mosquitoes can move and disperse in any direction
for various reasons such as searching for resource availability. At local scales (i.e. from
100 m to 1 km), mosquito behavior and ecology play an important role in determining
the distribution of transmission [83]. The spatial distribution of the anopheles has shown
great potential to affect malaria transmission intensity [146, 162]. The success and optimal
impact of methods for controlling mosquito population (e.g. sterile insect technique (SIT),
genetically modified mosquitoes (GMM) or mechanical control) are based on a good
knowledge of the biology and the behavior of mosquitoes, as well as on an accurate
modelling of their dispersal. Thus, to achieve a high level of effectiveness in reducing the
mosquito population, control interventions should consider mosquito location and its ability
to move.

In view of the challenge and high costs to conduct field experiments, mathematical
modeling add value to validate and improve vector control strategies. Mathematical models
have proven to be useful in gaining insights into the interactive dynamics and control of
mosquito populations [1, 2, 14, 46, 104, 105, 108], as well as into the influence of mosquito
mobility and dispersal [30, 42, 41, 68, 83, 88, 126, 132, 158].

Partial differential equations (PDEs) constitute a classical setting to model real-life situa-
tions such as dispersal [145, 162, 163]. For linear PDEs, the theory and the corresponding
constructive treatment by numerical methods are well developed (see for instance the
famous books [31, 32, 33, 34]). However, the complexity of biological processes and
particularly the strong nonlinearity in the transmission dynamics of diseases in time and
space lead to mathematical challenging nonlinear PDEs, which include advection-reaction-
diffusion equations and cross-diffusion equations [102, 125]. It is therefore not surprising
that the authors could identify only very few PDEs models on mosquito population dy-
namics that have investigated the well-posedness and the asymptotic behavior of the
solutions [41, 42, 68, 126, 132, 158]. A metapopulation setting has been used in [83, 88]
for anopheles mosquito population dynamics as an intermediate approach between tem-
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poral and spatio-temporal modeling. To explore the temporal and spatial dispersal of
the mosquitoes, the authors in [68, 126, 132, 158] proposed advection-reaction-diffusion
models where the mosquito population is divided into two stages: aquatic and adult female
stages. These studies gave sufficient conditions for mosquitoes to persist and spread
or to vanish. However, the oviposition/gonotrophic cycle has been recognized as an
important feature that may determine population levels, distribution and biting behavior of
mosquitoes. Thus, it is necessary to take into account all stages in the gonotrophic cycle
(questing, resting and breeding females) for the adult female mosquitoes in order to get
insights into the behavior and dynamics of mosquitoes. The ultimate purpose of this paper
is to extend works in [68, 126, 132, 158], as well as the temporal models in [1, 2, 108]
into an advection-reaction-diffusion system in which spatial heterogeneity is taken into
consideration explicitly.

We develop models that incorporate both intrinsic dynamics and spatial variation of
mosquitoes, taking into consideration the dynamics of the human-vector interaction. We
will start with a temporal model that allows a general description of the mosquito’s growth.
This initial model captures the mosquito oviposition cycle as well as its main behavior
(which could be useful when one considers chemical or biological control tools, such as
SIT or GMM). Moreover, unlike the works in [2, 42, 88], where a constant generating rate
was used for the population in the aquatic stage, we consider a more general function for
egg oviposition rate. Next, we will extend the obtained temporal model to a PDE system
by adding both advection and diffusion terms that reflect the mosquito’s mobility. We
study the global well-posedness and the asymptotic behavior of the solutions of this PDE
model. Finally, we assess the impact of mosquito dispersal, heterogeneous distribution of
mosquito resources (hosts), and other parameters on the spatial distribution, dynamics
and persistence of mosquito populations. As mentioned earlier, the nonlinearity of the ODE
model and its extended PDE counterpart results in challenging mathematical equations.
This necessitates the use of a variety of techniques, methods and approaches includ-
ing Lyapunov-Lasalle techniques, monotone dynamical systems approach, semigroup
applications, fluctuation method and spectral theory approach.

The paper is organized as follows. In Section 3.2, we present a compartmental temporal
model, which is analyzed quantitatively (e.g. existence/uniqueness of positive solutions,
existence of equilibria points, etc...) and qualitatively (e.g. global stability of equilib-
ria, existence of Hopf bifurcation). In Section 3.3, we extend the temporal model to an
advection-reaction-diffusion system of equations, the global well-posedness, the asymp-
totic behavior and the threshold-type dynamics of which are investigated. In Subsection
3.3.4, a case study is handled, namely malaria which is the world’s most devastating para-
sitic infectious disease caused by anopheles mosquitoes as vector agents. We develop a
nonstandard finite difference (NFSD) scheme, which is dynamically consistent with the
continuous model as illustrated by numerical simulations in which parameters relevant
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to the population biology of adult female anopheles mosquitoes are used. Concluding
remarks that show how our findings fit in the literature and a brief discussion are provided
in Section 3.4.

3.2 Temporal model

3.2.1 Model formulation

It is well known that there are two main stages in the development of mosquitoes
represented by the aquatic and the adult stages. The aquatic stage, reduced to one
compartment (A), gathers eggs, larvae and pupae [2, 42]. The adult stage is divided
into five compartments including four for females and one for males as follows: immature
females (Y), feeding/questing females (Q), resting females (U), breeding females (W) (or
more precisely "egg laying females") and males (M). We assume that there is no sex
differences for mosquitoes in the aquatic stage. Moreover, after emergence, mosquitoes
are distributed between the immature female and the male compartments. We denote by r
the sex ratio of emerging females. According to [37], » can be set to % in the case when the
number of emerging females and males are balanced. We further assume that, a female
mates only once with a male during her lifespan. After mating, immature females start
their gonotrophic cycle by entering the feeding female compartment [7]. The gonotrophic
cycle starts with a blood meal and ends with the first laid egg [7]. Then, after blood meals,
females progress to the resting compartment, allowing egg maturation. Afterward, they
pass into the breeding compartment, seeking for a breeding site to deposit eggs. Once
eggs are deposited, these females start a new gonotrophic cycle. The eggs laid by the
breeding females supply the aquatic stage. Note that unlike female mosquitoes where four
sub-compartments are considered due to their involvement in the gonotrophic cycle, we
only consider one compartment for the males.

At time t, and following [28, 105], we assume that the population in the aquatic stage is
generated from breeding females by a decreasing, continuously differentiable and positive
function which is a general form of the eggs oviposition. The population in the aquatic
stage is decreased by maturation to adult mosquitoes (at the rate y), density-independent
mortality (at the rate u;), and density-dependent mortality (at the rate u,). After mating
with males, immature females exit breeding sites and arrive at the human resource where
they become feeding/questing females Q. The number of matings that occur per unit of
time is g (mating rate). Actually, g can be regarded as the product of the likelihood of a
mating producing eggs, the (fixed) proportion of the population that is female, the likelihood
that an appropriate place can be found so that, when the eggs are laid they will certainly
hatch. Also, when the number of males is large, we expect that immature females will have
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no difficulty finding a mate [2, 42]. Thus, immature females become feeding females at
rate 5. Resting females die at rate uy;. At the human habitat, questing females interact
with humans by mass action contact, during which they can either survive to reproduce or
get killed [104, 105]. Questing females that feed successfully become resting females at
rate apH, where ¢ is the biting rate of questing females, a (a € [0, 1]) is the probability of
successfully taking a blood meal, and H is a parameter representing the density of human
habitats. Questing females die at rate . Once settled, resting females become breeding
females at rate a. The compartment of breeding females is affected by a mortality rate
uw. After laying eggs, breeding females will begin to search blood meals and we assume
that they are attracted to humans and enter the questing class at rate % where ﬁ
represents the proportion of resting females that take human blood as opposed to those
that feed on other animals [52, 105, 108]. K is a positive constant representing a constant
alternative food source for the site, and b is a positive constant representing the rate at
which breeding females leave the site to restart their gonotrophic cycle.

The above mentioned biological and entomological descriptions lead to the following de-
terministic and autonomous system of nonlinear differential equations whose flow diagram,
state variables and parameters are given in Figure 3.1 and in Table 3.2, respectively:

A

B(W)W — [y + w1 + u2AJA,
Y = rpA-[uy+B1Y,

M = (1-=ryA-puuM,

b (3.1)

Q = Y+ W -lapH + polQ,

U = apHQ~[a+uuly,

W,

. bH
W= au_lH+K

+ Uw

In this study, B(W) is the general form of the eggs oviposition function. It is assumed that
function B(W) is strictly non-negative, continuously-differentiable and satisfies the following

conditions:
e B(0) = Ny,

e B(W)<0, VW=>0, (3.2)
e B(W)W is monotone or bounded by N,,.L,
where, N, is the average number of eggs laid per fertilized female per day, and L > 0 is
the environmental carrying capacity of fertilized females.
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Let Rgde denote the basic offspring number of model (3.1) and Fﬂgde the function given by

ode

ode VlRO
Fﬂgdg(s) =1Ry“B N 8| = Nego(v1 + t2s), Y520, (3.3)
egg

where v, is defined below in (3.5). We further assume that the general egg oviposition
function B is such that

Fioie(0)Fgae(+00) < 0, when R > 1. (3.4)

In Table 3.1, we have gathered typical examples of function B(W), which are used in the
literature.

Table 3.1: Examples of oviposition function B(W) used in the literature which satisfy
(3.2)-(3.4).

Names B(W) B(0) Sources
Malthus (By) Nege Neg, [2, 28]
Verhulst-Pear] logistic (Br) | Negg (1 %), W <L | Neg | [1,12,28,105]
Maynard-Smith-Slatkin (Bs) % n>0 | N | [1,12,28,105]
T
Hassell (By) (1N—W) n>0 Noge [12]
T

Figure 3.1: Anopheles mosquito simplified life cycle. The dashed arrow indicates the

mating between male and immature female mosquitoes.

We point out that the model (3.1) extends some of the existing models in many re-
spects. Unlike [1, 2, 88], it incorporates the gonotrophic cycle of adult female mosquito
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Table 3.2: Description of state variables and parameters of model (3.1).

Variables Description

Population in the aquatic stage (eggs, larvae, pupae).
Population of immature females not yet laying eggs.
Population of males.

Population of feeding females.

Population of resting females.

sScoz <>

Population of breeding females.

Parameters Description

<

Fraction of the emerging female mosquitoes.

y Rate of emerging mosquitoes from the aquatic stage.

Nege Number of eggs at each deposit per capita.

L Environmental carrying capacity of female adult mosquitoes.

p Transfer rate (mating rate) from the compartment Y to Q

2 Density-dependent mortality rate in the aquatic stage.

1 Mortality rate in the aquatic stage.

Um Mortality rate of male mosquitoes.

Uy Mortality rate of immature females.

UQ Mortality rate of questing females.

Hu Mortality rate of resting females.

Uw Mortality rate of breeding females.

@ Biting rate of feeding females.

% Probability of successfully taking a blood meal.

H Constant population density of humans at human resource sites.
K Constant alternative of blood meal for vectors.

b Rate at which breeding females leave the site to restart their gonotrophic cycle.
a Rate at which resting females become breeding females.

population. It further extends the model in [1, 2, 88, 108] by incorporating the more general
egg oviposition function (a new birth rate function for modeling mosquito oviposition is
proposed).

Remark 3.2.1. From the ecological point of view, it is well known that the Maynard-
Smith-Slatkin oviposition function is more suitable to model the mosquito oviposition
rate, compared to the Malthus and Verhulst-Pearl logistic functions [1, 105]. Therefore, the
latter function will be our focus throughout the theoretical and numerical investigations in
this work, with one of the main target of solving the opened problem in [1, 108] regarding

the global asymptotic stability of the MPE. However, our results can readily apply to the
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Hassell oviposition function [12], whereas, for Malthus and Verhulst-Pearl functions, we
refer the reader to [1, 2, 104, 105].

3.2.2 Basic properties

In this section, the basic properties of model (3.1) are explored. Model (3.1) takes the
matrix form X = A(X)X, where X(t) = (A(t), Y(t), M(t), Q(t), U(t), W())T,

—[vi+wA] 0 0 0 0 B(W)
ry -, 0 0 0 0
AX) = (I-r)y 0 —-um O 0 0 ’
0 B 0 -v3 O b
0 0 apy —Vy 0
0 0 0 a —vs

and

bH
H+K

, Va=a+ Uy, Vs = uw + by.
(3.5)
Since all the parameters are positive, the right-hand side of system (3.1)-(3.2) is locally

vi=y+u, vo=puy+p, o1 =@H, vs=ap + g, by =

Lipschitz continuous, there exists a local solution. Furthermore, for all X € RS, A(X) is a
Metzler matrix. Thus, the analysis of the model can be carried out in the following invariant
region

I'= {(A, Y,M,Q,UW)eR® : A(t),Y(t),M(t), Qt), U(t), W(t) > O}.

The invariance of I' implies that all solutions of (3.1) with non-negative initial data remain
non-negative for all t > 0. To be more precise, one has the following result.

Theorem 3.2.1. Denote u, = min{pl,yy, Unt, B, K, pw}. Then the model (3.1) is a

dynamical system in the region

I = {(A,Y,M, QUW)eT: V() < N:fgL}.
Proof. Define the total mosquito population
V(t) = A(t) + Y(£) + M(t) + Q(t) + U(t) + W(D).
Add all the terms on the right-hand side of (3.1). Then, it follows that
V(t) < BW)W — i, V(t). (3.6)

Using assumption (3.2), one has B(W)W < N,¢.L, which yields

V(#) < NegoL — u, V().
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Thus,
NegoL

}i_)rg sup(A(t) + Y(t) + M(t) + Q(t) + U(t) + W(t)) <

(%

We conclude that every solution of (3.1) is bounded and consequently, the initial value

problem associated with system (3.1) has a unique solution defined for all ¢ > 0. m|

Theorem 3.2.1 implies that system (3.1) is mathematically and ecologically well-posed.

3.2.3 The MFE and basic offspring number R}

Model (3.1) has a trivial equilibrium or mosquito-free equilibrium (MFE) 7 = (0,0, 0,0, 0, 0),
which is obtained by setting the right-hand side of (3.1) to zero. Following [40], the next
generation approach is used to calculate the basic offspring number R*. Let

B(W)W (v1 + w2 A)A
0 —1yA +vY
F = 0 and V=| -BY-b;W+v3Q |,
0 —-ap1Q + v, U
0 —al + vsW

be the vector of new generated mosquitoes and the vector of transfers between compart-
ments, respectively. The Jacobian matrices of ¥ and V at the MFE 7 are

[0 0 0 0 Nyl v+ 0 0 0 0]
0000 O -y v, 0 0 0
F=l0 000 0| ad V=0 - wvi 0 -bf.
0000 O 0 0 -ap; vy O
0000 O |0 0 0 -a wvs|

Thanks to [40], the associated basic offspring number Rgde of (8.1) is the spectral radius of
the next generation matrix FV~!. That is

N,..1VBap1a
gute - JessTVPAPAE, (3.7)
V1vanty
where, for notational convenience, we have set
1
my = aapiw + Vs [a(PLULI + HQV4]} My = V1Voiiy (1 - Rode) . (3.8)
0

Remark 3.2.2. The threshold quantity R measures the average expected number of new
adult female offsprings produced by a single female mosquito during its lifespan. It can

be ecologically interpreted as the product of the fraction of mosquitoes in aquatic stage

Ngggry)
1

that survived to become immature female mosquitoes ( =), the fraction of immature

females that survived and start their gonotrophic cycle by entering the questing female
B

E)’ and the fraction of fertilized adult females that survived and completed

a(p]a)

mq :

compartment (

their gonotrophic cycle (

M. L. ManN Manyomse ©QUYT 2020
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Following Theorem 2 in [40], one has:

Lemma 3.2.1. The trivial equilibrium or MFE 7 of system (3.1) is locally asymptotically

stable (LAS) whenever Rgde < 1, and unstable otherwise.

Ecologically speaking, Lemma 3.2.1 implies that mosquitoes can be eliminated if the
initial sizes of the population of anopheles mosquitoes are in the basin of attraction of the
MFE 7. Thus, the mosquito population can be effectively controlled if R%* < 1. To ensure
that the effective control of the mosquito population is independent of the initial size of the
mosquito population, a global asymptotic stability result must be established for the trivial
equilibrium.

Theorem 3.2.2. The MFE 7 of system (3.1) is globally asymptotically stable (GAS) in T,

whenever R < 1.

Proof. Thanks to the boundedness of solutions, we use the reduction theorem by Vidyasagar
[135]. Denote y(t) = (A(t), Y(t), Q(t), U(t), W(t))" and z(t) = M(t). Then system (3.1) takes

the form

T
at v (3.9)
T 8y, 2).

Let us first show that the equilibrium 05 = (0,0, 0, 0, 0) is GAS for the subsystem fi—t = f(y).

Consider the Lyapunov function

vy VaV3Vy
rYA+wnY|+—|a +vsU]| +
[ry 1Y] ﬁOt(Pl[ P1Q +v3U] aBag,

It is obvious that V(0) = 0, and V(y) > 0, for all y > 0. Moreover,

Vo(y) = ~

V1

. B 1 . . Vs . . VoV3Vy -
Voly) = V_1 [ryA + le] + B [a(plQ + 1/3U] + Py ,
1 v
= V_l [ryBIW)W —v11,Y — ryuaA?] + ﬁazﬁl [a@1BY + biapi W — vavaU]
V2Vsla [aU —vsW],
apag,

— r—yB(W)W+ vaby _ V2V3VaVs |y, 7’7/[J2A2
1% p . apag; v
ryN, Rode

- [1 _ 0 B(W)l w- 242
RG" Negg V1

ode

Since, max B(W) < N and RS < 1, we have NO B(W) < 1. Hence, V(y) < 0. On the
eg8 .

other hand, let H be the largest invariant set such that H c {(A, Y, Q, U, W) € R} /Vy(y) = 0}.

Then H = {0s}. Thus, by the LaSalle Invariance Principle, we deduce that 05 is GAS in R3

% = g(0s,2), we
conclude that 7 is GAS in I'. This completes the proof. m|

d
for system d_}l{ = f(y). Finally, using the fact 0 is GAS in R, for system
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3.2.4 The non-trivial equilibrium or MPE

(a) Existence and uniqueness

The existence and stability of a MPE of the system (3.1) are addressed. Let such a
MPE be denoted by 7 = (A*, Y*, M*, Q*, U*, W)T. Then A*, Y*, M*, Q*, U*, W* are

- V1v4Vs RO
U (YRR VO k) (VR LLC A R
V2 tm ANegg 1
(3.10)
V1V5R8d€ legde
U = A W = A
ANegg Negg

where A* is a positive solution of the equation FRSdP(A*) = 0, where the function Pﬂgde is given
in Eq. (3.3). Notice that Fy..(0) = V1 Nego (RS — 1) > 0 whenever RY > 1, Fipaie(+00) = —00,
and FRSde is continuous and strictly decreasing on interval ]0; +oo[. Thus, by the intermediate
value theorem, Fﬂgdg vanishes exactly once in ]0; +oo[. This proves the existence and
uniqueness of a positive A* when R5* > 1. Replacing the value of A* in (3.10) yields the
existence and uniqueness of 7. This result is summarized as follows.

Theorem 3.2.3. Model (3.1) has a unique MPE 7 whenever 7%8”1‘*’ > 1. Moreover, for the
special case Bs and in the absence of density dependent mortality (i.e. 1, = 0), the unique

solution of Fgue(A") = 0 is explicitly given by

S =

A = Neggl (Rg"e B 1)

= 3.11
V1R8d€ ( )

Remark 3.2.3. Similar to [75], it can be easily proved that: (1)-the GAS of 7 given in
Theorem 3.2.2, (2-) the instability of 7 shown in Lemma 3.2.1, (3)-the existence of a unique
MPE 7 established by Theorem 3.2.3 whenever Rgde > 1 and (4)-the fact that 7 € JT,

imply the uniform persistence of system (3.1).

(b) Local stability and existence of Hopf bifurcation for the special case where 1, =0

Theorem 3.2.4. Consider model (3.1), with y, = 0. Then, there exists two thresholds 7
and n; such that:
(i)-The MPE 7" is LASin T\ {7} whenever Rgde >1and 1 < n < min{ng, ng}.

(ii)-The system (3.1) undergoes a Hopf bifurcation whenever n crosses the critical value n;".

Proof. This will be done in two steps. In the first, we prove the local asymptotic stability.
The second is devoted to the proof of the existence of Hopf bifurcation.
Step 1: The LAS of 7 is explored using the properties of Bézout matrices. To that end,

let us recall the following instrumental results.
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Lemma 3.2.2 (Theorem 2.6,[64]). Let A be a n X n complex matrix, and let E; be the sum of
all the principal minors of A of order k, k € (n) = {1, 2, ....,,n}. Let Q(A) be the n x n Hurwitz
matrix of A and assume that ()(A) is real. Then A is stable if and only if all the leading

principal minors of ()(A) are positive.

Definition 3.2.1 (Definition 2.7,[64]). Let a(x) and b(x) be two polynomials with real
coefficients of degree n and m (n > m), respectively. The Bézoutiant defined by a(x) and

b(x) is the bilinear form

n-1
(X)b(y - a(y)b Z by

i,k=0
The symmetric matrix (bi,k)g‘l associated with this bilinear form is called the Bézout matrix

and is denoted by B, .

Lemma 3.2.3 (Theorem 2.8,[64]). Let f(x) = x" —a,x""! —--- —a; be a polynomial with real

coefficients, and let a,,,; = —1. Define the polynomials
h(u)=—a; —azu—---, and gu)=—-a,—asu—---

The polynomial f(x) is negative stable if and only if the Bézout matrix B; ; is positive

definite and a; < 0 for all i € (n).

Lemma 3.2.4 (Sylvester’s Criterion,[50]). A real, symmetric matrix is positive definite if

and only if all its principal minors are positive.

We consider the model (3.1) in the absence of density-dependent mortality in aquatic

stage (i.e. y» = 0). Evaluating the Jacobian matrix at 7" gives

dB(W")
— 0 0 0 0 B(W)+ W~
& (W) dW
ry -, 0 0 0 0
0 B 0 -v; 0 by
0 0 0 ap; —Va 0
0 0 0 0 a —Vs
The eigenvalues of J(77) are the roots of the polynomial
P(A) = (A + ) [ A% + baA® + b3A° + boA% + by A + by | (3.12)
where
b4 = Vs+V4+Vv3+1vy+7Vq,
b3 = V5(V4 +vV3+Vy + Vl) + V4(V3 + vy + Vl) + V3(V2 + Vl) + VoV,
bz = mp+ V5V4(V1 + Vz) + V5V3(V1 + Vz) + VsV + V4V3(V1 + Vz)
+v4V0V1 + V3oV, (313)
bl = ml(vl + 1/2) + V5V4VoV1 + V5V3Vo V1 + VaV3Vo Ve,
dB(W*
by = wvivamy —aapqrfy |BW*) + W* d(W ) .
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Now, define

h(u) = by + byu + byu* and g(u) = by + bsu + u>.
It follows from Definition 3.2.1 that the corresponding Bézout matrix Bj, ¢(P) of P(A) given
by (3.12) is

boo b
<[ 2  )

where bo/o = bzbl — b3l’)o, bO,l = b4b1 — b() and bl,l = b4b3 - b2.
Since By, ¢(P) is symmetric, it suffices by Theorem 3.2.4, to show that the k™ leading principal

1
minor Ay of By, ¢(P), is positive. Since Rgde > 1, we have by = nvyvm; (1 - —) =nm, > 0.

Rode
0
The first leading principal minor of By, 4(P), A1 = boo = byby — bsby, is positive whenever
b,by
* h * -~
n<mny; where n bty

The second leading principal minor of By, ¢4(P),
Ay = b11bgp — b%,l = b1,1boby — (bab1)? + mp(2b1bs — by ibs)n — myn?,

is positive whenever

bl,l A ,b% - 4b1 + 2b1b4 - b1,1b3

n<mny, where n; = > 0.
07 0
2m;

We conclude by choosing the integer n such that 1 <n < min{ng, ny}.

Step 2: Consider the model (3.1) with Rgde > 1. A Hopf bifurcation can occur when the
Jacobian matrix J(7) of (3.1), evaluated at 77, has a pair of purely imaginary eigenvalues.
Note that when the rank of the Bézout matrix B, ¢(P) is reduced by exactly one, then the
characteristic polynomial P has a pair of purely imaginary eigenvalues [113]. Thus to
prove the existence of Hopf bifurcation, it suffices to verify the transversality condition
[23].

Let n = ny be a bifurcation parameter. Let’s fix all other parameters of model (3.1).
Then, by Theorem 3.2.4, A; > 0. Hence, Ay(n) = 0 if and only if n = n7. Moreover,

dAZ(n) = —mzbm 1”7% - 4b1 <0.
dn n=ny’

0

O

Remark 3.2.4. One should note that, the stability analysis of the temporal model (3.1)

subject to the newly considered Hassell oviposition function By, as well as the stability

*

1/
ny" by, by, ..., by and by ; are computed similarly to the proof Theorem 3.2.4 above such that:

bl,l A ,bg - 4b1 + 2b1b4 - b1,1b3

2V1Vom,

results with respect of the existing works are summarized in Table 3.3. Note that, RE n

(i) For B(W)givenbyB;, by = V1V2m1(738de—1) > (0and WOL =1+
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(ii) For B(W) given by By, by = nvivom; (1 - ) > 0. Thus, n1. = min{n], nj’} where

odey 1
n; and n}" are the positive roots of the equrﬁ)or)ls A1(n) = 0 and Ay(n) = 0, respectively.
Theorem 3.2.4 is numerically illustrated by Figure 3.2. The LAS of 7 is depicted in
Figure 3.2(A) and shows that, without competition in the aquatic stage (i.e. u, = 0), the
mosquito population will persist as long as R* > 1 and 1 < n < min{n}, n5y}. On the other
hand, the Hopf bifurcation shown by Figure 3.2(B) proves that, sustained oscillations are
possible when p, = 0. Moreover, Figure 3.2(B) suggests that, if competition is negligible in
the aquatic stage (i.e. u, = 0), the solutions of model (3.1) converge to a periodic solution,
whenever n > ny'. This is in agreement with the studies in [1, 105, 108].

5x105
(A)‘ T T T T T T T o
4 |

3.5

3

2H
1.5H

1
0.5

I I I I I I I
0 5 50 100 150 200 250 300 350 400
x 10

10000

1000C

. . . . . . .
0 50 100 150 200 250 300 350 400
t (days)

Figure 3.2: (A) LAS of 7 for model (3.1) with y; = 0, n = 10 and N4, = 25 (so that
Ry =13.9399 > 1 and n;; = 12.4606).

(B) Hopf bifurcation in model (3.1) around of the MPE 7 with y; = 0, n = 13 and N,g, = 25
(so that Rgde =13.9399 > 1 and ny = 12.4606). All other parameters are as in Table 3.4.

(c) Global stability

We explore the global asymptotic property of the MPE 7 of model (3.1) with density
dependent mortality in the aquatic stage (i.e. u, > 0).

Theorem 3.2.5. Consider the system (3.1) subject to the Maynard-Smith-Slatkin oviposi-
tion function with n = 1. Then, the MPE 7 is GASin T\ {7} whenever Rgde > 1.

The proof of Theorem 3.2.5 can be cheaply done thanks to the monotone (cooperative)
properties of system (3.1). It can also be proven by Lyapunov-LaSalle techniques, with
the construction of a suitable Lyapunov function of Goh-Volterra type. The latter proof is
provided below.
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Proof. Suppose R5* > 1 in system (3.1). Let us first show that the equilibrium 7 =
(A, Y, Q, U, W) is globally asymptotically stable for system % = f(x). To this end,
consider the non-linear Lyapunov function of Goh-Volterra type as follows (see also proof
of Theorem 4.3 in [87])

Vix) =a1(A-A"InA)+a,(Y-Y' InY)+a3(Q-Q"' In Q) +a,(U - U"In U) +as(W - W' In W),

where,

ryBaag1Neg, Baag, aaq, g
1= +\qode” 4y = ;o A3 = , ag=—, and as=1.
v1Vav3Vy B(W)RY VoV3Vy V3V vy

At the steady state 77, the following relations hold:

B(W)HW* = (v + ,A")A" = vlﬂo%A*, v3Q" = BY* + bW,

(3.14)
ryA* =Y, ap:Q" =vU* and  al = vsW*.

The time derivative of V;(x) is

al(l—i*)A+a2(1— ?)Y+a3(1— g)Q+a4(1— LL[;)U+:15(1— VV\\/;)W’

+ (V1 + [JzA)A*

Vi(x)

B(W)WA*
A

a [B(W)W - (V1 + [,le)A - + a, [T'}/A - VzY

AY* Y * %
_y P QQ —b1WQQ +V3Q*] (3.15)

+ V4u*} + a5 [all —vsW —

+ sz*

+ as [‘BY-i-le—Vg,Q—

ap; QU alUW"

+ay [Ol(PlQ — s - + V5W*] .

Using (3.14), Eq. (3.15) becomes

A A

Vl(X) = (leuzA*A (2 - E - 2 ) + (ZlB(I/\F)]/\fe +av, Y + L13,1/3Qyr + auv U5 + asvsW°

B(W)WA* ., ryAY” . BY Q" b WQ* . apQU" iy alUW*
1 A 2 Y 3 Q 3U1 Q 4 u 5 W s

and the relations

mBW)W* = ayv, Y = asY* = apry A ; asvsW* = ary A" + azsb; W*
(3.16)
LZg,Vg,Q’e =aq U = LZ40«C§01Q’F = EZ5EIU* = 6121")/14’F + 6131?1 W+
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are satisfied. Substituting the expressions in Eq. (3.16) yields

*

Vi (%)

* A A B(W)WA*
A2l A(2 A A BN )YW-A
AY' YQ' QU UW'  B(WY) (WQ our uw
2y Tyvotoutuw T sw ) " Wilwo toutuw
B(W*) 1]+ V3V4Vs5 — b]&@la B(W)
B(W) V3Vy B(W*)

) + 6a,ry A" + 3a30:W* — apry A” (

+ary A’ ( - 1) W

*

) * A A [ BWWA* AY* YQ
= a1H2A A (2 e ) ) + 027’7/14 (6 B(W*)W*A AY Y*Q

QU UW B(WY [ owo our uw
“ouU_UW _ BW) ) *ash W (3 “TWQo ou._ U*W)
[ BOW) W BW)
+aryA (B(W*) — 1)(W* — BW) ) (3.17)

In Eq. (3.17), the terms between the brackets are Volterra-type functions. These functions

are positive definite. For B(W) with n = 1, we have

BW) [ _W-W W BWW)_ (W-WL

BW) L+w W T BW) T WL+ WY
Hence,
BOV) _\(W _BOW)\___ W-WPL
B(W*) W+ BW)| W(L+W)L+W)

Thus, using the arithmetic-geometric means inequality, it follows that V; < 0. The proof

follows by the conclusion in the proof of Theorem 3.2.2 as well. |

Unfortunately, for the case n > 1, none of these latter theories can easily apply. This
owing to high nonlinearity, the system (3.1) is neither cooperative, nor amenable for
Lyapunov-LaSalle techniques. Alternatively, to prove the global attractivity of 7 when
n > 1, we shall adopt a generic approach (which can also apply for n = 1) based on
a fluctuation argument [77, 80, 82, 152]. We shall construct two monotone convergent
sequences such that one is the upper bound and the other the lower bound of the constant
solution 7. Moreover, the constructed sequences must share the same limit.

Before the implementation of the above mentioned approach, let us give some useful
preliminaries.

For two vectors a,b € R?, we write: a > bifa, > b;;a>bifa>banda # b and a > b if
a; > b;.

Lety = (A, Y, Q, U W) = (11, y2, Y5, ya, ¥5)T € R3, ¢ > 0 be any nonnegative quantity and
gW — (v1 + 1 A)A
ryA — Y
F(y,8) =| BY + hWW —v3Q

ap1Q —vald
aU—v5W
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Consider the system

dy B
= =Fw.8). (3.18)

One can easily verify that the function F satisfies the following conditions:
(1) Fis cooperative on R and DF(y, g) is irreducible for every y € R3;
(2) F(0,g)=0and Fi(y,g) > 0forall y € R} withy; =0,i=1,2,...,5;
(3) Fis strictly sublinear on RR3.

Thus, thanks to [159] (Corollary 3.2), the following result holds.

Lemma 3.2.5. Consider the system (3.18). Denote s(DF(0, g)) = s(F}(0, g)) = max{ReA :
det(Als — DF(0, g)) = 0}, the stability modulus of the matrix DF(0, g). Then,

(i) If s(DF(0,¢)) < 0, then y = 0is GAS in R3.

(ii) If s(DF(0,g)) > 0O, then % = F(y, g) admits a unique positive equilibrium y*(g) which
is GASin R? \ {0}.

To stress the dependence of 7 on the oviposition function B(W), we denote 7 =
T*(B(W)).

Remark 3.2.5. In the case when s(DF(0,g)) > 0, the positive equilibrium y*(g) is an
increasing function of g, thatis g1 > g, implies y*(g1) > v*(2). Indeed, by the comparison
principle, we prove that y*(g1) > y(g2), and use condition (1) above to conclude (since F
is strongly monotone [124]) that y*(g1) > y*(g2). Furthermore, by setting ¢ = B(0) = N,
Theorem 3.2.5 with B(W) replaced by B(0) = N,¢, and item (i) of Lemma 3.2.5 imply that,
for Rgde > 1 (or equivalently, s(DF(0, B(0))) > 0), there is a MPE y*(B(0)) = 7 *(B(0)) which is
GAS for the system Z—f = F(y, B(0)).

Denote

T
= T (B(0) = ¥ (BO) = (", 2, o, )

Using Eq. (3.10), the fifth coordinate of x(V) is

ode ,2

1) * 0 1 ode
x:’ = W¥(B(0)) = — (R -1).
{ (B(0)) Neggyz( ot — 1)

Clearly x!V is the MPE of system (3.1) when B(W) is replaced by B(0) = N.q,.
The following result proves the global attractivity of 7 when n > 1 and Rgd@ > 1.

Theorem 3.2.6. Suppose Rgdf > 1 and s(DF(O,B(xél)))) > 0. Then the MPE 7 of system
(3.1) for B(W) with n > 1 is globally attractive.
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Proof. We prove this theorem by implementing the fluctuation method in two steps as
mentioned earlier in the introduction section.

Step 1: Construction of two monotone sequences {zm}>_and {x"™}>_ .
If y € R3 be any solution of system (3.1). Since 44 2 < B(O)W — (v1 + upA)A, then system (3.1)
is bounded from above by the cooperative system

dy _

di’ ( B(O)) where g =y= (A, Y’ Q’ u’ W)T

It follows from the global stability of 7 *(B(0)) and the comparison principle that, for any

€ = (€1,€, €3,€4,65)" > 0, there exists a t; > 0 such that
y(t) < T (BO) +e=xV+¢e, Vt>t.

Since s(DF(0, B(xgl)))) > 0, we can choose € small enough such that s(DF(0, B(x(;) + €5))) > 0.
It follows from Lemma 3.2.5 that there exists a unique positive equilibrium

d
y' (B +€5)) = T (B + e5))  for d—f = F(7, B(x\" +e5)),
with 7 =y = (A,Y,Q, U W), which is globally asymptotically stable in R \ {0}. Denote
z2D =7 BG +e5)), and 2" = W(BL" +e5)) the fifth coordinate of z(.

Since W(t) < x(l) + €5, Yt > t;, we have

BW(t) > B(x{) +es5) for t>t.

Hence,
E(ZJI_I? > B(x + €5)W (Vl + ‘leA)A Yt > 1.
Therefore, the system (3.1) is bounded from below by cooperative system
g7
d_g = F(7,BGY +e5),  Vi> .

Thus, the global stability of z) = 7*(B(x\ + e5)) and the comparison principle imply that
for any € > 0, with z) — € > 0, there exists t, > t; such that y(t) > zV) — ¢, Vt > 1.
Using Remark 3.2.5, we have z!) < x().

Iterating this process, we construct two vectors
@ =T BEY -e5) and z? =T B +e5) with 1 = W(BE -e5)),

and subsequently find t; > t, such that y(t) < x® + ¢, V¥t > t; and t; > t; such that
y(t) > z® — ¢, ¥t > t;. Hence,

2P —e<yt)<xP+e, Vt>t,

Ph.D Thesis: Study of the spatial distribution of anopheles mosquitoes M. L. MANN MANYOMBE ©UYI 2020



A spatio-temporal model for the population ecology of anopheles mosquito

Furthermore, the relationship zV < z® <« x@ « x® is verified. Indeed,
since B(z\) - es) < B(0), wehave x® =7"(B(zl - es5)) < 7(B(0)) = x.
Similarly, since B(xéz) + €5) > B(xél) + €5), we have
2@ = T B(Y + e5)) > T (B + e5)) = 2.
. @ _ )
Since B(z;’ — €5) > B(x~ + €5), we have
@ =T (B - €5)) > T (B(L + €5)) = 2.
Hence, B(xéz) +¢€5) < B (2(51) — €5), and consequently,
2% = T (BGY + e5)) < T (BE - €5)) = x@.

Therefore, zV « 29 « x@ « xM,
Repeating the above arguments, we get two monotone sequences of vectors {z™}
and {x"}*_ such that

(o9
m=1

0«2V «z? « w2 <« x™ « -+ < x? < 20,

with F(z(’”),B(xém) +€5)) = 0 and F(x(’”),B(zém) —€5)) = 0, Ym > 2. Moreover, there exists
tr,, > 0 such that
2" —e < y(t) < x™ + ¢, Yt >ty

Hence, there exist two positive vectors X* and Z* with X > Z such that

limz™ =7* and lim x™ = X*.

1m— o0 m—o0

Furthermore, Z* < 7 < X*.

Step 2 : Passage to the limit.

For any y, # 0, the omega limit set w(y,) € [Z*, X*] because the ordered interval [Z*, X"] is
positively invariant.

e If Z* = X", then we have proved that Z* = X* = 7" and 7" is globally attractive.

o If Z* # X*, that is Z* < X7, then it is easy to see that Z* < X*. Moreover, by the
uniform persistence in Remark 3.2.3, there exists n > 0 such that w(y,) € [Z*, X*] with
Z: +1n < ws(yo) < Xi — 1, where ws(y,) is the fifth coordinate of w(y,). By repeating the
previous process, we can construct two vectors Z*" and X" such that for any nonzero

point yo,

1) (1)

7< 7" <7 < X" <X and w(yo) € [Z° ,X*m].

o If 2V = X" then 2" = X*” = 7™ and 7™ is globally attractive.
o Ifnot, 2" < X", then Z"" < X"". Repeating the procedure, we can construct two
sequences Z*" and X*" such that

(1) +2) 4 (m=1) «(m) " o (m) 4 (m=1) «(m=2) +2) (1)
AR VAN -4 /" <T'<X X < X < <X xX
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and
lim Z*" = lim X" = 77,

which implies that the omega limit set of every nonzero point y is 7 and thus 7 is globally

attractive. O

Ecologically speaking, Theorem 3.2.5 and Theorem 3.2.6 imply that, mosquitoes
will persist in the community whenever the associated conditions for the global stabil-
ity/attractivity of 7 hold. These theorems are numerically supported by simulating the
model (3.1) using; n = 1 for Figure 3.3(a) and n = 13 for Figure 3.3(b). Figure 3.3(b) show
that, in the presence of density dependent mortality in the aquatic stage (i.e. u, # 0),
the solutions of model (3.1) converge to 7 even if the conditions of Theorem 3.2.4 are
satisfied. This suggests that, the phenomenon of Hopf bifurcation can be ruled out in the
system by addicting a positive density dependent mortality rate 1, > 0 in the aquatic stage
of the mosquitoes.

In Table 3.3 below, we summarize the long run behavior of the solutions of the ODE
model (3.1) subject to either of the four egg oviposition functions given in Table 3.1. The
expressions of ROL and ny. are specified in Remark 3.2.4.

Table 3.3: Stability properties of the model (3.1). 1 denotes a result established exclusively

in this paper.
B(W) nand Rode To T Stable limit cycle Source
Bum t2 =0 Rode < 1 GAS No No [2, 88]
>0 Rode > 1 Unstable  GAS No [2, 88]
B, tr 20 Rt <1 GAS No No [108]
p2 =0 1 <R <RE Unstable  LAS No [108]
ty =0 Ry > RE Unstable Unstable Yes [108]
2 >0 Rode > 1 Unstable  GAS No +
Bg n>0,u=0 Rgde <1 GAS No No T
l<n<mny, =0 Rode > 1 Unstable LAS No t
n>ng,u =0 Rgde >1 Unstable Unstable Yes t
n>0,p>0 Rote > 1 Unstable  GAS No t
By n>0,u >0 Rote <1 GAS No No t
l<n<nu,u=0 Rode > 1 Unstable ~ LAS No t
n> ., =0 Rode > 1 Unstable Unstable Yes t
n>0,p>0 Rode > 1 Unstable  GAS No t
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(a) (b)as

Figure 3.3: GAS of the MPE 7 for model (3.1). u, = 0.0004, N, = 25 and all other
parameters are as in Table 3.4 (so that 7{8‘1‘3 =13.9399 > 1): (@ n=1. (b) n =13.

3.2.5 Sensitivity analysis

We carried out sensitivity analysis to determine the model robustness to parameter
values [8, 88]. This is a tool to identify the most influential parameters in determining
mosquito dynamics. A latin hypercupe Sampling (LHS) scheme [90] samples 1000 values
for each input parameter using a uniform distribution over the range of ecologically realistic
values is given in Figures 3.4 and 3.5 with descriptions and references given in Table
3.4. Using the system of differential equations that describe (3.1) for B(W) with n = 1,
5000 model simulations are performed by randomly pairing sampled values for all LHS
parameters. Partial Rank Correlation Coefficients (PRCC) and corresponding p-values
between Rgde and each parameter are computed. An output is assumed sensitive to
an input if the corresponding PRCC is less than —0.50 or greater than +0.50, and the
corresponding p-value is less than 5%.

From Figure 3.4 and Figure 3.5, we can identify five parameters that strongly influence
the population dynamics and dispersal of the mosquito, namely the natural mortality rate
of immature females (uy), the natural mortality rate of the aquatic stage (u1), the natural
mortality rate of breeding females (uw), the transfer rate () (also referred to as mating
rate), the maturation rate (y) and the deposit rate of eggs by females (N,,.). Thus, from
this sensitivity analysis, the following suggestions are made:

(i) The mechanical control (such as removal of stagnant waters) could be an effective
control measure against the growing of mosquitoes because the value of N, and
the population size of mosquitoes are minimized;
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Table 3.4: Values and ranges of the parameters of the model (3.1).

Parameters Baseline Value Range Source
r 0.5

y 0.8/day 0.5-0.89 [38]
Nege 50/day 10 — 100 [38, 108]
L 40000 50 -3 x10° [108]

B 0.2/day 0.05-0.35

U2 0.04/ml 0.02 - 0.06 [108]

ti 0.51/day 0.28 - 0.76 [38]

Um 0.14/day 0.02-0.2 [2, 88]
ty 0.05/day 0.01-0.2 [2, 88]
Uo 0.18/day 0.125 - 0.233  [20]

pu 0.0043/day 0.0034 — 0.01 [20]

Uw 0.41/day 0.41 - 0.56 [20]

P1 16 12 -20 [104]

a 0.86 0.75-0.95 [104]

by 0.8/day 0.46 — 0.92 [104, 105]
a 0.43 0.30 — 0.56 [20]

0

Values of sensitivity indexes (PRCCs) for R

6 7 8
Parameters

Figure 3.4: Sensitivity analysis between R}* and each parameter.

(i) The use of larvicides and removal of mosquito breeding sites seem to be important
control measures against the mosquitoes because they increase in the value of u;
and reduce the value of y;

(iii) The use of insecticides is potentially another good control tool against mosquito
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Figure 3.5: Sensitivity analysis between Y, Q, U, W and each parameter.

population because it helps increasing the values of py and pw;

(iv) The use of sterile insect technique (SIT) and genetically modified mosquitoes (GMM)
may play an important role in minimizing the size of mosquito population by reducing
the transfer rate (5) and maturation rate ().

3.3 Spatio-temporal model

3.3.1 Modeling framework

In order to assess the influence of mobility on the spread of mosquitoes, we extend
model (3.1) by taking into account the spatial component. In this new setting, we give addi-
tional assumptions based on the mosquito ability to move, knowing that the mosquitoes in
the aquatic stage often live in closed habitats such as unattended water containers. There-
fore, it is reasonable to assume that resting females mosquitoes, as well as mosquitoes in
the aquatic stage do not move. The remaining classes of adult mosquitoes disperse while
searching for hosts for blood meals or breeding sites for reproduction [154]. The move-
ments of adult mosquitoes can be classified into long-range and short-range dispersals.
Long-range dispersal is often unintentional and aided by wind or human transport while
short-range dispersal is often intentional and can be divided into non-oriented flights or
oriented flights towards sites [45]. Mosquitoes follow odors and carbon dioxide carried by
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the wind, which gives their main direction of migration [53]. Therefore, we add advection or
drift terms to account for the fact that, when mosquitoes are stimulated by attractants (e.g.
wind, hosts, breeding sites), they move preferably in certain directions [30, 42]. We use &,
£ and ey to denote the constant velocity fluxes (migration coefficients) of males, questing
females and breeding females, respectively. When mosquitoes are not submitted to stimuli,
it is possible to assume that they move randomly in any direction [35, 42]. For simplicity, to
describe the random movement of mosquitoes, we use diffusion to model it according to
Fick’s law. We denote Dy, Dy, Dy and Dy the diffusion coefficients for immature females,
males, questing females and breeding females, respectively.

To make it simple, we concentrate on one dimensional spatial habitat QO = (0,/), [ >0
and assume that the mosquitoes are confined in that line segment all the time. The number
of hosts is allowed to differ across Q, introducing heterogeneity. Thus, the population
density of humans H(x) is location-dependent, implying that the parameters ¢ (x), b1(x),
v3(x) and vs(x) are location-dependent as well.

According to the above description, we propose the following spatio-temporal model

%_‘? = B(W(t, x))W(t, x) — [v1 + tA(t, X)]A(t, x),
Y ?Y
~ = Dy— =+ ryA(t, x) = v, Y(t, x),

2 _, #Q_ 2

= = Do — o5+ BY(L1) + bix)W(E, %) — v3()Q(t, %), (3.19)

2 api(@)Q(,2) ~ vt ),

W _ 5 82_W_€ W
ot W Wox

Here A(t,x), Y(t,x), Q(t,x), U(t,x) and W(t,x) measure the density of mosquitoes at

+al(t, x) — vs(x)W(t, x),

location x and time t. Note that the equation for the density of male mosquitoes M(t, x) is

2
(98_]\;1 = DM%TAZ/I — eMaa—Af + (1 = 1)y A(t, x) — umM(t, x). (3.20)
We discard Eq. (3.20) from system (3.19) because the unknown M(t, x) can be determined
if A(t) is known. Indeed, once A(t) is found, (3.20) is a scalar advection-diffusion-reaction
equation. Thereafter, it is well known that, along the characteristics x — x — tey, IS
transformed into a scalar reaction-diffusion equation that can be solved in a classical
manner [79]. System (3.19) is appended with the initial conditions

{A@m %@)YOx P2(x), Q(0,%) = P3(x), (3.21)

U(0, x) = ¢a(x), 0,x) = ¢s5(x), x €Q),
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the Neumann boundary conditions

Y Y
and the Robin boundary conditions
a7 a7
ng(tl O) - éZZ(tr O) - g(t/ l) - 0/ Z= Qr I/V, (323)

where each ¢; (i=1,2,3,4,5) is assumed to be nonnegative and continuous in the space
variable x.

3.3.2 Existence of positive solutions

The aim here is to give the preliminary results for the well-posedness of system (3.19)-
(3.23). These results include the existence of the unique maximal bounded semiflow
associated with (3.19)-(3.23).

Letu(t,x) = (A(t, x), Y(t, x), Q(t, x), U(t, x), W(t, x)) = (u1(t, x), us(t, x), us(t, x), ug(t, x), us(t, x))
denote a solution for (3.19) corresponding to the initial condition ¢ = (p1, P2, P3, Ps, Ps).
Let X := C(Q,R) = [1,X;, X; := C(QR), i = 1,...,5 be the Banach space of R®-
valued functions continuous in x € Q equipped with the usual sup norm |ullx = Y0, lluillx,,
X* = C(Q,R}) = [T, X}, where X := C(Q, R,) the positive cone of X;.

Denote by I the identity operator on X;. Let T;(t) : X; — X;, t > 0,1 = 2,3,5,
be the semigroups associated with the operators Dyd2, — v,I, Dpd?, — eqdyx — v3(-)I and
Dwa?,—ewd«—vs(-)I, respectively, subject to the Neumann and Robin boundaries conditions.
It follows from [124] that Ti(t), i = 2,3,5 is compact. Moreover, according to Definition A.1.5
in Appendix and thanks to Corollary 7.2.3 in [124], Ti(t), i = 2,3,5 is strongly positive. We
also define

(Ti(t)p1)(x) = e ™' pr(x) and  (Ta(t)pa)(x) = e pa(x),
forany ¢; € X;,i=1,4,t>0. Then,

T(t) = (To(t), Ta(t), Ts(t), Tu(t), Ts(t)) : X — X, ¥t >0 (3.24)

defines a Cy-semigroup (see e.g. [134]).
Define F = (Pl,Pz,Pg,P4,F5) Xt — X by

B(¢ps)s — po¢p]
ry$
F(@)(x) :==| Bpo+bi(x)ps |, Vxe€Q and ¢ = (1, Pa, Pz, Pa, Ps) € X (3.25)
ap1(X)Ps
aQy

Then, system (3.19)-(3.23) can be rewritten as the following integral equation

u(t) :=T(t)p + f(; T(t — s)F(u(s))ds, (3.26)
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whose solution is called mild solution (see Definition A.1.4). The following result guaranties
the local well-posedness of (3.19)-(3.23) on X*.

Theorem 3.3.1. For all ¢ € X*, the system (3.19)-(3.23) has a unique mild solution
u(t,-, @) = (u1(t,-), ua(t,-), us(t,-), us(t, -), us(t,-)) on the interval of existence [0, aq)) with
u(0,-,¢) = ¢, where o4 < oo. Furthermore for t € [0,04), u(t,-,¢) € X* and u(t,-, @) is a
classical solution of (3.19)-(3.23).

Proof. By Corollary 4 in [91] and Theorem 7.3.1 in [124], it suffices to show that for any
¢ € X",

hlirgl dist(¢p + hF(¢), X™) = 0. (3.27)
Letb; = min{b;(x)} and @¢; = min{e;(x)}. Then for any ¢ € X* and h > 0, we have
xeQ xeQ)
¢1 + h[B(ps)ps — H2¢%] P1[1 — huzopq]
(1)2 + h?’)/gbl (1)2 + h?’)/QDl
¢ +hE(P) =| ¢ +h[Bpr+ bi(¥)ps] | 2| @3+ hBp + bihs]
P4 + hay ()3 ¢4 + hadrps
(P5 + haqb4 ¢5 + haqb4
The above inequalities imply that (3.27) holds, this complete the proof. m|

In order to state and establish the global well-posedness result for (3.19)-(3.23), the
following result, established in [156], which extends Lemma 1 in [82] in the presence of
advection, is instrumental.

Lemma 3.3.1([156], Proposition 1). Consider in a spatial domain with x € Q, the following

scalar reaction-advection-diffusion equation

dyw(t, x) = DA w(t, x) — ed.w(t, x) + g(x) — Aw(t, x), t > 0,
Do,w(t,x) — ew(t,x) =0, x€dQ, t>0, (3.28)
w(0,x) =P(x), x€ Q,

where D > 0,1 >0, >0, and g(x) > 0 is a continuous function. Then, for all ¢ € C(ﬁ, R,),
there exists a unique positive steady state w* which is globally attractive in C(Q, R).
Moreover, in the case ¢ = 0 and g(x) = g, it holds that w* = %

Now we are in a position to show that solutions of the system (3.19)-(3.23) exist globally
for t € [0, 00) in X*.

Theorem 3.3.2. For any ¢ € X*, system (3.19)-(3.23) admits a unique solution u(t, x, ¢)
defined on [0, c0) with u(0, -, ) = ¢ and a semiflow @, := O(t) : X* — X* is generated by
(3.19)-(3.23) which is defined by

D) = u(t,-,¢), t>0. (3.29)

Furthermore @; := ®@(t) : X* — X" is point dissipative.
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Proof. For any ¢ € X*, we denote by u(t, x, ¢) the unique solution of system (3.19)-(3.23)

satisfying (0, x) = uy(x) = ¢(x) with the maximal interval of existence [0, o) for some ¢ > 0.

By Theorem 3.3.1, we have u(t, x, ¢) > 0. Having in mind that B(W)W is bounded above by
NgoL, it comes that

O1A(t,x) < NeggL —11A, VE20, xeQ.

NegoL

V1

This implies that there exists t; = #;(¢) > 0 such that A(t, x) < Vi, xeQ.

Next, from Eq. (3.19), one has

atY(t, X) < Dyaixy + T)/M() - VZ‘Y, VYt > t.

The comparison principle (see [49] or [125], Theorem 10.1) and Lemma 3.3.1 with D =Dy,
¢ =0, g(x) =ryM,, A = v,, imply that there exists t, = t,(¢) > t; > 0 large enough so that

r')/Mo —
1%

Y(t, X) < =M, Vt=>t,, xeQ.

Let V:=Q+ U+ W, then from (3.19) we have
I V(t,x) < Dgd2 V — e9dyV + My — oV, Vit > t,

where Dy = max{Dg, Dw}, &y = min{¢g, ew} and py = min{ug, pu, yw}. Another application
of the comparison principle and Lemma 3.3.1 with € = ¢y > 0, D = D,, g(x) = My, A = py,
yields t3 = t3(¢p) > t, > 0 large enough so that

M —
Q(t,x)+ U(t,x) + W(t, x) < ‘By—l =M,, Vt>t;, xeQ.
0
Hence, the solutions of (3.19)-(3.23) are ultimately bounded with respect to the maximum
norm. Therefore, the latter results, combined with the local existence in Theorem 3.3.1,
yields the global existence of the solution u(t, x, ¢) in [0, o). It follows that the solution

semiflow @; is point dissipative. |

Since the first and the fourth equation in (3.19) have no diffusion term, the solution map
@, is no compact. In order to overcome this problem, we introduce the Kuratowski measure
x (see [36]), which is defined by

x(B) := inf{r; : B has a finite cover of diameter < r{}, (3.30)

for any bounded set B. We set «(B) = co whenever B is unbounded. It is easy to see that
B is precompact (i.e. B is compact) if and only if x(B) = 0. Then the solution map @, has
some partial compactness in the following sense.

Lemma 3.3.2. @ is k-contracting in the sense that

}im k(®(t)B) =0 for any bounded B c X'.
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Proof. For convenience, we let u := (Y,Q, W), v := (A, U), D = diag(Dy, Dg, Dw),
¢ = diag(0, ¢g, ew) and define

ryA — v Y
B(W)W - (Vl + [JQA)A
m(t,x,w,v) =| BY + b1 (x)W —v3(x)Q and g(t,x,u,v) =
ap1(x)Q —vall
ald —vs(x)W

Then system (3.19)-(3.23) can be rewritten as

ou Au  Jdu

== DW —eo_+ m(t,x,u,v),

ov Py

E_g(t/x/ulv)l XEQ, t>0’
Ju Ju

Da(t, 0) — éll(t, 0) — ax (tl l) =0

u(0,x) =¢, v(0,x)=1.
Then, for any (u, v) € X*, we have
x'M(u, v)x < —-rix'x, VxeR?, (3.31)

where

-v1 —2uA 0

0 —V4

_dg(t,x,u,v)

M(u, v) g

] and r; = min{vy;vy).

Let B be a given bounded subset in X*. We first show that @, is asymptotically compact on

B in the sense that for any sequences ¢, € B and t, — oo, there exist subsequences ¢,, and

ty, — oo such that @y, (¢y,,) converges in X* as k — co. Note that the family of functions

{Dy, (Pn)(X)}nz1 is uniformly bounded on Q for all n > 1. In view of the Arzela-Ascoli

Theorem, it suffices to prove that {®; (¢,)(x)}.>1 is equicontinuous in x € Qforalln > 1.
Let (u,(t, x), vu(t,x)) = O(@,)(x), Vo, € X, t >0, x € Q. For simplicity, we define

Wt %) = w,(t+t,,x) and V,(t,x) := vu(t + b, X), VE>—t,, x € Q.

Clearly, (u,(0,x),v,(0,x)) = @, (pn)(x), Vn > 1, x € Q. Note that u,(t, x) and v,(t, x) are
uniformly bounded, Vn > 1, x € Q,t>0.

By a direct computation, we see that forall t > —t,, x,y € Q, there holds

J
Z(Vn(t/ x) - Vn(tl ]/))T : E(Vn(tr X) - Vn(t/ y))
2Va(t, ) = Vult, v))T - [9(E + tu, 2, Wa(t, X), Vn(t, X))
—g(t + tu, Y, Tt ), Valt, )| (3.32)

d
5| Tty ) =t 9 @t 1) = e, ) |
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Moreover,

|t + £, %, Wt 2), Flt, 2)) — U+ b, Y, Wl ), Vult, )|
= [g(t + b, 2, W, ), Falt, %)) — g(E + b, X, W, ), ()|

[+ %, Tt %), Wl ) = gt + £y, Talt ), Wty )] (3.33)

1 _ _ _ =
_ [fo Ag(t + ty, x, W, (t, x), vn(g:) + N(Vu(t, x) — V,u(t, y))dn] Gt 0) - Fult, )]

8+ b, 2, Tt %), Valt, ) = U+ b, 1, Tl 1), Vult, ).
Set
Hou(t, %, y) := I8 (E + b, x, Wa(t, x), Viult, ) = (8 + b, y, Wa(t, 1), Vult, ).
It then follows from (3.31), (3.32) and (3.33) that there exists a real number N > 0 such
that

%”Vﬂ(t/ X) - Vn(t/ y)”z < _zrlllvn(t/ x) - Vn(tl y)||2 + NHn(t/ X, y)/ (334)

forallt > —t,, x,y € Q.

By the constant variation formula and the comparison argument, we obtain

t
[Wa(t, x) = Vult, y)I* < e 1NV, (s,x) = Vuls, YIP + N f e -9, (0,x,y)d0, (3.35)

forallt > s > —t,. Letting t = 0 and s = —t, in (3.35), we further have

0
94(0, %) = 9u(0, I < e™2"|[Wy(=tn, X) = Vu(=tw, PIF + N f ¢""H,,(6, x, y)do,
—t

and hence,
0
IV (tn, %) = Vi, YIF < e 1v,,(0, %) = viu(0, y)IF + N f ¢*""H, (0, x, y)dO, (3.36)
—t,

forallm>1,x,y eQ.

Note that (u,(0,x),v,(0,x)) = ¢, and ¢, € B, foralln > 1 and x € Q, and that
{u,(t,, x)}n=1 is equicontinuous on Qforalln > 1. Thus, it suffices to prove that {v,,(t,, x)}u>1
is equicontinuous on € for all n > 1 in the sense that for any € > 0, there exists 6 > 0 such
that

IVt X) = vt Yl <€, Vn>1, Vx,y € Q with |x —y| < 6.

Suppose, by contradiction, that there exist an €y > 0, 1y — 00, xi, Y € Q with e — vl < %
such that [|v,, (., xx) = Vi (ts, YOIl = €0, Yk > 1. Letting x = x¢, ¥ = yx and n = n; in (3.36),

we then obtain
0

eﬁ < I}im sup vy, (£, Xk) = Vi (B, yk)ll2 <N- %im supf eZ“Han(Q, X, Yi)dO. (3.37)

by
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Note that for each 0 < 0, there exists a large integer 1y > 0 such that the sequence
of functions {u,(0,x) = u,(0 + t,,x)},>,, is equicontinuous on Q, and that g(t,x,u,v) is
uniformly continuous in (¢, x, u, v) € [0, c0) X Q x H, where H is any given compact subset
of R3. Since ]}Lnolo [, (0, xx) — u,, (0, yi)ll = 0O, it follows that for any given 6 < 0, we have

%im H,, (0, xt, yx) = 0. Using Fatou’s lemma in (3.37), we then obtain

0
eé <N- f et %im sup H,, (0, xx, yx)d0 = 0,

a contradiction. Consequently, ®; is asymptotically compact on B.
Now we consider the omega limit set of B for the Poincaré map ®; on X*, which is

defined as
w(B) ={pe X" : %1_{{)10 Dy, (pr) = ¢ for some sequences ¢y € B and nx — oo}.

From what we proved for @;, we easily see that @, , ¥n > 0 is asymptotically compact on B
in the sense that for any sequences ¢y € B and 1, — oo, there exists subsequences, which
we label as ¢, and 1, — oo, such that (Dtnk (k) converges in X as k — oo. It then follows that
w(B) is a nonempty, compact and invariant set for @, in X*, and w(B) attracts B. In view of
Lemma 2.1 (b) in [84], we have

k(D(t)B) < k(w(B)) + 6(P(t)B, w(B)) = 6(D(t)B, w(B)) = Oast — oo.
This completes the proof. m|

Now we are ready to show that solutions of system (3.19) converge to a compact
attractor in X*.

Theorem 3.3.3. ®(t) admits a connected global attractor on X*.

Proof. By Theorem 3.3.2 and Lemma 3.3.2, it follows that ®(t) is point dissipative and
k-contracting on X*. From the proof of Theorem 3.3.2, we also know that the positive
orbits of bounded subsets of X* for ®@(t) are uniformly bounded. By Theorem 2.6 in [84],
®(t) has a global attractor that attracts every bounded set in X*. O

3.3.3 Threshold dynamics of model (3.19)

In order to define the basic offspring ratio Rgd"’ for system (3.19)-(3.283), we first observe
that system (3.19) has a spatially homogeneous trivial equilibrium 7, = (0,0, 0,0, 0). Note
that, while a huge number of works deals with the threshold dynamics for ODE models,
very few such studies are devoted to PDE models. This is probably due to the fact that
the concept of basic reproduction number has just recently been extended to PDE models
such as reaction-diffusion and reaction-convection-diffusion epidemic models with mixed
boundary conditions [129, 141, 142, 144]. The definition of Rgde in this work follows the
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approach developed in [129]. That is, R’Sd" = r(L) is the spectral radius of the operator
L:=-GS™!, where

S= dlag( — Vl,Dyaix — Vo, DQ832cx - €Q8x — V3(.), —Vy, Dwaix — Ewax — V5(.)),

being the infinitesimal generator of the semigroup T(t) defined in Eq. (3.24) and G defined
by

0 O 0 0 N
ry 0 0 0 O
Gw=l0p 0 0 bE |
0 api(x) 0 O
0 0 a 0

such that, for all ¢ € X, and x € Q,

L)) = (-6SY)(¥) = GO(-SY)(x) = G(x) j; T(#)(Y(x))dt
Let us recall some important results on which our proof will heavily rely.

Lemma 3.3.3 ([129], Theorem 3.12). Let W be the generator of a Cy-semigroup P on an
ordered Banach space X with anormal and generating cone X*. Then W is resolvent-positive
if and only if P is a positive semigroup i.e. P(£)X* c X*, ¥t > 0.

Lemma 3.3.4 ([129], Theorem 3.5). Let W be a resolvent-positive operator in X, s(W) < 0
and © = ® + ¥ be a positive perturbation of W. If © is resolvent-positive, then s(®) has the

same sign as r(—OW 1) — 1.
The result below establishes the global attractivity of 7.

Theorem 3.3.4. Consider the model (3.19)-(3.23). Then, the spatially homogeneous trivial
equilibrium 77 is globally attractive whenever R'™ < 1.

Proof. Linearizing system (3.19)-(3.23) around 7, we obtain the linear cooperative system

= NeggW(t xX) — 11A(L, x),
= DyZY axz + r)/A(t x) — v Y(t, x),
DQ - eQ 8x + BY(t, x) + bi(x)W(t, x) — v3(x)Q(t, x),
B = ap Q) - Ll ), (3.38)
= DwZY — ewZ) + all(t, x) — vs(Y)W(t, x),
&xY(t, 0) =0, Y(t,]) =0,
Dz0,Z(t,0) — €7 Z(t,0) = 9. Z(t,)) =0, Z=Q,W.
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Substituting (A,Y,Q, U, W) = (eM1(x), eMiha(x), eMihs(x), eMipa(x), eMips(x)) in (3.38), with
A € C, yields the eigenvalue problem

APy = NegoWs — V11,

AYa = Dyd3 by + 1y — vaha,

A3 = D2 4hs — €0dx3 + Pa + bi(X) s — v3(x) s,

Mps = a0 — vaths, (3.39)
Aps = Dwdr, s — ewdiths + aps — vs(x)ys,

dxPa(t,0) = dxa(t, 1) = 0,

Dz3.i(t,0) — ezi(t,0) = duhi(t, ) =0, i=3,5, Z=Q,W.

The right-hand side of first five equations of eigenvalue problem (3.39) takes the form

Oy = (S + G)Y, where, ¥ = (1,1, ..., 1s)". (3.40)

Note that G is a positive and cooperative. Thanks to the graph theory, G is also irreducible.
Moreover, S and G are both generators of positive Cy-semigroups. Hence, by Lemma 3.3.3,
S and G are both resolvent-positive (see Definition A.1.6 in Appendix A). Following the
arguments in [124] or [157], one can prove that the spectral bound s(S) of § is negative. In

fact, let us consider the system

8tZ = DZ8§XZ - £Z8XZ, (3 41)
D20,Z(t,0) — e2Z(t,0) = 0,Z(t,1) =0, Z=Q,W. '
The substitution of P = eM((x) in (3.41) gives
A = Dd? C - €d,C.
((x) = DFLL ~ ed,L 642)
Dz0d,C(t,0) — e2C(t,0) = J,C(t,L1) =0, Z=Q,W.

The asymptotic behavior of solutions to (3.41) is determined by that of the eigenvalue
problem (3.42). Theorem 7.6.1 in [124] and Remark ?? imply that the eigenvalue problem
(3.42) has a real principal eigenvalue Ay and a corresponding eigenvector (y(x) > 0 for all
x € Q. We claim that Ay < 0. Indeed, if Q,(C) := Dzd.C — €20, denotes the differential
operator on the right hand side of (3.42), then integration by parts yields

Ao [, 1Co(x)Pdx

fQ(Ql(Co))(x)Co(x)dx

j(;l[DzafchO — €20:Co]Co(x)dx,

= —2[3(0) + QD] - Dz [) 10:Co()Pdx <.

Since Co(x) > O forall x € Q, we have A, < 0.
One can prove that an eigenvalue of Q;, is also an eigenvalue of 9,Z = Dz0%.Z — 70,7 —
vi(x)Z, with i = 3,5. Indeed, the operator Q,; = D792, — €9, — vi(x) is a sum of Q; and the
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linear operator M; defined by: M;(Z)(x) = —v;(x)Z, with v;(x) > 0. Thus, using Theorem
7.6.1 in [124], there exists a real principal eigenvalue A" and an associated eigenfunction
C* > 0 such that

NT = DyoRC = 20,0 =0T or (A" + ()T = DAL — .90, (343)

Since the eigenvalue problem (3.42) has eigenvalues A, n > 0, then the eigenvalues of
(3.43) are A,, — vi(x), n = 0. Hence, A* = Ay — vi(x) < 0 because Ay < 0, vi(x) > 0. Therefore,
s(S) < 0. It follows from Lemma 3.3.4 that the spectral bound s(®) of ® = S + G, has the
same sign as 1(-GS™!) — 1 = R — 1. That is, ™ — 1 and the principal eigenvalue of ©,
A = A(To), have same sign. Since ﬁgde <1, wehave A(7)) < 0 and 1-123 AMTo+e€) = ATy < 0.
Thus, there is an €y > 0 such that A, = A(7 + €9) < 0. Fixing €y > 0, and using the fact that
A is nonnegative gives the existence of f;, such that for all t > ¢y, x € Q, A(t,x) > €p. Thus,
from (3.2), we have diA < NogoW — (v + p2€0)A, YVt > ty, x € Q. Finally, we consider the

linear system.

%1 = NeggUs — (V1 + [2€0)01,

22 = DyS% +1yv — a0y,

= DQ’% — £Q%2 + va + bivs — V303, (3.44)
aai: = QU3 — V4Uy,

%Lf = Dw% - ew% + avy — Vsvs,

where by = max by (x), @, = max ¢1(x), v3 = minv3(x) and v5 = min vs(x).
xeQ xeQ) x€Q) xeQ
Notice that system (3.44) controls system (3.19) from above. Moreover, similar argu-

ments as in Theorem 2.2 in [130] yield the following result.

Lemma 3.3.5. The problem (3.44) has a principal eigenvalue A, with a positive eigen-

function ¢, and Xeo has the same sign as A,.

Since Ay < 0, we have A, < 0 and system (3.44) admits a positive solution
ot x) = M o(x),  t> to.
For any ¢ € X*, there exists some 1 > 0 sufficiently large such that
u(t,-, @) <nu(t,-), t=t.

Since the reaction term F* of system (3.44) is cooperative, we conclude by the comparison
principle (see Theorem 7.3.4 in [124]) that,

(A(t, x, ), Y(t, x,0), Q(t, x, 9), U(t, x, ), W(t, x, qb))T < nexeo(t‘to)lpo(x), YVt > t.

T —
Hence, }im (A(t, x, @), Y(t, x, ), Q(t, x,¢), U(t,x, ), W(t, x, gb)) = 0, uniformly for x € Q.
This achieves the proof of Theorem 3.3.4. O
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The ecologically implication of Theorem 3.3.4 is that the mosquito population can be
effectively controlled (or eliminated) in a given bounded region as long as the associated
spatial offspring number R can be brought (and kept) to a value less than or equal to
unity.

In order to prove the uniform persistence of the mosquito population, we need to show
that 7, is a weak repeller. That is:

Lemma 3.3.6. If " > 1, then there exists 6 > 0 such that for any ¢ € X* with ¢;(0) 0,
i=1,2,3,4,5, the solution u(t, -, ¢) of system (3.19)-(3.23) satisfies

lim sup [lu(t, -, ¢) = Tollx = . (3.45)
Proof. Since RY™ > 1, by the proof of Theorem 3.3.4, the principal eigenvalue A(79) of
® = S+ G, is positive. Assume, by contradiction that there exists some ¢ € X* with
$i(0) £0,i=1,2,3,4,5 such that for every 6 > 0, }im sup |lu(t, -, ®) — Tollx < 6. Then, there

exists t; = t1(¢) > 0 sufficiently large such that A(t,x) < 6 and W(t,x) <6, Vt > t, x € Q.
Since B’(W) <0 for all W > 0, it follows that B(W) > B(6). Hence, we have

dA(t, x) = BO)W(t, x) — (v + 120)A(t, x),Vt > t,x € Q.

Consider the following linear system.

aZU]

o = B(0)ws — (v1 + pab)uwn,

Jw 2w

= =Dy52 + r)/wl — Vowy,

Jw, Pw

a—f = DQ 8x23 — EQa— + ﬁwz + b1ZU5 — V3Ws, (346)
3;;4 = 04(P1w3 — V4Wy,

Jw: 27 Jw: -

8t5 DW Fr 5 —€wa—;+aZU4—V5ZU5,

where 31 min by (x), @1 = min @q(x), V3 = max v3(x) and vs = max v5(X).

Itis stra1xg6}(1)tforward thaéc E(% 46) controls system (3.19) from below Another application
of Lemma 3.3.5, yields a principal eigenvalue A; of (3.46) associated with a strongly positive
eigenvector wy(x). Moreover, As and A(To) have the same sign. Thus, system (3.46) has
a positive solution w(t,x) = M-y (x), t > #, x € Q. For any ¢ € X* with ¢;(0) £ 0,

i=1,2,3,4,5, it follows from the parabolic maximum principle that
A(t,x) >0, Y(t,x) >0, Q(t,x) >0, U(t,x) >0, W(t,x) >0, Yt >0, x € Q. (3.47)
Therefore, we can choose a sufficiently small number 1 > 0 such that

(A, x,0), Y(t, %, ), Q(tr, %, §), Uk, x, ), Wik, x, ) 2 notwo(x).

Since the reaction term F~ of system (3.46) is cooperative, another application of the

comparison principle [124] lead us to

(At x, ), Y(t,x, ), Q(t, x, §), U(t, x, ), W(t, x, ) = 1oe™ Dy (x), Vt > 1, x € Q.
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Therefore, since A5 > 0, one has noexﬁ(t‘“)wo(x) — ooast — oco. Thisimplies (A, Y, Q, U, W)(t, x, ¢)

is unbounded, which is a contradiction, and the proof of Lemma 3.3.6 is achieved. O

We are now in a position to state and prove the uniform persistence result, which
indicates that Rﬁde is a threshold for mosquito persistence.

Theorem 3.3.5. If Rgdg > 1, then there exists 6; > 0 such that any nonnegative solution
u(t, x, ) of (3.19)-(3.23) with ¢;(0) # 0 satisfies

lim inf u;(t, x, §) 2 &1, Vi=1,2,3,45, (3.48)

uniformly for all x € Q.

Proof. For Rgde > 1, we use the persistence theory developed in [123]. To that end, set

Dy := {} = (P1, P2, P3, Ps, P5) € X7 = i(0) £ 0).
Clearly, we have
D, := X"\IDy = {¢ € X* : ¢1(0) = 0 or ¢2(0) = 0 or ¢5(0) = 0 or ¢4(0) = 0 or ¢5(0) = 0},

and @;(IDy) C Dy, Vt > 0. If ¢ € Dy, then, from (3.47), one has u(t, x, ) > 0, Vx € Q,t>0.
Define
Ky :=1{p €dDy : Oy(¢) € dD,, Vt > 0},

and let w(¢) be the w-limit set of the positive orbit y™(¢) := {D¢(P)} 0.
We claim that

| w(¢) = 170).

e
Indeed, for any given ¢ € K;, we have ®,(¢) € dDy, Vt > 0. Thus, for every t > 0, either
A(t,¢) =0or Y(t,¢) = 0 or Q(t,¢) = 0 or U(t,¢) = 0 or W(t,¢) = 0. In the case where
A(t,¢) = 0, we see from the first equation of (3.19) that tlgg W(t,x) = 0 uniformly for
x € Q. From the second, third and fourth equations in (3.19), and thanks to the theory of
asymptotically autonomous semiflows [128], we have; }Lrg Y(t,x) =0, }Lrg Q(t,x) =0and
}Lrg U(t,x) = 0 uniformly for x € Q. If Y@, ¢) =0, ¥t > 0, the second equation in (3.19)
yields }Lrg A(t,x) = 0 uniformly for x € Q. Similar arguments show that }1_)1& W(t,x) =0,
tlgg Q(t,x) =0and tlgg U(t, x) = 0 uniformly for x € Q. Similar arguments and conclusions
hold for the cases where Q(t, ¢) = 0, U(t, ) = 0 and W(t, ) = 0. Therefore, in either case,
the w-limit set of y*(¢) for ¢ € K is {7T}. Hence the claim.

Now, we define the function p : X* — R, by

p(¢) = min {mi_n $i(x), i=1,2,3,4, 5} .
xeQ)
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It is straightforward that p~1((0, o)) C IDy. Suppose p(¢) = 0 and ¢ € IDy. Then we have
¢i(-) £0,1=1,2,3,4,5. By (3.47), one has min {mi_n u(t,x, )¢ >0, ¥t > 0, which implies

xeQ)
that p(®,(¢)) > 0, YVt > 0. Thus, p is a generalized distance function for the semiflow

@, : X* — X" (see [123]). Note that, by the above claim, any positive orbit of ®(t)
in K converges to 7. In view of Lemma 3.3.6, we conclude that {7} is an isolated
invariant set in X*, and that W*(7,) N Dy = @, where W*(7) is the stable manifold of
To. Therefore, making use of Theorem 3.3.2, we conclude that there exists 6; > 0 such
that min{p(y)) : Y € w(p)} > 61 for any ¢ € ID,. This implies that }1_}12 infu;(t,x, ) > 01,
Yo € IDy. m]

3.3.4 Numerical simulations: case study of anopheles mosquitoes, the

malaria vector agent

This section deals with numerical simulations for system (3.19). Our main objective here,
is to investigate through numerical simulations, the impacts of dispersal and heterogeneity
on the dynamics and persistence of mosquitoes, as well as illustrating some of our
theoretical results. To make it simple, we concentrate on one dimensional domain Q.
Model (3.19) is simulated by using data from recent works, who are summarized in Table
3.4. We choose Dy = Dg = Dy = Dy = 0.04 m?/s and ¢g = ey = 0.1 m/s. To describe
the spatial heterogeneity, we assume that the hosts are unevenly distributed. In order to
capture the fact that, the more people leave villages and farms to cities, the faster the
distribution of human density changes, and the more the urbanization have impact on
mosquito distribution [73, 82], we choose the location-dependent parameters as follows:

@1(x) = 16(1 + p cos(2x)), bi(x) = 0.8(1 + p cos(2x)),

where, p € [0,1] is the magnitude of host’s heterogeneity. Note that when p = 0, hu-
mans distribute evenly in space (homogeneity in human’s distribution). With this set of
parameters, the spatial average of ¢;(x) and b;(x) remain 16 and 0.8, respectively.

(a) A nonstandard numerical scheme for the system (3.19)-(3.23)

In this subsection, we consider the full discretisation of model (3.19)-(3.23). This is
achieved by the nonstandard finite difference (NSFD) approach, which has shown great
potential in providing reliable numerical schemes that replicate the dynamics of continuous
models in Mathematical Biology [93, 94, 57]. The construction in the papers [19, 96] is
appropriate for the case under consideration.

Let dt > 0 and dx > 0 be the time and space step-size respectively. We denote by
u’]?, an approximation of u(t, x) at the grid point t, = ndt and x; = jdx, forn = 1,2,...,
j=1,2,...,N,. The challenge in the approximation of the model equations (3.19)-(3.20)
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arises from the fact that it consists of three types of equations. These are: (1) ordinary
system of differential equations (i.e. (3.19),, (3.19),) ; (2) reaction-diffusion equation (i.e.
(3.19),) ; (3) advection-reaction-diffusion equations (i.e. (3.19);, (3.19); and (3.20)). The
ODE equations (3.19), and (3.19), are approximated by

Ar.lﬂ _ An

] j _ n n ny An+l
W = B(W])W] - [V1 + ‘leA]]A] ,
(3.49)
n+l _ j1n
U] u] _ OC(P1(X )Qn _ v4ur}+1[
p(dt) Ve I
where the complex denominator function p is given by
1—epodt
p(dt) = T, with  po = max{vi, v, v3, V4, Vs, thm}.
The reaction-diffusion equation (3.19), is approximated by
Y yn Yl = 2yl ynl
j j J* j - n+1 n+1
W =Dy 2 + r)/Aj+ - VZY]-+ . (350)

For the advection-reaction-diffusion equations, we assume for simplicity that the advection
coefficients are the same i.e. ¢y = ¢g = ew = em. We impose the functional relation
dx = ¢odt between the step sizes. Then the advection-reaction-diffusion equations (3.19),
(3.19)s and (3.20) are approximated by

Q-Qn | Qi -20 0
@y Do 7 +BYT + bi(x))Wiy = va(x))QY .
W'.Hl — W W'.Hl _ ZW'.Hl + W'.Hl
j j-1 j+1 ] j-1 n n
W = Dy FI%) + all]-” - V5(x]')W]-_1, (351)
MPT-ME, Mo - oMpt s M I
W = Dy 72 + (1 - r)yA]. - yMM]. .

It should be noted that the left hand side of (3.51) is a discretisation of the continuous
advection term. Indeed,
o7 oz Zitt-zZy 7y -7t
— + = = + &
ot ox p(dt)

dx
Eop 8_0

Grouping (3.49)-(3.51), we obtain the following NSFD scheme which by construction pre-

where Z =Q, W M.
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serves the conservation laws associated with the continuous model:
Al An

] ] _ n n ny pAn+l
@y BW)W/ = [v1 + i ATIAT™,

n+1 _ yn n+1 __ n+1 n+1
Y-y Yril =2y 4y

1
]p(dt) = Dy— a2 +ry AT =Y,
Qn+1 n 7:11 Qn+1 + Qn+1 " ) )
W - e dx? +BYFT A+ bl Wiy —va(x)Qjy,
(3.52)
n+l _ n
O )0 — vl
pan  SPTRm TR
Wit - Wi W 2WET W
@ " e Al = (Wi
MM, M - 2M M B )
W =Dy dxfl + (1 =n)yA — uuMT.

However, for computational purposes, it is preferable to work with the NSFD scheme (3.52)
in the Gauss-Seidel-type and sequential order (3.49), (3.50) and (3.51) which leads to an
explicit scheme as explained below. It is clear from (3.49) that

A’; + p(dt)B(W;l)W;? U;“ + p(dt)ozgol(xj)Q’]?_l

n+l __ n+1 —
A = T @+ 1AT] and U 1+ p(dhvs

Eqg. (3.50) is equivalent to

p; )Y';;} (1+p(dt)v2+2Dy

p(dt)
dx?

p(dt)
dx?

— Dy

)Y’;“ — Dy Y;?jf =Y} + p(dt)ryA]'?“. (3.53)

This takes the equivalent vector form
M Yn+l Nl n 0

where the matrix My, in which boundary values are incorporated, is an M-matrix because
it is strictly diagonally dominant and has positive diagonal entries. Thus,

Xn+1 — Ml—lﬂl,n'

The first equation in (3.51) is equivalent to

@n @\ ., pd ) )
_Ddex2 ]:11 1+ ZDde > Qj+1 _ d — j‘l — i1 +p(dt)ﬁY]+1 +p(dt)bl(x])W

—p(dtyra(x)QL,
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This takes the equivalent vector form
M29n+1 — HZ,H’

where as in the previous case M, is an M-matrix. Note that the vector N*" is nonnegative
because 1 — p(dt)vs(x;) > 0 by the choice of p(dt). Thus,

gn+1 — M;luZ,n .

In a similar manner, one obtains that the second and last equations in (3.51) have the
equivalent vector form

M3wn+l — H?;,n > 0’ M4Mn+l — H4,n > 0’

so that

wnﬂ — M?:lHS,n and Mn+1 — M21H4’n-
At this stage, a comment is made in order to explain how the boundary values are actually
incorporated in the matrices M (k = 1,2,3,4). To illustrate the process for the matrix M,
put j=0and j = N, in Eqg. (3.53). From the known data g—Z(th,O) and %(tm,l), we can
use the approximations

n+l _ yn+l
N.+1 N,

dx

Y yret -y Y
g(tmho) T v— and g(tn+1/l) ~

We can then take

Y Y
Yy =y - 2dx——(tns1,0) - and Vil = Yy dx——(tns1, ).

We then replace Y"i! an Yﬁgil with these expressions in the scheme (3.53).

(b) General dynamics

The long run behavior of system (3.19) is simulated using Q = [0,10]. Figures 3.6
and 3.8 show the numerical plots of the female mosquito compartments Y (¢, x), Q(t, x),
U(t, x) and W(t, x), with the initial conditions A(0, x) = 500 — cos(2x), Y(0, x) = 75 — sin(2x),
Q(0,x) = 50 — cos(2x), U(0,x) = 50 — cos(2x) and W(0, x) = 75 — cos(2x).

Figure 3.6 depicts the solutions of model (3.19) when p = 0 (i.e. with homogeneity in
hosts’ distribution) while, Figures 3.7, 3.8, 3.9 and 3.10 show the solutions of model (3.19)
in a landscape with heterogeneity in hosts distribution (p > 0). These figures illustrate the
persistence of mosquito population as established in Theorem 3.3.5. Although mosquito
population persists, its distribution in the domain is not the same. Figure 3.6 show that
spatial distribution of mosquitoes is homogeneous in the domain when the hosts density
is too, while Figure 3.7 show a drastic change in the spatial distribution of mosquitoes in
gonotrophic cycle when the hosts density is heterogeneous.
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Figure 3.6: Distribution of mature females in a domain with homogeneous distribution of

humans (p = 0). n = 1 and all other parameters as in Table 3.4

8

Figure 3.7: Distribution of mature females in a domain with heterogeneous distribution of

humans (p = 0.5). n = 1 and all other parameters as in Table 3.4

(c) Impact of spatial heterogeneity on mosquito spread

To investigate the spatial heterogeneity effect on the mosquito dynamics, we take the
variation of human distribution.

Figures 3.8, 3.9 and 3.10 show the influence of the spatial heterogeneity of hosts on the
dynamics of female mosquitoes. From these figures, one observe that spatial distribution
of females in gonotrophic cycle is strongly influenced by the hosts density. Moreover, when
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Time evolution of the population of vectors, 0=0.75, B=O.1,u1=0.28, p=0.5
x 10 x10°

10 15 20
Space

10
Space

Figure 3.8: Distribution of mature females in a domain with heterogeneous distribution of

humans (p = 0.5). n = 1 and all other parameters as in Table 3.4

Time evolution of the population of vectorss, o=0.86, (=0.2, u1=0 .51, p=0.8
x 10 x 10

10 15 20 0 5 10 15 20
Space Space
Figure 3.9: Distribution of mature females in a domain with heterogeneous distribution of

humans (p = 0.8). n = 1 and all other parameters as in Table 3.4.

p increases from 0 to 1, an increase on the heterogeneity is observed in spatial distribution
of female mosquitoes. Note that, the larger the value of p, the higher the heterogeneity of
spatial density of hosts. It follows that the population distribution is strongly dependent on
the distribution of hosts. Thus, we can conclude that urbanization strongly influence the
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Time evolution of the population of vectosrs, 0=0.95, B=0.3,u1=0.7, p=1
5
x 10 x 10

15 20 0 5

10 10
Space Space
Figure 3.10: Distribution of mature females in a domain with heterogeneous distribution

of humans (p = 1). n = 1 and all other parameters as in Table 3.4.

mosquito dynamics, and therefore increases or decreases malaria risk depending on the
range of the remaining model parameters.

Altogether, the above plotted figures show that landscape really play an important role
in the dispersal of mosquitoes. From a practical point of view, it may be useful to know
how mosquitoes are distributed on a domain, in order to determine where they are likely to
gather, before conducting vector control. Our simulations show that, when we consider a
homogeneous distribution of hosts, the distribution of mature females is homogeneous on
the domain (see Figure 3.6). But, when we consider a heterogeneous distribution of hosts,
we observe a drastic change in the distribution (see Figures 3.8-3.10). This indicates that
there exists a linear relationship between hosts density and mosquitoes distribution when
there is homogeneity (i.e. p = 0). However, when there is heterogeneity (i.e. p > 0), this
relationship is perturbed and induces a strong influence on spatial distribution.

3.4 Conclusion and discussion

In this paper, we have assessed the impact of dispersal and the spatial heterogeneity on
the distribution of mosquito population. To achieve our goal, we have described the spatial
evolution of anopheles mosquito by developing a temporal model subject to a general form
of the oviposition function and extended it to a spatio-temporal one. Our models have
been rigorously analyzed using, among others, the more realistic Maynard-Smith-Slatkin
oviposition function. However, our results remain valid even if the latter oviposition function
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is replaced by any function drawn from Table 3.1, including the Hassell function which
was considered for the first time in this work. Our models have been investigated in many
aspects.

From the modelling point of view, we have extended some recent ODE models [1,
2, 87, 108] by: (a) incorporating the gonotrophic cycle (Q, U and W) of adult female
mosquitoes and considering a general egg oviposition function ; (b) taking into account
the mating behavior and human-vector interaction ; (¢) including a spatial component in
order to taking into account movement of vectors and spatial heterogeneity of mosquito
resources. Moreover, our PDE model have extended some recent dispersal models
[68, 126, 132, 158] by incorporating the gonotrophic cycle of adult female mosquitoes, by
considering a general egg oviposition function and by including the spatial heterogeneity
of mosquito resources.

From the theoretical perspective, due to the high nonlinearity of the ODE model and
its extended PDE counterpart, we made use of a variety techniques and approaches,
including and not limited to: Lyapunov-Lasalle techniques, monotone dynamical systems
approach, semigroup application and spectral theory approach. The main results read as
follows:

e For the temporal model (3.1), we have derived the basic offspring number Rgde, and
through a sensitivity analysis, we have realized that, the natural mortality rate of
immature females py, the mating rate g and the deposit rate of eggs by females
N, are the top three more influential parameters on the dynamics of mosquito
population. The trivial equilibrium of the temporal model is GAS whenever R} is
less than unity. In the case where Rgd" exceeds unity, there exists a unique non-trivial
equilibrium, which is GAS for n = 1 and globally attractive for n > 1. When there is no
density-dependent mortality in the aquatic stage (i.e. u, = 0), the model exhibits the
Hopf bifurcation phenomenon. These results hold for the Verhlust-Pearl logistic and
Hassell oviposition functions. For the remaining four oviposition functions in Table 3.1,
we have summarized the long run behavior of the solutions of their corresponding
ODE model (3.1) in in Table 3.3.

e For the spatio-temporal model (3.19), we have given the formula for the basic offspring

ratio Rgde

model has a spatially homogeneous trivial equilibrium, which is globally attractive

for the PDE model. On the one hand, we have shown that spatio-temporal

whenever R’Sde is less than unity. On the other hand, the persistence theory have
been used to show that, the mosquito population persists whenever the Rﬁdﬁ exceeds
unity.

From the computational aspect, we have used ODE45 in Matlab and perform numerical
simulations of the ODE model to illustrate our theoretical results. Precisely, the Hopf
bifurcation occurrence and GAS of the MPE have been illustrated, sensitivity analysis for
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R3%* and sensitivity indices have been calculated. In the presence of density-dependent
mortality in the aquatic stage (i.e. u, > 0), we have extended the global stability results for
the ODE models in [1, 108] by establishing the global attractivity of the MPE whenever the
basic offspring number is above unity. Though, it is still challenging to theoretically prove
the local asymptotic stability of the non-trivial equilibrium of the model (3.1) in the presence
of density-dependent mortality in the aquatic stage; alternatively, numerical simulations
were used to conjecture it (Figure 3.3). Together with the latter conjecture, our global
attractivity result conjecture the global asymptotical stability of the MPE of the model (3.1)
in presence of the density-dependent mortality in the aquatic stage whenever Rgd@ exceeds
unity.

Unlike the temporel model (3.1), where a standard numerical scheme (i.e., Runge-
Kutta of order 4) has been used, for spatio-temporal PDE model, we have constructed a
dynamical consistent (with respect to the positivity and boundeness) nonstandard differ-
ence scheme, using the Maynard-Smith-Slatkin oviposition function and the parameters
associated with the anopheles species to show that the spatial heterogeneity of mosquito
resources (humans) strongly influences the spatial distribution of adult female mosquitoes
(Figures 3.6-3.10).

As far as future investigations are concerned, we are planning to perform a sensitivity
analysis and tackle the existence of travelling fronts for the spatial model. On the one
hand, it is well known that seasonality and climatic changes, such as temperature, rainfall,
affect the life-cycle of mosquitoes. Thus, a possible extension of this manuscript, on which
we are already working, is to incorporate these latter features in our models in order to
assess the impact of temperature and rainfall on the abundance of mosquitoes. On the
other hand, the comparison with real experiments in order to validate, modified or adapt
the models is another challenge we intend to face in the near future. To better reflect the
details of spatial variation, an equally challenging problem will be to consider the situation
where the diffusion and convection coefficients, as well as other parameters depend on a
two dimensional spatial variable.
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The interaction between a heterogeneous environment and ecological behavior of
malaria vectors requires novel modeling approaches that can investigate these complex
relationships. Much of knowledge on the mosquito can be obtained via field observations,
typically collected via trapping, that are usually costly and time consuming and provide
information in the specific setting of the experiment. In order to gain understanding on
the biological processes observed in the field in a more generic manner and test various
hypothesis, mathematical modelling is a very useful tool. This thesis contributes to this
investigation by developing mathematical models for local mosquito dispersal to understand
vector ecological behaviors, distribution of mosquitoes, and their interactions with malaria
vector control interventions. These models set up a framework for use in understanding,
assessing, and evaluating the malaria intervention programs. We developed and studied
several mathematical models either discrete-space or continuous-space, models that were
simulated and applied to explain some properties of heterogeneity, and to answer specific
questions concerning the spatial distribution of mosquitoes. In this work continuous and
discrete space modelling are addressed. This research work encompasses two parts and
each of them has its peculiar features.

Models studied and contributions

In the first part (chapter 2), the model developed was a reaction-diffusion type model
to describe the spatial evolution of the anopheles mosquito using statistical mechanics of
complex networks i.e. networks of populations connected by migratory flows whose con-
figurations are described in terms of the conditional probabilities of connections between
nodes. This model categorizes the life of a mosquito into four compartments, namely,
population in aquatic stage, young female not yet laying eggs, fertilized and eggs laying
females and males. It consists of three main components. The first component is the
continuous time model based on ordinary differential equations that describe the mosquito
dynamics. This dynamics is driven by the birth, the mortality and, the development rates
from one compartment to another. The second component of this metapopulation model
involves the inclusion of the spatial characteristics. The space is discretized into discrete
locations (patches) to form a patches network. Each nodes of the network represent
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potential breeding and feeding sites of mosquitoes, around which there are human hosts
habitations. The third component of the model is modeling dispersal of adult mosquitoes
which move from one patch to another in search of hosts and breeding sites, creating
connectivity between these patches. The model incorporates two key features : spatial
heterogeneity and mosquito dispersal. The spatial heterogeneity was included on the one
hand by different connectivities of the patches, and on the other hand by allowing hosts
and breeding sites (resources) to differ between patches across the network. Mosquito
dispersal was modelled on the formalism used in statistical mechanics where dispersal of
adult mosquitoes searching for hosts or breeding sites depend on the degrees of the origin
and destination patches, and conditional probability that any given edge departing from a
patch is pointing to another patch. Here, dispersal of mosquitoes from one patch to other
patch is also affected by hosts density and distance between patches. The theoretical
study of this model was done using the theory of monotone dynamical systems recalled in
appendix. This study allowed to identify threshold values that ensure an effective control of
the population. The model has several contributions to science and to public health. The
coupling of the compartments of each mosquito stage and the spatial network patches
of the model makes it comprehensive but simple model that explicitly captures mosquito
behavioural and ecological features that are often neglected. From mathematical point
of view, the dispersal model was analyzed further to gain mathematical insight. The
computation of the basic offspring number for the whole domain help to understand the
effects of dispersal on the overall total population of mosquitoes and its implication on the
maintaining disease risk. Our results reveal that the connectivity of breeding-feeding sites
strongly influence the spatial distribution of mosquitoes. The advantage of the metapopula-
tion model (discrete space) developed in this work is that one can easily assess vector
control strategies, because the discrete space enables easy representation of interventions
that cover sets of house holds or villages. The metapopulation model, together with field
data, can be used to determine areas of high transmission within local settings, evaluate
the community effect of interventions, and assist to develop possible and efficient vector
control strategies, which can optimize the allocation of scarce resources.

In the second part (chapter 3), an alternative approach to metapopulation model
was developed using PDEs for mosquito dispersal. Some seminal models was modified
by taking account all stages in the gonotrophic cycle (questing, resting and breeding
female). We have presented here a framework for studying the dynamics of the mosquito
populations by interpreting its life cycle. The model developed in this part categorize
the life of a mosquito into six stages, namely, aquatic stage, young females, males,
questing females, resting females and breeding females. A general form of the eggs
oviposition function was used and the dynamics of the human-vector interactions was took
into account based on the idea that mosquito has a human biting rate. The last three
compartments of the model (questing females, resting females and breeding females)
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provide an opportunity to study the life style of the adult mosquito and assess the impact
of urbanization process on the distribution of the mosquitoes. They also offer direct
opportunity to assess the impact of interventions specifically targeting a certain state to
reduces contacts between mosquitoes and human hosts. Mosquito dispersal was modelled
using PDEs where advection and diffusion terms was added. The diffusion term accounts
for random movements of mosquitoes when they are not responding to any stimulus, while
advection term governs the attraction of the mosquitoes towards breeding-feeding sites.
To describe the spatial heterogeneity, urbanization process was used to capture the fact
that hosts was unevenly distributed in the domain. A deep theoretical study of this model
was carried out using a variety techniques and approaches including : Lyapunov-LaSalle
techniques, monotone dynamical systems theory, fluctuation method and spectral theory
approach. On the one hand, we have used several approaches to prove global stability of
equilibria and for some nonlinear birth functions, we have characterized the asymptotic
behavior of our model. Our results on stability study show that, in absence of density-
dependent mortality, Hopf bifurcation phenomenon can occur at the mosquito-persistent
equilibrium while in the presence of density-dependent mortality, the mosquito-persistent
equilibrium is always asymptotically stable. In the other hand, a special emphasis of this
part was the role played by the spatial component and variation of human distribution on
mosquitoes distribution. Our study indicates that there is a relationship between hosts
density and mosquitoes distribution, and this relationship has far-reaching effects on
spatial distribution of mosquitoes. Through numerical simulations, this work suggests
that spatial variation of human distribution strongly influences the spatial distribution of
adult female mosquitoes. When the index describing urbanization process, varies from
zero to one, the distribution of females in the gonotrophic cycle is strongly disturbed.
This shows that urbanization may increase or decrease malaria risk in regions where
this disease is endemic. With regard to control measure, a probably efficient strategy
for the containment of anopheles mosquito could be the mitigation of human-mosquito
contact. It is well known that so far that a sustainable and efficient method of reducing this
human-mosquito contact remains the use of mosquito bed nets, and it should be noted
that, the consideration of such measure alongside with the spatial effects (as in this work)
on mosquito population dynamics will bring further interesting and challenging modelling
and mathematical questions.

Throughout this thesis, the importance of models that incorporate dispersal and envi-
ronmental heterogeneity was shown. Crucial to assessing disease transmission spatial
variations, this work shows that alongside patterns of heterogeneity, mosquito dispersal
should be considered when designing intervention strategies. Spatially-explicit dispersal
models integrated with environmental heterogeneity allow predictions to capture ecological
behaviour of mosquitoes, the main source of variations in malaria risk at local spatial
scales. These predictions vary in space but provide more information than predictions of
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models that assume enclosed systems without taking into account the underlying hetero-
geneity of the landscape. Such predictions can assist not only in determining risk areas
for targeted control, but also in determining optimal strategies for deploying interventions
to assist achieving malaria elimination goals. The findings concerning different impacts
of heterogeneity have important implications for the development of control strategies. In
addition, the models can be used to explore the implications of the resulting multiplicity
of combinations of different environments with intervention strategies in understanding
malaria epidemiology and control. The knowledge gained from the models allow informed
decisions on designing the most effective intervention strategies in the area. At local level,
transmission appears to be shaped by the availability of resources (Smith et al., 2004
[122]) because mosquitoes movement between places is often related to the distribution
of resources. Thus, routine movement play a key role in spread diseases at local spatial
scales. This finding has important implications for malaria prevention, challenging the
appropriateness of current approaches to vector control. The argument is that assessment
of current approaches and sampling methods used in vector control should consider vector
dispersal. This will lead to improvements in preventing transmission.

Based on the results, the models will stimulate dialogue and future modelling directions
in response to the results generated by this study and field research for valuable resource
management and rational decisions about strategies for local malaria control. Mathematical
analysis is an essential tool for assessing the true impact of each parameter and to provide
evidence for interventions that aim at reducing mosquito abundance. The translation of the
knowledge gained from models to the field will improve our understanding of ecological
processes such as dispersal and interactions among populations. The models developed
in this thesis and the results emerging from its application are essential for implementation
of better malaria vector control programs. Together with field data, these models could help
determine better ways of spatially distributing interventions in local settings to optimize the
allocation of scarce resources available especially when country economies do not allow
high coverage levels.

Future work

The models developed in this thesis have some limitations but also are capable of
accommodating further extensions which could improve its performance qualities to enable
further investigations.

The development times of each stage of the mosquito, particularly the aquatic stages
highly dependent on the environmental conditions. Since the model structured the mosquito
into its life stages, incorporating environmental and seasonal effects such as rainfall,
temperature is possible (Abdelrazec et al. (2017) [1] ; Depinay et al. (2004) [38] ;
Mordecai et al. (2013) [99] ; Okuneye et al. (2018) [108]). These environment-dependent
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parameters include the mosquito recruitment or birth rate, the mosquito mortality rates,
and the development rates. The seasonal effects could be modelled by making some
of these parameters periodic functions of time. However, these environmental effects
have implications on the analytical results of the model. Analyzing periodical models with
changes in the mosquito population reproductive number and steady states is complex but
could provide more information on the spatial distribution of mosquitoes over time and its
implications on the distribution of vector control interventions. Thus, a possible extension
of this thesis is to incorporate the seasonality and climate changes in our spatial models in
order to assess the impact of temperature and rainfall on the abundance of mosquitoes.
To better reflect the details of spatial variation, an equally challenging problem will be to
consider the situation where the diffusion and convection coefficients, as well as other
parameters depend on a two dimensional spatial variable.

The control of diseases vector is a matter of main environmental and health concern.
Control programs of mosquitoes aim at developing control strategies in order to maintain
the mosquito population at a low-impact level while satisfying environmentally respectful
requirements. In this context, more and more attention is given to specific methods such
as mechanical control, biological control, involving SIT control, and/or behavioral methods.
Thus, since we take into account the male dispersal, another possible extension would be
to incorporate a compartment of sterile males insects in our models, in order to assess
the impact of Sterile Insect Technique (SIT) control. The classical SIT consists of mass
releases of males sterilized by ionizing radiation. The released sterile males transfer
their sterile sperms to wild females, which results in a progressive decay of the targeted
population.

In the field, the models could be validated by applying it to an area which is endemic to
malaria. Using data from mark-recapture studies, parameter values specific to particular
locations could be used as input values in the model, and simulations of the effects of host
and breeding sites distribution on the distribution of mosquitoes could be made with and
without interventions. The present work gives a mathematical framework to model the
spatial dynamics of the mosquitoes. Although the models presented here can be made
more realistic by adding complexity, their relative simplicity allowed to carry out theoretical
mathematical studies and simulations providing biologically relevant and applicable results
useful for the development of mosquito control tool satisfying the requirements of control
programs.
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MATHEMATICAL TOOLS

A.1 General setting for the models

The models presented in chapter 2 and 3 are dynamical systems. A dynamical system
describes the evolution in time of the different states of a system. The set of states is
often referred to as the phase space and it can be of different nature depending on the
formulation of the problem. For instance, the phase space of a dynamical system defined
via an ODE representing the evolution of a population size can be a subset of R. When
the population is divided into compartments, then its dynamics are governed by a system
of ODEs, and then, the states of its dynamical system are vectors of R" giving the size of
each compartment. The states of a dynamical system can also be functions or vector of
functions. When we deal with spatio-temporal models governed by PDEs (resp. systems of
PDEs), then the phase space of the corresponding dynamical system becomes the space
of R-valued functions (resp. R"-valued functions). Dynamical systems can be categorized
according to the nature of its parameter (time), its phase space and its evolution rule. The
time as well as the phase space can be continuous or discrete. Further, the evolution
rule can be deterministic or stochastic. When the evolution rule is deterministic, it takes
each state of the system to a unique subsequent state, which is not the case when the
evolution rule is stochastic. The models presented in chapters 2 and 3 describe continuous
deterministic dynamical systems, thus we only focus on this case. In more precise terms
the definition of dynamical system is given as follows [66] :

Definition A.1.1. Let D be a topological space. A dynamical system is a C! map
¢ : Ry XD — Dsuch that ¢, = ¢(t,-) : D — D satisties the following properties :

(1) (PO = Id/
(i) Qs =@io@s, Yt s=0.

The operator ¢ is called a semigroup or semiflow operator, since from (i) and (i), it
follows that {¢;, t > 0} is a semigroup with respect to composition.
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The models presented in chapter 2 and 3 are formulated via ODEs and PDEs. In all
cases, the model can be formulated in the following operator form

du
E = \I]M(t) + P(t/ T/l), t> O’ (A]')
M(O) = Uo,

where u(t) € R" when the model is given as a system of ODEs and where u is a mapping
u :[0,00) — X, X being a functional space, when the model is formulated by PDEs. Then,
we have that u(t) = ¢:(up) is a solution of (A.1).

In the following we recall some useful definitions.

Definition A.1.2 (pg 1, 4, [134]). Let X be a Banach space. A family (T())io of bounded
linear operators such that T(t) : X — X for all t > 0, is a strongly continuous semigroup of

bounded linear operators if the following conditions hold:
(i) T(0) = idx ;
(i) T(t+s)=T(t)T(s),Vt,s>0;
(iii) Vx € X, t +— T(t)x is continuous at 0.

A strongly continuous semigroup of bounded linear operators on X will be called a
Co-semigroup.
Definition A.1.3 (pg 1, [134]). The linear operator WV defined by

Wy = lim M for x e D(W),

t—0+

is called the infinitesimal generator of the semigroup (T(t)):0, where

D(V) = {x €X: th%} w exists},

is called the domain of W.

Definition A.1.4 (pg 105, [134]). Let u : [0, T] — X be a function.

(i) The function u € C([0, T], X) given by

u(t) = T(Huo + fT(t —S)F(s,u(s))ds, 0<t<T,
0

with x € X and F € L([0, T]; X) is called mild solution of (A.1) on [0, T].

(ii) u is a classical solution of (A.1) if u is continuous on [0, T] and u(t) € D(A), for
0 <t < T satisfies (A.1).
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Definition A.1.5. Let X be an ordered Banach with positive cone X* such that int(X*) # @.
A linear operator A on X is said to be positive if A(X*) C X, strongly positive if
AX*\ {0}) C int(XH).

Definition A.1.6. For a closed linear operator ® : D(®) — X, A € C is a resolvent value
of ® if AI — © has a bounded inverse operator that is defined on the entire X. The set
of resolvent values of © is called the resolvent set of ® and is denoted by p(®). The
set 0(®) := C\ p(O) is called the spectrum of ®. A closed operator © in X is called
resolvent-positive if the resolvent set of ©, p(©) contains a ray (1, ) and (Al - ©) ! is a

positive operator YA > 1.

Definition A.1.7. A linear operator ® : Y + X, defined on a linear subspace Y of X,
is called positive if ®(x) € X*, Vx € Y N X" and @ is not the zero operator. If W is a
resolvent-positive operator and @ : D(W) — X is a positive linear operator, then © = W + ®

is called a positive perturbation of V.

We recall the spectral radius »(®) of a square matrix © is defined by
r(®) :=sup{|A] : A € 0(®)},

where ¢(®) is the spectrum of ©. Its spectral bound s(®) := sup{ReA : A € 6(O)].

In many cases, it is not possible to find an explicit formulation for a solution to such
problems. In order to study PDE or ODE problems, we typically investigate the well-
posedness of the problem. A problem is said to be well-posed (in the sense of Hadamard)
when it satisfies the following conditions: (i) there exists a solution to the problem ; (ii) this
solution is unique ; (iii) the solution depends continuously on the data of the problem.

In sections A.2 and A.3, we give some mathematical background in the appropriate
settings to show that the problems describe well-posed dynamical systems. For the model
of chapter 2, we consider the setting of monotone dynamical systems. For the advection-
diffusion model presented in chapter 3 formulated by PDEs, we consider the setting of
the dissipative dynamical systems in order to give global behavior of the system. In the
following, we recall some fundamental results which will be used in our further analysis.

A.2 Dissipative dynamical systems

We present concepts of limit sets and attractors and some fundamental theorems such
as the LaSalle invariance principle, the asymptotic fixed point theorem, and the global
attractor theorems.
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A.2.1 Limits sets and global attractors

Let X be a complete metric space with metric d and ® : X — X a continuous map. For
a nonempty invariant set M (i.e. (M) = M), the set

W'(M) = {x € X : lim d(D"(x), M) = 0}
is called the stable set of M. The omega limit set of x is defined in the usual way as
w(x) ={ye X : P"(x) — y, for some ny — oo}.

Thanks to Lemma 2.1.2 in [58], If the positive orbit of x, y*(x) = {®"(x) n > 0} is precompact
(i.e., it is contained in a compact set), then w(x) is nonempty, compact, and invariant.

Let x* € X be a fixed point of ®@ (i.e. ®(x*) = x*). Recall that x* is said to be stable
for @ if for each € > 0 there exists 6 > 0 such that for any x € X with d(x,x*) < 6, we
have d(®"(x),x*) < €, Yn > 0. The following simple observation is useful in proving the
convergence of a precompact positive orbit to a fixed point.

Lemma A.2.1(Lemma 1.1.1in [160]). Let x* be a stable fixed point and y*(x) a precompact
positive orbit for ® : X — X. If x* € w(x), then w(x) = {x*}.

Definition A.2.1. Let G be a closed subset of X. A continuous function V : G — R is said
to be a Liapunov function on G of the map @ : G — G, if V(x) = V(®(x)) — V(x) < 0 for all
x €G.

Theorem A.2.1 (Theorem 1.1.1 in [160] (LaSalle Invariance Principle)). Assume that
V is a Liapunov function on G of ®, and that y*(x) is a precompact orbit of ® and
y*(x) € G. Then w(x) € M N V1(c) for some ¢ = c(x), where M is the largest invariant set in
E={xeG:Vx=0,and V'(c) :=={xeG : V(x) =c}.

Recall that a set U in X is said to be a neighborhood of another set V provided that V

is contained in the interior int(U) of U. For any subsets A, B ¢ X and any € > 0, we define

d(x, A) := injd(x, y), O(B,A):=supd(x,A).
ye

xeB

The Kuratowski measure of noncompactness, «, is defined by
x(B) := inf{r : B has a finite cover of diameter < r},

for any bounded set B of X. We set x(B) = co whenever B is unbounded. The following
lemma is straightforward.

Lemma A.2.2 (Lemma 1.1.2. in [160]). The following statements are valid :

(i) Let I c [0,0) be unbounded, and {A;};; be a nonincreasing family of nonempty
closed subsets (i.e., t < s implies A; C A;). Assume that k(A;) — 0 ast — oco. Then

Aw = [ A; is nonempty and compact, and 6(A;, Aw) — 0 as t — oo.
£0
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(i) For each A ¢ X and B C X, we have «(B) < k(A) + 6(B, A).

For a subset B c X, let

y*(B) := U ®"(B) and w(B):= ﬂ U O (B),

m>0 n>0 m=n
be the positive orbit of B for ® and the omega limit set of B, respectively. A subset A c X is
positively invariant for @ if ®(A) c A. We say that a subset A c X attracts a subset B ¢ X
for @ if li_r)n 5(P"(B),A) = 0. It is easy to see that B is precompact (i.e. B is compact) if
and onl; ime(B) = 0. A continuous mapping @ : X — X is said to be compact (completely
continuous) if ® maps any bounded set to a precompact set in X.
The theory of attractors is based on the following fundamental result.

Lemma A.2.3 (Lemma 1.1.3. in [160]). Let B be a subset of X and assume that there exist
a compact subset C of X which attracts B for ®. Then w(B) is nonempty, compact, invariant
for @ and attracts B.

Definition A.2.2. A continuous mapping @ : X — X is said to be

(i) point (compact, bounded) dissipative if there is a bounded set By in X such that By

attracts each point (compact set, bounded set) in X ;
(ii) x-contracting if lim x(®"(B)) = 0 for any bounded set B C X ;
n—oo

(iii) asymptotically smooth if for any nonempty closed bounded set B C X for which
®(B) C B, there is a compact set | C B such that | attracts B.

Remark A.2.1. By Lemma A.2.2, it follows that @ : X — X is asymptotically smooth if
and only if lim x(®"(B)) = 0 for any nonempty closed bounded subset B C X for which
®(B) c B. This implies that any x-contracting map is asymptotically smooth.

Definition A.2.3. A nonempty, compact and invariant set A C X is said to be

(i) an attractor for @ if A attracts some open neighborhood of itself ;
(ii) a global attractor for @ if A is an attractor that attracts every pointin X ;

(iii) a strong global attractor for @ if A attracts every bounded subset of X.
The following result gives the existence of a global attractor for @.

Theorem A.2.2 (Theorem 1.1.21in [160] ( Global attractors)). Let® : X — X be a continuous

map. Assume that
(a) @ is point dissipative and asymptotically smooth ;
(b) positive orbits of compact subsets of X for @ are bounded.

Then @ has a global attractor A C X. Moreover, if a subset B of X admits the property that
y*(®*(B)) is bounded for some k > 0, then A attracts B for ®.

Ph.D Thesis: Study of the spatial distribution of anopheles mosquitoes 118 ‘ M. L. MANN MANYOMBE ©UYI 2020



Mathematical tools

A.2.2 Uniform persistence

Uniform persistence is an important concept in population dynamics, since it charac-
terizes the long-term survival of some or all interacting species in an ecosystem. Looked
at abstractly, it is the notion that a closed subset of the state space is repelling for the
dynamics on the complementary set, and then it gives a uniform estimate for omega limit
sets, which sometimes is essential to obtain a more detailed global dynamics.

Let ®: X — X be a continuous map and X, ¢ X an open set. Define

8X0 =X \ Xo, and M, = {x S 8X0 : CD”(.X) S 8X0, nz= 0},

which may be empty. Note that dX, need not be the boundary of X, as the notation
suggests. This peculiar notation has become standard in persistence theory. We assume
that every positive orbit of @ is precompact.

Definition A.2.4. Let A C X be a nonempty invariant set. We call A internally chain
transitive if the following stronger condition holds : For any a,b € A and any € > 0, there is
a finite sequence x, - - - , x,, in A with x; = g, x,, = b such that d(®(x;), xi41) <€,1<i<m-1.

The sequence {xy, - -, x,,} is called an e-chain in A connecting a and b.
The following result give an example of internally chain transitive sets.

Lemma A.2.4 (Lemma 1.2.1 in [160]). Let ® : X — X be a continuous map. Then the

omega limit set of any precompact positive orbit is internally chain transitive.

Definition A.2.5. A lower semicontinuous function p : X — R, is called a generalized
distance function for ® : X — Xif forevery x € (XoNp~1(0))Up~(0, 0), we have p(P"(x)) > 0,
Yn>1.

Theorem A.2.3 (Theorem 1.3.2. in [160]). Let p be a generalized distance function for

continuous map @ : X — X. Assume that
(P1): @ has a global attractor A ;

(P2): There exists a finite sequence M = {Mj, ..., M;} of disjoint, compact,and isolated
invariant sets in dX, with the following properties :
(a) Urem,w(x) C U M;;
(b) no subset of M forms a cycle in dX ;
(¢) M;isisolated in X ;
(d) WE(M;) np~1(0,0) = @ foreach 1 <i < k.

Then there exists 6 > 0 such that for any compact chain transitive set L with L ¢ M, for all

1 <1<k wehave mipp(x) > 0.
Xe
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Definition A.2.6. A function @ : X — X is said to be uniformly persistent with respect to
(Xo, dXo) if there exists n > 0 such that

lim infd(®"(x),dXp) =1 forall x e X,.

If "inf" in this inequality is replaced with "sup", then ® is said to be weakly uniformly

persistent with respect to (Xo, Xo).

Definition A.2.7. Letpbe a generalized distance function for a continuous map @ : X — X.
Then @ is said to be uniformly persistent with respect to (X, dX, p) if there exists n > 0
such that

111_{?0 infp(®"(x)) >n forall x e X,.

By Definition A.2.5, it is easy to see that for every x € X, either p(x) > 0 or p(P(x)) > 0.
Note that w(x) = w(®(x)). Thus, W(M;) N p~1(0, ) = @ implies w(x) ¢ M;, Yx € X,. By
Lemma A.2.4 and Theorem A.2.3, we have the following result.

Theorem A.2.4. Let p be a generalized distance function for a continuous map @ : X — X.
Assume that (P1) and (P2) hold. Then, ® is said to be uniformly persistent with respect to
(XOI &X(), P)

A.3 Dynamical systems defined by a system of ODEs

The model presented in 2 and the first model presented in 3 are temporal and governed
by systems of ODEs representing the evolution in time of a compartmented mosquito
population. Thus, the state of the system at time ¢ is a real vector x(t) representing the
population densities in the respective compartments at time t. Hence, we consider a
dynamical system defined via a system of ODEs on a subset of R” as discussed below.

Let D c R", we consider the autonomous system of ODEs

dx
a = S (A.2)
x0) = x €D,

where f : D — R".
We recall here some of the fundamental theory following mostly [66].

Theorem A.3.1 ([66], Theorem 1, pg.162.). Let D C R" be an open, f : D — R" a C!
map and xp € R". Then there is some a > 0 and a unique solution x : [-a,a] — D of the

differential equation (A.2).

Theorem A.3.2 ([66], Theorem, pg.171.). Let D C R" be an open, f : D — R" a C! map.
Let x(t) be a solution on a maximal open interval | = (a, ), f < co. Then, given any compact
set K C D, there is some t € (a, §) such that x(t) ¢ K.
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In other words, Theorem A.3.2 says that if x(t) cannot be extended to a larger interval
than (o, B), then it leaves any compact set. As a consequence, as t tends to g, x(t) either
tends to the boundary of D or |x(t)| tends to co.

If for every xy, € D, the system (A.2) has a unique solution x(¢) on [0, o), then (A.2)
defines a dynamical system D in terms of Definition A.1.1. In this case, the operator ¢; is
givenby  @i(xo) = x(t), t=>0. Then, f defines a vector field satisfying : f(x) = dq;tfx) o

The continuity of ¢; on x, is shown in Theorem 2, pg. in [66]. The global existence

required above is obtained typically by using the concept of invariant set.

Definition A.3.1 (Invariant set). A subset K of D is called (positively) invariant set of
(A.2) if for every x; € K, any solution of (A.2) of the form x : [0, 5] — D is such that
x(t) € K, Yt € [0, B].

Proposition A.3.1 (Global existence, [66], Proposition, pg.172). Let K be a compact
invariant subset of the open set D c R" and let f : D — R" a C! map. Then for every
Yo € K, there exists a unique solution y : [0, 8] — D, y(0) = yp, and y(t) € K, YVt > 0.

A.3.1 Asymptotic properties

The asymptotic properties describe the behaviour of a dynamical system when time
tends to infinity. We denote by O%, x € D, the forward orbits or trajectories of the dynamical
system on O described by the semiflow ¢, i.e. the set of states that followed from an initial
given state x,

O; ={pix) : t>0}.
A point x € D such that Of = {x} is called an equilibrium. We denote by E the set of
all equilibria of the system. If there is a T > 0 such that ¢.r(x) = ¢i(x), YVt > 0, then
Of ={p:i(x) : 0<t<T}and ¢i(x) is called a T-periodic solution.
We define the w-limit set of x € D by

o) = (e
t>0 s>t
For a dynamical system defined via (A.2), a point x* is an equilibrium if and only if f(x*) = 0.

Definition A.3.2. An equilibrium x* of a semiflow ¢ is stable if for every neighborhood
N of x*, there is a neighborhood M C N such that if x € M, then ¢;(x) € N, Vt > 0.

Definition A.3.3. An equilibrium x* of a semiflow ¢ is asymptotically stable if it is stable

and there is neighborhood N of x*, such that every point in N approaches x* as t — oo.

In other words, an equilibrium is stable the orbits that start "near" an equilibrium stay
"nearby". More strongly, an equilibrium is asymptotically stable if in addition the orbits that
start "near" an equilibrium converge to the equilibrium.
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To obtain stability properties of an equilibrium, we use the Jacobian matrix Df(x*) of
the vector field f at x*. Indeed, by the well-known theorem of Hartman and Grobman, the
solutions of (A.2) in a neighborhood of an equilibrium x* behave topologically equivalently
to the solutions of the linear system

dy _ .

around 0. Techniques for solving linear systems can be applied to solve (A.3). In particular,
properties of the equilibrium x* are obtain by investigating the sign of the real parts of the
eigenvalues of the matrix D f(x").

Definition A.3.4. A equilibrium x* of a C' vector field f is hyperbolic if none of the

eigenvalues of Df(x") have zero real parts.
Assume that x* is a hyperbolic equilibrium, we have the following properties :

Proposition A.3.2. 1. If all the eigenvalues of Df(x") have negative real parts then x*
stable.

2. If some of the eigenvalues of D f(x*) have positive real parts then x* is unstable.

Definition A.3.5. Let x* be an asymptotically stable equilibrium. The basin of attraction

of x* is the union of all the solution curves of (A.2) that tend towards x* as t — oo.

A common method to study the global stability of dynamical systems is to show the
existence of a Lyapunov function :

Definition A.3.6. Let x" be an equilibrium of the dynamical system defined via (A.2) on
D. If there is a neighborhood U of x* and a function L € C'(U, R)

(i) L(x’) =0,
(ii) L(x) > 0, for x # x*,
(iii) VL(x)- f(x) <0,x e U,

then L is called a Lyapunov function. Further, if VL(x) - f(x) < 0,x € U\ {x"}, then L is called

a strict Lyapunov function for x*.
The expression in (iii) is often called the Lyapunov derivative since for every solution
x(t) of (A.2) we have

dL(x(t)
dt

dx
= VL(x() - 5 = VL(x(1)) - f(x(2).
Theorem A.3.3. Let x* be an equilibrium of a dynamical system defined via (A.2).

(i) If there exists a Lyapunov function in a neighborhood U of x*, then x" is stable.
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(ii) If there exists a strict Lyapunov function in a neighborhood U of x*, then x* is

asymptotically stable with basin of attraction containing U.

There are some alternative tools to prove stability and attractiveness of equilibria
without using Lyapunov-LaSalle techniques. Monotone dynamical systems approach can
be used to prove stability of equilibria and provide a method for characterizing the basins
of attraction.

A.3.2 Monotone dynamical systems

A monotone dynamical system is just a dynamical system on an ordered metric space
which has the property that ordered initial states lead to ordered subsequent states [124].
A particularity of monotone dynamical systems is that they behave in a very "orderly" way.

A semiflow ¢ is said to be monotone if it satisfies

pi(x) < @p(y), whenever x<y and t>0. (A.4)

Further, ¢ is said to be Strongly Order Preserving (SOP) if it is monotone and if x < v,
there exist open subsets U, V c D with x € U, y € V and t, > 0 such that

(@) < @i, (), Yxel, YyeV.

In particular, the monotonicity of ¢ implies that ¢,U < ¢,V, ¥Vt > t,.

We introduce the notion of quasi-convergence which gives an essential property of
monotone dynamical systems. A point x € D is quasi-convergent if w(x) c E. We denote
by Q the set of all quasi-convergent points. A point x € D is convergent if w(x) consists of
a single point of E. We denote by C the set of all convergent points. In other words,

xeEQoe wkx)CE and xeC o w(kx)=x"€E.

If E consists of disjoint equilibria, then Q = C.

Theorem A.3.4 (Convergence criterion, [124], Theorem 2.1, pg. 3). Let ¢r(x) > x for some
T > 0. Then w(x) is a T-periodic orbit. If ¢;(x) > x for t belonging to a non-empty open
subset of R*\{0}, then ¢;(x) — p € E ast — oo. In particular, if ¢ is SOP and ¢r(x) > x for

some T > 0, then ¢y(x) > p€ East — oo.

As a consequence of Theorem A.3.4, a monotone dynamical system cannot have
an attracting periodic orbit since a periodic orbit O is attractive if there is an open set U
containing O such that w(x) = O, Vx € U.

If x € D, we say that x can be approximated from below (resp. above) in D if there is a
sequence {x,} in D such that x,, < x,,1 < x (resp. x, > x,41 > x) forn >1and x, - x as

n — Q.
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Theorem A.3.5 ([124], Theorem 4.3, pg. 9). Suppose that each point of D can be

approximated either from above or from below in D. If ¢ is SOP, then
D = IntQU IntC.

In particular, IntQ is dense in D.

Theorem A.3.5 shows that the property of quasi-convergence is generic for SOP
dynamical systems in the sense that the set Q of all quasi-convergent points contains an
open and dense subset of D. The power of this property is further demonstrated in the
particular case of E being a singleton as stated in the next theorem.

Theorem A.3.6 (Global stability, [124], Theorem 3.1, pg. 18). Suppose that D contains
exactly one equilibrium x* and that every point of D\{x*} can be approximated from above
and from below in D. Then, w(x) = x*, Vx € D.

Let (A.2) define a dynamical system on D c R". We consider the usual partial order
on R", that is, for x,y € R", we have x < y if x — y € R, or equivalently x <y & x; < y;,
Vi=1,2,...,n. In addition, we use the following inequalities

X<y & x=<y, Xx#FY.

X<y © x<y, i=1,...,n

It is common that the systems describing population dynamics are coupled via feed-
backs between the compartments. For instance, for a system of the type (A.2), for

i=1,2,...,n,

e if f; is monotone increasing with respect to x; for i # j, then x; is said to have a
positive feedback on x; ;

e if f; is monotone decreasing with respect to x; for i # j, then x; is said to have a
negative feedback on x;.

Definition A.3.7. System (A.2) is said to be cooperative if for every i, j € {1,...,n} such

that i # j, x; has a positive feedback on x;.

Theorem A.3.7. If f is differentiable on D, then the system (A.2) is cooperative if and
9fi(x)
ox;j

J

only if >0,i#j,xeD.

In the other words, if f is differentiable on D, the system is cooperative if the jacobian

df(tx)
dx

Metzler if its non-diagonal entries are nonnegative. This condition on f is sometimes called

is a Metzler matrix for every t € [0, 0) and x € D. Let us recall that a matrix is called

quasimonotonicity with respect to x. The next theorem characterizes monotone solutions
of cooperative systems.
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Theorem A.3.8 ([124], Proposition 3.2.1, pg. 34). Let system (A.2) be cooperative. Ifa € D
is such that f(a) > 0 (resp. f(a) < 0), then the solution x(a, t) is monotone increasing (resp.

decreasing) function of t € [0, T,).

Theorem A.3.9 ([136], Theorem II, pg.12). Let (A.2) be a cooperative system and let
x(xo, t) be a solution of (A.2) on [0, T). If y(t) is a differentiable function on [0, T) satisfying
W < f(y), y(0) < xo, then y(t) < x(xo, ), t € [0, T).

Theorem A.3.10 ([124], Theorem 3.1.1, pg. 32). Let (A.2) be a cooperative system and
a,be D. Ifa <band x(a, t) and x(b, t) are defined for t > 0, then x(a, t) < x(b, t).

Definition A.3.8. A system of the form (A.2) is called irreducible if its Jacobian % is an

irreducible matrix for every x € D.

Theorem A.3.11 (Kamke’s theorem, [136]). Let the system (A.2) be cooperative. Then for
everya,be D,
a<b=x(a,t)<xt), tel0,min{T, T}).

Theorem A.3.11 equivalently means that the evolution semi-group operator ¢; : O; — D
defined by ¢;(a) = x(a, t) is monotone increasing on its domain O, ={a€ O T, > t} for
every t > 0. For cooperative irreducible systems, the Kamke’s theorem admits a stronger
form as stated below.

Theorem A.3.12 ([124], Theorem 4.1.1, pg. 56). If the system (A.2) is cooperative and

irreducible, then for every a,b € D
a<b=x(a,t)<x(b,t), tel0,min{T,, Ts}).

The combined application of the monotonicity of the evolution operator ¢; given in
Theorems A.3.11 and A.3.12, and the monotonicity of the solutions given in Theorem A.3.8
is an efficient tool for studying asymptotic stability of equilibria of monotone dynamical
systems. As usual, we call an equilibrium asymptotically stable if it is both stable and
attractive. An asymptotically stable equilibrium is called globally asymptotically stable if the
basin of attraction is the whole domain 9. Basins of attraction are often represented as
n-dimensional intervals : given a,b € R" with a < b,

[a,b] ={x e R" : a<x<b}

The following results establish the global asymptotic stability of the equilibria using Theo-
rems A.3.11, A.3.12 and A.3.8, which is a consequence of Theorem A.3.6.

Theorem A.3.13. Leta,b € O be such thata < b, [2,b] € D and f(b) < 0 < f(a). Then
system (A.2) defines a (positive) dynamical system on [a, b]. Moreover, if [4, b] contains a

unique equilibrium p, then p is globally asymptotically stable on [a, b].

Ph.D Thesis: Study of the spatial distribution of anopheles mosquitoes 125 ‘ M. L. MANN MANYOMBE ©UYI 2020



Mathematical tools

A.4 Dynamical systems defined by a system of PDEs

In the model of chapter 3, we consider the spatio-temporal variations of abundance
of mosquitoes governed by reaction-advection-diffusion equations (RAD). The density of
mosquitoes is denoted u(t, x) and defined on a time-space Qr = [0, T] X QQ, where T € R*
and Q is a domain in R with a piecewise smooth boundary I' = dQ. The RAD equation
can be written in the general form :

(;—Ltl + Lu = F(x,u(t,x)), in Qp, u0,x)=uyx), (A.5)
with
=~ 9 ou =~ Ju
Lu= Z ax] (Dl]&_xl) + ‘ Z)l'a—xi.
i,j=1 i=1
Further, to complete the formulation of the problem, we provide information on the
dynamics at the boundary I' of the domain. We can distinguish two main types of boundary

conditions :

e Homogeneous Dirichlet : If we consider a domain out of which individuals cannot
survive, then we have u(t,x) =0, x e I, Vt € [0, T].

e Homogeneous Neumann : If we consider an isolated domain with no movement of

o . . 0
individuals in and out of the domain, then we have @”(t'x) =0,xel,Vte]l0T],

where v denotes the outward normal vector to I'.

e Robin : a(x)u(t, x) + 6%u(t, x)=0,x €T, Vtel0,T]. The Robin boundary condition
is a combination of Dirichlet and Neumann, where the flux at the boundary depends
on the density of u at the boundary.

In this thesis, we consider homogeneous Neumann and Robin conditions. Given problem
(A.5), a solution is expected to lie in the space of real-valued functions of class C! with
respect to t and C? with respect to x, and it is referred to as a classical solution.

A.4.1 The maximum principle and the comparison principle

Maximum principle plays a central role in the theory of parabolic partial differential
equations. It provide a useful tool to study properties of elliptic and parabolic equations
[47, 124]. This principle states that the maximum of a solution is achieved on the boundary
of the domain where it is defined. Assume that the operator L has the non-divergent form:

o Eois Lot

where the coefficients D;; and v; are continuous. We also assume that D;; = D;;. Denote
Qr = [0, T] x Q and Qy its closure.
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Theorem A.4.1 ((Strong maximum principle)[47], Theorem 11, section 7.1 ). Assume that
u € C¥(Qr) N CQY).

(i) If

u;+Lu <0 in 5]‘,

and u attains its maximum over ﬁT at a point (fy, x9) € Qr, then u is constant on €.
(ii) If
u;+Lu>0 in ﬁT,

and u attains its minimum over Q7 at a point (¢, xo) € Qr, then u is constant on ).

Now, suppose that (A.5) has a classical solution. Let A be a nonempty, closed, convex
subset of R". Let v*(t,x) and v (t, x) be continuous on [0, T) x Q, continuously differentiable
on (0, T) x Q and twice continuously differentiable in x € Q for t > 0. Furthermore, assume
that

v (t,x) <vt(tx) and o (tx),07(tx) €A, [0,T)xQ.

Let F* : Q x A — R" be two functions satisfying

a—ul;(x,u) >0, (LueQxA, i# J.

When this holds, we say that F¥ is cooperative. In the literature of partial differential
equations it is more commun to refer to this condition as the quasimonotone condition.
Finally, assume that v* satisfy the differential inequalities

do*
3 > Lv*+F"(x,v"), t>0, xeQ
Fus (A.6)
avt +6 > 0, t>0, xe€dQ
v
and
Jdu~

— < Lv+F'(x,v7), t>0, xe€Q
ot (A7)
(XU_+(SW < 0, t>0, x € 0Q

The function v* is called a super — solution and v~ is called a sub — solution in the literature
of partial differential equations. The next result is a fundamental comparison technique.

Theorem A.4.2 ([124], Theorem 7.3.4). Suppose that v* satisfy (A.6)-(A.7) and F* are

cooperative. Suppose further that
F~(x,u) < F(x,u) < F*(x,u), (x,u) e QXA

and
v (x,0) < up(x) < v*(x,0), xe€Q.

Then the unique solution of (A.5) exists on [0, o) where ¢ > T and

v (t,x) < u(t,x) <vt(t,x), (tx)e[0,T)xQ.
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A more robust assessment of malaria control will come from a better understanding of the
distribution and connectivity of breeding and blood feeding sites. Spatial heterogeneity of
mosquito resources, such as hosts and breeding sites, affects mosquito dispersal behav-
ior. This paper analyzes and simulates the spreading of anopheles mosquito on a complex
metapopulation, that is, networks of populations connected by migratory flows whose con-
figurations are described in terms of connectivity distribution of nodes (patches) and the
conditional probabilities of connections between nodes. We examine the impacts of vector
dispersal on the persistence and extinction of a mosquito population in both homogeneous
and heterogeneous landscapes. For uncorrelated networks in a homogeneous landscape, we
derive an explicit formula of the basic offspring number Rg"). Using the theory of mono-
tone operators, we obtain sufficient conditions for the global asymptotic stability of equi-
libria. Precisely, the value 1 of the basic offspring number is a forward bifurcation for the
dynamics of anopheles mosquito, with the trivial (mosquito-free) equilibrium point being
globally asymptotically stable (GAS) when Ré’”) <1, and one stable nontrivial (mosquito-
persistent) equilibrium point being born with well determined basins of attraction when
Ré’“) > 1. Theoretical results are numerically supported and the impact of the migration of
mosquitoes are discussed through global sensitivity analysis and numerical simulations.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

For many centuries, vector-borne diseases among all infectious diseases of human beings, have constituted a major cause
of human mortality and morbidity. Even with the recent advances in the biomedical sciences, vector-borne diseases still
seriously threaten world health. For example, according to the latest WHO estimates, released in December 2015, there
were 214 million cases of malaria in 2015 and 438,000 deaths [1]. It is well known that the malaria parasite is transmitted
from human-to-human through the anopheles mosquito bites, and that the transmission cycle is essentially driven by the
human biting habit of the mosquito [2]. Now, the female anopheles mosquito bites a human being for the sole purpose
of harvesting blood that she needs for the development of her eggs. The malaria parasite has exploited the mosquito’s life
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style by adapting its life cycle so that part of it is in the human being and the other part in the mosquito. By so doing, the
mosquito can then propagate the parasite from human to human. Transmission of most indirectly transmitted diseases of
human being follows the same pattern. The vector (in most cases an insect) interacts with a human being, and depending
on the disease status of both organisms, will either infect or be infected. Thus, understanding the population dynamics of
mosquitoes, and relationship between mosquitoes and the environment is fundamental to the study of the epidemiology
of mosquito-borne diseases. Mosquito abundance is a key determining factor that affects the persistence or resurgence of
mosquito-borne diseases in a given region [3]. Hence, it is crucial to study the dynamics of mosquitoes, and devise effective
and realistic methods for controlling mosquito population in communities.

The spatial distribution of anopheles vectors has shown great potential to affect malaria transmission intensity [3]. There-
fore, a better understanding of the distribution, productivity and connectivity of anopheles breeding sites in order to deter-
mine their influence on anopheles distribution could be very useful in malaria control. Several theoretical studies of malaria
vector dynamics have emphasized the importance of considering individual larval habitats, but few have addressed the ef-
fects of interactions between larval habitat connectivity [3,4].

Mathematical models play an important role in understanding and providing solutions to natural phenomena which are
difficult to measure in the field, and some models have incorporated dispersal or heterogeneity when modeling mosquito
population [5-7]. Spatial models usually used the diffusion approach, which considers space as a continuous variable. Al-
though partial differential equations (PDEs) are a good and classical way of modeling such dispersal [6,8], their analysis is
usually limited and do not incorporate the various factors that affect migrations. However, discrete approaches offer a bet-
ter and simpler way of modeling heterogeneity [5,9]. Thus, in areas where resources can be located in patches, mosquito
dispersal is more suitably modeled by using a metapopulation approach, in which the population is subdivided into discrete
patches. Then, in each patch, the population is subdivided into compartments corresponding to different status. This leads
to a multi-patch, multi-compartment system.

Talking about the metapopulation setting, a recent approach based on the formalism used in statistical mechanics of
complex networks is presented in [10-13]. Under this approach, the structure of the spatial network of patches is encapsu-
lated by means of the connectivity (degree) distribution p(k) defined as the probability that a randomly chosen patch has
connectivity k. Note that the degree or connectivity of a patch (node) is the number of links connected to that node (i.e., the
number its neighbors). Recent works have shown that it is possible to investigate the dynamics of epidemic spread using
statistical mechanics on configuration model networks [14-18]. Most of above-mentioned investigations [13,15,16,18] mainly
considered epidemic models on networks with no degree correlation (i.e., uncorrelated networks). In such networks, a patch
which is only constrained by degree distribution (and hence by the number of neighbors it has), can point to any patch from
a pool of the network. However, few recent works [14,17] have taken into account the degree correlation in complex net-
works and have conducted comparison studies on the prediction of disease evolution on correlated networks.

Many other works have focused on a metapopulation approach to model the mosquito population [4,5]. In their work in
[4], the authors presented a stochastic network model not governed by a dynamical system and did not consider all main
stages of the mosquito life cycle to analyze the significance of the productivity of breeding sites. The work in [5] considered
a set of discrete hexagonal patches to investigated the effects of mosquito dispersal on its dynamics.

In this work, we intend to fill some of the gaps mentioned above in order to better take into account the heterogeneity
in the connectivity of the nodes of network. To fulfill our goal, we make use of an approach based on statistical mechanics
which could allow us identifying other breeding site characteristics which could best explain the distribution and abundance
of mosquitoes. The methodology and objectives of this paper are to design a complex network extension of the seminal
model in [19], analyze and simulate a mathematical model for the spatio-temporal dynamics of anopheles mosquito using
the alternative approach based on a statistical mechanics. This extension is inspired by the works [4,5,11-13] and some ref-
erences therein. We consider the spread of anopheles mosquitoes on complex metapopulations, i.e., networks of populations
connected by migratory flows whose configurations are described in terms of the conditional probabilities of connections
between nodes. Note that nodes of the network represent potential breeding and feeding sites of mosquitoes, around which
are human hosts habitations.

From the modeling perspective, the model proposed in this manuscript is a substantial extension of the basic model
in [19] by incorporating the dispersal of mosquitoes. It also extends and enriches the work in [4,5] by considering: (i) all
the stages of the mosquito life cycle and (ii) heterogeneity in the connectivity of patches. From the theoretical and nu-
merical perspectives, we examine the significance of larval habitat connectivity and mosquito dispersal in a homogeneous
and a heterogeneous landscapes on the persistence of mosquitoes populations. More precisely, we construct corresponding
metapopulation models and perform their qualitative and quantitative analyzes. Specifically, for the mathematical tractabil-
ity, uncorrelated networks in a homogeneous landscape are considered and the following investigations are highlighted:

o The bifurcation/threshold parameter (basic offspring number) is explicitly computed.

 The sensitivity analysis of the threshold parameter, the model variables with respect to model parameters is given.

o A simple and digestive proof based on the Hethcote-Thieme fixed point theorem [20], of a unique nontrivial equilibrium
point is provided.

o Contrary to the few existing works where, Lyapunov-LaSalle techniques are usually used, the monotone operator the-
ory [21] is the main ingredient here for the establishment of global asymptotic stability of both trivial and nontrivial
equilibrium points.
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Fig. 1. Wild mosquito flow chart.

Moreover for both homogeneous and heterogeneous landscapes, the effects of dispersal/migration and patch heterogene-
ity on the mosquito population are numerically investigated. Finally, the comparison of metapopulation models in homo-
geneous and heterogeneous landscapes are presented through numerical simulations. The rest of the paper is organized as
follows. After the presentation of the basic model without mosquito dispersal in Section 2, we formulate metapopulation
models for both homogeneous and heterogeneous landscapes in Section 3. Their qualitative and quantitative analyses are
further presented. Theoretical results and the role of dispersal, patch connectivities and migration are investigated through
numerical simulations in Section 4. The summary of the main results of our work and its possible extensions conclude the
paper in Section 5.

2. The basic model in a single patch: mosquito dynamics without dispersal

We consider the classical Anguelov-Dumont-Lubuma model [19]:

A= DF — (y + 1 + 2A)A,
Y=r1yA—(B+ )Y,
M=1-r)yA - uuM,

F = BY — usF.

(2.1)

This model was developed according to the following biological and entomological facts recalled hereafter. The life cycle of
mosquitos consists of two main stages: aquatic (egg, larva, pupa) and adult. After emergence from pupa, a female mosquito
needs to mate and get a blood meal before it starts laying eggs. Depending on the condition, this takes about a week. Then,
every 4-5 days she will take a blood meal and lay 100-150 eggs at different places (10-15 per place). Mathematically, the
population of mosquitoes is then divided into the following compartments: population in aquatic stage A; young female not
yet laying eggs Y; fertilized and eggs laying females F and males M. This description was depicted in [19] by the flowchart
in Fig. 1.

Note that the first equation of system (2.1) can be combined as logistic population with harvesting. A female needs
to mate successfully only once. The eggs are laid in the so-called gonotrophic cycle, which consists of taking blood meal,
maturation of the eggs and oviposition. Before a female begins to lay eggs, two essential events need to take place, mating
and taking a blood meal, occurring in varying order.

A female mosquito is considered to be in the Y-compartment since its emergence from pupa until her gonotrophic cycle
has began, that is the time needed to mate and take the first blood meal, which takes typically 3-4 days. The death rate
during that period reflects essentially only death from predators and adverse climatic conditions. Therefore, it is generally
lower than the death rate for the F-compartment. Typically, the male mosquitoes are (depending on the temperature) about
half or 40% of the total population.

In the model, the fraction of the emerging female mosquitoes is denoted by r, with (1 — r) being the fraction of emerging
male mosquitoes. A male mosquito can mate practically through all its life. Since a female needs one successful mating, there
is an overabundance of males. Therefore, in general, it is reasonable to assume that the waiting time for mating does not
depend on the number of males (M) in the sense that, if M is increased further this rate remains the same. For the model,
this means that the transfer rate 8 from compartment Y to compartment F is independent of M. Mathematically, this means
that the third equation of system (2.1) can be decoupled from the system. Sometimes S is referred to as “mating rate”,
which, as explained above, can be abetted misleading and does not defined well the boundary between compartments Y
and F. The model under derivation clearly fixed boundary at the beginning of the first gonotrophic cycle of female, which is
immediately after the mating and first blood meal. Then, the rate (per day) of laying eggs in the breeding sites is ¢F, where
¢ is the average amount of eggs laid per fertilized female per day. In the model, the size of the population is restricted by
a density dependent death rate similar to [22,23]. However, the density dependent death rate is used only for the aquatic
stage. The reason is that in a typical environment the size of the mosquito population is also restricted mainly by the
available breeding sites. In [24], the size of the population is also restricted only in the aquatic stages but in a different way
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Table 1

Numerical values for the parameters of system (2.1) [19].
Parameter Description Value
r Fraction of the emerging female mosquitoes (per day) 0.5
ynontrivial ~ Maturation rate from larvae to adult (per day) 0.1
B Transfer rate from the compartment Y to F (per day) 0.25
1/ m Average lifespan of male mosquitoes (in days) 7
1/ e Average lifespan of female mosquitoes (in days) 10
1y Average lifespan of adult female mosquitoes (in days) 20
0] Number of eggs at each deposit per capita (per day) Variable
1 Mortality rate of the aquatic stage (per day) 0.25
Lo Density mortality rate of the aquatic stage (per day) 10>

by an explicit carrying capacity beyond which no egg is laid. In equation (2.1), the parameters w1 and u, denote the density
independent and the density dependent death rates of the aquatic stage, respectively. In all equations of model (2.1), u with
respective index refers to the death rate for the specific compartment (which is density independent).

The parameter values of model (2.1) used for simulations are given in Table 1 and the analytical results for this model
can be found in [19]. However, for the easier readability of our work, we recall without proof the main results.

System (2.1) has two equilibria: the trivial equilibrium Qg = (0,0,0,0) and the nontrivial equilibrium Q* =
(A*, Y* F* M*)T where A*, Y*, F* and M* are defined as follows:

_ W +pr)Ro-1) _ v+ p)Ro—1)

A* Y
2 w2 (B + py)
pro PYYEEDRo—) -y e s A2V ) Re D) (2.2)
HUEp2 (B + iy) M2 m
where Ry is given by
- ry B (2.3)

YD CE T

The nontrivial equilibrium Q* has a biological meaning if and only if Ry > 1. The threshold quantity R is the basic offspring
number for the population of anopheles mosquitoes in a single patch model [19]. It is the average number of the newly
anopheles mosquitoes generated by a single fertilized and eggs laying female anopheles mosquito during her life when she
is introduced into a population of male anopheles mosquitoes in the absence of any given intervention strategies.

The following result summarizes the asymptotic behavior of model (2.1) as shown in [19].

Theorem 2.1. System (2.1) is a dissipative dynamical system in Q =R% = {(S,Y,F,M) e R* /S,Y,F,M > 0}. Moreover,

(i) If Rg < 1, then the trivial (mosquito-free) equilibrium Qq is globally asymptotically stable on 2.

(ii) If Rg > 1, then the system has two equilibria Qp and Q* on 2 where Q*(the mosquito-persistent equilibrium) is stable
with basin of attraction Q\ {(A,Y,M,F) e R*, A=Y =F =0} and Qy is unstable with the nonnegative M-axis being a
stable manifold.

3. Metapopulation models in complex networks
3.1. A generic reaction-diffusion model in a complex network

Herein, we extend model (2.1) to incorporate the diffusion/migration process. Mosquitoes disperse while searching for
hosts or breeding sites [4]. We consider the dynamical evolution of the population of anopheles mosquitoes in hetero-
geneous metapopulation. The model consists of n patches. We recall that these patches represent breeding—feeding sites
around which are potential human habitats and between which mosquitoes move creating links between these nodes. A
given fraction of adult mosquitoes searching for hosts and a fraction of adult mosquitoes searching for breeding sites leave
their current patches of residence, while the remaining fraction is motionless. We assume that the architecture of the net-
work of patches (nodes) where local populations live is mathematically encoded by means of the connectivity (degree)
distribution p(k). Typically, p(k) is defined as the probability that a randomly chosen path has degree k. We recall that the
degree or connectivity of a patch is the number of links connected to that patch. At any given time, in each patch, an indi-
vidual mosquito is in one of the following states: population in aquatic stage (0,4y), young female not yet laying eggs (oy ),
fertilized and eggs laying females (ofy), male mosquitoes (py ). The total variable population size in patches of degree k
at time t is given by 0, (t) = pa () + Py () + Pp(t) + ppr(£). Note again that, we focus in this part on the migration
of mosquitoes from patch to patch (that is the case of connected patches). A reasonable assumption is that, mosquitoes in
aquatic phase cannot move out of their residence patch, while those in adult phase can migrate.

In Fig. 2, we give an example of a n-patches network: each patch here is breeding-feeding site. Without loss of generality,
we suppose that in each patch, the population dynamics of anopheles mosquitoes is governed by the basic system (2.1).
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Fig. 2. A general n-patches network for the population dynamics of anopheles mosquito between n feeding-breeding sites.

Mosquitoes move from a patch with degree k to another with degree k' with a diffusion rate D, that depends on the
degrees of the origin and destination patches. The probability P, of leaving a patch with degree k is then given by

Pe=k> " P(K'|k)Dyy. (3.1)
k
where P(k’|k) is the conditional probability that any given edge departing from a node of degree k is pointing to a node of
degree k' [12].
Under this generic type of diffusion, the equations governing the spatio-temporal evolution of anopheles mosquitoes are
giving by the system below:

Pak = Pprr— (Y + U1+ U2Pak) Paks

Py =TV Pak— B+ y)pyk — Pepy i+ kX P(K'[K) Dok py s
Pmk = 1 =1)Y par — UmPmk — Pk + kX P(K'[K) Do on i
Pk = BPyk — LEPEk — PPk + k) P(K'IK) Dok OF -

As in classical reaction-diffusion processes, system (3.2) expresses the time variation of the subpopulations of mosquitoes
in aquatic phase, young female not yet laying eggs, fertilized and eggs laying females and males mosquitoes as the sum of
two independent contributions: reaction and diffusion. In particular, the diffusion term includes the outflow of mosquitoes
(diffusing particles) from patches of degree k and the inflow of migratory mosquitoes from the nearest patches of degree
k. In general, with n different patches of corresponding degrees kq, k5, ..., ky in the network, Eq. (3.2) is a 4 x n system
of differential equations. The solutions of system (3.2) remain nonnegative in Ri” because the out movement always stops
when the corresponding patch is emptied. This latter assertion is mathematically established in the following result.

(3.2)

Theorem 3.1. If system (3.2) with initial condition in Ri“ has a solution, then the latter solution remains in Rj‘r” (i.e. nonnegative)
for all times.

Proof. It suffices to show that system (3.2) can written in the following form:

X = MX)X, (3.3)
where M(X) is a 4n x 4n cooperative (Metzler) matrix, and X a 4n column matrix to be determined below. To this end,
system (3.2) rewrites:

Pat; = PPpk, — (¥ + 1+ U204 k) LAk

Oy, =TV Pat, — (B + 1y) Py, — PPy + ki Xj_q P(kjlki) Dy, Oy i »

Pk, = (L =1)Y pak, — KmPuk, — P omi, + ki Xy P(Rj k) Dy ok, i=1{1,2,....n},
Pk, = By — e PFk, — POk + Ki i1 P(Kjlki) Dk, OF ;-
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Now, let
Xa = (pA,kls PAky» - -~7/0A.k,.)T, Xy = (IOY,k]’ PYky> s /OY,kn)Ta
Xvt = (OMk; PMkys -+ PMk) s XE = (OFkys Prikys - s PEky) s

Q1 = diag(P,.-- . B,), Q= (kip(kf|ki)ijl<i)(i’ iy Ma=—(+pr)h - padiagXy),
My = —(B+puy + Q)+ Q. My=—(um+ Q) +Q Mr=—(ur+ Q)+ 22,
and

M, 0, O, &I,
ryly My Oy Oy
-yl 0, My Oy}’
On ,Bln On MF

where I, and O, denote the n x n identity and null matrices, respectively. Since the entries of ©@; and Q, are nonnegative,
it is straightforward that My, My, My;, Mg are Metzler matrices, so is M (X). Finally, let

X=Xa X, Xuo Xp)',
then model (3.4) becomes

X = MX)X.

M(X) =

This achieves the proof. O

In the following subsections we study special cases of system (3.2) depending on the type of diffusion processes by
considering diffusion rates that are inherent to the traffic characteristics of each node. Typically there are two distinguishable
landscapes with different features which must retain our attention.

3.2. The metapopulation model in a homogeneous landscape

A landscape is homogeneous when all its patches have similar characteristics. Thus, in such landscapes, it is reason-
able to assume that the mosquitoes have the same dispersal/diffusion rate between patches. The mosquitoes searching for
breeding sites to lay their eggs are attracted by the availability of breeding sites [25]. Therefore they move randomly in any
breeding sites to lay their eggs. Mosquitoes can detect host odor, but it is unclear whether they have the learning capacity
they would need to enable them to return to particular hosts or breeding sites [5,26]. In the case where all patches have
similar characteristics (i.e. homogeneous landscape), the mosquitoes disperse equally between the patches and the dispersal
parameter is the same for all patches. In this case, the diffusion rate along any given link of a node with degree k is simply
equal to

D; .
Dkk/ = ?l, 1= Y, M, F. (35)
For the sake of brevity, we consider strictly positive diffusion rates Dy, Dr, Dy; > 0. Thus, assuming that distance has no
bearing on the probability of mosquito flying between breeding sites and, using the fact that >, P(k|k’) = 1, the dynamics
of free-flying mosquitoes in a patch of degree k is

Pak=Ppork — (¥ + 1+ U204 k) Pak:
Py =TY Pax — (B + 1y) Py — Dy py s + kDy Yy P(K'|k) 2,

Pumk

Pvk = (1 =1)Ypakx — MmMPMk — DvPmk + kDy 3o P(K'[K) =,

Prr

Prk = BPvx — FPF — D pr i+ kDp Y- P(K'|k) =,
Note that, since the number of links emanating from nodes of degree k to nodes of degree k' must be equal to the number
of links emanating from nodes of degree k’ to nodes of degree k in non-directed graphs, we have the following relationship
between p(k) and P(k'|k) [14]:
kP(K'|k)p(k) = K'P(k|k)p(K'). (3.7)

For networks with a connectivity pattern defined by a set of conditional probabilities P(k’|k), we define the elements of the
connectivity matrix C as

(3.6)

k
G = Pp(k/“() (3.8)

Note that these elements are the average number of mosquitoes that patches of degree k receive from neighboring patches
of degree k’ assuming that one mosquito leaves each of these patches by choosing at random one of the k’ connections [13].
On the other hand, for those degrees k that are not present in the network, one must have P(k’'|k) =0, Vk’. Hereafter in
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this paper, when talking about degrees, we implicitly mean those degrees that are present in the network. Furthermore, the
case where all patches have the same connectivity is excluded from our consideration because, under the present approach,
the model equations reduce to those of a single patch model.

In order to obtain further analytical results about the metapopulation dynamics of anopheles mosquitoes, we need to be
precise about the form of P(k’|k). As in most network models, the easiest and usual assumption is to restrict ourselves to
uncorrelated networks.

3.2.1. Uncorrelated networks
In these networks, the degrees of the nodes at the end of any given link are independent. In other words, there is no
degree-degree correlation between the connected nodes. Therefore, we have

P(K'|k) =K p(k')/(k), (3.9)

which corresponds to the degree distribution of nodes (patches) that arrive at by following a randomly chosen link [10]. Us-
ing Eqs. (3.7)-(3.9), > P(k|k’) = 1 and change the order of summations in system (3.4), one obtains the following equations
for the time evolution of anopheles mosquitoes in metapopulations described by uncorrelated networks:

Pak=PPrx— (¥ + 1+ U20ak) Pak:

Pric =TV Pas— (B + 1ty)pri — Dy (ovi — 75 0v),
Pk = (1 =1V Pak = tuPrik — D (Pri = 7t o)
Pri = BPyxk — 14F Ok — Dr (Pr. — 5 OF)

(3.10)

where

(k) => kp(k) and p;(t) =) p(k)pjr. Jj=AY,MF.
k k

(k) is defined as the average network degree. pa, Py, por and py,, represent the average number of population in aquatic
stage, young females and eggs laying females, and population of males mosquitoes in each patch at time t, respectively.
In this case, the diffusion term is simply given by the difference between the outflow of young females not yet laying
eggs (Dypy ), fertilized and eggs laying females (Drpr, ) and male mosquitoes (Dypp, ) in patches of connectivity k and
the total inflow of young females not yet laying eggs (Dypy/(k)), fertilized and eggs laying females (Drpg/(k)) and male
mosquitoes (Dyop/{k)) in patches of connectivity k, respectively; across all their k connections, which is k times the average
flow of mosquitoes across a connection in the network. Note that this average flow across a connection does not depend on
the degree k of the considered patch because we have assumed that the architecture of the metapopulation is described by
an uncorrelated network. In these network configurations, the elements of the connectivity matrix C are simply

kp(k’)
(k)

Clearly, C is a rank-one matrix and the vector v, whose components v, = k, is its eigenvector corresponding to its unique
non-zero eigenvalue 1. Thus, if there are (as assumed above) n different patches in the network, then the eigenvalues of the
said connectivity matrix are A = 0 (with algebraic multiplicity n — 1) and A =1 (which is a simple eigenvalue). This latter
remark will be used to prove the stability of equilibria of the model. For the way forward, we first “vectorialize” system
(3.10), using the following set of vectors as formerly defined:

Cur = (311)

Xa = (Pak,s Pakys -+ Paks) s Xy = (Ovieys Prikys -+ Prk) s
Xy = (/OM,kppM,kz’ s pM‘kH)T’ Xp = (,Or,kl, PFky»> -+ -» IOF,k,,)T-

Remind that, if X € R" is a vector, diag(X) denotes the n x n diagonal matrix whose entries are given by the respective
components of X. With these notations, system (3.10) becomes

Xa = fr(X) = ©Xp — [y + 1 + p2diag(Xa) IXa,

Xy = fo(X) =1y Xa — [B + 1ty + Dy Xy + DyCXy,

Xu = f3X) = (1 = 1)y Xa — [14m + DuXu + DyCX.
Xp = fa(X) = BXy — [1tr + Dr]Xe + DpCX,

(3.12)

where C is the connectivity matrix defined in Eq. (3.11).

Notice that, in the case where the parameters ®, y, 8, i1, (2, Uy, Uy and pg are not the same for all patches, they are
replaced in system (3.12) by nonnegative diagonal blocs matrices and this does not change the fundamental structure of the
system.
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(a) Basic offspring number

System (3.12) has a trivial (mosquito-free) equilibrium Py = (0, 0, 0, 0) with 0 standing for the zero vector of dimension
n when there is no fertilized and eggs laying females in each patch. We calculate the basic offspring number, R(()m) (where
the subscript “m” stands for “metapopulation” and simply differentiate it with the single patch basic offspring number Ry),
using the next generation approach developed in [27]. Let

OXp yXa + (11 + podiag(Xa))Xa
F = 0 and V=|-ryXa+ (uy + ,B)Xy + DyXy — DyCXy
0 —BXy + pXr + DpXp — DeCX

The Jacobian matrices of F and V at the trivial equilibrium Py are
F= [r;l Fﬂ and V=| -=ryl (B + iy + Dy — DyO)l, 0 ,
b 0 ~Bl (iF + Df — D)l

where

F; =0, Fy = [0, dJ], B = |:gi| and By = |:g gi|

To compute V-1, denote
_in W B ~ [k
V= |:V3 V4:|’ where Vi =(y +u)h, Vo= [0 0], Vs = |: o :|

and

Vi — (B + ny + Dy — DyO)I 0
4 —Bl; (e + Dp)ly — DeC |1

We emphasize that, since V is a M-matrix and —V is stable, V=1 > 0. Let the inverse matrix of V be written in the following
form:

v-lo Wi Wi
Wor Wp |

where Wy; and W5, are square matrices of dimension (2n x 2n) and (n x n), respectively. With this in mind, one has

4 _|A B
v = [0 0]’
where A = Fj, W5 and B = F; Wy,. Then following [27], the basic offspring number R(()m) is defined as the spectral radius
of the next generation matrix, FV~1. Precisely,
R = p(FV~) = p(Fia War). (3.13)

To obtain an explicit expression of the basic offspring number, we only need to compute W5;. The following lemma demon-
strated in Appendix A, is instrumental:

Lemma 3.2. Let N be a square block matrix of the following form:
_|INi N,

where N1 and N4 are square matrices.
If Ny and D = N4 — N3Nl‘]N2 are invertible, then the inverse matrix of N is given by

N1 N;'+N;'N;D-'NsN;' —N;'N,D!
—D-'N5N;! pt |

Notice that V defined above has the same form as N defined in Lemma 3.2 (with: N; =V, N, =V,, N3 = V3 and Ny = Vj).
Moreover, it is easy to check that V satisfies all the assumptions in Lemma 3.2. Thus, applying Lemma 3.2, V-1 is given by

V-1 0
v-1= A c }
|:—V4 A% v,



M.L. Mann Manyombe et al./Applied Mathematics and Computation 307 (2017) 71-91 79

from which one can extract Wy = -V, 'V3V;"!. Thus, computing W5; amounts to compute V, ! since V; is given and V;!
is obvious. Notice also that V4 has the same form as N in Lemma 3.2 (with Ny = (8 + iy + Dy — DyC)I,, Ny =0, N3 = - 81,
and N4 = (uf + Dp)I;, — Dr C). Hence, another application of Lemma 3.2 yields

-1
V4_1 = [ ﬁ]l -1 01:|-
—N,; N3N, N,
From the above expressions, it appears that to obtain an explicit expressions of V; !, we need to compute the inverse
matrices of Ny 1 and N, 1. These shall be done using another instrumental lemma, stated below and proved in Appendix B.

Lemma 3.3. Let G=U + KW Z be an n x n invertible matrix. Assume the matrices U, W and W—1 + ZU~1K are invertible. Then
the inverse matrix of G is given by

Gl'=U"'"-U'KW'+zZU 'K]"1ZzU. (3.14)
Now, we can explicitly calculate N 1 and Nf. We shall use recursively Lemma 3.3 and the fact that C™ = C, Vm € N*,
Note that Ny = (f + Dg)In — DeC has the form of the matrix G with

U = (ur + Dp)ly, K=(ki,....ko)", W=1I, and

—Dr
Z= W(P(k]),...,P(kn))-

With this in mind and using Lemma 3.3, it is straightforward that

k1 =
N71 — In _ In : [In_ DF ]
4 (ur+Dp)  (ur+Dp) |\ - W + D
n
—Dp
———(P(ky), ..., P(ky)),
(k>(MF+DF)( (k1) (k2))
I I, DiC 1 [ Dy ]
_ + — = I, + —C|.
(ur +Dp) * (ur+Dp) ur — (ue+Dp)L" T par

Now, let us compute N; = (8 + iy + Dy — DyC)I,. One can also observe that N; has the form of G in Lemma 3.3, with

U = (B + 1y + Dy)ly, K=(ki,.... k)7, W=1I, and
— _Dy

Thus, another application of Lemma 3.3 yields
1 D

Nt = [1 P C].

! B+uy+Dy)L" " B+ py

Using the expressions of N;' and N, ', one has

- DyC DgC DeDyC
N;IN;N- ! = p <1 LD +L+#>_
¢ T ur DB+ uy +D)\" T By e (Bt py)
Thus,
rﬁ)/(b |: DYC DF DFDy ]
FiaWar = In+ +Foy Y |
P T v u) e+ DBy + D)L By e (Bt )
The basic offspring number is therefore
RYV = p(FaWar),
= p[T"(aoln + (bo + ¢o + do)O)], (3.15)
where
a=1. b Dy Dr DrDy nd T rBy ®

= = Co = —_ = — = .
T Brmy T T wr(B ) (v + 1) (r + Dp) (B + iy + Dy)
Since the rank of C is one and A =1 is its unique non-zero and positive eigenvalue, the largest eigenvalue of the matrix
Iagly + (bg + co + dg)C) is T'(ag + bg + cg + dp) > 0. Thus, R(()m) for system (3.10) is

rBy @ Dy Dg DrDy
R — [1+ +—+7]~
O (¥ + 1) (e + D) (B + by + Dy) B+uy  ue pr(B+py)

(3.16)
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Table 2
Parameter value ranges of model (3.12) used as input for the LHS method.
Parameter ~ Range Parameter ~ Range Parameter ~ Range
r [0.49, 0.51] . [1076, 10~4]  puf [0.05, 0.2]
1% [0.05, 0.2] B [0.05, 0.35] Dy [10-2, 1]
] [0.5, 50] Ly [0.01, 0.2] Dy [10-2, 1]
1 [0.1, 0.5] v [0.05, 0.2] Dr [10-2, 1]
Table 3
PRCCs between R((,m’. Pa, Py, pr and each parameter.
Parameter ~R{™ 0A Oy OF
r 0.0831 0.0003 0.0325 0.0593
y 0.6617** 0.3648 0.2364 0.4401
0] 0.9281 % 0.4003 0.5414* 0.5079*
1 —0.7047* —0.0565 -0.0123 —0.0520
7% - -0.3327 -0.4112 -0.3789
B 0.5329* 0.2586 0.2033 0.1317
Ly -0.5770* —0.2008 -0.1530 —-0.1389
Um - 0.0874 —0.0066 -0.1577
UE —0.7959** -0.3169 -0.2749 -0.1873
Dy 0.0136 0.9103* 0.8641* 0.8411*
Dy - —0.0237 0.0283 0.0231
Dr 0.0402 —0.9058*** —0.8712% —0.8547*

The (*)'s indicate the most influential parameters. Precisely, (*) indicates a parameter
whose sensitivity level (in absolute value) is between 0.5 and 0.65. The (**) indicates
a parameter whose sensitivity level (in absolute value) is between 0.66 and 0.8. The
() indicates a parameter whose sensitivity level (in absolute value) is above 0.84.

Remark 3.4. The relevance of the above techniques (Lemmas 3.2 and 3.3) used to compute R((]m) lies in that it enables us to
obtain an explicit formula of the basic offspring number for a complex metapopulation model. More importantly, it gives an
easy interpretable expression of the basic offspring number. In metapopulation settings, this kind of result is quite rare (or
does not exist at all). It is worth pointing out that, this achievement have been probably made possible due the “statistical”
modeling approach used in this work.

(b) Sensitivity analysis

We carried out sensitivity analysis to determine the model robustness to parameter values [28,29]. This amounts to
single out the most influential parameters on R((Jm) and mosquito subpopulation dynamics. A Latin Hypercube Sampling
(LHS) scheme [29] samples 1000 values for each input parameter using a uniform distribution over the range of biologically
realistic values, listed in Table 3 with descriptions and references given in Tables 1 and 2. Using system (3.12), 1000 model
simulations are performed by randomly pairing sampled values for all LHS parameters. Outcome measures are calculated
for each run : the basic offspring number (’R(()m)), the average number of population in aquatic stage (p04), young females
(py) and fertilized females (of) for a network of five patches. Partial Rank Correlation Coefficients (PRCC) and corresponding
p-Values are computed. An output is assumed sensitive to an input if the corresponding PRCC is less than —0.50 or greater
than +0.50, and the corresponding p-Value is less than 5%.

Table 3 suggests that parameter ® has the highest influence on the offspring number Rg”), following in decreasing order
by the parameters wr, i1, ¥, iy and 8. One can also observe that, for the values of ps, py and pr, the parameters with
more influence are Dy, Dr and ®. This suggests that the migration of female mosquitoes between the patches may play a
dominant role on the persistence of the mosquito’s population.

(c) Global stability of the trivial (mosquito-free) equilibrium point.
Using Theorem 2 in [27], the following result is straightforward.

Lemma 3.5. The trivial (mosquito-free) equilibrium point Py of system (3.12) is locally asymptotically stable whenever R((]m) <1,
and unstable ifR(()m) > 1.

Biologically speaking, Lemma 3.5 implies that mosquitoes can be eliminated in all breeding sites (when R(()m) < 1) if the
initial sizes of the population of anopheles mosquitoes are in the basin of attraction of the trivial equilibrium point Py.

System (3.12) can be written in the form X = f(X), where X = (X4, Xy, Xp. Xp)T and f(X) = (fy X), LX), f5(X), faX)T.
It is straightforward that system (3.12) is cooperative on Q = R‘}r”' because the Jacobian matrix of (3.12) is a Metzler matrix.
Furthermore, f is continuous on 2 and the vector field defined by f is directed inwards on the border 02 of €. Thus,
Theorems 2, 5 and 6 in [19] can be applied to extend the local result in Lemma 3.5 to a global one on €2 as follows:

Theorem 3.6. System (3.12) defines a dissipative dynamical system on Q = ]Ri”. Moreover, if R(()m) < 1 then the trivial (mosquito-
free) equilibrium point Py is globally asymptotically stable on 2.
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Proof. It hinges basically on the monotone properties of model (3.12). The inequalities
4R(()m)kip(ki) +A0 Y0 jsikip(k) Y + 1+ U204k
(k) Y + i

hold for all sufficiently large X4. Let m = (my, my, ..., my) > 0 and let X, be so large that in addition to (3.17) the following
inequalities also hold:

-1,2,....n, (3.17)

Xa,, = m, (3.18)
Xp = (v + 1 + padiagXa,, ))Xs, >m, (3.19)
" 29
Xym = (IU“FIn + DFITI - DFC)XFm Z m, (320)
2p
21 -n)y [ Dy ]
Xy, = —— |+ —C|Xy >m. 3.21
M My + DM 4 MM An ( )

Let bm = (Xa,,, Xy, X, Xm,,)T- Then, one has

fi(bm) = =®Xg, < 0;  f3(bm) =—(1—1)yXa, <0: fa(bn) = —BXy, <O0:

_ (NI (NGD My + pa + podiag(Xa,)]
falbw) = ry [zn _ AR %
—rylh— (@oln + (bo + o + do)O) " [y + 1 + phodiag(Xa, )] |,
' 4r Y+ A
Y + 11 + padiag(Xa,)

<0 if 4@'(aply + (bg + o+ do)C) <

Y+ U

4R(()m)’<ip(ki) +40 Y0 jikip(k;) _Y + U1+ L2Pak
(k) Y +

So, f(bm) = (fi(bm), fo(bm). f3(bm), fa(bm)T < 0. Applying Theorem 6 in [19] with a=0 and b= by, we obtain that
(3.12) defines a dynamical system on [0, bm]. However, by can be selected larger than any X e R4". Thus, (3.12) defines
a dynamical system on §2 = R4". The only equilibrium point in €2 is the trivial equilibrium 7. It follows from Theorem 6
in [19] that Py is globally asymptotically stable on [0, byy] for any m > 0, and therefore is globally asymptotically stable on
Q=RI" O

fo(bm) <0 if i=1,2,...,n

(d) Nontrivial (mosquito-persistent) equilibrium point and its stability

In this paragraph, we begin by showing that system (3.12) has a unique nontrivial equilibrium point when Rém) > 1. To
achieve our goal, we reformulate the problem in terms of fixed point problem and use Theorem 2.1 in [20] for the existence
and uniqueness of a positive fixed point of a multi-variable function. To be self contained, Theorem 2.1 in [20] is recalled
hereafter.

Theorem 3.7 ([20], Theorem 2.1). Let F(x) be a continuous, monotone non-decreasing, strictly sublinear, bounded function which
maps the non-negative orthant R" into itself. Let F(0) = 0 and F(0) exists and be irreducible. Then F(x) does not have a nontrivial
fixed point on the boundary of R",. Moreover, F(x) has a positive fixed point iff p(F(0)) > 1. If there is a positive fixed point, then
it is unique.

An equilibrium point P* = (Xx, Xy, X3, X)) for system (3.12) satisfies the following system of equations:
DX — [)/ + U1+ Mzdiag(Xj;)]X; =0,
ryX; —[(B + fy) + DyIX; + DyCX; = 0,

(1 =) yX; — [tm + DulX;; + DuCXjy = 0,
BX; — [ir + DF]X; + DpCXz = 0.

(3.22)
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Solving (3.22) yields
[y + p1 + podiag(X;) 1X;

Xi = ® ,
e — (trln + Dely — DEO)[y + 1 + podiag(X;) X
Y — /3(1) ’
a-ny [ Dy ]
Xy = — |+ —C|X}. 3.23
M U + Dy " MM A ( )

Replacing (3.23) in the second equation of system (3.22), one obtain
NiN4[y + 1 + ppdiag(X;)
ry [1,1 ~ NiNgy 121@52 g(X;)] X =0,

Hence, the existence of the nontrivial equilibrium point is reformulated as the following fixed point problem: Find a unique
positive X7, such that X = F(X¥), where

F(X3) =By @[y + m1 + padiag(X;)]'N; TN X5

Notice that F is a continuous, bounded function that maps R’} into itself and it is infinitely differentiable.
Let us prove that F is strictly sublinear in R} ie. F(vX;) > vF(X;), for any X} € R} with X} > 0, and v € (0, 1). Direct,
but lengthy calculations give

UF(X;)[F(UX;)]*l _ diag(y + U1+ VU2 Pak, Y+ U1+ VU204 k, )

Y+ U1+ U2k, TV + 1+ L2Pak,
Since v € (0, 1), we have

Y+ U1+ V204
Y + M1+ U2Pak,
Thus, vF(X;"‘)[F(vX;)]*1 < Ip i.e. VF(XF) < F(vX7). Hence, F is strictly sublinear.
One can easily check that the off-diagonal elements q; ;(i # j) of the matrix F'(X;) are
" (bo + co + do)kip(k;)

aj; = 0, Vi£je{l,2,...,n}.
Y <’<>(V+M1+M210A.k,~)> #Jel }

Thus, F is a monotone non-decreasing function. We have also that F(0) = 0 and F/(0) = I' (agly + (bg + ¢oC + dy)C). Therefore
p(F'(0)) = R(()m) > 1 iff R(()m) > 1. Thanks to the graph theory and the irreducibility of the matrix C, F/(0) is irreducible
because its associated graph is strongly connected. Thus, we have established the following theorem:

<1, i=1,2,...,n.

Theorem 3.8. If Rém) < 1, the only equilibrium point of the system is the trivial equilibrium Pq. If R(()m) > 1 there also exists a
unique nontrivial (mosquito-persistent) equilibrium point P* in int(2).

By Lemma 3.5, the trivial equilibrium point Py is unstable whenever R(()m) > 1. We terminate this section by proving the
following result which establishes the global stability of the nontrivial equilibrium.

Theorem 3.9. If R(()m) > 1, the nontrivial (mosquito-persistent) equilibrium P* of the system (3.12) is GAS on <.

Proof. Since R(()’“) > 1, the inequalities

Y Bt HaPak REVkip(k) + T 31y i kip(ky)

Y+ W /R[()m) (k)

hold for all sufficiently small values X4. Let & = (&1, &2,...,érn) > 0 and let X, be so small that in addition to (3.24) the
following inequalities also hold:

Xa, <€, (3.25)

i=1,2,...n, (3.24)

IR (y + 1 + padiag(Xa,))Xa,
o . .. (3.26)

JRE (teln + Dely — DEC)Xg,

Xy, = B <eg, (3.27)
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Xy = A=Y I+ D—MC]XAS <s. (3.28)

JIRI™ (pam + Du) M

Let a; = (Xa,, Xy, Xg., Xy, )T. Then, one has

. ( Rgm>_1)(1_r)y
filag)=|1- — PXg, > 0; fi(a:) = Xy, > 0;

af 5 (m) (m) ’
IR JRY

faa) = | 1- — 21— | x, > 0.

4/ (m)
vV Ro

RIVINTD TNy + pr + podiag(Xa,)] .
Bory An-

fas) =ry| L —

\/ R(()m)(aoln + boInC + coInC + dol,C) ! [y + w1+ Mzdiag(XAm)]

=ry|L— T VT Xa,
» i_f [ (ol + bohC + CohC +dohC) _ y + 1 + padiag(Xs,)
\/@ Y+ M1
ie.
folag) >0 if Y+ M HaPk < Rém)kip(ki) 0 X kip (k) i=1,2,...,n

14 + M1 (Rém) (k)

Thus, f(a:) = (fi(ae), fr(ae), f3(as), fa(as))T > 0. Applying once again Theorem 6 in [19] (with a = a. and b = by,;), we ob-
tain that the nontrivial equilibrium point P* is globally asymptotically stable on [ag, by]. Since a. can be selected to be
smaller than any X > 0 and b, can be selected to be larger than any X > 0, we obtain that P* is asymptotically stable on
Q = R4" with basin of attraction being at least the interior of Q. O

3.3. The metapopulation model in a heterogeneous landscape

Differences in the distribution of resources create heterogeneity on the network, since patches may have different degrees
of attractiveness to mosquitoes. According to [5] we describe how heterogeneity and differences in patch attractiveness to
mosquitoes during movement is incorporated. Here, each patch represent a potential breeding-feeding site. The number of
hosts is allowed to differ between patches across the local network, introducing heterogeneity. Heterogeneity of breeding
sites is incorporated here by taking different values for parameter 1, in each patch. In this case, the carrying capacities of
breeding sites would be different.

Let H be the total population of hosts in the network and H; the population of hosts in patches of degree k. The propor-
tion of hosts in patches of degree k is

_ H ) _
Hk:ﬁ", with Xl:szl. (3.29)
K

Mosquitoes are attracted to odors released by hosts, this leads to mosquitoes being less likely to leave the patch if their
current patch is a home to many hosts and more likely to move out of the patch if there are few hosts [26,30]. As in
[5], we mimic this phenomenon by using a decreasing exponential function to model the movement rate. We assume that
heterogeneity of hosts also influence the males dispersal because females go to the hosts for blood-meal and males go to
meet females [31]. Note that immature females are not subjected to the attraction of hosts, they diffuse randomly in any
direction. We also incorporate the spatial proximity of patches by using a decreasing linear function, since mosquitoes have
a limited mobility. Hence, we can define the diffusion rate along any given link of a patch of degree k to a patch of degree
k' as

D 4 D 4 o _4 .
Dy = legdkk) and Dy = Hﬂl(:lkk )efx(H,ﬁHk/), i—M.F, (3.30)
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@ 3

Fig. 3. An example of a network with five patches.

where A is a constant parameter for the decay function, d = \/ (X — X)% + (Y — yp)? is the Cartesian distance between
a node of degree k and a node of degree k’; v the distance function defined as

dmax - dkk’ .
v (di) = d,6ax if d""i < dma, (3.31)
else,
with dpqx the maximal mobility distance.

Thus, the equations governing the spatio-temporal evolution of anopheles mosquitoes in this case for a n-patches in an
uncorrelated network are giving by the system below:

Pak = Piprk — Vi + Rk + HakPa k) Paks

. D kD
Oy = TViPak — (B + iy, Py i — TY) (X K pK)Y (die)) py e + (,—QY Y PRIV (dige) Py s

Pvik = (1 =1)ViPak — UM, Py k — el (Zk’ efk(ﬁrn"/)k/lﬁ(k/)iﬁ(dkk/)>,01v1,k

(k)
o 3.32
* k(%‘/’ Yee (He=H) p (k) ¥ (dige )Pukes (3:32)
. D 7T
Prk = BkPy .k — PRk — ﬁ (Zk’ G_A(H"_Hk’)k/p(k')‘/f(dkk/)>,0F,k

kD -
+<T{;: Sk e_}t(Hk/—Hk)p(k/)w (dkk/)ppvk/,

From Theorem 3.1 above, one can easily see that (3.32) is a dynamical system in R4". A patch of degree k is at a
mosquito-free equilibrium point if o4, = py x = Py = Prx = 0. However, given the complexity of the equations, we do not
perform further theoretical analysis for model (3.32). We shall rather focus on numerical analysis in the next section.

4. Numerical simulations

To illustrate the various theoretical results of the previous sections, we consider a metapopulation network with five
patches and the following connectivities: k; = 2; k, =3; k3 =4; ks =1 and ks = 2 (see Fig. 3). Since we do not know what
trajectories mosquitoes adopt in reality, we use strategies such as Levy-flight (which are comprised of random sequences
of movement-segments with lengths | drawn from a probability distribution function having a power-law tail p(l) ~[~#
where 1 < i < 3) to optimize foraging efficiency [32]. Thus, we consider an architecture network given by the distribution
p(k) ~ k=3 [12,13].

Models (3.12) and (3.32) are both simulated by using data from recent works. These data are summarized in Table 1.
As far as mosquito dispersal is concerned, some studies have shown that daily flights range from 200 to 400 m, where the
maximum distance recorded is 661 m [33]. We run all simulations with the following initial conditions: the total number
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Fig. 4. Simulation results showing the GAS of the trivial equilibrium P, for the basic model when ® = 0.5, Dy = Dy = Dr = 0.1 and Ré’“) < 1. All other
parameters are as in Table 1.
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Fig. 5. Simulation results showing the GAS of the nontrivial equilibrium P* when ® =10, Dy = Dyy = D = 0.1 and Rf)'") > 1. All other parameters are as
in Table 1.

mosquitoes in aquatic stages is 1500, 1000 young mosquitoes are females not yet laying eggs, 1000 are males, while 1250
are fertilized and eggs laying females. They are evenly distributed across the network.

4.1. General dynamics

In this subsection, we numerically illustrate the asymptomatic behavior of model (3.12). For that, we consider a network
of metapopulation with five patches. The dynamics of all compartments are very similar to each other. Hence, only the
graphs of mosquitoes at the aquatic stage and total flying mosquito population (that is, Y + M + F) are presented here. Fig. 4
presents the trajectories of model (3.12) for all patches when ® = 0.5, Dy = D)y = D¢ = 0.1 and the basic offspring number
R((Jm) is less than one (R(()m) = 0.6531). From this figure, we can see that the mosquito populations die out in all patches.
Thus, the trajectories converge to the trivial equilibrium as shown in Theorem 3.6.

Fig. 5 plots the trajectories of system (3.12) when ® = 10, Dy = Dy; = D = 0.1 and the basic offspring number R(()m) is

greater than one (R(()m) = 13.0612). This illustrates the fact that the mosquitoes are always present in all patches and the
trajectories converge to the nontrivial equilibrium as established in Theorem 3.9.

4.2. Impact of dispersal on population dynamics

To evaluate the impact of dispersal on population dynamics, we carry out in Fig. 6 numerical simulations (when ® =
10) on system (3.12) both without and with dispersal. This figure shows that persistence of mosquito population is more
important in the presence of dispersal than in the case without dispersal, especially in high-degree patches.
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Fig. 7. Mosquito population in patches of degree k=1,2,...,10, when ® =10 and Dy = Dy = Dr = 0.1: the total mosquito population increases as the
patch connectivity increases.

4.3. Impact of the heterogeneous connectivity of patches on population dynamics

To investigate the significance of heterogeneous connectivity of patches on vector population dynamics, system (3.12) is
simulated in Fig. 7 with variable degree of patches. Fig. 7 illustrates the fact that, with the same diffusion coefficients
(Dy = Dy = Dr), the total mosquito population increases as the connectivity of the patch increases. This suggests that the
heterogeneous connectivity of patches play an important role on vector population dynamics. This heterogeneity may come
from the daily productivity and destruction of some breeding sites, since small pools of water are continually destroyed and
reformed [4].

4.4. Impact of migration and heterogeneity on mosquito spread

In this section, numerical simulations are carried out to investigate the role of dispersal/diffusion and heterogeneity on
mosquito spread. Models (3.12) and (3.32) are both simulated with different values of ® in each patch. In order to observe
more effects of the migration on the dynamics of models (3.12) and (3.32), we consider the hypothetical scenario where
the mosquito-persistent equilibrium is GAS in the patch of minimal degree (patch 4) and unstable in the other patches

(patch 1, 2, 3, 5). Model (3.32) is simulated with H;, = 0.6, Hy, = 0.07, Hy, = 0.06, Hy, = 0.03, H;, = 0.24, dmax = 661 m
and A =0.5. Let Rg), i=1,2,3,4,5, denotes the basic offspring number for the local population of anopheles mosquito

in patch i as defined in (2.3). Choose ®; = &, = &3 = &5 =0.5, &, =10 so that R(()” = R(()Z) = R((f) = R((]S) =05714 < 1
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Fig. 9. Simulation result showing the mosquito spread from mosquito-persistent patch (right) to mosquito-free patches (left) in a homogeneous landscape
(Eq. (3.12)) with Dy = Dy = Dr = 0.1 and all other parameters are as in Table 1. Ré') <1,i=1,2,3,5and Rff” > 1.

and Ré‘” =11.4286 > 1. It is observed from Fig. 8 that, in the absence of migration/diffusion (i.e. Dy; = Dy = Dg = 0), the
mosquito-persistent equilibrium point is unstable in patches 1, 2, 3, 5 and stable in the fourth patch, as expected.

Figs. 9-12 present the mosquito spread from an mosquito-persistent patch (patch 4) to mosquito-free patches (patches
1, 2, 3, 5) under different scenario when Dy; = Dy = Dp = 0.1.

Observing these latter figures, one can see that in the presence of dispersal, mosquitoes moving out of an mosquito-
persistent patch (patch 4) migrate into the mosquito-free patches (patches 1, 2, 3, 5). This illustrates the fact that mosquito
dispersal could lead to a larger presence of mosquitoes in all patches and, shows the important effects of dispersal and
connectivity of patches on population spread. However, this diffusion varies according to the type of landscape.

4.4.1. Dispersal in a homogeneous landscape

Fig. 9 presents the trajectories of the mosquito spread from mosquito-persistent patch (right) to mosquito-free patches
(left) in a homogeneous landscape (Eq. (3.12)). We observe in this case that mosquitoes coming from mosquito-persistent
patch (patch 4) migrate more to the high-degree patches (see patches 3 and 2) and equitably to the patches with equal
degree (see patches 1 and 5).

4.4.2. Dispersal in a heterogeneous landscape
Fig. 10 gives numerical solutions of model (3.32), depicting the mosquito spread from mosquito-persistent patch (right)
to non mosquito-persistent patches (left) in a heterogeneous landscape (heterogeneity of hosts and homogeneity of breeding
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Fig. 10. Simulation results showing the mosquito spread from mosquito-persistent patch (right) to mosquito-free patches (left) in a heterogeneous land-
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Fig. 11. Simulation results showing the mosquito spread from mosquito-persistent patch (right) to non mosquito-persistent patches (left) in a heteroge-
neous landscape (heterogeneity of hosts and homogeneity of breeding sites) with v (dy, ) as in (3.31), Dy = Dy = Dr = 0.1 and all other parameters are as

in Table 1. R <1,i=1,2,3,5 and R? > 1.

x10 x 10
3 451
E— —
—k 4t
25} Ky

™ ks i35+
+ +
z 2

N N
+ +
< <

= = 25+
c c
O 151 K}

k5] T of
> >
Io% a
<] I}

e 1 Q 151
© ©
3 3
o o

[ = 1r

051
05+
0, 1 1 1 1 1 i 0 1 1 1 1 1 i
0 50 100 150 200 250 300 0 50 100 150 200 250 300

Time (days)

Time (days)

Fig. 12. Simulation result showing the mosquito spread from mosquito-persistent patch (right) to non mosquito-persistent patches (left) in a heterogeneous
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Fig. 13. Simulation result showing the mosquito spread from mosquito-persistent patch (right) to non mosquito-persistent patches (left) (heterogeneity of
hosts and homogeneity of breeding sites) with 1 (dy, ) as in (3.31), when distances between patches 1, 2, 3, 5 are large.

sites), when distance has no effect on mosquito flights (i.e. ¥ (dy) = 1, Vk, k). Even though a great number of mosquitoes
moves into the patches of high degree, the dispersal becomes more important in the patches with more hosts.

Fig. 11 simulates the solutions of model (3.32) and displays the mosquito spread from mosquito-persistent patch (right)
to non mosquito-persistent patches (left) in a heterogeneous landscape (heterogeneity of hosts and homogeneity of breeding
sites), when distance affects mosquito dispersal (i.e. ¥ (dy) as in (3.31), with dy,;, =300 m, dyj, =370 m, dj,;, =361 m,
diyk, =361 m, dy,p, =400 m, dy, ;. = 380 m). As in the latter Fig. 10, similar result is observed, with the difference in that
the mosquito dispersal from mosquito-persistent patch (patch 4) to mosquito-free patches (patches 1, 2, 3 and 5) is less
important in this case.

Fig. 12 presents the simulation results of model (3.32), showing the mosquito spread from mosquito-persistent patch
(right) to mosquito-free patches (left) in a heterogeneous landscape (heterogeneity of hosts and breeding sites), with
a1 = 1072, oy =103, 3 = 1072, oy = 1072, s = 1072 and ¥ (dy) = 1, Vk, K. From this figure, it is noticeable that
heterogeneity of hosts and breeding sites greatly influences the mosquito dispersal and their spatial distribution. This sug-
gests that the heterogeneous connectivity of patches and heterogeneous distribution of hosts and breeding sites may play
an important role on the spatial distribution of mosquitoes.

Fig. 13 simulates model (3.32) and shows that the mosquito spread from mosquito-persistent patch (right) to mosquito-
free patches (left) in a heterogeneous landscape (heterogeneity of hosts and homogeneity of breeding sites), with ¥ (dy)
as in (3.31) when patches are highly distanced from each other and close to the maximal distance dmqx between nodes
(digk, =500 m, dyj, =510 m, dyp, =589 m, dy,g, = 539 m, dy,y, =400 m, d = 539 m). From this figure, one observe
that mosquito migration rate to distant patches is very low. This is coherent with the known preference of the mosquito
dispersal: indeed, according to [34] the dispersal of adult mosquitoes can be classified into long-range and short-range
dispersals. Long-range dispersal is often unintentional and aided by wind or human transport while short-range dispersal
is often intentional. Furthermore, Fig. 13 shows that the availability and abundance of sites have a strong influence on
the distance that individual adult female mosquitoes need to fly in order to lay their eggs, since spatial distance between
patches is large when breeding sites are eliminated from neighborhoods of hosts or are not available in most patches. Similar
findings were obtained in [23]. Thus, more efforts to reduce breeding sites in close proximity to houses (mechanical control)
is needed and can be very efficient as a vector control strategy.

Our simulations results in homogeneous landscape (Eq. (3.12)) and heterogeneous landscape (Eq. (3.32)) reveal that the
heterogeneous connectivity of patches plays an important role on the spatial distribution of mosquito population. Sim-
ulations in a homogeneous landscape indicate that there is a linear relationship between connectivity of patches and
mosquitoes distribution (see Figs. 6 and 9). However, when there are heterogeneities in the network (hosts, distances),
this linear relationship is perturbed and induces a strong influence on spatial distribution and population dynamics of
mosquitoes (see Figs. 10-13).

5. Conclusion and perspectives

In this paper, we have developed a reaction-diffusion type model to describe the spatial evolution of anopheles mosquito
in heterogeneous complex metapopulations and assess the influences of larvae habitats (breeding-feeding sites) connectiv-
ity and vector on the spatial distribution and populations dynamics of mosquitoes. We have focused on the migration of
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mosquitoes from one patch to another in both homogeneous and heterogeneous landscapes. The spatial configuration was
given by the degree p(k) and the conditional probabilities P(k’/[k).

For uncorrelated networks in a homogeneous landscape, we have derived an explicit formula for the basic offspring num-
ber, R(()m), which has been proven to be a sharp threshold parameter for our model. The most influential parameter on the

expression for R(()m) is the number of eggs at each deposit ®. Using the theory of monotone operators, we have established
the global stability of equilibrium points. Precisely, we have shown that the mosquito-free equilibrium is GAS whenever
R(()m) < 1 and unstable otherwise. In the case where Rg") > 1, we have shown that there exists a unique mosquito-persistent
equilibrium, which is GAS.

For uncorrelated networks in a heterogeneous landscape, we have only carried out numerical studies. Comparing our
simulation results in Figs. 6-12, we have concluded that numerous factors considered in our models play important roles in
spatial distribution of mosquitoes and could lead to a larger amount of mosquitoes. Further, our sensitivity analysis results
have revealed that an efficient strategy to reduce the amount of mosquitoes in all patches could be to control the production
of eggs (by mechanical control for example) and minimize the migration of female mosquitoes.

To summarize our contributions in few words, the methodology and results we have obtained are as follows:

o From the modeling perspective, we have extended to a complex network of patches the single patch models in [4,19] by
incorporating the dispersal of mosquitoes and patch connectivity.

e From the theoretical and numerical perspectives, we have examined the impacts of larval habitat connectivity and
mosquito dispersal in a homogeneous and a heterogeneous landscapes on the persistence of mosquitoes populations.

o From the qualitative and quantitative aspects for uncorrelated networks have obtained the following analytical results:

1. The bifurcation/threshold parameter (basic offspring number) has been explicitly computed.

2. The sensitivity analysis of the threshold parameter has been performed.

3. A simple and digestive proof based on Hethcote-Thieme fixed point theorem [20], of a unique mosquito-persistent
equilibrium has been provided.

4. Contrary to the few existing works where, Lyapunov-LaSalle techniques are usually used, the monotone operator
approach [21] has been the main ingredient here, for the establishment of the global asymptotic stability of both
mosquito-free and mosquito-persistent equilibria.

An immediate possible extension of this work we are already working on is to consider correlated networks with pre-
cise configuration/distribution of patches (i.e., some assortative or assortative networks) and investigate if the techniques
used here could be applied to obtain similar theoretical/analytical results. Moreover, since we take into account the male
dispersal, another extension of this work could be to consider the Sterile Insect Technique (SIT) in our model by releasing

sterilized male mosquitoes near of high-degree patches. We hope our model could be used to develop other possible and
efficient vector control strategies, which can optimize the allocation of scarce resources.
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Appendix A. Proof of Lemma 3.2
Note that the matrix N can be written as
N = Ny N, _ Ny 0|1 Nlez
“[N3 Ny| |Ns I]]|0 D )

Then, one can deduce that

-1 -1
N1 | ] N;'Ny N0 _[I —N;IN, D1 N;! 0
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This ends the proof. O



M.L. Mann Manyombe et al./Applied Mathematics and Computation 307 (2017) 71-91 91
Appendix B. Proof of Lemma 3.3
It suffices to verified that GG~ = I,,. Indeed, one has
GG =UU —K[W ' +ZU7'X] ZU" + kwzu !
— KWzU-'K[W~" +2U~'K] ' ZU ",
=l =KW 2u K] e w - wzu K w zu K] o,
=~ KWW Wt 20 K] 20 KW 20 K] 2
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= ]n.

This concludes the proof. O
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1 | INTRODUCTION

We propose a novel model for the population dynamics of mosquitoes by con-
sidering the dispersal states of female mosquitoes of oviposition's cycle and
spatial variations. From the modeling perspective, a general functional form
of eggs oviposition rate is used including the Malthusian, the Verhlust-Pearl
logistic, the Hassell, and the Maynard-Smith-Slatkin functions. From the the-
oretical and numerical perspectives, the study is done in two steps using the
more realistic birth Maynard-Smith-Slatkin function. First, we consider an ordi-
nary differential equations model and show that the mosquito-free equilibrium
(MFE) is globally asymptotically stable, whenever the basic offspring number
Rgde is less than unity. Using a fluctuation argument, we prove that the unique
mosquito-persistent equilibrium (MPE) is globally attractive, whenever Rgde
exceeds the unity. Moreover, the temporal model undergoes a Hopf bifurcation
in the absence of density-dependent mortality in the aquatic stage of mosquitoes.
Second, the temporal model is extended into an advection-reaction-diffusion
model in order to account for the movement of mosquitoes and their spatial
source of heterogeneity. We establish the uniform persistence and the existence
of at least one positive steady state whenever the spatial basic offspring num-
ber Rgde is greater than unity. Finally, for the case study of malaria vector agent
(Anopheles mosquito), we construct a nonstandard finite difference scheme that
is dynamically consistent with the features of the continuous model to illustrate
our results, including the spatial heterogeneity of mosquito resources.

KEYWORDS

Anopheles mosquito, Basic offspring number, Fluctuation method, Global Stability, Nonstandard

method, Spatial heterogeneity
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Among all infectious diseases of humans, vector-borne diseases (VBDs) constitute a major cause of human mortality
and morbidity. They account for 17% of the estimated global burden of all infectious diseases.!> Mosquitoes are the best
known vectors of such diseases. They are responsible for many diseases throughout the world, such as malaria, yellow
fever, chikungunya, west Nile virus, dengue fever, Zika virus, and other arboviruses.>* These diseases are transmitted
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from human to human through effective mosquito bite. The transmission cycle is essentially driven by the human bite
habit of the mosquito.® Typically, the vector interacts with a human being. Then depending on the disease status of both
organisms, they will either infect or be infected. Due to the significant burden caused by mosquitoes on human health,
specifically as reflected through the persistence and/or resurgence of vector-borne diseases, mosquitoes have become a
target of medical, veterinary, and conservation research since the nineteenth century.® In order to devise effective control
and realistic control methods, it is crucial and essential to study the mosquitoes population dynamics, their interaction
with their biotope, and subsequently the epidemiology of mosquito-borne diseases.”® Like many other insect species,
mosquitoes can move and disperse in any direction for various reasons such as searching for resource availability. At local
scales (ie from 100 m to 1 km), mosquito behavior and ecology play an important role in determining the distribution of
transmission.’ The spatial distribution of anopheles has shown great potential to affect malaria transmission intensity.®10
The success and optimal impact of methods for controlling mosquito population (eg sterile insect technique [SIT], geneti-
cally modified mosquitoes [GMM] or mechanical control) are based on a good knowledge of the biology and the behavior
of mosquitoes, as well as on an accurate modeling of their dispersal. Thus, to achieve a high level of effectiveness in reduc-
ing the mosquito population, control interventions should consider mosquito location and its ability to move. In view of
the challenge and high costs to conduct field experiments, mathematical modeling adds value to validate and improve
vector control strategies. Mathematical models have proven to be useful in gaining insights into the interactive dynamics!*
and control of mosquito populations,>512-16 as well as into the influence of mosquito mobility and dispersal.”-17-23 Partial
differential equations (PDESs) constitute a classical setting to model real-life situations such as dispersal.'®?*2> For linear
PDEs, the theory and the corresponding constructive treatment by numerical methods are well developed (see for instance
the famous books?-32). However, the complexity of biological processes and particularly the strong nonlinearity in the
transmission dynamics of diseases in time and space lead to mathematical challenging nonlinear PDEs, which include
advection-reaction-diffusion equations and cross-diffusion equations.3>3* It is therefore not surprising that the authors
could identify only very few PDEs models on mosquito population dynamics that have investigated the well-posedness
and the asymptotic behavior of the solutions.'®23 A metapopulation setting has been used in”° for anopheles mosquito
population dynamics as an intermediate approach between temporal and spatio-temporal modeling. To explore the tem-
poral and spatial dispersal of the mosquitoes, the authors in?>23 proposed advection-reaction-diffusion models where the
mosquito population is divided into two stages: aquatic and adult female stages. These studies gave sufficient conditions
for mosquitoes to persist and spread or to vanish. However, the oviposition/gonotrophic cycle has been recognized as an
important feature that may determine population levels, distribution, and biting behavior of mosquitoes. Thus, it is neces-
sary to take into account all stages in the gonotrophic cycle (questing, resting, and breeding females) for the adult female
mosquitoes in order to get insights into the behavior and dynamics of mosquitoes. The ultimate purpose of this paper is to
extend the works,?%23 as well as the temporal models in®%!3 into an advection-reaction-diffusion system in which spatial
heterogeneity is taken into consideration explicitly. Heterogeneity in the behaviour of anopheles mosquitoes is present
in all malaria endemic regions. Some species of mosquito prefer human blood (anthropophilic), while others prefer ani-
mal blood (zoophilic). Another species, depending on the geographical region, have both anthropophilic and zoophilic
tendencies.?® However, different factors can influence the behaviour of the anopheles mosquitoes. For example, host avail-
ability plays an important factor in the final host choice of the vector. Thus, anopheles mosquitoes can adapt their host
choice in case of a lower availability of human hosts.3> So, given that the dynamics of indirectly transmitted infectious
diseases of humans is driven, in the most part, by the human biting rate of the vector, it is necessary to understand the
dynamics of populations for those disease vectors themselves by carefully analyzing the dynamics of the human-vector
interaction and how this interaction drives the population dynamics of the vector. Hence, similar to the models in,>6-16
we derive a more general mathematical model for the population dynamics of anopheles mosquitoes that feed on human
blood but breed outside the human body at a distinct spatial location, far away from the human habitats. We develop mod-
els that incorporate both intrinsic dynamics and spatial variation of mosquitoes, taking into consideration the dynamics
of the human-vector interaction. We will start with a temporal model that allows a general description of the mosquito’s
growth. This initial model captures the mosquito oviposition cycle as well as its main behavior (which could be use-
ful when one considers chemical or biological control tools, such as SIT or GMM). Moreover, unlike the works in,”1318
where a constant generating rate was used for the population in the aquatic stage, we consider a more general function
for egg oviposition rate. Next, we will extend the obtained temporal model to a PDE system by adding both advection and
diffusion terms that reflect mosquito's mobility. We study the global well-posedness and the asymptotic behavior of the
solutions of this PDE model. Finally, we assess the impact of mosquito dispersal, heterogeneous distribution of mosquito
resources (hosts), and other parameters on the spatial distribution, dynamics, and persistence of mosquito populations.
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As mentioned earlier, the nonlinearity of the ordinary differential equation (ODE) model and its extended PDE counter-
part results in challenging mathematical equations. This necessitates, on the one hand, the use of a variety of techniques,
methods, and approaches including Lyapunov-Lasalle techniques, monotone dynamical systems approach, semigroup
applications, fluctuation method, and spectral theory approach. On the other hand, reliable numerical methods being
of paramount importance for the type of complex models investigated in this work, we have constructed nonstandard
finite difference schemes, which to our knowledge have never been studied for malaria models in the framework of par-
tial differential equations. The paper is organized as follows. In Section 2, we present a compartmental temporal model,
which is analyzed quantitatively (eg existence/uniqueness of positive solutions, existence of equilibria points, etc.) and
qualitatively (eg global stability of equilibria and existence of Hopf bifurcation). In Section 3, we extend the temporal
model to an advection-reaction-diffusion system of equations, the global well-posedness, the asymptotic behavior, and the
threshold-type dynamics of which are investigated. In Subsection 3.4, a case study is handled, namely malaria which is the
world's most devastating parasitic infectious disease caused by anopheles mosquitoes as vector agents. We develop a non-
standard finite difference (NFSD) scheme, which is dynamically consistent with the continuous model as illustrated by
numerical simulations in which parameters relevant to the population biology of adult female anopheles mosquitoes are
used. Concluding remarks that show how our findings fit in the literature and a brief discussion are provided in Section 4.

2 | TEMPORAL MODEL

2.1 | Model formulation

It is well known that there are two main stages in the development of mosquitoes represented by the aquatic and the adult
stages. The aquatic stage, reduced to one compartment (A), gathers eggs, larvae, and pupae.!>!3 The adult stage is divided
into five compartments including four for females and one for males as follows: immature females (Y), feeding/questing
females (Q), resting females (U), breeding females (W) (or more precisely “egg laying females”), and males (M). We assume
that there is no sex differences for mosquitoes in the aquatic stage. Moreover, after emergence, mosquitoes are distributed
between the immature female and the male compartments. We denote by r the sex ratio of emerging females. According
to,% r can be set to + in the case when the number of emerging females and males is balanced. We further assume that
a female mates only once with a male during her lifespan. After mating, immature females start their gonotrophic cycle
by entering the feeding female compartment.3” The gonotrophic cycle starts with a blood meal and ends with the first
laid egg.>” Then, after blood meals, females progress to the resting compartment, allowing egg maturation. Afterward,
they pass into the breeding compartment, seeking for a breeding site to deposit eggs. Once eggs are deposited, these
females start a new gonotrophic cycle. The eggs laid by the breeding females supply the aquatic stage. Note that unlike
female mosquitoes where four subcompartments are considered due to their involvement in the gonotrophic cycle, we
only consider one compartment for the males.

At time ¢, and following, 68 we assume that the population in the aquatic stage is generated from breeding females by a
decreasing, continuously differentiable and positive function that is a general form of the eggs oviposition. The population
in the aquatic stage is decreased by maturation to adult mosquitoes (at the rate I'), density-independent mortality (at
the rate u,), and density-dependent mortality (at the rate u,). After emergence, immature females (Y) need successful
mating. The number of matings that occur per unit of time is g (mating rate). Actually, # can be regarded as the product
of the likelihood of a mating producing eggs, the (fixed) proportion of the population that is female, the likelihood that
an appropriate place can be found so that, when the eggs are laid, they will certainly hatch. Also, when the number of
males is large, we expect that immature females will have no difficulty finding a mate.!>!8 Thus, after mating with males,
immature females exit breeding sites and arrive at the human habitats where they become feeding/questing females Q
at rate f. At the human habitat, questing females interact with humans by mass action contact, during which they can
either survive to reproduce or get killed.>'® Questing females that feed successfully become resting females at rate apH,
where ¢ is the biting rate of questing females, a (¢ € [0, 1]) is the probability of successfully taking a blood meal, and H
is a parameter representing the density of human habitats. Questing females die at rate u,. Once settled, resting females
become breeding females at rate a and die at rate u;. The compartment of breeding females is affected by a mortality rate
- After laying eggs, breeding females (W) from the breeding site can make visits to humans at human habitat sites in
search for a blood meal at rate b > 0, which also represents the rate at which breeding females leave the site to restart their
gonotrophic cycle. We assume here that the decision to visit a particular human is influenced solely by the presence of
a human at the human habitat site. Therefore, from the breeding site, breeding females are actually attracted to humans
and enter in the questing class at rate ;—fK where Hi-i—K represents the proportion of humans that are visited by breeding
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FIGURE 1 Anopheles mosquito simplified life
cycle. The dashed arrow indicates the mating
between male and immature female mosquitoes

vectors.%1639 K is a positive constant representing a constant alternative food source for the site. Thus, b}%{W is the
density of breeding females, which after laying eggs are attracted by human hosts. The above-mentioned biological and
entomological descriptions lead to the following deterministic and autonomous system of nonlinear differential equations
whose flow diagram, state variables, and parameters are given in Figure 1 and in Table 1, respectively:

BW)YW —[I" + i1 + 12A]A,

ITA — [uy + 1Y,

(1-nrA - uyM,

1
BY + W — [agH + polQ, W

- - g . -
Il
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S
|
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=
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N

In this study, B(W) is the general form of the eggs oviposition function. It is assumed that function B(W) is strictly
nonnegative, continuously differentiable, and satisfies the following conditions:

® B(0) = Negg7
e B'(W) <0, VW >0, 2)
e B(W)W is monotone or bounded by NegL,

where, N, is the average number of eggs laid per fertilized female per day, and L > 0 is the environmental carrying
capacity of fertilized females. Let Rgde denotes the basic offspring number of model (1) and FRgde the function given by

ode

1%
Fkgde(s) = legdeB< Lo s) — Negg(v1 + t28), V. s >0, 3)

Negg
where v; is defined below in (5). We further assume that the general egg oviposition function B is such that
Fra(0)Fpae(+00) < 0, when RG% > 1. 4)

In Table 2, we have gathered typical examples of function B(W), which are used in the literature.
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TABLE1 Examples of oviposition function B(W) used in the literature which satisfy (2)-(4)

Names B(W) B(0) FRm 0) FRgde (+o0) Sources
Malthus (By) Nege Nygg  ViNggg (RI* —1) —oo 13,38
Verhulst-Pearl logistic (B)  Neg (1= ), W <L Ny leegg (R¥%-1) -0 12163840
Maynard-Smith-Slatkin (Bs) Zefj)n, n>0 Nygg  ViNggg (RI*—1) —oo 12,16,38.40

(T
Hassell (By;) ( f;g)n, n>o0 Nogg  ViNggg (RO —1) —oo 40

1+2
Variables  Description TABLE 2 Description of state
Population in the aquatic stage (eggs, larvae, pupae). variables and parameters of model (1)

Population of immature females not yet laying eggs.
Population of males.

Population of feeding females.

Population of resting females.

£coz<»

Population of breeding females.

Parameters Description

r Fraction of the emerging female mosquitoes.

r Rate of emerging mosquitoes from the aquatic stage.

Negq Number of eggs at each deposit per capita.

L Environmental carrying capacity of female adult mosquitoes.
p Transfer rate (mating rate) from the compartment Y to Q

1y Density-dependent mortality rate in the aquatic stage.

" Mortality rate in the aquatic stage.

Hym Mortality rate of male mosquitoes.

Hy Mortality rate of immature females.

Ho Mortality rate of questing females.

Hy Mortality rate of resting females.

Hy Mortality rate of breeding females.

@ Biting rate of feeding females.

a Probability of successfully taking a blood meal.

H Constant population density of humans at human resource sites.
K Constant alternative of blood meal for vectors.

b Rate at which breeding females leave the site to restart their gonotrophic cycle.
a Rate at which resting females become breeding females.

We point out that the model (1) extends some of the existing models in many respects. Unlike,”'>13 it incorporates
the gonotrophic cycle of adult female mosquito population. It further extends the model in®”!213 by incorporating the
more general egg oviposition function (a new birth rate function for modeling mosquito oviposition is proposed). More-
over, due to gonotrophic cycle, more particularly to the equation of questing females (Q), our model is different from
stage-structured models in.!1#!

Remark 1. From the ecological point of view, it is well known that the Maynard-Smith-Slatkin oviposition func-
tion is more suitable to model the mosquito oviposition rate, compared with the Malthus and Verhulst-Pearl logistic
functions.!>16 Therefore, the latter function will be our focus throughout the theoretical and numerical investigations
in this work, with one of the main target of solving the opened problem in%!? regarding the global asymptotic stabil-
ity of the MPE. However, our results can readily apply to the Hassell oviposition function,*® whereas for Malthus and
Verhulst-Pearl functions, we refer the reader to.>1213:16
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2.2 | Basic properties

In this section, the basic properties of model (1) are explored. Model (1) takes the matrix form X = A(X)X, where X(f) =
(AD), Y(t), M(1), Q(1), U(t), W(1))",

—[vi+mA] 0 0 0 0 BW)
T -v; 0 0 O 0

Ay =| @=pr 0 —me 0 00

0 B0 —v; 0 b |
0 0 0 aQp1 —Va 0
0 0 0 0 a -—vs
and -
vi=T+u, vo=puy+ B, o1 = @H, vs=ae; + ug, by = T+K V4 =a+ py, vs = pw + by. ©)

Since all the parameters are positive, the right-hand side of system (1)-(2) is locally Lipschitz continuous; there exists a
local solution. To show that solutions that start in RS stay in RS in forward time as long as they exist, we use Theorem 3.2
in'! since for all X € RS, B(XX)X < Ngl|X]|. Then, for each X(0) = X, € RS, there exists a unique solution X : R¢ — RS
with X(0) = Xp. Thus, the analysis of the model can be carried out in the following invariant region

r={AYMQUW)eR® : A, Y1), M(1), Q(t), U(t), W(t) 2 0} .

The invariance of I" implies that all solutions of (1) with nonnegative initial data remain nonnegative for all ¢ > 0. To be
more precise, one has the following result.

Theorem 1. Denote yu, = min { U1, Wy, P, HOs HU MW}- Then the model (1) is a dynamical system in the region

NogeL
=4 @AYMQUW)el': V(@< .

v

Proof. Define the total mosquito population
V() =A@+ Y+ M@ + Q) + U(t) + W(D).
Add all the terms on the right-hand side of (1). Then, it follows that
V(t) < BW)W — iV (D). (6)
Using assumption (2), one has BIW)W < NegL, which yields
V() < NoggL — i,V (0).

Thus,
. NeggL
tlir?o supAM + YO+ MO+ Q)+ U@ + W) < o

v
We conclude that every solution of (1) is bounded, and consequently, the initial value problem associated with system

(1) has a unique solution defined for all ¢ > 0. O

Theorem 1 implies that system (1) is mathematically and ecologically well-posed.

2.3 | The MFE and basic offspring number Rgde

Model (1) has a trivial equilibrium or mosquito-free equilibrium (MFE) 7, = (0,0, 0, 0, 0, 0), which is obtained by setting
the right-hand side of (1) to zero. Thanks to the next generation approach,*? the associated basic offspring number Rg%
of (1) is given by

NegotT Bagpra

Rode — el Fag1d %)
vivpmy
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where for notational convenience, we have set

1
my = aa@ipw + Vs [WPMU + HQV4] ; mp=vivomp | 11— o |- ©))
0

Remark 2. The threshold quantity Rgde measures the average expected number of new adult female offsprings pro-

duced by a single female mosquito during its lifespan. It can be ecologically interpreted as the product of the fraction
Ncggrl"

of mosquitoes in aquatic stage that survived to become immature female mosquitoes ( ), the fraction of imma-
ture females that survived and start their gonotrophic cycle by entering the questing female compartment <V£> and
2

the fraction of fertilized adult females that survived and completed their gonotrophic cycle ("Z’l—la )

Following Theorem 2 in,*? one has:

Lemma 1. The trivial equilibrium or MFE Ty of system (1) is locally asymptotically stable (LAS), whenever Rgde <1,
and unstable otherwise.

Ecologically speaking, Lemma 1 implies that mosquitoes can be eliminated if the initial sizes of the population of
anopheles mosquitoes are in the basin of attraction of the MFE 7;,. Thus, the mosquito population can be effectively
controlled if Rgde < 1. To ensure that the effective control of the mosquito population is independent of the initial size of
the mosquito population, a global asymptotic stability result must be established for the trivial equilibrium.

Theorem 2. The MFE T, of system (1) is globally asymptotically stable (GAS) in T, whenever Rgde <L

Proof. Thanks to the boundedness of solutions, we use the reduction theorem by Vidyasagar.*®> Denote y(f) =
(A, Y(1), Q(1), U(t), W(t))T and z(t) = M(t). Then system (1) takes the form

% = 1), ©)
o =802

Let us first show that the equilibrium 05 = (0, 0,0, 0, 0) is GAS for the subsystem % = f(y). Consider the Lyapunov
function
2 VoV3Vy

e [ap1Q+vs U]+ ———W.
aQ afap

Vo(y) = l [ITA+wvY]+
Vi J/

It is obvious that V,(0) = 0, and V(y) > 0, for all y > 0. Moreover,

Vo(y) = n [ITA+wY| + T [¢p1Q + v3U| + DLW, .
== [[TTBOVW — vivaY — riTuA?] + T [¢@1BY + bragy W — v3v,U] + ot [aU = vsWT,
= [EB(W)W + b _V2V3V4V5] W — T g2
\% p afap, Vi

= - [1- S pw) | w - a2
egg Vi

ode
iRy

ode
RO

Since, max B(W) < N, and Rgde <1, we have B(W) < 1. Hence, V(y) < 0. On the other hand, let / be the largest
egg

invariant set such that H C {(A,Y,Q,U,W) € Rfr / Vo(y) = 0}. Then H = {0s}. Thus, by the LaSalle Invariance

Principle, we deduce that 05 is GAS in R for system Z—f = f(»). Finally, using the fact 0 is GAS in R, for system

Z—f = g(0s, ), we conclude that 7y is GAS in I'. This completes the proof. O
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2.4 | The non-trivial equilibrium or MPE

2.4.1 | Existence and uniqueness

The existence and stability of an MPE of the system (1) are addressed. Let such a MPE be denoted by 7* =
(A*, Y*, M*, Q*, U*, W*)T. Then A", Y, M",Q", U", W" are

Y* = EA*, M* = (1—V)FA*’ Q* — V1V4VSR8dCA*

V2 Hm aNegga% ’
(10)
. vy Vs RO v Ro%
U*— 175 ()A*’ W*— 1 OA*,
ANy Nege

where A" is a positive solution of the equation Froe(A™) = 0, where the function Fro is given in Equation (3). Notice that
FRgde(O) = leegg(Rgde — 1) > 0 whenever Rgde > 1, FR8d0(+OO) = —o0, and FRgde is continuous and strictly decreasing on
interval ]0; +oo[. Thus, by the intermediate value theorem, F Rode vanishes exactly once in ]0; +oo[. This proves the existence

and uniqueness of a positive A* when Rgd"’ > 1. Replacing the value of A" in (10) yields the existence and uniqueness of
T *. This result is summarized as follows.

Theorem 3. Model (1) has a unique MPE T * whenever Rgde > 1. Moreover, for the special case Bs and in the absence
of density dependent mortality (ie u, = 0), the unique solution of FRSde (A*) = 0 is explicitly given by

NogeL

* ode __ i
A* = R (Ro%* —1)". (11)
0

Remark 3. Similar to,* it can be easily proved that (a) the GAS of 7, given in Theorem 2, (b) the instability of 7, shown
in Lemma 1, (c) the existence of a unique MPE T * established by Theorem 3 whenever Rgde > 1, and (d) the fact that
To € oI imply the persistence of system (1).

2.4.2 | Local stability and existence of Hopf bifurcation for the special case where 1, = 0

Theorem 4. Consider model (1) subject to the Maynard-Smith-Slatkin oviposition function (Bs) with u, = 0. Then,
there exists two thresholds n; and ng* such that

1. The MPE 7*is LASin T\ {75} whenever Rgde >1land 1 < n < min{ng, ny*}.

2. The system (1) undergoes a Hopf bifurcation whenever n crosses the critical value ng*.

The proof of Theorem 4 is provided in Appendix B, where the values of nj and n;* are specified. Theorem 4 is numerically
illustrated by Figure 2. The LAS of 7* is depicted in Figure 2A and shows that, without competition in the aquatic stage
(ie p, = 0), the mosquito population will persist as long as Rgde > land 1 < n < min{ng, n;*}. On the other hand, the
Hopf bifurcation shown by Figure 2B proves that sustained oscillations are possible when u, = 0. Moreover, Figure 2B
suggests that, if competition is negligible in the aquatic stage (ie 4, = 0), the solutions of model (1) converge to a periodic
solution, whenever n > n**. This is in agreement with the studies in.®!>1

2.4.3 | Global stability

We explore the global asymptotic property of the MPE 7 * of model (1) with density dependent mortality in the aquatic
stage (ie u, > 0).

Theorem 5. Consider the system (1) subject to the Maynard-Smith-Slatkin oviposition function (Bs) with n = 1. Then,
the MPE T* is GAS inT"\ {7y} whenever R3% > 1.

The proof of Theorem 5 can be cheaply done, thanks to the monotone (cooperative) properties of system (1). It can
also be proven by Lyapunov-LaSalle techniques, with the construction of a suitable Lyapunov function of Goh-Volterra
type. The latter proof is provided in Appendix C. Unfortunately, for the case n > 1, none of these latter theories can easily
apply. This is because, due to high nonlinearity, the system (1) is neither cooperative nor amenable for Lyapunov-LaSalle
techniques. Alternatively, to prove the global attractivity of 7* when n > 1, we shall adopt a generic approach (which
can also apply for n = 1) based on a fluctuation argument.**>47 We shall construct two monotone convergent sequences
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FIGURE 2 (A) Locally asymptotically stable (LAS) of 7* for model (1) with u, = 0, n = 10, and N, = 25 (so that Rgde =13.9399 > 1 and
ng* = 12.4606). (B) Hopf bifurcation in model (1) around of the mosquito-persistent equilibrium (MPE) 7* with u, = 0, n = 13, and N, = 25
(so that Rgde =13.9399 > 1 and nj* = 12.4606). All other parameters are as in Table 4 [Colour figure can be viewed at wileyonlinelibrary.com]

such that one is the upper bound and the other is the lower bound of the constant solution 7 *. Moreover, the constructed
sequences must share the same limit. Before the implementation of the above-mentioned approach, let us give some
useful preliminaries. For two vectors a,b € R>, we write:a > bifa; > b;;a > bifa > banda # banda > bifa; > b;.
Lety = (A,Y,Q, U, W) = (y1, 2, y3. ¥4, ¥5)" € R}, g > 0 be any nonnegative quantity and

gW — (v + wA)A
mMA —wY

F(y,g) = ﬂY+ b1W - V3Q
a@1Q — v U
aU — vsW

Consider the system

dy

2 —F . 12
I (.8 (12)

One can easily verify that the function F satisfies the following conditions:

1. Fis cooperative on R} and DF(y, g) is irreducible for every y € R?;
2. F(0,g) =0and Fi(y,g) > Oforally € R} withy; =0,i=1,2, ...,5;
3. Fisstrictly sublinear on R3.

Thus, thanks to*® (Corollary 3.2), the following result holds.

Lemma 2. Consider the system (12). Denote s(DF(0,g8)) = s(F}(0,g)) = max{ReA : det(Als — DF(0,8)) = 0}, the
stability modulus of the matrix DF(0, g). Then,

1. Ifs(DF(0,8)) < 0, theny = 0is GAS in R3.
2. Ifs(DF(0,g)) > 0, then ‘;—f = F(y,g) admits a unique positive equilibrium y'(g) which is GAS in Rf’r \ {0}

To stress the dependence of 7* on the oviposition function B(W), we denote 7* = T *(B(W*)).

Remark 4. In the case when s(DF(0, g)) > 0, the positive equilibrium y(g) is an increasing function of g, thatis g, > g,
implies y"(g;) > »'(g,). Indeed, by the comparison principle, we prove that y'(g;) > y'(g,) and use condition (1)
above to conclude (since F is strongly monotone®’) that y'(g;) > y'(g,). Furthermore, by setting g = B(0) = Neggs
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Theorem 5 with B(W) replaced by B(0) = N and item (2) of Lemma 2 imply that for R"de > 1 (or equivalently,
S(DF(0, B(0))) > 0), there is a MPE y*(B(0)) = T *(B(0)) which is GAS for the system 2 = F(y, B(0)).

Denote
T
xV = T*(B(0)) = y*(B(0)) = ( XV, X, xff),xg”) :
Using Equation (10), the fifth coordinate of xV is

ode

K = wH(B0) =

Rodc )
Negg H2 ( )

Clearly, x) is the MPE of system (1) when B(W) is replaced by B(0) = N,
The following result proves the global attractivity of 7* when n > 1 and Rgde > 1.

Theorem 6. Suppose Rgde > 1 and s(DF(0, B(xél)))) > 0, then the MPE T * of system (1) for B(W) with n>1 is globally
attractive.

Proof. We prove this theorem by implementing the fluctuation method in two steps as mentioned earlier in the
Introduction section.

Step 1 : Construction of two monotone sequences{z™ Yonet and {x™ b Ity € Ri be any solution of system
(1). Since % < B(0O)W —(v; + upA)A, then system (1) is bounded from above by the cooperative system % = F(9, B(0)),
where § = y = (A,Y,Q, U, W)T. It follows from the global stability of 7*(B(0)) and the comparison principle that,
for any € = (€1, €2, €3,€4,€5)7 > 0, there exists a t; > 0 such that y(t) < 7*(B(0)) + e = xV + ¢, Vt > 1;. Since
s(DF(0, B(xgl)))) > 0, we can choose ¢ small enough such that s(DF (O,B(xgl) + €5))) > 0. It follows from Lemma 2
that there exists a unique positive equilibrium y*(B(xél) +e) =T *(B(xgl) + €5)) for % = F(j, B(xgl) + €5)), with
j=1y=(Y,Q U, W)T, which is globally asymptotically stable in R} \ {0}. Denote zV = T *(B(xgl) + €5)), and

(1) =W (B(x(l) +¢€5)) the fifth coordinate of zV. Since W (f) < x ) +es,Vt > 1, we have BIW(t)) > B(xgl) +es)fort > t.
Hence = > B(x(l) + €)W — (vi + uA)A, Vt > t;. Therefore, the system (1) is bounded from below by cooperative
system 2 = F(y, B(x( )4+ €s)), Vt > t;. Thus, the global stability of zV = T *(B(x(l) + €5)) and the comparison principle
imply that for any e > 0, with z) — ¢ > 0, there exists t, > t; such that y(f) > z¥) — ¢, Vt > t,. Using Remark 4,
we have z' < x{), Tterating this process, we construct two vectors x® = T *(B(z(l) —e))andz® =T *(B(xgz) + €5))
with x(z) W*(B(z(l) — ¢€5)) and subsequently find t; > t, such that y(f) < x® + ¢, Vt > t3 and t4 > t3 such that
y(t) > z(z)—e Vt > t4. Hence, 7% —e < y(t) < X% +¢,Vt > t4. Furthermore, the relationship 2V <« z? « x? <« x(V
is verified. Indeed, since B(z(l) — es) < B(0), we have x® = T *(B(zm €s)) < T*(B(0)) = x. Similarly, since
B +e5) > BOAY + 65), we have 22 = T*(B + ¢5)) > T*(B(x(l) +e5)) = 2. Since B(z\” — e5) > B(x." + es),
we have x® = T* (B(z5 —€) > T *(B(x( )+ e5)) = z¥. Hence, B(x( ) +es) < B(z(l) — €s), and consequently,
=7 *(B(xgz) +e)) T (B(z5 — €5)) = x@. Therefore, 21 « 7@ <« x® « X, Repeating the above arguments,
we get two monotone sequences of vectors {z™}®_ and {x™}%_ such that 0 < 2V < z? < ... <z < xM™ «

. < xX? <« XV, with Fz™, B(x(m) + €5)) = 0 and F(x('") B(z(m) —¢5)) =0, Vm > 2. Moreover, there exists ty, > 0
such that

2™ — e < y(t) < X™ + €, Vt > to.

Hence, there exist two positive vectors X" and Z" with X > Zsuch that lim z™ = Z*and lim x™ = X*. Furthermore,
ZF < T* < X*. e e

Step 2 : Passage to the limit. For any y, # 0, the omega limit set w(y,) € [Z",X"] because the ordered interval
[Z",X"] is positively invariant. If Z° = X', then we have proved that Z* = X* = 7* and 7* is globally attractive.
If Z # X', thatis Z < X, then it is easy to see that Z° <« X . Moreover, by the persistence in Remark 3, there
exists # > 0 such that w(y)) € [Z',X | with Z; + n < ws(yo) < X7 — n, where ws(y,) is the fifth coordinate of w(y,).
By repeating the previous process, we can construct two vectors z*" and X*” such that for any nonzero point Yo
7r < 2" <« T < X* < X* and w(yg) € (z<", x*". 1f z*" = x*”, then Z*” = X** = 7*, and T* is globally
attractive. If not, 72" < X *(”, then Z*" <« x**. Repeating the procedure, we can construct two sequences 7" and
X*" suchthat 2" « 7*¥ « ... <« 27" <« 72" < 7* < X" <« X" « X" <« ... <« X*¥ < X*” and
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FIGURE 3 Globally asymptotically stable (GAS) of the mosquito-persistent equilibrium (MPE) 7 * for model (1). 4, = 0.0004, Ny, = 25 and
all other parameters are as in Table 4 (so that Rgdc =13.9399 > 1): (A)n=1.(B) n =13 [Colour figure can be viewed at wileyonlinelibrary.com|

lim Z*" = lim X*" = 7*, which implies that the omega limit set of every nonzero point y is 7*, and thus, 7* is

m-oo m-oo

globally attractive. O

Ecologically speaking, Theorems 5 and 6 imply that mosquitoes will persist in the community whenever the associated
conditions for the global stability/attractivity of 7* hold. These theorems are numerically supported by simulating the
model (1) using n = 1 for Figure 3A and n = 13 for Figure 3B. Figure 3B show that, in the presence of density dependent
mortality in the aquatic stage (ie u, # 0), the solutions of model (1) converge to 7* even if the conditions of Theorem 4
are satisfied. This suggests that the phenomenon of Hopf bifurcation can be ruled out in the system by addicting a positive
density dependent mortality rate u, > 0 in the aquatic stage of the mosquitoes.

In Table 3 below, we summarize the long run behavior of the solutions of the ODE model (1) subject to either of the
four egg oviposition functions given in Table 2. The expressions of R, and n;+ are specified in Appendix B.

2.5 | Sensitivity analysis

We carried out sensitivity analysis to determine the model robustness to parameter values. This is a tool to identify the
most influential parameters in determining mosquito dynamics. A latin hypercupe Sampling (LHS) scheme™ samples
1000 values for each input parameter using a distribution over the range of ecologically realistic values is given in Figures 4

B(W) nand yu, Rgde T T* Stable limit cycle Source TABLE 3 Stability properties
By 4y > 0 Rgde <1 GAS No No 7,13 of the model (1). T denotes a

Hy >0 Rgde >1 Unstable GAS No 7,13 result established exclusively in
B; Uy =0 Ry <1 GAS No No @ this paper

4y =0 1< R <RE  Unstable LAS No C

U, =0 Ry > RE Unstable Unstable Yes @

U, >0 Ry > 1 Unstable GAS No +
Bg n>0,u, >0 Ry <1 GAS No No +

l<n<ng,u,=0 Rgde >1 Unstable LAS No +

n>nit =0 R > 1 Unstable Unstable Yes +

n>0,u,>0 Ry > 1 Unstable GAS No F
By n>0,u, >0 R <1 GAS No No §

l<n<npp,=0 R¥*>1 Unstable LAS No +

n > Nyx, fy =0 Ry > 1 Unstable Unstable Yes +

n>0,u,>0 Rgde >1 Unstable GAS No K

Abbreviations: GAS, globally asymptotically stable; LAS, locally asymptotically stable.
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FIGURE 4 Sensitivity analysis between Rgd“ and each parameter [Colour figure can be viewed at wileyonlinelibrary.com]

and 5 with descriptions and references given in Table 4. Using the system of differential equations that describe (1) for
oviposition function Bs with n = 1, 5000 model simulations are performed by randomly pairing sampled values for all LHS
parameters. Partial Rank Correlation Coefficients (PRCC) and corresponding P-values between Rgde and each parameter
are computed. An output is assumed sensitive to an input if the corresponding PRCC is less than —0.50 or greater than
+0.50, and the corresponding P-value is less than 5%.

From Figures 4 and 5, we can identify five parameters that strongly influence the population dynamics and dispersal
of the mosquito, namely the natural mortality rate of immature females (uy), the natural mortality rate of the aquatic
stage (u;), the natural mortality rate of breeding females (uy,), the transfer rate (8) (also referred to as mating rate), the
maturation rate (I'), and the deposit rate of eggs by females (N, ). Thus, from this sensitivity analysis, the following
suggestions are made:

1. The mechanical control (such as removal of stagnant waters) could be an effective control measure against the growing
of mosquitoes because the value of N.g and the population size of mosquitoes are minimized;

2. The use of larvicides and removal of mosquito breeding sites seem to be important control measures against the
mosquitoes because they increase in the value of 4, and reduce the value of I';

TABLE 4 Values and ranges of the parameters of the model (1) Parameters Baseline Value Range Source
r 0.5
r 0.8/day 0.5-0.89 sl
Nege 50/day 10 — 100 6,51
L 40000 50-3x10° °©
B 0.2/day 0.05-0.35
Uy 0.04/ml 0.02 — 0.06 ®
U 0.51/day 0.28 — 0.76 51
iy 0.14/day 0.02-0.2 g
Uy 0.05/day 0.01-0.2 713
Ho 0.18/day 0.125-0.233 32
Uy 0.0043/day 0.0034 —0.01 2
Uy 0.41/day 0.41 - 0.56 e2
o 16 12-20 5
@ 0.86 0.75-0.95 2
b, 0.8/day 0.46 — 0.92 516

a 0.43 0.30 — 0.56 32
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FIGURE 5 Sensitivity analysis between Y, Q, U, W, and each parameter [Colour figure can be viewed at wileyonlinelibrary.com]

3. The use of insecticides is potentially another good control tool against mosquito population because it helps increasing
the values of uy and py;

4. The use of sterile insect technique (SIT) and genetically modified mosquitoes (GMM) may play an important role in
minimizing the size of mosquito population by reducing the transfer rate () and maturation rate (I').

3 | SPATIO-TEMPORAL MODEL

3.1 | Modeling framework

In order to assess the influence of mobility on the spread of mosquitoes, we extend model (1) by taking into account
the spatial component. In this new setting, we give additional assumptions based on the mosquito ability to move,
knowing that the mosquitoes in the aquatic stage often live in closed habitats such as unattended water containers.
Therefore, it is reasonable to assume that resting females mosquitoes, as well as mosquitoes in the aquatic stage, do not
move. The remaining classes of adult mosquitoes disperse while searching for hosts for blood meals or breeding sites
for reproduction.”® The movements of adult mosquitoes can be classified into long-range and short-range dispersals.
Long-range dispersal is often unintentional and aided by wind or human transport, while short-range dispersal is often
intentional and can be divided into non-oriented flights or oriented flights towards sites.>* Mosquitoes follow odors and
carbon dioxide carried by the wind, which give their main direction of migration.> Therefore, we add advection or drift
terms to account for the fact that, when mosquitoes are stimulated by attractants (eg wind, hosts, and breeding sites), they
move preferably in certain directions.!”18 We use gy, €9, and ey to denote the constant velocity fluxes (migration coeffi-
cients) of males, questing females, and breeding females, respectively. When mosquitoes are not submitted to stimuli, it
is possible to assume that they move randomly in any direction.'®% For simplicity, to describe the random movement of
mosquitoes, we use diffusion to model it according to Fick's law. We denote Dy, Dy, Dg, and Dy the diffusion coefficients
for immature females, males, questing females, and breeding females, respectively. To make it simple, we concentrate on
one dimensional spatial habitat Q = (0,1),I > 0 and assume that the mosquitoes are confined in that line segment all
the time. The number of hosts is allowed to differ across Q, introducing heterogeneity. Thus, the population density of
humans H(x) is location-dependent, implying that the parameters ¢, (x), b1(x), v3(x) and vs(x) are location-dependent as
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well. According to the above description, we propose the following spatio-temporal model

2 = BW(t,x)W(t,x) — [ + AL XA ),

‘;—f = Dy% + 1TA(t, x) — v Y (L, %),

1% =Do28 —£q R + Y (£ ) + b1 OW (LX) — vs()Q(LX), (13)

u

o = a(pl(x)Q(t,x) - V4U(t,x),

oW _ AW oW _
| o =Dwe —ew s +aUtx) —vs(W (K, x),

Here, A(t, x), Y(t,x), Q(t,x), U(t, x), and W(t, x) measure the density of mosquitoes at location x and time ¢. Note that the
equation for the density of male mosquitoes M(t, x) is

2
oM = DMa—M - eMa—M + (1 — NILA(t,x) — upM(t, x). (14)
ot 0x2 ox

We discard Equation (14) from system (13) because the unknown M(t, x) can be determined if A(¢) is known. Indeed,
once A(t) is found, (14) is a scalar advection-diffusion-reaction equation. Thereafter, it is well known that, along the
characteristics x — x — tey, is transformed into a scalar reaction-diffusion equation that can be solved in a classical
manner.”’ System (13) is appended with the initial conditions

A(0,x) = ¢1(x), Y(0,x) = ¢(x), Q(0,x) = ¢3(x), (15)
U(0,x) = ¢a(x), W(0,x) = ¢s(x), xe€Q,

the Neumann boundary conditions
0= 2w =0, (16)
ox 0x

and the Robin boundary conditions
D% t,0) - e22(t,00= Z(t,h =0, Z=Q,W, (17)
ox 0x
where each ¢; (i = 1,2, 3,4, 5) is assumed to be nonnegative and continuous in the space variable x.

3.2 | Existence of positive solutions

The aim here is to give the preliminary results for the well-posedness of system (13)-(17). These results
include the existence of the unique maximal bounded semiflow associated with (13)-(17). Let u(t,x) =
(A(t,x), Y(t,x), Q(t,x), U(t,x), W(t,x)) = (u1(t,x), uz(t,x), us(t, x), us(t, x), us(t,x)) denote a solution for (13) corresponding
to the initial condition ¢ = (¢, P,, P3, Ps, Ps). Let X = C(ﬁ, R = His=1 X, X = C(ﬁ, R), i = 1,...,5 be the
Banach space of R’-valued functions continuous in x € Q equipped with the usual sup norm ||ul|x = Zle ||l »
Xt = CQ, R}) = Hle X, where X" := C(Q,R,) the positive cone of X;. Denote by I the identity operator on X;. Let
Ti(t) : X; » X;,t > 0,i=1, ..., 5be the semigroups associated with the operators —v; [, Dyaix —wl, DQafx —£q0x —v3()L,
—v4ll and Dy 02, — ewdx — vs()L, respectively, subject to the Neumann boundary condition. Let S; : D(S;) — X; be the
infinitesimal generator of the analytic semigroup of bounded linear operator T;. Then,

T(t) = (T1(0), T2 (1), T3(1), Tu (1), Ts(D) : X = X (18)

is a semigroup generated by the operator S := (51, S;, S3, S4, S5) defined on D(S) := His=1 D(S)). It follows from® that
T(t) is compact. Moreover, thanks to Corollary 7.2.3 in,* T(¢) is strongly positive. Define F = (F, F», F3, F4, Fs) : QXR} —
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R> by
B(us)us — Mzu%
rT"u; _
F(Ge,u(t,x)) :=| Pur+bi(x)us |, Vvx € Q. (19)
ap1(X)u;
AUy

Then, system (13)-(17) takes the abstract functional differential form

du _
e Su+Fu), t>0 (20)
u(0,x) = up(x) = p(x) € X.
It is well known? that system (20) is equivalent to the integral equation
t
u(t) :=T)¢p + / T(t — s)F(u(s,x))ds, (21)
0

whose solution is called mild solution (see pg. 105°®). Thanks to*® (see Theorem 7.3.1, Corollary 7.3.2, and pg. 121), the
following result insures the local well-posedness of (13)-(17).

Theorem 7. For all ¢ € X, the system (13)-(17) admits a unique mild solution on the interval of existence [0, c),
where 6 = o(¢). The solution (A,Y,Q, U, W) remains nonnegative for all t € [0,0). Moreover, if 6 < oo, then
(A, Y,Q, U, W)||x — oo ast — o from below.

Proof. By(15)-(17), we have ¢p € X Since the functions B(W) are positive, it is clear that (19) satisfies the assumptions
in Corollary 7.3.2 in,* which complete the proof. O

The following result establishes the global well-posedness result for (13)-(17).

Theorem 8. Forany ¢ € X*, system (13)-(17) admits a unique solution u(t, x, ¢) defined on [0, o) x Q, and the solution
semiflow @; : Xt — X* has a global compact attractor.

Proof. Forany ¢ € X", we denote by u(t, x, ¢) the unique solution of system (13)-(17) satisfying u(0, x) = uo(x) = ¢(x)
with the maximal interval of existence [0, o) for some ¢ > 0. By Theorem 7, we have u(t,x, ¢) > 0. Having in mind
that B(W)W is bounded above by NgL, it comes that

OA(L,X) < NogeL — 1A, VE>0, xeQ.

This implies that there exists t; = t;(¢) > 0 such that A(t,x) < M, Vt > t;,x € Q.
Vi
Next, from Equation (13), one has

0;Y(t,x) < DydZY +TM, — v,Y, Vt>t.

The comparison principle (see® or**, Theorem 10.1) and Proposition 1 in®, with D = Dy, € = 0, g(x) = T My, A = v,,
imply that there exists £, = t,(¢p) > t; > 0 large enough so that

Y(t,x)s%:=M1, Vi>t, x€EQ.

Let V := Q+ U + W, then from (13), we have

0, V(t,X) < Dgo2V — €90,V + My — uoV, Vt>t,

where Dy = max{Dgq,Dw}, €0 = min{eg,ew} and yo = min{ug, uy, uw}. Another application of the comparison
principle and Proposition 1 in%, with € = gy > 0, D = Dy, g(x) = fM;, A = p,, yields t3 = t3(¢p) > t, > 0 large enough
so that

M

QUt.X)+Ut,X)+ W(t,x) < — :=M,, Vi>t;, xeQ.
Ho
Hence, the solutions of (13)-(17) are ultimately bounded with respect to the maximum norm. Therefore, the latter

results, combined with the local existence in Theorem 7, yield the global existence of the solution u(t, x, ¢) in [0, ).
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It follows that the solution semiflow @; is point dissipative. Noticing that F is locally Lipschitz in C([0, [], X*) and that
T(¢) is analytic, compact and strongly continuous (see pg. 1, 4 in®®), one concludes that &, is compact for any ¢ > 0.
Thus, thanks to Theorem 3.4.8 in®!, @, has a global compact attractor. O

3.3 | Threshold dynamics of model (13)

In order to define the basic offspring ratio Rgde for system (13)-(17), we first observe that system (13) has a spatially
homogeneous trivial equilibrium 75 = (0,0, 0,0, 0). Note that, while a huge number of works deals with the threshold
dynamics for ODE models, very few such studies are devoted to PDE models. This is probably due to the fact that the
concept of basic reproduction number has just recently been extended to PDE models such as reaction-diffusion and
reaction-convection-diffusion epidemic models with mixed boundary conditions.®*% The definition of Rf)’de in this work

follows the approach developed in.®? That is, Rgde = r(L) is the spectral radius of the operator £ := —CS~!, where
S = diag(—vy, Dyd2, — V2, Dgo3, — £00x — va(.), —Va, Dw 02, — w0y — vs(.)),

being the infinitesimal generator of the semigroup 7(¢) defined in Equation (18) and G defined by

00 0 0 Ng
0 0 0 O
Cxy=|0p 0 0bhx]|,
0 0api(x) 0 O
00 O a O

such that, for ally € X, and x € Q,
L@ = (=65 ) = G(-Sy)(x) = 6() / T(O) oy o)t
0

As above defined, the basic offspring number, Rgde also depends on spatial parameters, which could permit the assessment

of spatial control strategies. However, its analytical determination is very difficult in general. Therefore, Rﬁde can be
numerically evaluated by using, for example, the method described in.®*

In what follows, we show that Rgde is a threshold that determines dynamics of model (13). The result below establishes
the global attractivity of 7q.

Theorem 9. Consider the model (13)-(17). Then, the spatially homogeneous trivial equilibrium T is globally attractive
whenever R2* < 1.

Proof. Linearizing system (13)-(17) around 7y, we obtain the linear cooperative system

-

2 = NoggW(t, %) — i A(t, %),

& = Dy 2L +TA(LX) - Y (£.X),

X = Dot —eq 2 + BY(1,) + i)W (L, x) — v3(0)Q(t, X),
) i—{' = ap1()Q(t,x) — v U(t, X),

W = Dyl — ey 2¥ + aU(tx) — vsOW(L, ),

0. Y(t,0) = oY (5, 1) = 0,

D70 Z(t,0) — €2Z(t,0) = 0, Z(t,) =0, Z=Q,W.

(22)

Substituting (A,Y,Q,U, W) = (e*y,(x), e*y,(x), e*y;(x), ey, (x), ews(x)) in (22), with 4 € C, yields the
eigenvalue problem

Ay = NeggWS — iy,
Ay = Dydgws + Ty — vayns,
Aws = Doogws — €00xw3 + Pyz + bi(0ws — v3(0)ys,
§ Ay = ap1(0)w3 — vy, (23)
Aws = Dy oz ys — ewoxys + ayy — vs(X)ys,
axWZ(ta 0) = axlI/Z(ts l) = 0,
Dzoyi(t,0) — ezy;(t,0) = oyi(t, ) =0, i=3,5, Z=Q,W.
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The right-hand side of first five equations of eigenvalue problem (23) takes the form

Oy := (S + Gy, where, v = (y1,y2, ... ws)". 24

Note that G is a positive and cooperative. Thanks to the graph theory, G is also irreducible. Moreover, S and G
are both generators of positive Cy-semigroups. Hence, by Theorem 3.12 in,%2S and ¢ are both resolvent-positive (see
Definition 3.1 in%®). Following the arguments in* or,% one can prove that the spectral bound s(S) of S is negative. In
fact, let us consider the system

0,Z = Dz02,Z — £70,Z, (25)
Dz0:Z(t,0) — e2Z(t,0) = 0xZ(t,1) =0, Z=Q,W.

The substitution of P = e*¢(x) in (25) gives

{ A(X) = DAL — €0,L. (26)
Dz0:{(£,0) — e28(t,0) = 0 (L, L1) =0, Z=Q,W.

The asymptotic behavior of solutions to (25) is determined by that of the eigenvalue problem (26). Theorem 7.6.1 in*
implies that the eigenvalue problem (26) has a real principal eigenvalue 4y and a corresponding eigenvector ¢,(x) > 0
for all x € Q. We claim that 4y < 0. Indeed, if Q,({) := Dz02.{ — £,0,¢ denotes the differential operator on the right
hand side of (26), then integration by parts yields

Ao folSo@)Pdx = [,(Q1(&)x)So(x)dx

Sl ID202.L — £20:Lo1Co(x)dx,

—Z[530) + (D] = Dz /01 |0:0(0)|?dx < 0.

Since {y(x) > 0 for all x € Q, we have A, < 0. One can prove that an eigenvalue of Q; is also an eigenvalue of
0,Z = Dz02.Z — £70,Z — vi(x)Z, with i = 3, 5. Indeed, the operator Q,; = D702, — €70, — vi(x) is a sum of Q; and the
linear operator M; defined by M;(Z)(x) = —v;(x)Z, with v;(x) > 0. Thus, using Theorem 7.6.1 in,* there exists a real
principal eigenvalue 4" and an associated eigenfunction ¢* > 0 such that

AC* =Dg0gl* — €200* —vi()C*  or (A" + vi(0))C* = D70R (™ — €708 (27)

Since the eigenvalue problem (26) has eigenvalues 4,, n > 0, then the eigenvalues of (27) are 4, — vi(x), n > 0.
Hence, A" = Ay — vi(x) < 0 because 4y < 0, vi(x) > 0. Therefore, s(S) < 0. It follows from Theorem 3.5 in®? that the
spectral bound, s(@) of ® = S + G, has the same sign as ((—GS™) — 1 = Rgde — 1. That is, Rgde — 1 and the principal
eigenvalue of @, A = A(7y), have same sign. Since Rgde < 1, we have A(7p) < 0 and IE% ATy + €) = A(Ty) < 0. Thus,
there is an €y > 0 such that A, = A(7p + €) < 0. Fixing ¢y > 0, and using the factgthatA is nonnegative, gives the
existence of ty such that forallt > f5, x € Q, A(t,x) > ep. Thus, from (2), we have 0,4 < NeggW — (v + p€0)A,

Vt > ty,x € Q. Finally, we consider the linear system.

-

ov

5 = NeggVs — (Vi + pa€0)v1,

ov )

B_tz = Dy;zZ + rl"v1 — WV,

ov %y, ov - ~
1 == 1)Q—23 - 8Q—3 + By, + b1vs — V3v3, (28)

a%t = 0x 0x

a—; = aQ,V3 — V4ly,

oV v ov ~

= =Dy— —ew—=+avy — Vs
| o W o w5, T ava —Vsbs,

where El = max b; (x), ¢; = max ¢1(X), ¥3 = min v3(x) and ¥s = min vs(x). Notice that system (28) controls system (13)
x€Q xeQ x€Q XEQ
from above. Moreover, similar arguments as in Theorem 2.2 in® yield the following result.

Lemma 3. The problem (28) has a principal eigenvalue Eeo with a positive eigenfunction v, and 7%60 has the same sign
as Ap.
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Since 49 < 0, we have Zeo < 0, and system (28) admits a positive solution

vt x) = eroTyo(x), >t
For any ¢ € X, there exists some # > 0 sufficiently large such that

u(t,-, ) < nu(t,), t=t.
Since the reaction term F* of system (28) is cooperative, we conclude by the comparison principle (see Theorem 7.3.4
in*) that
AL, x, ), Y (%, §), QU x, §), UL, x, §), WL, X, ) < neta"Wyq(x), vt 2 to.
Hence, [lirg (A(t,x, ), Y(t,x, $), Q(t,x, ), U(t,x, p), W(t,x,p))T = 0 uniformly for x € Q. This achieves the proof of
Theorem 9. O

The ecologically implication of Theorem 9 is that the mosquito population can be effectively controlled (or eliminated)
in a given bounded region as long as the associated spatial offspring number Rﬁde can be brought (and kept) to a value
less than or equal to unity. In order to prove the uniform persistence of the mosquito population, we need to show that 7;
is a weak repeller. That is,

Lemma 4. If Rgde > 1, then there exists 5 > 0 such that for any ¢ € X+ with ¢;(0) # 0, i = 1,2,3,4,5, the solution
u(t, -, ¢) of system (13)-(17) satisfies

lim sup [lu(t,, ) = Tollx 2 5. (29)

Proof. Since Rgde > 1, by the proof of Theorem 9, the principal eigenvalue A(7;) of ® = S + G is positive. Assume, by
contradiction that there exists some ¢p € X with ¢;(0) £Z 0,i = 1, 2, 3,4, 5 such that for every § > 0, tlim sup ||lu(t, -, ¢p)—

Tollx < 6. Then, there exists t; = t1(¢p) > 0 sufficiently large such that A(t,x) < § and W(t,x) < 6,Vt > f1,x € Q.
Since B (W) < 0for all W > 0, it follows that B(W) > B(8). Hence, we have

0A(,X) > BEW (£,X) — (vi + i8)A(L,X),VE > 1, x € Q.

Consider the following linear system.

-

ow

24 = BE)ws — (vi + p2b)wy,

ow, ?*w

——2 =D 2+ 1rTwy —wvw

am Ya%x2 + 31 W2,

ws __ ws ws i = 30
< 3 = — -3 —_

o Q52 Q5 + pw, + biws — vaws, (30)

o = XP1W3 — VaWy,

ows w ow —

— =D 2 — gy — 4+ awy — VsWw
| o | w w5 T aws — vsws,

where b; = min by (x), @1 = min @q(x), v3 = max vs(x), and vs = max vs(x). It is straightforward that (30) controls
xeQ xeQ xeQ xeQ

system (13) from below. Another application of Lemma 3 yields a principal eigenvalue 25 of (30) associated with
a strongly positive eigenvector wy(x). Moreover, 25 and A(Ty) have the same sign. Thus, system (30) has a positive
solution w(t,x) = e#=Dwy(x), t > t;, x € Q. For any ¢ € Xt with ¢,(0) £ 0, i = 1,2,3,4,5, it follows from the
parabolic maximum principle that

A(t,x) >0, Y(t,x) >0, Q(t,x) >0, U(t,x) >0, W(t,x) >0, Vt >0, x € Q. (31)
Therefore, we can choose a sufficiently small number 7, > 0 such that

(A(t17x7 ¢)’ Y(tlv X, d))7 Q(tla X, ¢)7 U(tla X, d))’ W(th X, d))) > ’70W0(x)'
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Since the reaction term F~ of system (30) is cooperative, another application of the comparison principle* leads us to
(A(.x, ). Y (2., ), QL. X, ). U(t.x, ). W(t.x, ) > noe™ " wo(x), Ve > 11, x € Q.

Therefore, since E,; > 0, one has noejb'(“‘ﬂwo(x) — o0 as t - oo. This implies (4, Y, Q, U, W)(t, x, ¢) is unbounded,
which is a contradiction, and the proof of Lemma 4 is achieved. O

We are now in a position to state and prove the uniform persistence result, which indicates that Rgde is a threshold for
mosquito persistence.

Theorem 10. IfRﬁde > 1, then there exists ; > 0 such that any nonnegative solution u(t, x, ¢) of (13)-(17) with ¢;(0) #Z 0
satisfies

tlim infu;(t,x,¢) > 6, Vi=1,2,3,4,5, (32)

uniformly for all x € Q.
Proof. For R‘gde > 1, we use the persistence theory developed in.% To that end, set

Dy 1= {p = (1, b2, 3, Pa, ps) € X T & ¢i(0) Z 0}.
Clearly, we have

0Dy :=Xt"\Dy={¢p €X : $1(0) =0 or ¢,(0) = 0 or ¢3(0) = 0 or ¢4(0) = 0 or ¢5(0) =0},
and ®,;(Dy) C Dy, Vt > 0. If ¢ € Dy, then, from (31), one has u(t,x, ¢p) > 0,Vx € Q, t > 0. Define
Ky :={¢p 0Dy : D) € 9Dy, Vt >0},
and let Q(¢) be the Q-limit set of the positive orbit ' (¢p) := {DP(¢) }r>0. We claim that
Y Q) = (To).

Indeed, for any given ¢ € K;, we have ®,(¢p) € 0Dy, Vt > 0. Thus, for every t > 0, either A(t,¢p) = 0 or Y(t,¢) =0
or Q(t,¢) = 0 or U(t, p) = 0 or W(t, ) = 0. In the case where A(t, ) = 0, we see from the first equation of (13) that
tlim W(t,x) = 0 uniformly for x € Q. From the second, third, and fourth equations in (13), and thanks to the theory

of asymptotically autonomous semiflows,* we have tlim Y(t,x) =0, tlim Q(t,x) = 0, and tlim U(t,x) = 0 uniformly

forx € Q. IfY(t, ) = 0, V& >

0, the second equation in (13) yields tlim A(t,x) = 0 uniformly for x € Q. Similar

arguments show that tlim W(t,x) =0, tlim Q(t,x) = 0,and tlim U(t,x) = 0 uniformly for x € Q. Similar arguments and
conclusions hold for the cases where Q(t, ¢) = 0, U(t, ) = 0, and W(t, ¢) = 0. Therefore, in either case, the Q-limit
set of I'"(¢) for ¢ € K, is {7y }. Hence the claim. Now, we define the function p : X* — R, by

p(¢p) = min {mig ¢dix), i=1,2,3,4, 5} .

xeQ

It is straightforward that p=1((0, 00)) C Dy. Suppose p(¢) = 0 and ¢ € Dy, then we have ¢,(-) # 0,i = 1,2,3,4,5.
By (31), one has min < min u(t, x, (j))} > 0, Vt > 0, which implies that p(®,(¢)) > 0, V¢ > 0. Thus, p is a generalized

xeQ
distance function for the semiflow @, : X* — X* (see®®). Note that, by the above claim, any positive orbit of @(t) in K;

converges to 7. In view of Lemma 4, we conclude that {7} is an isolated invariant set in X* and that W5(7o)nDy = &,
where W5(7y) is the stable manifold of 7;. Therefore, making use of Theorem 8, we conclude that there exists §; > 0
such that min{p(y) : v € Q(¢)} > 6, for any ¢p € D). This implies that tlim inf u;(t,x, ) > 61, V¢ € D. 0
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3.4 | Numerical simulations: case study of anopheles mosquitoes, the malaria vector
agent agent

This section deals with numerical simulations for system (13). Our main objective here is to investigate through numer-
ical simulations, the impacts of dispersal and heterogeneity on the dynamics, and persistence of mosquitoes, as well as
illustrating some of our theoretical results. To make it simple, we concentrate on one dimensional domain Q. Model (13) is
simulated by using data from recent works, who are summarized in Table 4. We choose Dy = Do = Dy = Dy = 0.04m? /s
and g9 = ey = 0.1m/s.!® To describe the spatial heterogeneity, we assume that the hosts are unevenly distributed. In
order to capture the fact that, the more people leave villages and farms to cities, the faster the distribution of human den-
sity changes, and the more the urbanization have impact on mosquito distribution,*%”° we choose the location-dependent
parameters as follows:
@1(x) = 16(1 + p cos(2x)), bi(x) = 0.8(1 + p cos(2x)),

where, p € [0,1] is the magnitude of host's heterogeneity. Note that when P = 0, humans distribute evenly in space
(homogeneity in human's distribution). With this set of parameters, the spatial average of ¢, (x) and b;(x) remain 16 and
0.8, respectively. Since analytical determination of Rﬁde is very difficult, we apply the numerical method described in%364

to compute the basic offspring number R2% of model (13).

3.4.1 | A nonstandard numerical scheme for the system (13)-(17)

In this subsection, we consider the full discretization of model (13)-(17). This is achieved by the nonstandard finite dif-
ference (NSFD) approach, which has shown great potential in providing reliable numerical schemes that replicate the
dynamics of continuous models in Mathematical Biology.”!"”® The construction in the papers™’> is appropriate for the
case under consideration.

Let dt > 0 and dx > 0 be the time and space step-size, respectively. We denote by u;‘, an approximation of u(t, x)
at the grid point ¢, = ndt and x; = jdx, forn=1,2,...,j = 1,2, ...,N.. The challenge in the approximation of the
model Equations 13-(14) arises from the fact that it consists of three types of equations. These are (a) ordinary system
of differential equations (ie (13);, (13)4) ; (b) reaction-diffusion equation (ie (13),) ; and (c) advection-reaction-diffusion
equations (ie (13)s, (13)s5 and (14)). The ODE Equations (13); and (13), are approximated by

A/”H_A;l _ B(Wn)Wn _ [V + An]An+1
. i 1T 28508
Un+1_U{1 n+1 (33)
J J n
- ap1(x)Q7_, —vaU;™,
where the complex denominator function p is given by
1 — e Polt .
p(dt) = p— with  po = max{vi, vz, v3, a4, Vs, ping }-
0
The reaction-diffusion Equation (13), is approximated by
yrt—yn Yl —2ymt gyl
G =D B A Y (34)

For the advection-reaction-diffusion equations, we assume for simplicity that the advection coefficients are the same
that is ey = €9 = ew = em. We impose the functional relation dx = egodt between the step sizes. Then the
advection-reaction-diffusion Equations (13)3, (13)s, and (14) are approximated by

_
-, Q201+ - . i
p(dt) - dx? + ﬁYj + bl(xj)Wj_l - VS(xj)Qj_l,
wit-wr Wil oW Ll
@ = Dw = +aU - w0 WL, (35)
MM M _oprl
J Jj-1 __ j+1 J j—1 _ n+1 _ n+1
adn Dy T + (1 = nrA] Ve ians
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It should be noted that the left-hand side of (35) is a discretization of the continuous advection term. Indeed,

n+l _ 7n n _ 7n

oz oz 477 7-7),
e\

or ()

— + & ~ + &

ot %ox p(df) 0
The discrete method (33)-(35) is indeed an NFSD scheme because it is constructed according to Mickens' rule 74727
formalized as follows:

where Z=Q,W,M.

Rule 1: The standard denominator h = dt of the discrete derivatives is replaced by the complex denominator function
p(dt) = (1 — e~Podt) /p, , which satisfies the asymptotic relation ¢(dt) = h + O(h?).

Rule 2: The nonlinear term u,A? is approximated in a nonlocal way. We have A;(f,)A;(t,) ~ A;’A;’“ instead of
Aj(tw)Aj(tn) ~ ATAT.

Grouping (33)-(35), we obtain the following NSFD scheme, which by construction preserves the conservation laws
associated with the continuous model:

An+1 —An 1
J Jo— n n _ nyAn
s = BOVOW] — [v1 + mATIAT,
yr-yn Y =2y oyl
J i J+l Jj J-1 n+l _ n+1
an = Dy o + rFAj 12 Yj ,
QL Q2+ n+l n n
@ - DQ o + ﬁYJ + bl(xj)Wj—l — V3(xj)Qj_1,
% (36)
n+l_rrn 1
J Jo— i no__ n+
o(db) - a(Pl(x/)Qj_l V4Uj 5
W?’“—W" Wn+1_2W(1+1+Wn+l
J J-1 J+l J ! n+l _ . n
) =Dy e + an v5(xj)Wj_1,
MM M —2M M
J P S J+l J J-1 _ n+l _ n+1
i =Du L + (1= LA™ — M

\

However, for computational purposes, it is preferable to work with the NSFD scheme (36) in the Gauss-Seidel-type and
sequential order (33), (34), and (35), which leads to an explicit scheme as explained below. It is clear from (33) that

B A;? + p(dt)B(Wj")I/Vf Uj’.1 + p(dt)ocqol(xj)Q;?_1

nH - and U™ =
J 1+ p(dt)vi + u2A7] J 1+ p(db)vy
Equation (34) is equivalent to
dt dt dt
—Dy ”;x; YJ’?:f + (1 + p(dbt)v, + 2Dy ”;};) Yj”+1 — Dy ”;xz) ijll =Y+ p(dt)rrA;?“. (37)

This takes the equivalent vector form
MIXH+1 — Hl,n Z 0’
where the matrix M;, in which boundary values are incorporated, is an M-matrix because it is strictly diagonally dominant
and has positive diagonal entries. Thus,
1 _ aq-1NL
Y = MN
The first equation in (35) is equivalent to

dt dt dt
D20 + (1 + 2Do%> Q1+ DA et = @1, + oY} + )W, — ()

This takes the equivalent vector form
Man+1 - N2,n
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where as in the previous case M, is an M-matrix. Note that the vector EZ’” is nonnegative because 1 — p(dt)vs(xj) > 0 by
the choice of p(dt). Thus,

Qn+1 — M—INZ,VE
Q 2 N7

In a similar manner, one obtains that the second and last equations in (35) have the equivalent vector form
M3En+l — 53,}1 > 0’ M4Mn+l — 54,}1 > 0’

so that
- 3, 1 _ —1nT4,
W = M31N " and M"! = MNM

At this stage, a comment is in order to explain how the boundary values are actually incorporated in the matrices M
(k =1,2,3,4). To illustrate the process for the matrix M;, putj = 0 and j = N, in Equation (37). From the known data
%(tnﬂ, 0) and (;—i(tnﬂ, I), we can use the approximations

n+1 n+1 n+l _ yn+tl
Yyt —y Y, Yy

20 and W o« 2
ox

Y
S tl’l 50 =
o n+1:0) 2dx dx

We can then take
oy

ox (tl’H-l’ l)

yHt =yt - 2dx?)—§:(tn+1,0) and YU =Y +dx

We then replace Y’_Tl an Yﬁﬁ}l with these expressions in the scheme (37).

3.4.2 | General dynamics

The long run behavior of system (13) is simulated using Q = [0, 10]. Figures 6 and 8 show the numerical plots of the
female mosquito compartments Y(t,x), Q(t,x), U(t,x) and W(t,x), with the initial conditions A(0,x) = 500 — cos(2x),
Y(0,x) = 75 — sin(2x), Q(0,x) = 50 — cos(2x), U(0,x) = 50 — cos(2x), and W (0, x) = 75 — cos(2x). For the aforementioned
set of parameters, we compute Rﬁde = 11.8292 > 1, and Figure 6 illustrates the distribution of mature females as time and
space vary when the distribution of hosts is uniform and Rﬁde > 1. Its shows as established in Theorem 10 that mosquito
population persists over time when R2% > 1.

Figure 6 depicts the solutions of model (13) when P = 0 (ie with homogeneity in host's distribution), while Figures 7,
8, 9, and 10 show the solutions of model (13) in a landscape with heterogeneity in hosts distribution (P > 0). Although
mosquito population persists over time, its distribution in the domain is not the same. Figure 6 shows that spatial distri-
bution of mosquitoes is homogeneous in the domain when the hosts density is too, while Figure 7 shows a drastic change
in the spatial distribution of mosquitoes in gonotrophic cycle when the hosts density is heterogeneous.

3.4.3 | Impact of spatial heterogeneity on mosquito spread
To investigate the spatial heterogeneity effect on the mosquito dynamics, we take the variation of human distribution.

Figures 8, 9, and 10 show the influence of the spatial heterogeneity of hosts on the dynamics of female mosquitoes.
From these figures, one observes that spatial distribution of females in gonotrophic cycle is strongly influenced by the
hosts density. Moreover, when P increases from 0 to 1, an increase on the heterogeneity is observed in spatial distribu-
tion of female mosquitoes. Note that the larger the value of P, the higher the heterogeneity of spatial density of hosts. It
follows that the population distribution is strongly dependent on the distribution of hosts. Thus, we can conclude that
urbanization strongly influences the mosquito dynamics and therefore increases or decreases malaria risk depending on
the range of the remaining model parameters.

Altogether, the above plotted figures show that landscape really play an important role in the dispersal of mosquitoes.
From a practical point of view, it may be useful to know how mosquitoes are distributed on a domain, in order to deter-
mine where they are likely to gather, before conducting vector control. Our simulations show that, when we consider a
homogeneous distribution of hosts, the distribution of mature females is homogeneous on the domain (see Figure 6). But,
when we consider a heterogeneous distribution of hosts, we observe a drastic change in the distribution (see Figures 8-10).
This indicates that there exists a linear relationship between hosts density and mosquitoes distribution when there is
homogeneity (ie P = 0). However, when there is heterogeneity (ie P > 0), this relationship is perturbed and induces a
strong influence on spatial distribution.
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50
Time

FIGURE 6 Distribution of mature females in a domain with homogeneous distribution of humans (P = 0). n = 1 and all other parameters
as in Table 4. Rgde =11.8292 > 1 [Colour figure can be viewed at wileyonlinelibrary.com]

50
Time

0 o0

FIGURE 7 Distribution of mature females in a domain with heterogeneous distribution of humans (P = .5). n = 1 and all other parameters
as in Table 4 [Colour figure can be viewed at wileyonlinelibrary.com]
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Time evolution of the population of vectors, 0=0.75, [=0.1, u1=0 .28, p=0.5
s x 10°

0 ‘ ‘ ‘ 0 , , ‘
10 10 5 20
Space Space

FIGURE 8 Distribution of mature females in a domain with heterogeneous distribution of humans (P = .5). n =1 and all other parameters
as in Table 4

Time evolution of the population of vectorss, 0=0.86, |3=0.2,u1=0.51, p=0.8

x 10 x 10
3 T T T 10 —_t =40
:
— 12 =60
— t3 =70
— tf =100
0
1 . ‘ 0 ‘
0 5 10 15 20 0 5 10 15 20
Space Space

FIGURE 9 Distribution of mature females in a domain with heterogeneous distribution of humans (P = .8). n = 1 and all other parameters
as in Table 4
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Time evolution of the population of vectosrs, o=0.95, B=0.3,u1=0.7, p=1
x 10 x 10

15 20

15 20 0 5

10 10
Space Space
FIGURE 10 Distribution of mature females in a domain with heterogeneous distribution of humans (P = 1). n = 1 and all other
parameters as in Table 4

4 | CONCLUSION AND DISCUSSION

In this paper, we have assessed the impact of dispersal and the spatial heterogeneity on the distribution of mosquito
population. To achieve our goal, we have described the spatial evolution of anopheles mosquito by developing a temporal
model subject to a general form of the oviposition function and extended it to a spatio-temporal one. Our models have
been rigorously analyzed using, among others, the more realistic Maynard-Smith-Slatkin oviposition function. However,
our results remain valid even if the latter oviposition function is replaced by any function drawn from Table 2, including
the Hassell function that was considered for the first time in this work. Our models have been investigated in many
aspects. From the modeling point of view, we have extended some recent ODE models®”'213 by (a) incorporating the
gonotrophic cycle (Q, U, and W) of adult female mosquitoes and considering a general egg oviposition function; (b) taking
into account the mating behavior and human-vector interaction; (c) including a spatial component in order to taking into
account movement of vectors and spatial heterogeneity of mosquito resources. Moreover, our PDE model has extended
some recent dispersal models?*23 by incorporating the gonotrophic cycle of adult female mosquitoes, by considering a
general egg oviposition function, and by including the spatial heterogeneity of mosquito resources. From the theoretical
perspective, due to the high nonlinearity of the ODE model and its extended PDE counterpart, we made use of a variety
techniques and approaches, including and not limited to Lyapunov-Lasalle techniques, monotone dynamical systems
approach, semigroup application, and spectral theory approach. The main results read as follows:

« For the temporal model (1), we have derived the basic offspring number Rgde, and through a sensitivity analysis, we
have realized that the natural mortality rate of immature females uy, the mating rate g, and the deposit rate of eggs
by females Ng are the top three more influential parameters on the dynamics of mosquito population. The trivial
equilibrium of the temporal model is GAS whenever Rgde is less than unity. In the case where Rgde exceeds unity, there
exists a unique non-trivial equilibrium, which is GAS for n = 1 and globally attractive for n > 1. When there is no
density-dependent mortality in the aquatic stage (ie u, = 0), the model exhibits the Hopf bifurcation phenomenon.
These results hold for the Verhlust-Pearl logistic and Hassell oviposition functions. For the remaining four oviposition
functions in Table 2, we have summarized the long run behavior of the solutions of their corresponding ODE model
(1) in in Table 3.
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« For the spatio-temporal model (13), we have given the formula for the basic offspring ratio Rﬁde for the PDE model.
On the one hand, we have shown that spatio-temporal model has a spatially homogeneous trivial equilibrium, which
is globally attractive whenever Rﬁde is less than unity. On the other hand, the persistence theory has been used to show

that the mosquito population persists whenever the Rgde exceeds unity.

From the computational aspect, we have used ODE45 in Matlab and perform numerical simulations of the ODE model
to illustrate our theoretical results. Precisely, the Hopf bifurcation occurrence and GAS of the MPE have been illus-
trated; sensitivity analysis for Rgde and sensitivity indices have been calculated. In the presence of density-dependent
mortality in the aquatic stage (ie u, > 0), we have extended the global stability results for the ODE models in®2 by
establishing the global attractivity of the MPE whenever the basic offspring number is above unity. Though, it is still
challenging to theoretically prove the local asymptotic stability of the non-trivial equilibrium of the model (1) in the pres-
ence of density-dependent mortality in the aquatic stage; alternatively, numerical simulations were used to conjecture it
(Figure 3). Together with the latter conjecture, our global attractivity result conjectures the global asymptotical stability
of the MPE of the model (1) in presence of the density-dependent mortality in the aquatic stage whenever Rgde exceeds
unity.

Unlike the temporel model (1), where a standard numerical scheme (ie Runge-Kutta of Order 4) has been used, for
spatio-temporal PDE model, we have constructed a dynamical consistent (with respect to the positivity and boundeness)
nonstandard difference scheme, using the Maynard-Smith-Slatkin oviposition function and the parameters associated
with the anopheles species, to show that the spatial heterogeneity of mosquito resources (humans) strongly influences
the spatial distribution of adult female mosquitoes (Figures 6-10). Since there is no efficient vaccine for malaria, any
sustainable strategy for the fight of malaria must also concentrate effort on the control of mosquito populations, espe-
cially in endemic regions. We have presented here a framework for studying the dynamics of the mosquito populations
by interpreting its life cycle. On the one hand, we have used several approaches to prove global stability of equilibria and
for some nonlinear birth functions; we have characterized the asymptotic behavior of our model. Our results on stabil-
ity study show that, in absence of density-dependent mortality (1, = 0), Hopf bifurcation phenomenon can occur at the
MPE, while in the presence of density-dependent mortality (i, > 0), the MPE is always asymptotically stable. On the
other hand, a special emphasis of this paper is the role played by the spatial component and variation of human distri-
bution on mosquitoes distribution. Our study indicates that there is a relationship between hosts density and mosquitoes
distribution, and this relationship has far-reaching the effects on spatial distribution of mosquitoes. Through numerical
simulations, our work suggests that spatial variation of human distribution strongly influences the spatial distribution of
adult female mosquitoes. As shown in Figures 8-10, when the index describing urbanization process (P) varies from 0 to
1, the distribution of females in the gonotrophic cycle is strongly disturbed. This shows that urbanization may increase or
decrease malaria risk in regions where this disease is endemic. With regard to control measure, a probably efficient strat-
egy for the containment of anopheles mosquito could be the mitigation of human-mosquito contact. It is well known that
so far that a sustainable and efficient method of reducing this human-mosquito contact remains the use of mosquito bed
nets, and it should be noted that the consideration of such measure alongside with the spatial effects (as in this paper)
on mosquito population dynamics will bring further interesting and chalenging modeling and mathematical questions.
As far as future investigations are concerned, we are planning to perform a sensitivity analysis and tackle the existence
of traveling fronts for the spatial model. On the one hand, it is well known that seasonality and climatic changes, such
as temperature and rainfall, affect the life cycle of mosquitoes. Thus, a possible extension of this manuscript, on which
we are already working, is to incorporate these latter features in our models in order to assess the impact of temperature
and rainfall on the abundance of mosquitoes. On the other hand, the comparison with real experiments in order to vali-
date, modified, or adapt the models is another challenge we intend to face in the near future. To better reflect the details
of spatial variation, an equally challenging problem will be to consider the situation where the diffusion and convection
coefficients, as well as other parameters depend on a two dimensional spatial variable.
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APPENDIX A: PROOF OF THEOREM 4

Proof. This will be done in two steps. In the first step, we prove the local asymptotic stability. The second step is
devoted to the proof of the existence of Hopf bifurcation.

Step 1: The LAS of 7* is explored using the properties of Bézout matrices. To that end, let us recall the following

instrumental results. We consider the model (1) in the absence of density-dependent mortality in aquatic stage (ie
u, = 0). Evaluating the Jacobian matrix at 7* gives

v 0 0 0()mm+w%$

m  —-w 0 0 0 0
J( ) 0 ﬁ 0 —V3 0 b1

0 0 0 ap1 —Va 0

0 0O 0 0 a —Vs

The eigenvalues of 7 (7*) are the roots of the polynomial

P(2) = (A+ pn) [A° + bad* + b3 4> + by A% + by + by , (A1)

where

by = vs+va+vs+vy+ vy,

b; = Vs(Va+ vz + vy +vi)+va(vs + vo +vi) + vs(Va + vq) + Vv,

b, = m; + vsVa(v1 + Vo) + vsva(vi + Vo) + vsvovg + vava(vy + vp)

3 +vavovy + Vavavg, (Az)
b1 = ml(vl + Vz) + V5V4Vo V1 + V5V3VoVy + VaVaVa Vg,

by = vivomy — aap 1l [B(W*) + W dlji(g*)] ’

In order to show that the polynomial P(4) is negative stable, we apply Theorem 2.8 in”% and define

h(u) = by + byu + byu* and g(u) = by + bsu + u’.
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It follows from Definition 2.7 in7® that the corresponding Bézout matrix By, 4(P) of P(A) given by (A1) is

boo b
Brg(P) = <b§f bis > :

where byy = byby — bsby, byy = bsby — by and by; = bsybs — b,. Since By4(P) is symmetric, it suffices by
Sylvester's Criterion”” to show that the k" leading principal minor Ay of By 4(P) is positive. Since Rgde > 1, we have

by = nvivamy <1 — ﬁ) = nmy > 0. The first leading principal minor of By4(P), 41 = byy = byb; — bsby is positive

whenever

b,b;
b3m2 ’

n<n;, where ng=
The second leading principal minor of By,g(P),
Ay =by1boo — b(z),l = by,1byby — (b4b1)2 + my(2b1by — by, 1b3)n — m§n2,

is positive whenever

bl,lm + 2b;by — b1,1b3

n<ng, where ng* = > 0.
2m,

We conclude by choosing the integer n such that 1 < n < min{ng, n;*}.

Step 2: Consider the model (1) with Rgde > 1. A Hopf bifurcation can occur when the Jacobian matrix J(7*) of
(1), evaluated at 7, has a pair of purely imaginary eigenvalues. Note that when the rank of the Bézout matrix By, z(P)
is reduced by exactly one, then the characteristic polynomial P has a pair of purely imaginary eigenvalues.”® Thus, to
prove the existence of Hopf bifurcation, it suffices to verify the transversality condition.” Let n = ny** be a bifurcation
parameter. Let us fix all other parameters of model (1). Then, by the Step 1, 4; > 0. Hence, 4,(n) = 0 if and only if

n = ny™*. Moreover,

dAs(n)
dn

= —mzbl,n / bg — 4b1 < 0.

— gk
n=n,

One should note that the stability analysis of the temporal model (1) subject to the newly considered Hassell oviposition
function By and the stability results with respect of the existing works are summarized in Table 3. Note that Rg, ny, ny*
bo, b1, ..., b4 and by ; are computed similarly to the above proof such that

byy A/B2—4by+2b,b,—by 1b
1. For B(W) given by By, by = vivam (R$% —1) > 0 and RS =1 + —= s

2vv,my

1
(Rgteyn
roots of the equations 4;(n) = 0 and A,(n) = 0, respectively.

2. For B(W) given by By, by = nvivaim (1 -

) > 0. Thus, n;. = min{nj, nj*} where n] and ni* are the positive
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APPENDIX B: PROOF OF THEOREM 5

Proof. Suppose Rgde > 1in system (1). Let us first show that the equilibrium 7* = (A*, Y*, Q*, U*, W*)T is globally
asymptotically stable for system ‘;—’t‘ = f(x). To this end, consider the nonlinear Lyapunov function of Goh-Volterra
type

Vi) =a1(A—A"InA)+a(Y = Y*'InY)+a3(Q—Q*InQ)+ a4(U - U*InU) + as(W — W*In W),

where
rrﬁaa(PlNegg _ Paap,

ViVaV3 v4B(W*)Rgde ’ 2 vavavy
At the steady state 7 *, the following relations hold

aae, a
= , a4=—, and as;=1.
ViVa V4

a =

as

BWHW* = (vi + oANA* = viReE¥DA* | v,Q* = fY* + by W™,
Negg
(B1)
IMA* = v,Y*, ap:Q* = v4U* and aU* = vsW*.

The time derivative of V;(x) is

*

f/l(x)zal<1_’4X*>A+a2(1—Y7*>Y+a3 (1—%>Q+a4<1—%*)i]+a5<1—If;)W,

B(W)WA*

=q [B(W)W — W+ pAA - ——

+ (1 + MQA)A*] +a; [ITA —vY

pYQ WO
-
Q Q

+ v4U*] +as [aU W —

_rTAY®

+v2Y*] +as [ﬁY+b1W— ;0 — +v3Q*]

ap QU™ aUW*

+ay [a(plQ—mU— +V5W*:| .

Using (B1), Equation (B2) becomes

Vl(X) = (11/4214*14 <2 - % - %) + alB(W*)W* + ClezY* + a3v3Q* + a4v4U* + 615V5W*
B(W)WA* * YQ* wQ* U* *
G BWOWAT Ayt BYQT L WQ'_ apQUT _ aUW

A Y Q Q U w

(B2)

and the relations
G BOWHYW* = apv, Y™ = a3 Y* = apiTA* ; asvsW* = aprT'A™ + asb W™
(B3)
azv3Q* = auvaU* = auap1Q* = asaU* = aiTA* + azb, W+

are satisfied. Substituting the expressions in Equation (B3) yields

. A A* B(W)WA*
Vik)=a A*A(Z————>+6arFA*+3abW*—arFA* —_—
100) = a1 pz 2 2 3by 2 <B(W*)W*A
< YQ* . QU* < BW* wQ* . QU* -
AY*  YQ" QU'  UW*  B( )>_a3b1W*< Q  Q +UW>

+
AY ' Y*Q QU UW  BW) weQ QU UW

+ apITA* <B(W*) — 1) + <V3V4VS — b1(1(Pla> < B(W) _ 1> W
B(W) ViV B(W*)

=a1;42A*A<2—___>+a2rFA* s BOHWA" Ayt YQ
A A BWHW-A  AY  Y*Q

QU'  Uw* B(W*)> +agb W <3 wQ* _ QU* UW*>

A A B

QU UW  BW) W QU UW

« [ BW) W B(W")
+ arTA (B(W*) - 1) (W* - BOV) ) .




32 MANN MANYOMBE ET AL.
WILEY

In Equation (B4), the terms between the brackets are Volterra-type functions. These functions are positive definite.
For B(W) with n = 1, we have

BW) . _W'-W and W _ BW*)  (W-W*L
BW* ~ L+W W*  B(W)  W*(L+W*)
Hence,
<B(W) 1 <K_ B(W*)> W -WyL -
B(W*) W BW) ) WL+ W)L+ W*)

Thus, using the arithmetic-geometric means inequality, it follows that /; < 0. The proof follows by the conclusion in
the proof of Theorem 2 as well. O



	Dedication
	Remerciements
	Abstract
	Résumé
	General introduction
	Disease vectors, theirs distributions and mathematical modeling
	Vectors of malaria and their distribution
	Vectors of malaria
	Distribution of anopheles mosquitoes
	Mosquito dispersal

	Modelling population dynamics
	A brief definition of a "Mathematical Model"
	Structured population models
	Spatio-temporal models
	Some mathematical models of mosquito dynamics
	Mathematical modelling of mosquito dynamics without dispersal
	Mathematical modelling of mosquito dynamics with dispersal
	Conclusion
	 A metapopulation model for the population dynamics of anopheles mosquito 
	Introduction
	Mosquito dynamics in a single patch without dispersal

	Metapopulation models in complex networks
	A generic reaction-diffusion model in a complex network
	The metapopulation model in a homogeneous landscape
	The metapopulation model in a heterogeneous landscape

	Numerical simulations
	General dynamics
	Impact of dispersal on population dynamics
	Impact of the heterogeneous connectivity of patches on population dynamics
	Impact of migration and heterogeneity on mosquito spread

	Conclusion and perspectives


	Mathematical analysis of a spatio-temporal model for the population ecology of anopheles mosquito
	Introduction
	Temporal model 
	Model formulation
	Basic properties
	The MFE and basic offspring number R0ode
	The non-trivial equilibrium or MPE
	Sensitivity analysis

	Spatio-temporal model
	Modeling framework
	Existence of positive solutions
	Threshold dynamics of model (3.19)
	Numerical simulations: case study of anopheles mosquitoes, the malaria vector agent

	Conclusion and discussion


	General conclusion

	ANNEXE
	Mathematical tools
	General setting for the models
	Dissipative dynamical systems
	Limits sets and global attractors
	Uniform persistence
	Dynamical systems defined by a system of ODEs
	Asymptotic properties
	Monotone dynamical systems
	Dynamical systems defined by a system of PDEs
	The maximum principle and the comparison principle

	Bibliographie








