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Abstract

Recent advances in both micro electronics and energy harvesting allows nowa-
days the conception of truly autonomous devices, energetically speaking. Such a pos-
sibility, combined with a growing industrial and biomedical interest in autonomous
sensors and autonomous sensor networks, has led to important research and develop-
ment efforts in the field of smart structures and self-powered smart systems. Neverthe-
less, microgenerators that harvest energy from their environment have a very limited
amount of output power typically a few milliwatts, and new energy scavenging meth-
ods that enhance the harvesting pro cess would benefit in embedding more functions in
autonomous systems.

This thesis deals with a theoretical study of the conversion of the mechanical energy
of ambient vibrations into electrical energy. First of all, a discussion was given on current
advances in energy harvesting technologies as well as their economic and social interest.
Indeed, two theoretical physical models were retained for the harvesting of ambient
vibration energy.

Firstly, we consider a vibration energy harvesting system subjected to a harmonic
excitation and exhibiting fractional properties induced by losses due to ohmic resistance,
eddy currents and hysteresis phenomenon. The harmonic balance method is used to
predict the analytical response of the system. The analytical results and those obtained
numerically are in agreement and thus make it possible to justify the effectiveness of
the analytical technique used. On the one hand, the impact of the fractional derivative
order characterizing the memory effect brought by the inductance and the parametric
coupling induced by time variation magnetic field on the performances of the system
is analyzed. Subsequently, the effect of nonlinear damping on the output power of the
system is presented. Also, the dynamics of the system are examined in detail through
the plot, bifurcation diagrams, phase portraits, time series as well as spectral densities
of power. These results are corroborated by the 0-1 test. Through these indicators, we
identified the system parameters for which the system is chaotic, which characterizes a
maximum energy harvesting. From the frequency response of the system, our results
show that the resonance amplitude of the electrical vibration as well as the power gen-
erated by the system increases with the order of the fractional derivative. We also show

that the generated power also increases with the parametric coupling amplitude. More-
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over, by replacing the harmonic excitation by a random excitation, it is found that the
output power increases with the intensity of the noise characterizing the environment
in which the device will function.

In a second part, a hybrid model subjected to a Gaussian white noise was pre-
sented. Its dynamic behavior is studied using a probabilistic approach. The stochas-
tic mean method is used to predict analytically the stationary response of the system,
which allowed observing the stochastic bifurcation phenomenon. The concordance be-
tween the analytical results and those obtained numerically validates the effectiveness
of the analytical method used. The average square of the intensity of the current and the
voltage are obtained for different intensities of the white noise and other parameters of
the system. As in the first model, we saw an increase in the average power output with
the noise intensity, showing that the system performance can be improved by appro-
priate choice of noise intensity and other system parameters. Moreover, by combining
a random signal with a harmonic excitation, the stochastic resonance phenomenon is
observed. This phenomenon is reinforced with the increase of certain parameters of
the system such as; the amplitude of the periodic excitation, the coefficient of quadratic
nonlinearity and the coupling terms, this makes it possible to obtain large amplitudes of
vibrations and consequently improves the energy harvested.

The results presented in this thesis can provide a theoretical idea for the design and
optimization of the systems, and allow making an optimal choice of the environment in
which the energy harvesters could function. Moreover, the results obtained show the
need to use materials exhibiting fractional properties as well as the combination of sev-

eral technologies in order to make the energy harvesting systems more efficient.

Keywords: Electromechanical System, Fractional Derivative, Parametric Coupling, Stochas-
tic P-bifurcation, Probability, Stochastic Resonance.
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Résumé

Les récents progres en microélectronique ainsi qu’en récupération d’énergie am-
biante permettent désormais d’envisager la conception de systemes électroniques totale-
ment autonomes. Cette possibilité, combinée a une demande forte en termes de capteurs
autonomes de la part des secteurs industriel et biomédical, a conduit a une forte activité
de recherche et développement de systémes intelligents autoalimentés. Cependant la
puissance délivrée par les microgénérateurs autonomes est encore limitée a quelques
microwatts. Pour cela, de nouvelles méthodes de récupération d’énergie qui optimisent
cette puissance permettraient 1’ajout de nouvelles fonctions aux systémes autonomes
embarqués.

Cette these porte sur une étude théorique de la conversion de I'énergie mécanique
des vibrations ambiantes en énergie électrique. Tout d’abord, une discussion est faite sur
les avancées actuelles des technologies de récupération d’énergie ainsi que leur intérét
économique et social. En effet, deux modeles physiques théoriques sont retenus pour la
récupération de I"énergie de vibration ambiante.

Dans une premiére partie, nous considérons un systeme de récupération d’énergie
de vibration soumis a une excitation harmonique et exhibant des propriétés fraction-
naires induites par les pertes dues a la résistance ohmique, aux courants de Foucault et
au phénomene d’hystérésis. La méthode de la balance des harmoniques est utilisée dans
le but de prédire la réponse analytique du systeme. Les résultats analytiques et ceux
obtenus numériquement sont concordants permettant ainsi de justifier 1’efficacité de la
méthode analytique utilisée. D"une part, l'impact de I’ordre de la dérivée fractionnaire
caractérisant 'effet mémoire qu’apporte l'inductance et de I'amplitude du couplage
paramétrique induit par la variation du champ magnétique avec le temps sur les perfor-
mances du systeme est analysé. Par la suite, I'effet de 'amortissement non-linaire sur
la puissance de sortie du systéeme est présenté. D’autre part, la dynamique du systeme
est examinée a travers le tracé, des diagrammes de bifurcations, des portraits de phases,
des séries temporelles ainsi que des densités spectrales de puissance. Ces résultats sont
corroborés par le test 0-1. A travers ces indicateurs, nous identifions les parametres
du systéme pour lesquels le systeme est chaotique, ce qui caractérise une récupération
d’énergie maximale. De la réponse fréquentielle du systéme, nos résultats montrent que

I’'amplitude de résonance de la vibration électrique ainsi que la puissance générée par le
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systeme augmente avec 1’ordre de la dérivée fractionnaire. Nous montrons aussi que la
puissance générée augmente également avec I'amplitude du couplage paramétrique. De
plus, en remplacant I’excitation harmonique par une excitation aléatoire, on constate que
la puissance de sortie augmente avec l'intensité du bruit caractérisant I'environnement
dans lequel fonctionnera le capteur.

Dans une deuxieme partie, un modéle hybride soumis a un bruit blanc gaussien
est présenté. Son comportement dynamique est étudié en utilisant une approche pro-
babiliste. La méthode de la moyenne stochastique est utilisée pour prédire analytique-
ment la réponse stationnaire du systeme, ce qui a permis d’observer le phénomeéne
de bifurcation stochastique. La concordance observée entre les résultats analytique et
ceux obtenus numériquement valide ainsi la méthode analytique utilisée. Les valeurs
quadratiques moyennes de I'intensité du courant et de la tension électrique sont obtenues
pour différentes intensités du bruit blanc et d’autres parameétres du systeme. Nous
constatons, comme dans le premier modele, une augmentation de la puissance de sor-
tie moyenne avec l'intensit du bruit, montrant que les performances du systéeme peu-
vent étre améliorées par un choix approprié de 'environnement de fonctionnement et
d’autres parameétres du systeme. Par ailleurs, en combinant un signal aléatoire avec
une excitation harmonique, le phénomene de résonance stochastique est observé. Ce
phénomene est renforcé avec 'augmentation de certains parametres du systeme tels
que, I'amplitude de l'excitation périodique, le coefficient de non linéarité quadratique
et les termes de couplage, ce qui permet d’obtenir de larges amplitudes de vibrations et
par conséquent, améliore I'énergie récoltée.

Les résultats présentés dans cette these peuvent fournir une idée théorique pour
la conception et l'optimisation des systemes, et permettre de faire un choix optimal
de l'environne-ment dans lequel pourrait fonctionner le récupérateur d’énergie. Par
ailleurs, Les résultats obtenus montrent la nécessité d"utiliser des composants exhibant
des propriétés fractionnaires ainsi que la combinaison de plusieurs technologies dans le

but de rendre plus performants les systemes de récupérations d’énergie.

Mots clés: Systéeme électromécanique, Dérivée fractionnaire, Couplage paramétrique,

Bifurcation phénoménologique, Probabilité, Résonance stochastique.
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General Introduction

The development in recent years of low-power electronics and the increasing need
for autonomy energy of electronic microsystems have led to a renewal of research work
on the harvesting of renewable micro-energy, including their presence in the human en-
vironment. Important scientific and technical challenges including the replacement of
batteries with a low—power renewable energy harvesting system. These microsystems
were initially powered by batteries. However, the batteries have a very limited life and
are equipped with an energy reservoir. The main problem with the use of batteries as
a source of energy is maintenance related to their periodic replacement and recharging.
Several solutions have been envisaged to overcome this difficulty but which remain on
the same concept as the conventional batteries, that is to say which are based on energy
reservoirs. The first solution envisaged was the development of fuel cells, which are
currently undergoing extensive research. The main difficulty of adopting its batteries is
what are still expensive, difficult to miniaturize, and raises problems for the storage of
hydrogen. A more radical solution is to use nuclear batteries. These batteries have re-
markable characteristics that have thousands of times the energy density of Lithium-ion
batteries. They are perfectly harmless. However, their major problem is the collection
and reprocessing of spent batteries. Making these systems autonomous in terms of en-
ergy is at the heart of the researchers in charge of energy issues.

Our real environment is endowed with several sources of energy of which the best
known are: mechanical vibrations energy, solar energy, wind energy, radiofrequency
energy and thermal energy. The harvesting of these energies and their conversion into
electricity seems to be an best solution to make the electronic systems autonomous.

There are many physical effects able to convert thermal, mechanical, solar and RF en-
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ergy into micro — electric energy. Among all these effects that can be used in the energy
harvesting technique, coupling effects in active materials (piezoelectric, thermoelectric
and pyroelectric) are dominant in current research [1-4]. These are interdisciplinary
techniques with a material science that have a higher development potential. Therefore,
energy harvesting from mechanical vibrations is proposed as a solution to power these
wireless sensors. Many devices are commonly used for vibration-based energy harvest-
ing: electromechanical devices, piezoelectric devices and many others. Several authors
have looked at the study of energy harvesting from mechanical vibrations through ex-
perimental and theoretical work.

While converting mechanical vibrations into electrical energy is not a new concept,
the wide spread implementation of such systems has been the subject of much work. In
order to move forward with this design methodology, accurate modeling techniques for
energy harvesting systems are needed, this include; models of the energy harvester, the
power converter, and the electronic load/energy storage unit. As pointed by Williams
et al.[5], three transduction mechanisms are commonly used to converting vibrations
mechanics to electricity, namely piezoelectric [6-9], electromagnetic [10] and electrostatic
transduction [11, 12]. However many of the proposed harvesters are typically based on
linear mechanical principles [5, 10]. Such devices give appreciable response amplitude
only if the dominant ambient vibration frequency is closed to the resonance frequency of
the harvester. However, in order to make the energy harvesters devices more optimal,
nonlinearities are introduced through the electrical and mechanical elements such as
diodes, resistors, capacitors, inductances, damping and springs.

Advances in material science and mathematics in conjunction with technological
needs have triggered the use of material and electric components with fractional order
physical properties. Fractional behavior of materials is a very interesting physical phe-
nomenon and calculus theory based on it has been intensively studied since the 17th
century. Fractional calculus has gained considerable importance during the recent times
in the field of engineering modelling, design and control. In the field of electrical and

electronics engineering there is a rapid import of concepts from fractional calculus to
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explore their impact and determine the possible advantages of designing systems using
their properties. Fractional calculus has been successfully applied to model viscoelas-
ticity [13], economics problems [14], electric and magnetic phenomena [15, 16], elec-
trochemical processes [17], bioengineering problems [13], social sciences and ecological
interactions [16], distributed transmission lines [18], lossy capacitor [19], lossy coils [15],
constant phase elements [20] and flexible structures [21]. The use of fractional calculus
is encouraged in large part because of the reason that fewer parameters are sufficient in
the fractional model to describe the dynamics of the physical system compared with the
conventional models.

The conventional models used to describe the flux linking the coil and selfinduc-
tance fails in accurately describing the real behaviour of such circuits. The conventional
model consisting of an inductor, an iron loss resistor and a copper resistor only provides
a satisfactory description of coils with small eddy-current and hysteresis losses. Coils
with significant losses are better described by the fractional model [15]. Currently, a
great deal of research has been reported on fractional order inductance and its appli-
cations. Fouda et al., introduced the idea of fractional-order two-port networks with
fractional order inductor and capacitors and its application to impedance and admit-
tance parameters of fractional-order elements [22]. Machado and Galhano addressed
the implementation of inductive elements of any fractional order based on the skin ef-
fect. It was demonstrated that by designing the variation of the conductor electrical
conductivity we can get different fractional orders of the skin effect [23]. The concept of
fractional order inductance is used in design of filters [24], the advantages of fractional
order band pass filter over the integer order one are its sharper tuning characteristics
and narrower bandwidth. Recently fractional order self and mutual inductance based
linear variable differential transformer is designed and analysed in [25], this fractional
order system provide higher sensitivity, reduced nonlinearity and increase in the stroke
range as compared to the conventional system. This thesis investigates the impact of the
fractional order derivative on the output voltage and power generated by the system

trough the analytical and numerical techniques.
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The energy sources presented above are often insufficient to meet current needs
and can be complementary, hence the importance of evaluating the interest of solicit-
ing several for the same application. Indeed, in this millennium, the methodologies
to harvest existing dissipated powers not only supply input energy to our sophisticated
devices, but also contribute the current technological researches and developments. Sin-
gle harvester generator or harvesting single power source may remain insufficient for
the energy feed into the systems like electronic devices, biosensors, human, structural
and machine health monitoring, and wireless sensor nodes. To overcome this problem,
hybridization of energy harvesters (EHs) takes place to increase the limited energy gen-
eration of stand-alone EHs. From the model built in Ref. [26], we construct the hybrid
model combining piezoelectric and electromagnetic mechanisms enhancing thereby the
harvested energy. Another promising technique use in this work to improve the sys-
tem performance is to combine the harmonic and random excitation which gives rise
to the stochastic resonance phenomenon. This phenomenon (SR) gives the largest am-
plitude oscillation for a given excitation level, and reflects the transition in the system
response from single potential well oscillations to double well vibration characteristics
with hopping between the two potential wells.

In order to design energy harvesters capable of meeting current needs, The model
must not only capture the general behavior of the energy harvester under ideal design
conditions, but must also account for non-ideal effects, including changes in the vibra-
tion source and parasitic losses associated with the physical implementation of the sys-
tem. The design procedure is explained, an electromechanical coupling model of the
HEH is established. The energy harvesting characteristics are numerically simulated.

It is around of the problematic of design and optimization of the of the harvesters
systems in this research field that this research work has been organized.

The first chapter describes the state of the art on the batteries and the energy harvest-
ing devices by insisting on the works achieved in the vibrations energy harvesters. This
chapter also replaces the energy harvesting from the electrostatic, electromagnetic and

piezoelectric in their context by insisting on the motivations what have leaded at the
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development of the energy harvesters allowing thereby to power wearable appliances.

The second chapter of the thesis is devoted to the mathematical modeling of the
dynamics of two different models used in this thesis. The analytical and numerical
techniques used are presented with detail in this chapter.

chapter three is devoted to the presentation of the main results of this thesis by show-
ing on one hand the effect of a fractional inductance in the systems through the impact
of the order of the fractional derivative. The stochastic bifurcation phenomenon and
the stochastic resonance phenomena are discussed. A general conclusion from the the-
sis will establish the scientific breakthroughs gained during this work as well as the

prospects for future work.
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CHAPTER 1

LITERATURE REVIEW ON ENERGY

HARVESTERS AND PROBLEMS
STATEMENTS

I.1 Introduction

This chapter highlights some of the most significant concepts developed in this the-
sis and presents the basic notions necessary for modeling the electromechanical energy
harvesters. In recent years, the development of mobile wireless applications has grown
remarkably. A challenge, emerged in the 90s, is to power these portable devices using
resources in the human environment. In parallel, the development of communicating
devices also has its own power supply problems, in particular related to battery change
operations. The self-feeding of all these devices becomes possible. Thanks to the con-
junction of the decline of the uses of electronic circuits, the possibility of producing ef-
ficient ambient energy harvesting and the progress made in the storage of electrical en-
ergy. Thus, after a brief review of the energy resources exploitable in the environment,
we are interested in this first chapter to the different principles of conversion of me-
chanical energy, thermal and photovoltaic to exploitable electrical energy. To illustrate
these different conversion principles, we rely on described systems in the literature. This
chapter also aims to present the problematic of this thesis, and consequently, to position
ourselves scientifically in relation to the work already carried out in this scientific com-

munity.
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[.2 Motivations

The modern industrial world faces an increasing energy problem; fossil fuels are fi-
nite and environmentally costly, and alternative energy sources can not yet fully replace
them. World consumption of energy is gradually increasing every year, and the main
energy sources being consumed are non-renewable coal, gas and oil. The concept of
energy harvesting generally relates to the process of using ambient energies, which are
converted primarily into electrical energy, in order to power small and autonomous
electronic devices. Energy harvesting has the potential to replace batteries for small,
low power electronic devices. This energy can be then used either to improve the effi-
ciency of existing technologies (e.g. the use of devices requiring no connection makes
it possible on the one hand to eliminate expensive and cumbersome wiring, and on the

other hand to be able to have the systems in any place).

Highest Lowel Measared in Lithium Bareries (mpll) "

B Ragulatory Thrashold for Hatardeus Waite [mgl)

Lead (Fb) Chremium  Thallium  Cobalt Copper Michel

Figure 1: Composition of toxic batteries (http:/ /phys.org).

It can be noted that batteries present environmental problems, in particular with
regard to the recycling of the materials they contain (Fig.1). Energy harvesting devices
can also operate in harsher environments than batteries, which are for example very
sensitive to temperature (Fig.2).

Fig.3 shows the improvement of the constituents performance of the wearable de-
vices in the logarithmic scale between 1990-2003. It emerges from this figure that, the

performance of batteries don’t increases exponentially with the time, but seems to reach
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Figure 2: Self-discharge of Lithium-ion batteries according to the temperature of use

[28].

a certain saturation. This trend renders necessary the research of the alternative energy

source. It is in this context that we find the main motivation for this thesis.

Improvement muliple since 1990

100% e X
e
0%
g
z ~
S 0% ;
§ T
2 g% | - 0C -
£ — 2%
[i:3
£ 85°C
g QU% . Buuc
Ve rm——— G 8 0 12

Storage time (month)

e
—+— Disk capacity /
10005 gRUspeer a2 E
E Kvalianie RAT e
—&— Wiraloss Iransfer speed VA
—&— Baltery energy densily Eae i

=
: P

- -

A K +
/.;‘f ..r; 1h_ r'l
10 - L
é /: A—e— Al
/ y . = 59— E =
1 fra—ea—ae
- ,_.-’.' 5 il
i#é'f a| T T T T T
1990 1994 1904 1906 1908 2000 2002

Year

Figure 3: Improvement of the constituents performance of the wearable devices in the
logarithmic scale between 1900 - 2003 [29]

I.3 Energy Sources and Energy Harvesting Technologies

Ambient energy harvesting, also known as energy scavenging, is the process where

energy is obtained and converted from the environment and stored for use in electronic
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I.3 Energy Sources and Energy Harvesting Technologies 9

applications. Usually this term is applied to energy harvesting for low power and small
autonomous devices, such as wireless sensor networks, and portable electronic equip-
ments. A variety of sources are available for energy scavenging, including solar power,
ocean waves, piezoelectricity, thermoelectricity, and physical motions. For example,
some systems convert random motions, including ocean waves, into useful electrical
energy that can be used by oceanographic monitoring wireless sensor nodes for au-
tonomous surveillance. This just shows that no single power source is sufficient for
all applications, selection of power sources must be considered according to the appli-
cation. Additionally, chemical and biological sources and radiation can be considered
ambient energy sources.This subsection presents some sources of energy and presents

various technologies used to convert energy.

I.3.1 Solar energy

This is certainly the most known of renewable energy sources [30]. Solar energy is
uncontrollable, but it can be predicted through daily and seasonal patterns [31]. Solar

power is transformed into electrical power using photovoltaic cells. The amount of out-

Figure 4: solar panels [32].

put power generated by a cell depends on the intensity of light as well as cell size and
effectiveness, according to the photovoltaic principle [32]. To increase the output power,

multiple cells are usually combined into modules, also known as solar panels(see Fig.4)
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I.3 Energy Sources and Energy Harvesting Technologies 10

1.3.2 Wind Energy

Wind power has been known and exploited for thousands of years through windmills
and navigation, for example. Today we can harness this energy with special propellers
that store wind and machines that transform it into electrical energy (see Fig.5). Wind
turbines are installed on land and at sea in places where the wind reaches a high and

constant speed.

Figure 5: wind turbine [33].

I.3.3 Thermal energy

Theoretically, thermal energy would seem like the better solution when designing
devices targeted to the industrial environment as wasted heat is present in abundance
in all types of system. Conversion can be based on Seebeck effect and thermocouple,
or exploiting the Pyroelectric effect (i.e. the property of certain materials to present
a temporary voltage following a temperature change). The conversion efficiency of a

thermal energy harvesting device is in any case related to Carnot’s law

Tmaz - Tmzn

Tmaz (1)

f]’]:

Where T,,., and T),,, are the extreme values of the temperature gradient to which
the device is subjected, expressed in Kelvin. Application of Carnot Law usually yields
higher values of efficiency compared to the actual ones, because of the characteristic

efficiencies of the single devices that must be taken into account that are well below
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the simple Carnots rule. Hence, at least for now, the attainable electrical power density
turns out to be a small fraction of the one the material can offer with Carnot efficiency.
Attempts to mechanically harvest energy through heat flow have also been reported,
e.g., [34]. If the mechanical system experiences temperature variations, e.g., as in an
airplane wing, the pyroelectric effect can be used to harvest energy. Sebald et al. [35]
compare Seebeck harvesters and pyroelectric harvesters and explain the differences in
efficiency between the two effects. In the case of a gradient, the use of the effect Seebeck
on PN semiconductor junctions makes it possible to have thermoelectric devices making

it possible to convert a temperature gradient into continuous electrical quantities (Figure

6).

ptype legs, Bl.Te;
bases compounds

p contact

Figure 6: Example of thermoelectric generators: (a) principles and (b) realization [36].

I.3.4 RF-Based Sources

In the modern environment, there are multiple wireless sources of different frequen-
cies radiating in all directions, such as TV, mobile phone, etc. So, it is easy to think that
they would made a good source for energy harvesting purposes. For the conversion,
an antenna or an array of antennae must be used: hence, frequency selection is an im-
portant consideration to be made in the design phase. The common choice would be
Global System for Mobile communications (GSM), as mobile phone signals are preva-
lent and propagate well both in and out of buildings. Also, the distance from the RF

source is a very important parameter, since the antenna dimension depend on it. The
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extracted power range is wide as it is dependent on the aforementioned parameters. As

an example, GSM 900, yields about 7uWW/cm?.

1.3.5 Vibration energy

Indoor operating environments may have reliable and constant mechanical vibra-
tion sources for ambient energy scavenging. For example, indoor machinery sensors
may have plentiful mechanical vibration energy that can be monitored and used reli-
ably. Vibration energy harvesting devices can be either electromechanical or piezoelec-
tric. Electromechanical harvesting devices, however, are more commonly researched
and used. Energy withdrawal from vibrations could be based on the movement of a
spring-mounted mass relative to its support frame. Mechanical acceleration is produced
by vibrations that, in turn, causes the mass component to move and oscillate. This rel-
ative dislocation causes opposing frictional and damping forces to be applied against
the mass, there by reducing and eventually extinguishing the oscillations. The damping
force energy can be converted into electrical energy via an electric field (electrostatic),
magnetic field (electromagnetic), or strain on a piezoelectric material. These energy con-
version schemes can be extended and explained under the three listed subjects because,
the nature of the conversion types differs even if the energy source is vibrating.

This part examines transduction methods used to convert mechanical vibrations
into electrical energy in an energy harvesting system. Three types of transduction are
examined in this paragraph; electrostatic, magnetic, and piezoelectric. The fundamental
physics used to convert mechanical vibrations into electrical energy are reviewed for

each method.

1.3.5.1 Electrostatic transduction

The electrostatic power generator consists of two conductors which move relative to
one another. They are separated by a dielectric and create a capacitor. As the conductors

move the energy stored in the capacitor changes, thus providing the mechanism for
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mechanical to electrical energy conversion. A simple parallel plate capacitor, shown in
Figure 7 can be used to illustrate the principle of electrostatic energy conversion. The

capacitance of this structure is given by

A
O — Eo&yr (2)

,,Conducﬁve

Vibrations] . /S
si; Air gap (permittvty e,) 1 #16CT00€S

Figure 7: Electrostatic Energy Harvester [37].

where ¢ is the permittivity of free space, ¢, is the relative dielectric permittivity, A is
the area of the plate overlap, and e is the plate spacing. The voltage across the capacitor

is given by

_Q
V—a. 3)

The electrical energy stored on the capacitor can be expressed as

2
E = ;2—0 (4)

Electrostatic generators can be classified into three types: in-plane overlap (Figure
8(a)) varying the overlap area between two electrode plates, in-plane gap closing (Figure
8(b)) varying the gap between electrode plates and out-of-plane gap closing (Figure 8(c))
varying the gap between two large electrode plates.

These three types can be operated either in charge-constrained or voltage- constrained
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Figure 8: Three types of electrostatic generators [38]; (a) In-plane overlap, (b) In-plane
gap closing, (c) Out-of-plane gap closing

)
-

cycles depending on the electric circuit used. In general, harvesters working in voltage
constrained cycles provide more energy than those in charge constrained cycles. The
primary disadvantage of electrostatic power generator is that they require a separate
voltage source to initiate the conversion process because the capacitor must be charged

up to an initial voltage for the conversion process to start.

1.3.5.1.1 State of the art of electrostatic system

The first category of the devices rely on an external bias to create a potential difference
between the two parallel plates. In the second type of device, electrets are used to create
a potential difference between the parallel plates. Electrets are essentially dielectric ma-
terials with permanent electrical polarization analogous to permanent magnet. It is well
known in the literature that, micro-electromechanical system based electrostatic energy
harvesters were firstly reported by Chandrakasan group at Massachusetts Institution of
Technology (MIT) [12] and further developed by Roundy [39]. Meninger examined the
energy conversion for both constant charge and constant voltage harvesters [12]. He
determined that the constant voltage case was capable of producing more power, but
required multiple external voltage sources. A hybrid design was proposed which in-
creased the power capability of the constant charge case, and an in-plane overlap style
transducer was designed. Simulation of this design produced output power of 8 uIV at
a vibration frequency of 2520 Hz.

Roundy performed a thorough examination of the three different variable capacitor
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topologies and determined that the in-plane gap closing design was the most robust
with output power comparable to the other topologies [40]. Through simulation, with
an input acceleration of 2.25m/s* at 120 Hz, Roundy calculated an optimal design could
produce 110 W output power and be confined to 1 em?. The power estimate was made
for a constant charge system, and does not take into account the power needed for the
bias control circuitry. Peano [41] developed a nonlinear dynamic model for an in-plane
overlap topology to be used for device optimization. For a 5 ym displacement at 911
Hz, it was shown that a device optimized for nonlinear operation could harvest 50 uW,
while a linearly optimized device could only harvest 5.8 uWV. Lo et. al [42] developed
a parylene HT electret material with 3.69 mC/m?. Using an in-plane overlap topology,
5.6 uW of power has been demonstrated with a 2 mm,, displacement at 50 Hz. The
device is comprised of movable brass electrodes over a glass substrate. The total de-
vice size is approximately 25 mm?. A 16 um thick Cyclic Transparent Optical Polymer
(CYTOPTM) electret film was presented by Sakane [43] for use in a micromachined har-
vester. By doping the CYTOPTM, a charge of 1.5 mC'/em? was achieved. When a 1.2
mm,, displacement was applied at 20 Hz, an output power of 0.585,W was delivered
to an optimal resistive load of 4 M (). The total volume of this device was not clearly

reported.

1.3.5.2 Piezoelectric transduction

The piezoelectric effect refers to a coupling between strain and polarization for certain
materials due to their crystalline structure. When a material with piezoelectric proper-
ties is mechanically strained, either in compression or tension, an electric potential is
induced in the material. This property, illustrated in Figure 9(a), is referred to as the
direct piezoelectric effect. Piezoelectricity is a reciprocal property, meaning that an ap-
plied electric potential induces a mechanical strain in the material. This is referred to
as the indirect piezoelectric effect and is shown in Figure 9(b). For harvesting vibration
energy, the direct piezoelectric effect is utilized to convert energy from the mechanical

domain to the electrical domain.
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Figure 9: (a)The direct piezoelectric effect, (b) The indirect piezoelectric effect [46].

The presence of piezoelectric behavior in a material is determined by its crystal struc-
ture. Crystalline materials have atomic structures where the atoms are arranged in a
periodic lattice. The smallest arrangement of atoms that can accurately represent the
lattice is referred to as a unit cell [44]. In order for a material to exhibit piezoelectricity,
the crystalline structure must be noncentrosymmetric, meaning that there is no center
of symmetry within a unit cell. Of the 21 known noncentrosymmetric crystal configu-
rations, 20 have been shown to possess piezoelectric properties. When a piezoelectric
crystal is mechanically deformed, the lack of symmetry leads to the formation of elec-
tric dipoles which induce an electric field in the material [45]. Electrodes placed on the
surface of the material experience a voltage differential as a result of the induced field.
This effect was first demonstrated in quartz by Pierre and Jacques Curie in 1880. In ad-
dition to quartz, common piezoelectric materials include, lead zirconium titanate (PZT),
aluminum 37 nitride (AIN), zinc oxide (ZnO), and polyvinyldine fluoride (PVDE).

When using piezoelectric materials for vibration energy harvesting, there are two
available modes of electromechanical coupling, namely the 31 and 33 modes. The num-
bers are used to represent the different modes, 1, 2 and 3, which refer to the orthogonal
axes of a 3-dimensional coordinate system. By convention, the 3-direction refers to the

direction of polarization. The 31 mode therefore describes a transducer where strain is
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applied in the 1-direction, and the electric potential is generated in the 3-direction. Sim-
ilarly, the 33 mode is characterized by strain in the 3-direction and an electric potential
also in the 3-direction. Both modes, 31 and 33, are shown in Figure 10. The geometry
of the piezoelectric material and placement of the electrodes will ultimately determine

which electromechanical mode is harnessed for transduction.

Figure 10: Illustration of 33 mode and 31 mode operation of piezoelectric material [47].

1.3.5.2.1 Linear Theory of Piezoelectricity

In linear piezoelectricity, the equations of linear elasticity are coupled to the charge
equation of electrostatics by means of the piezoelectric constants. However, the electric
variables are not purely static, but only quasi-static, because of the coupling to the dy-
namic mechanical equations. Thus, in order to provide an appropriate theoretical basis
for the material covered in this standard, the relevant mechanical and electrical field
variables will be briefly defined and the pertinent mechanical and electrical equations
presented in this subsection.

The conservation of energy [48] for the linear piezoelectric continuum results in the

tirst law of thermodynamics:

U =T;;Sij + E:D; (5)

where U is the stored energy density for the piezoelectric continuum. The electric

enthalpy [49] density H is defined by
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H=U-—E.D; (6)

and from Egs.(5) and (6) there results

Eq.(7) implies H = H(Sy, E)) and from Eq.(7) and next consideration, there result

OH
T.. —
? 85” (8)
D= -%% )
where it should be noted that
0S;; o

in taking the derivatives called for in Eq.(8). In linear piezoelectric theory the form taken
by His
1 1

H= §cfjk15ij5kz — ekij EpSij — §5ijiEj (11)

where ciEjkl, erij and 5;"; are the elastic, piezoelectric, and dielectric constants, respec-
tively. In general there are 21 independent elastic constants, 18 independent piezoelec-
tric constants, and 6 independent dielectric constants. From Egs.(8), (9) and Eq.(11) with

Eq.(10) there result the piezoelectric constitutive equations:

Tij = c5Sk — erij B (12)

D; = €Sk + €§Ek (13)
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Table 1: Matrix Notation
jjorkl porq
11 1
22 2
33 3
23o0r32 4
5
6

31lor13
12 or 21

where D is the electric displacement (charge per unit area, expressed in Coulomb/m?),
E the electric field (V/m), T the stress (V/m?) and S the strain, c” is the compliance when
the electric field is constant (inverse of the Youngs modulus), e is the piezoelectric con-
stant, and ¢ is the relative permittivity of the piezoelectric material. The subscripts i, j, k
and I are tensor notations and take values of 1, 2 and 3.

A compressed matrix notation that replaces ij or kl in equation (12) and (13) by p or
q is introduced to write the elastic and piezoelectric tensors in the form of a matrix. p

and q take the values 1, 2, 3, 4, 5, and 6 according to Table 1. The identifications,

E _ E _ _
Ciikl = Cpgs Cikl = €ip, Ti; =T, (14)

The matrix notation in Table 1 reduces equations (12) and (13) to

Tp = CpE(;Sq — €kak (15)

D; = e;,S, + €5 Ex (16)

where
S =S, when k=1¢=1,23
(17)
28 =95, when k#1l,q=4,56
The reduced equations (15) and (16) allow the constants to be expressed using the

polarization of the piezoelectric material.
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Figure 11 shows how to interpret the vectors in a piezoelectric material. The first

Polarization

Figure 11: Definition of forces affecting a piezoelectric element relative to the polariza-
tion.

number in the subscript of the constants refers to the affected vector, and the second
number refers to the applied vector; e.g., es3 refers to how the charge in the polarized
vector 3 is affected by stress in the same vector (3). es refers to how the charge in
the polarized vector 3 is affected by the stress applied to the orthogonal vector 1. It
should be noted that when the compressed matrix notation is used, the transformation
properties of the tensors become unclear. Hence, the tensor indices must be employed
when coordinate transformations are to be made.

The mechanical model of the piezoelectric generator can be represented with the

simple mass-spring system of Fig 12.
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(a) (b)

Figure 12: (a) Construction of the piezoelectric generator; (b) Mechanical model of the
piezoelectric generator [51].
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1.3.5.2.2 State of the art of piezoelectric system

Piezoelectric energy harvesting has been explored for a wide variety of applications.
This section focuses on small (cm scale and down) piezoelectric energy harvesters and
reviews work specifically designed for self powered systems. The majority of piezoelec-
tric vibrational harvesters use a cantilever beam with piezoelectric materials on the top
and bottom of the cantilever [52] with a proof mass at the tip of the cantilever [53-58] to

tune it to a specific frequency:.

(a)

|
S ATRARNAAAA

Sbitte |

(b)

Figure 13: (a) A two-layer bender mounted as a cantilever [59], (b) Piezoelectric di-
aphragm generator developed by Xu et al. [60]

In 2003, Roundy et al. [40](see figure 13(a)) designed a bimorph beam using a com-
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a Perspective view ol the smart tag. b Integration concept of the smart tag:
lamination of different lavers,
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Figure 14: Overview of the smart tag. (a) Perspective view of the smart tag, (b) Integra-
tion concept of the smart tag: lamination of different layers, (c) Layout of the smart tag
[61].

mercially available piezoelectric material, PSI-5A4E, from Piezo Systems Inc. The PZT
cantilevered beam was 28 mm x 3 mm with a tungsten proof mass at the tip for adjusting
the resonant frequency. The beam had top and bottom electrodes and operated in the
31 mode. From a base acceleration of 2.5 m/s? at 120 Hz, 365 uWW was delivered to a re-
sistive load. Xu et al. [60] have developed a piezoelectric generator of cylindrical shape
of volume 0.23 ¢m® which recovers 12 mW at 113 Hz (Figure 13(b)), and for a vibration
acceleration of 1ms™2.

Zhu et al. [61] have proposed an example of the size of a credit card (see figure
14) designed to operate when subjected to vibrations of 67Hz and 3.9 ms~2, allows to
recover a maximum power of 240 V.

Several examples have been reported that use piezoelectric harvesters mounted in
shoe to harvest mechanical energy due to human walk or running [62-66]. A representa-
tive photograph of shoe-mounted piezoelectric energy harvesters is shown in Fig.15(a)

[65]. Nathan et al. [66] designed a piezoelectric generator in shoe sole. Two methods

have been used, explained in Figure 15(b), of piezoelectrically converting shoe power in
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Figure 15: (a) Prototype of the piezoelectric film energy harvesting device inserted in a
shoe [65], (b) Two approaches to harvest piezoelectric energy in shoes [66].

bending 3-1-mode operation. One way is to harvest the energy dissipated in bending the
ball of the foot, using a polyvinylidene fluoride (PVDF) stave under the sole. The other
way is to harvest foot strike energy by putting PZT dimorph under the heel. This device,
called a dimorph, consists of two back-to-back, single-sided unimorphs. Although this
application is very novel, its efficiency is relatively low. It can generate high voltage on
the order of hundred V, but very low current on the order of 1077 A. After trying differ-
ent methods, they finally developed an off line, forwards witching converter, consisting

of a small number of inexpensive, readily available components and materials.

1.3.5.3 Electromagnetic transduction
1.3.5.3.1 The basics or electromagnetic transduction

This technique uses a magnetic field to convert mechanical energy to electrical energy.
The output power of electromagnetic vibration transducers is related to the particular
design of the electromagnetic coupling. Hence factors like size, material properties and
geometric configuration of magnet, coil and magnetic circuit play a vital key role in the
design process. So far conclusions from literature are often based on very simplifying
assumptions. Nevertheless the basic theory of magnetic induction is necessary in order
to understand how the electrical energy can be extracted. In electromagnetic vibration

transducers the transduction mechanism is based on Faradays law of induction. This
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law states that any change of magnetic flux through a conductive loop of wire will cause
a voltage to be induced in that loop.

Magnetic materials emanate magnetic fields, as shown for a typical bar magnet in
Figure 16. By convention, these fields originate from the magnetic north pole and termi-
nate at the magnetic south pole. The number of field lines passing normally through a

surface within the field is defined as the magnetic flux, ®;, which has units of Webers.

Figure 16: Bar magnet with magnetic field lines

The magnetic flux is defined as:

By = | B.dA, (18)
/

where A indicates the area enclosed by the wire loop and B is the magnetic flux
density. The induced voltage is the socalled electromotive force (V;,) which is given by:
d(bmag

v, = ——4 19
o (19)

The electrical and magnetic domains can be linked together through Faradays law of
magnetic induction. When the N loops of a closed circuit are placed into a magnetic

field, a voltage, (V},), is induced equally to the time rate of change of the magnetic flux,

AP,
dt
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Combining Eq.(18) and E¢.(20), the induced voltage can be expressed in terms of B as

m:—N%/ﬁiZ 1)
A

Therefore, to induce a voltage in a closed circuit, either ﬁd—ﬁ, or both, must be functions
of time.

Magnetic transducers convert vibration energy into electrical energy through mag-
netic induction described by Faradays law. Input vibration causes relative motion be-
tween a magnet and coil, which leads to a time-varying flux and induced voltage (V},),
defined by Equation 20. The voltage induced by the changing flux causes current to flow
in the coil and delivers electrical energy to an external load.

If one substitutes the magnetic flux from Eq.18, then the induced voltage becomes:

ng d§

V., = _(% + EX). (22)

From this equation it is evident that for electromagnetic induction it does not matter
whether the magnetic field is changing within a constant area or the area is changing
within a constant magnetic field. This characteristic offers a wide range of possible
implementations of the electromagnetic coupling. Two basic arrangements are shown
in Fig.17. Both can be referred to the first term in the sum of equation (22). The coil in
Fig.17a has a rectangular cross section with concentrated windings whereas the coil in
Fig.17b has a circular cross section and the windings are spacious (more realistic case).
These arrangements are often used for analytical evaluation due to the simplicity in
calculation in contrast to arrangements where the (V},,) is produced through a diverging
magnetic field according to the second term in the sum of equation (22). For coils with

dz

dA
N windings the change of overlapping area follows N = NI pri Nliz. Thus, (V)

becomes:

V,, = —~NBI:. (23)
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Figure 17: Popular models for linearized electromagnetic transducer analysis [67]. (a)
rectangular cross section and concentrated windings, (b) circular cross section with spa-
cious windings.

With the Lorentz force ' = ¢(£ x B) (Force on point charge q in electromagnetic field) it is
apparent that only wire segments orthogonal to the velocity are responsible for the (V},)
voltage. For coils with circular cross section the length I in £¢.(23) must be substituted
by !’ which can maximal be (R, + R;). Note that this is only valid for small amplitudes
in z(t) or small changes of . Now Eq.(19) can be extended using the chain rule:

d®ey dz

Vm = —75 = K¢z, (24)

where &, is the transduction factor. The transduction factor equals the magnetic flux
gradient and is assumed to be constant in the analytical treatment.

A common configuration used for magnetic transduction is shown in Figure 18. A
permanent magnet, attached to the housing of the transducer with a mechanical spring,
is suspended above an induction coil attached directly to the housing. Vibrations ap-
plied in the vertical-direction cause oscillations in the position of the magnet relative to
the coil, which lead to a time-varying flux. A voltage is induced in the coils, and cur-
rent flows to the electrical load. A similar configuration is possible where the magnet is
stationary relative to the housing and the coils move in the presence of vibration.

The main benefit of magnetic transduction is the relatively high power densities that

can be achieved. A wide variety of magnetic materials exist which exhibit very high
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Figure 18: Electromagnetic Energy Harvester [68].

magnetic fields and provide good coupling between the mechanical and electrical en-
ergy domains. Unlike the capacitive method where an external bias is required to pro-

vide initial charge, magnetic transducers can operate without this constraint.

1.2.4.3.2 Transduction factor

Following Figure 19 shows the relative location and parameters of the magnet and
induction coil. In this section, the magnetic field will be calculated based on magnetic
dipole model. r; and r;, are the inside and outside coil radius, respectively. h, is the
height of coil. The radial and axial positions of an arbitrary single wire of coil are r and
21, respectively. z; is the axial position of cylindrical magnet core. In this section we
follow the strategy of Zhenlong et al. [69] to determine the expression of the coupling
coefficient for a circular magnet., the electromotive force v,,s in Eq.(20) is rewritten as
[70]

dq)mag . _dq)mag %
dt dz dt

Umyf = —

(25)
AdB ,

=— 2= Ryl 2.

dz

where B is the magnetic flux density. A is the area enclosed by the wire loop, which is

considered as a constant value. ; is called the electromagnetic coupling coefficient. The
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Figure 19: Relative location and parameters of the magnet and induction coil [69].

magnet is considered as a dipole with magnetic moment vector 725 [71], the magnetic

tield generated by the magnet can be expressed as

S [W S(hR)
=0 | = (26)
dm | g o

where 110 = 47 x 1077 Hm™" is the permeability of vacuum. ry is the distance vec-
tor from center of the magnet to an arbitrary single wire. Assumed that the position
coordinates of an arbitrary wire and magnet core are (r, z;) and (0, z2) respectively. The

corresponding expression of Bis

B, Vy 3(21 — z)r€, — [r? — 2(21 — 29)%] €.
A 5
" 2+ (21— 25)7] 2

where B, and V; are the residual magnetic flux density and volume of the source magnet.

B— (27)

¢, and @, are the unit vectors along r—and z—axis, respectively.
As can be seen from Equation Fq.(25), the magnetic flux gradient along the z-axis
direction is related to the induced voltage. For this reason, the magnetic flux density

along the z-axis is the focus of research. The magnetic flux through the area enclosed by
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the wire is

2
o — j[ BdA — BiVar (28)

3
S 2 [7"2 + (21 — 22)2] /2

The average magnetic flux over the cross-section of the coil can be given as

1 he Ro
o = Zc.//q)drdzl (29)
0 R

where A, = (R, — R;)h. is the coil cross—sectional area. k., R,, and R; are the height,

outer radius, and inner radius of the coil, respectively. Correspondingly, the total mag-

A
factor [50]. N is the number of turns in the coil. A, is the cross-sectional area of single

is the coil fill

netic flux through the coil can be derived from ®,,,, = f.N d. f. =

wire. Consequently, the electromotive force e,,; can be expressed as

d(f.N® .
U = —% = K2 (30)
where k, is
BV, f.N
Ky = —2;&(’%’(1) + K) 31)
where
. 2 — h)2 2 2
VLl Gt T L VAL Rk | 32
Ro+ /R:+ (2 — he)? R+ /R? + 23
and
R R R; R;
2 o 0 (33)

= - - + .

VEG+ (2= he)”  VRG+z VR (= h)? VB4
It is assumed that the centers of the two magnets are always vertically aligned during
the vibration of the hybrid energy harvester (HEH).

The electromagnetic energy harvester makes use of the relative motion between the
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magnet and induction coil to change the vibration energy into electric power. In early
works, the electromagnetic coupling and magnetic field distribution are not often con-
cretized [72] or taken as linear electromagnetic coupling model [73].

The variation of dynamic magnetic field is highly nonlinear with respect to the gap
between the magnet and coil. Consequently, the electromagnetic coupling is nonlinear

[74, 75].

1.3.5.3.2 State of the art of electromagnetic transduction

Some of the first published work on magnetic transduction for vibration-based en-
ergy harvesting was performed by Williams et al. [5]. A device similar to that shown in
Figure 20 was fabricated using a bulk S,,C, magnet and a polyimide membrane for the
spring. When the device was operated at its resonant frequency of 4.4 kHz with 0.5 um
vibration amplitude, a power of 0.3 ;» W was delivered to a 39 2 resistor. The volume of

the device was approximated at 25 mm?.

! Vs

Figure 20: Schematic of a general energy harvesting device, which is a single-degreeof-
freedom damped simple harmonic oscillator, as described by Williams and Yates [5].

With regard to macroscopic achievements, it was developed at the University of
Southampton in 2001 several systems whose structure involves 2 or 4 permanent mag-
nets fixed face to face at the free ends of a recessed mechanical beam, and a coil of copper

taking place between the magnets within the magnetic field [76]. In 2004, Glynne-Jones
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Figure 21: (a) Schematic design developed by Beeby et al. [78], (b) the electromagnetic
generator developed by Zhu et al. [79]
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et al. [77] recover with such a structure of 3.15 ¢m? mounted on the engine of a car, a
maximum power of 3.9 mW and average of 157 W on a journey of 1.24 km at an av-
erage speed of 25 km/h a miniaturized version of this system is developed in 2007 by
Deeby et al. [78] of total volume 0.15 cm?* generating 58 pIV for ambient acceleration
vibration 0.59 m.s™? and frequency 52 Hz (Figure 21(a)). It is shown that this generator
can power a wireless sensor system through the vibrations of an air conditioner or an
industrial air compressor. Finally, Zhu et al. [79] developed in 2011 a new planar struc-
ture of 4 mm thick, based on an arrangement of magnets allowing a strong gradient of
magnetic flux and reduced bulk (see Figure 21(b)). The generator harvested an average
power of 120 W at 44.9 Hz. The harvested of vibrations of large amplitudes including
vibrations of the human body, was developed in 2006 by Sterken et al. [80]. It consists
of a tube in which circulates one or more permanent magnets pushed or not at the ends
of the tube, a coil is wound around the tube to recover the magnetic field variations. In
2008 Saha et al. [81] test a similar structure in a backpack during brisk walking or run-
ning: the generator with a volume of 12.4 em® produces between 0.3 mW and 2.46 mW.
In 2012, Rahimi et al. [82] developed a 4.5 ¢cm? system including the electromagnetic
generator, rectification circuit and storage capacity, delivering 11.6 pW at 12 Hz. Von
Biiren et al. [83] in 2007 showed a similar multipole structure (Figure 22) with a volume
of 0.5¢m? recovering 35 W on a suitable resistance when mounted under a knee during
a walk.

As far as microscopic systems are concerned, a lot of work has been done. These
systems are generally composed of a miniature magnet concentrating the dynamic mass
of the system at the center of a planar spiral spring, or at the end of a silicon beam. One
or more layers of planar coils are added on either side of this set. In 2007, Wang et al.
[84] used a 0.32 ¢cm? generator (figure 23)(a) and harvested 21.2 W at 280 Hz and 8
ms~2. The power harvested experimentally is 0.83 mW, for an external vibration ampli-
tude 150 pm. Water et al. [85] realized a 27 ¢m® generator consisting of a steel spring
supporting a magnet with a coil harvested 1.2 mW(figure 23)(d). In 2008, Kulkarni et al.

[86] produced 3 variants of electromagnetic silicone generators based on slightly differ-
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Figure 22: Electromagnetic generator developed by Von Biiren et al. [83].

ent structures for a volume of 0.1 ¢cm?. One of the variants consisting of an Neodymium
Magnet (NdFeB) magnet on a beam moving between two planar coils (figure 23)(c) gen-
erates a maximum power of 586 nW at 60 Hz for an acceleration of 8.83 ms—2. Owens
et al. [87] discussed the effects of linear and nonlinear transduction and demonstrated
that with a suitable design, nonlinear coupling is better than linear. Borowiec et al. [88]
proposed a beam consisted of substrate and sandwiched with a tip mass which trans-
duce the bending strains induced by the random horizontal displacement into electrical
charge.

They analyzed the efficiency of this nonlinear device by focusing on the region of
stochastic resonance where beam motion has a large amplitude. Nono et al. [89] used
the Melnikov theory to discuss the performance of a bistable harvester by analyzing
the critical condition for homoclinic bifurcation that could induce chaos in the system.
Coccolo et al. [90] have studied the electrical response of a bistable system, by using
a double-well Duffing oscillator, connected to a circuit through piezoceramic elements
and driven by both a low and a high frequency forcing, where the high frequency forc-
ing is the environmental vibration, while the low frequency is controlled by us. They

showed that the response amplitude at the low-frequency increases, reaches a maxi-
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Figure 23: MEMS electromagnetic generators developed by (a) Wang et al. [84], (b)
Water et al. [85], (c) Kulkarni et al. [86].

mum and then decreases to a certain range of the high frequency forcing. They also
demonstrated in their work that by enhancing the oscillations, we can harvest more
electric energy. Shahruz [91] shows that a bistable configuration of the potential energy
of the system can be used to increase the output power. With a different perspective,
Masana and Daqaq [92] proposed a comparative analysis of harvesters having bistable
and mono-stable configuration of the potential energy, under harmonic excitation and
demonstrated the effects of the potential shape on the performance of the system, for
some ranges of frequencies. They concluded that mono-stable potential systems per-
form better than double-well systems for an excitation with a small amplitude. It is
worth noting that, regardless of the type of transduction mechanism, any one exhibits

advantage and disadvantage.
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Table 2: Comparison of different types of technologies [93]

Types Advantage Disadvantages

Electrostatic 1) No need of smart material 1) External voltage or charge source
2) Compatible with MEMS 2) Mechanical constraints needed
3) High voltage generated 3) Capacitive

Piezoelectric 1) No external voltage source 1) Depolarization and aging problems
2) Compatible with MEMS 2)Brittleness in PZT
3) High voltage generated 3) Poor coupling in piezo thin film
4) Compact configuration 4) charge leakage
5) High coupling in single crystal 5) High output impedance

Electromagnetic 1)No need of smart material 1) Difficult to integrate with MEMS
2) No external voltage source 2)Bulky size

3) Small voltage generated

I.3.6 The advantages and disadvantages of different types of energy
harvesting

Various studies have been able to summarize the advantages and disadvantages of
the main modes Technologies implemented for energy recovery, by comparing for ex-
ample, the ease of integration of electrostatic systems, the low voltages produced by
electromagnetic generators or the high output impedance of piezoelectric generators.

These general remarks are summarized in Table 2.

1.3.7 Power density of various technologies for energy harvesting

Comparing these different sources is tricky because dependent on many factors, and
the application considered. Nevertheless, classical comparative studies have been able
to compare the power densities of several classical sources. Results are listed in Table
3. It appears that the exploitation of energy from ambient vibrations makes it possible
to potentially obtain the second highest energy density after solar energy. This source
also has the advantage of being available in many fields of application, especially in
industrial environments, or transport, where the use of autonomous sensor networks

can be envisaged.
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Table 3: Power density of various technologies for energy harvesting [93]

Technologie Power density

Outdoor photovoltaic 15000uW/cm?

Indoor photovoltaic 100pW /em?

Vibration (micro generator) 4pW/em?(human motion)
Vibrations (Small microwave oven) 116uW/cm?

Vibration (piezoelectric) 200uW/em?

Piezoelectric (inserts in shoe) 330uW/em?

Acoustic Noise 0.96uW/cm?
Thermoelectric 60uTWV/cm?

I.3.8 Summary of Power Scavenging Sources

Based on this survey, it was decided that solar energy and vibrations offered the most

attractive energy scavenging solutions. Both solutions meet the power density require-

ment in environments that are of interest for wireless sensor networks. The question that

must then be asked is: is it preferable to use a high energy density battery that would

last the lifetime of the device, or to implement an energy scavenging solution? Figure

24 shows average power available from various battery chemistries (both rechargeable

and non-rechargeable) versus lifetime of the device being powered.

Continous Power / cm’ vs. Life for Several Power Sources

1000
A Solar
100 | |
Vibrations
£
1]
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S
E
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Rechargeable Lithium
U i I I I I 1 1 I I

Years 25

Figure 24: Power density versus lifetime for batteries, solar cells, and vibration genera-

tors [40].

The shaded boxes in the figure indicate the range of solar (lightly shaded) and vi-
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bration (darkly shaded) power available. Solar and vibration power output are not a
function of lifetime. The reason that both solar and vibrations are shown as a box in
the graph is that different environmental conditions will result in different power lev-
els. The bottom of the box for solar power indicates the amount of power per square
centimeter available in normal office lighting. The top of this box roughly indicates the
power available outdoors. Likewise, the area covered by the box for vibrations covers
the range of vibration sources under consideration in this study. Some of the battery
traces, lithium rechargeable and zinc-air for example, exhibit an inflection point. The
reason is that both battery drain and leakage are considered. For longer lifetimes, leak-
age becomes more dominant for some battery chemistries. The location of the inflec-
tion roughly indicates when leakage is becoming the dominant factor in reducing the
amount of energy stored in the battery. The graph indicates that if the desired lifetime
of the device is in the range of 1 year or less, battery technology can provide enough
energy for the wireless sensor nodes under consideration (100 ¢V average power dissi-
pation). However, if longer lifetimes are needed, as will usually be the case, then other
options should be pursued. Also, it seems that for lifetimes of 5 years or more, a battery
cannot provide the same level of power that solar cells or vibrations can provide even
under poor circumstances. Therefore, battery technology will not meet the constraints
of the project, and will not likely meet the constraints of very many wireless sensor node

applications

1.3.9 Potential applications

Energy harvesters have many applications and most particularly in the micro-electro-
mechanical system(MEMSs) and in the many others domain. Indeed, use of energy har-
vesting helps to eliminate the need of battery replacement and maintenance and to pro-
long the lifetime of Wireless Sensors Nodes (WSN), this is rended possible thanks to
recent advance in wireless and micro electromechanical systems technology. There are

many potential applications of MEMS vibration energy harvesters to power low-power

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



1.3 Energy Sources and Energy Harvesting Technologies 38

Wireless Sensors Node (WSNss) as indicated in Fig. 25.
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Figure 25: Power consumption of wireless sensor nodes [94].

The mechanical energy converted in the electricity though the PZT is used to stim-
ulate the cardiac activity of the heart. Figure 26 shows an image of the ultra-flexible
piezoelectric energy harvester incorporate on the heart. From the relaxation and expan-
sion motion of the heart, the PZT nanogenerator can generate electrical energy and it

can be stored inside a specifically designed battery in the pacemaker [95]

Fac_ha rgeable

.Y

Figure 26: PEH for pacemaker. Expansion and relaxation of the pacemaker for the gen-
eration of voltage [95].

In addition to biomedical applications, energy harvesting from car-tire vibrations
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to power tire pressure monitoring systems (TPMSs) is one of the most promissing ap-
plications. As of September 2007, all cars sold in the United States must be equipped
with a TPMS. In the Eurozone, from November 1st 2012 all cars must be installed with
TPMS as well as all vehicles manufactured after November 1st 2014. Energy harvest-
ing can still be used of Bridge stress monitoring [96], bridge health monitoring [97] or
structural health monitoring [98] are other potential applications. Energy harvesters can
be embedded into bridge or structural constructions to power these wireless monitoring
sensors.Moreover, wearable sensors, and implantable sensors are other targets of MEMS

vibration energy harvesters for applications [99, 100].

1.4 Fractional Property of Energy Harvesting Systems

The fractional calculus (FC) is a theory of integrals and derivatives of arbitrary real or
en complex order. It is a generalization of the classical calculus and therefore preserves
many of the basic properties. As an intensively developing area of the calculus during
the last couple decades it offers tremendous new features for research and thus becomes

more and more in use in various applications.

1.4.1 State of the art of fractional calculus

The beginning of the fractional calculus is considered to be the Leibniz’s letter to

1
L’'Hospital in 1695, where the notation for differentiation of non-integer order 5 is dis-
1
cussed. In addition, Leibniz writes: ” Thus is follows that d2 will be equal to zvdx : z.

This is an apparent paradox from which, one day, useful consequences will be drawn”
(see Miller et al. [101]).

Nowadays, not only fractions but also arbitrary real and even complex numbers are
considered as order of differentiation. Nevertheless, the name fractional calculus is kept
for the general theory.

A lot of contributions to the theory of fractional calculus up to the middle of the
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20" century, of famous mathematicians are known: Laplace (1912), Fourier (1822), Abel
(1823), Liouville (1832), Riemenn (1847), Grunward (1867), Letnikov (1868), Heaviside
(1892), Weyl (1917), Erdélyi (1939) and many others (see Gorenflo et al. [102]). However,
this topic is a matter of particular interest just the last thirty years. The first specialized
conference on fractional calculus and its applications in 1974 at the University of New
Haven, USA, initiated the up-to-date books of Oldmam et al. [103], Miller et al. [101],
Podlubny [104], etc.

I.4.2 Fractional theory

Following [15], the conventional derivative can be extended to non-integer derivative

orders by using the following Fourier transform:

S {0} = £) = [ S

(34)
] oo
S f(w)}==— f flw)e*'dt.
Letting
H{ TH —Gors ), @)
dtn
the fractional derivative of order q with q € @ is defined as
d4
TO _ st Gars (36)

Equations (34) and (36) are suitable only to a limited extent for realistically calculat-

ing a fractional derivative. If the integral exists, the following is equally valid:

dif(t) 1 j f'(7)

R (e R T

(37)
de<t) 1 t f//( )
ds T2 {o — dr,qe[1,2[.
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This definition includes the classical integer derivatives and satisfies the semigroup

condition

ar df),  d
dte’ dtv 7 dte

df (), _ df (D) 38)
dta dtpta

(

as well as the translation invariance which plays a major role in science applications

d*f(t)
dta

dif(t —7)
dt4

=g(t) & =g(t—r7). (39)

Further, equation (37) proves the linear behaviour of the fractional derivative [103,
104]. In contrast to an integer derivative, a fractional derivative is a global operator. This
means that not only the actual values of the function to be derived but also its entire
past history have to be included in the actual value of the derivative. This can be well
demonstrated by means of a step. Comparable to an integer derivative, the fractional
derivative of a constant function f(t) = c gives

d 1/2 f(t) 1 0

t
= dr = 0. 40)
1 T/ 1 (
a2 T(1- 3) (=) 12

A step f(t) = c.o(t) yields,

1, o 0,t <0
if(t) _ Cl _f (T)l dr = c 1= 0. (41)
a2 TG (-1) " W

Figure 27 shows that the step applied at the time instant ¢ = 0 determines the history
of the fractional derivative also for ¢ > 0. This clearly distinguishes the fractional from
the integer derivatives.

Further examples of fractional derivatives are

bt
B _ paen (42)
dtd
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Figure 27: The fractional derivative is a global operator [15].

d? sin(bt) _ s
= b? sin(bt + EQ)’ b > 0. (43)

The handling of fractional derivatives in the time domain may involve some effort. In
the frequency domain, however, they can be easily applied. According to the definition

given by equation (36), the following applies:

{ EEY = (s (0} = g ) (@4)

Three main definitions have been established for mathematical analysis of fractional

order systems [106]

i) Griinwald-Letnikov definition

t—a

aD f(t) = lim p (- “ f(t —ih). (45)

=0 1

ii) Riemann-Liouville definition suppose that & > 0, ¢ > a, a, a € . Then

t

« _ 1 n—a—1 d n
D) = e [ (= () (o)

a
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iii) Caputo definition suppose that o > 0,¢ > a, o, a € R. Then

" I A )
Def(t) = F(n—&)“!(t—T)aH*"dT’n_l<a<n€N' (47)

where I'(.) is the gamma function. The Caputo definition is suitable for the analysis
of physical systems because it provides initial conditions, which physically can be ex-

plained [106]. Moreover, from an analytical point of view, it is quite simple to integrate.

I.4.3 Elements with fractional order physical properties

Recent research contributions have shown evidence of mechanical elements and elec-
trical components whose dynamics is well described by fractional order differential
equations or fractional order power law. In fact, considerable amount of research in

fractional calculus has been published in engineering and applied science literature.

1.4.3.1 Fractional resistor

Following [105], physical quantities are the electric field ¢, the magnetic field B, the
electric flux density D, the magnetic field intensity H and electric current density J. Con-
sider a lossy material in the form of a cylinder of length I and cross section S of area A.
Assume a constant electric field in the direction of the axis of the cylinder z. The voltage

v(t) between the ends of the cylinder is

I
o(t) = [e.zds = le.z, (48)
0
whereas the total current i(t) is
i(t) = [ J.zds (49)
with
J(z,t) = 0,D} “e(z,1),0 < a < 1. (50)
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Assume (50) is valid. We have

i(t) = Ao, D} % 2. (51)
Hence
i@)::‘47a1ﬁ—avu), (52)
let R, = Afya' It follows that the fractional resistor satisfies the Curie’s law
i(t) = iDtl—%(lt). (53)
R,

Notice that if « = 1, we have the classical law v = Ri.

1.4.3.2 Fractional capacitor

Following [105], consider two parallel plates confining a lossy material. Both plates
have charge of equal magnitude but opposite sign. If distance between the plates is small
compared with their size, there is no charge in the region between the plates. Charge
will reside mostly in the inner surfaces of the plates. The electric field is normal to the
plates away from the edges, say in the x direction, and zero in the interior of the plates.

Consequently, in the region between the plates the first Maxwell’s equation

V.D = p, (54)
becomes
V.D =0. (55)
We propose the constitutive law
D=e3D; Pe0<p<1. (56)
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Since ¢ = —V ¢, the potential ¢(x,y, 2) = ¢(x) solves the equation

DD}’ Dy¢ = 0. (57)
We have
L g g2
Dm(r(ﬁ)t D,¢) =0, (58)

and for t > 0, D?¢ = 0.
Let the plates be at x = a and x = b. As customary, suppose that the potentials are

constant on each plate and are ¢(a) = v, and ¢(b) = v,. Then

(vp — Vo) + bvg — avy

b—a ’ ©9)

¢(r) =

and the electric field

- Vab (60)

where, v, = vy — V.
Now choose 6 such that 6 << |b — a| and construct the cylindrical surface S¢, with
J

J
axis in the x-direction. The plane top and bottom, of area A, areatz = a+ 5 and z = ag-

From the integral form of equation (54) in the region confined by S¢ we obtain

qgA = fSc D .nds, (61)

where q is the constant surface density of charge, positive on x = a. Let v(t) = v, H (t)
and )(t) the total charge on the plate at x = a, namely Q(¢) = ¢AH (t). From (56) and (60)

we have

A
Q= -LZ pl-hy, (62)
b—a

We are led to a generalized governing equation of a capacitor
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Q(t) = C3D; Pu(t), (63)

A
with Cg = beﬂ .
—a

1.4.3.3 Fractional inductor

Following [105], For later reference let us recall Ampere’s law and Faraday’s law of

induction. Namely

i(t) = g H.tdl, (64)

d
$etdl =—— fs B.nds. (65)
& dt

The corresponding generalized constitutive relation between the magnetic field in-

tensity H and the magnetic field B is

puH=D,"B,0<~v<1. (66)

For the inductor it is considered a toroidal frame of rectangular cross section. The
inner and outer radii of the frame are r; and r; respectively, and the height is h. A
coil consisting of n turns of wire is tightly wound on the frame. There is a current of
magnitude i(t), ¢ > 0 in the conducting wire.

Set cylindrical coordinates such that the zaxis is the axis of symmetry and the frame
is located between r = 7 and r = 7,. Let C, be a circular path within the toroidal
tarme of radius r with r; < r < 7. As customary, we assume axis symmetry so that the
magnetic field B = B(r, z,t) only depends onr, z, and t. By Ampere’s law applied to the

surface of the disk bounded by C,, we have

ni(t) =Dy~ [, B.tdl, (67)
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where t is the unit tangent to C,.

Substituting B from (67) we obtain
pyni(t) = D, [, B.tdl. (68)
After application of the Riemann-Liouville integral of order 1 — v we are led to
pond; Vi) = [, Butdl. (69)

If B is the magnitude of the magnetic field in the direction of t, then

2w

fCT B.tdl = [ B(r,z,t)dl = 2rrB(r, z,t). (70)
0
So
Hymt g1, 71
B(r, z,t) = 27TTJ i(t). (71)

Let us apply Faraday’s law to one such surface S. Then the normal to this surface is

n = t. So if vg(t) is the induced voltage
(t) = d [g B-nds
A

h 7o
= —if [ B(r,z, t)drdz
dt 0 r

(72)

thl d 1.
= 27r ff drdzd—J i(t)

0 7r

iyl
2m

log(;—j)D;’i(t).

Let v be the total voltage dropped. Since there are n such coils, we have

v(t) = L,Dji(t), (73)
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Table 4: Fractional and classical governing equations of circuit components
Component Fractional Equation Classical Equation
Resistor i(t) = =Dy () i(t) = fo(t)
Capacitor ~ Q(t) = CsD; Pu(t)  Q(t) = Cu(t)
Inductor v(t) = L,D;i(t) v(t) = LDy[i(t)]

with L, = % log(
™

()

).

Equation (73) is a generalization of the governing equation of an inductor. Table 4

r1

summarizes the equations obtained in the previous section. In the second column the
fractional generalizations are shown, while the third column presents the limit behavior
of the fractional models. As expected the classical governing equations, representing
ideal components of a circuit, are obtained.

Some models of fractional coils have been modeled using massive ferromagnetic

nuclei. Its structures are presented in Fig.28

Laboratory coil with
famomagnetic _ _
steal corg Reactor with ferrite core Loudspeakear coil Relay coil

L,=17445 Vs# A L, =053 mVs* A7 Ly =0.034 V¥ A Ly=211Vs" 47
3 =065 A =099 3 =059 # =062

Figure 28: Modelling of coils using fractional derivatives (derivation of order £, lossy
inductance Lg) [105].

1.4.3.4 Literature review of the fractional models

Recent studies brought FC into attention revealing that many physical phenomena in
nature exhibit fractional behavior and can be modeled by fractional differential Equa-
tions. The importance of fractional order models is that they yield a more accurate de-

scription and give a deeper insight into the physical processes underlying a long range
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memory behavior.

Many recent studies revealed that FO nonlinear dynamical systems, in various ap-
plications, display rich and complex behaviors. Bagley et al. [109, 110, 111] pointed
out that half-order fractional derivative models can quite well describe the frequency
dependence damping of viscoelastic materials. Kelly et al. [112] have applied the frac-
tional Kelvin model to predict the seismic response of natural rubber bearings. Markris
et al. [113] presented a fractional derivative Maxwell model for a viscous damper and
validated their model using experimental results. Cao et al. [114] recently considered
an energy harvesting system with fractional order viscoelastic material. They showed
that the fractional order property of the material enhances high-energy chaotic motion
as well as inter-well periodic oscillation. Kwuimi et al. [115] proposed an electrome-
chanical energy harvesting system with a fractional order current voltage relation-ship
for the electrical circuit and fractional power law in the restoring force of its mechan-
ical part. The authors showed that under a single-well potential configuration, for a
small amplitude of the perturbation, as the order of derivative increases, the resonant
amplitude of mechanical vibration decreases while the bending degree remains fairly
constant. For a large amplitude of the perturbation, the output power increased, this is
due to the hardening effects. However, under a double-well configuration, the fractional
power stiffness strongly affects the crossing well dynamics and consequently the output
electrical power. Ducharne et al. [116] built and energy harvesting devices based on
piezoelectric Ericsson cycles in a piezoceramic material. They showed that by coupling
an electric field and mechanical excitation on Ericsson-based cycles, the amplitude of the
harvested energy can be highly increased, and can reach a maximum close to 100 times
its initial value. Ngueuteu et al. [117] considered an electromechanical system having a
fractional order capacitor and modeled by a fractional-order Duffing-quintic equation.
They studied its dynamics and synchronization, and concluded that the fractional order
component can strongly affect the performance of the system, especially the route to
chaos and the onset of synchronization. Atanackovic et al. [118] considered the forced

oscillations of a rod having fractional order viscoelastic physical properties, Deng et al.
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[119] and Hosseini et al. [120] considered the stochastic analysis of column of viscoelas-
tic material. They concluded that for both white noise and colored noise, the fractional

order ;1 of viscoelastic materials plays an important role in the system stability.

1.5 Hybrid systems

The synthesis of the energy harvesting potential in the human environment that we
have just established makes it possible to highlight the difficulty of converting the am-
bient resources and the low levels of recoverable powers by different transducers such
as electromagnetic, thermoelectricity, photovoltaic et c. These resources are often insuf-
ficient to meet current needs, and they can be complementary hence the importance of
evaluating the interest of soliciting several for the same application.

Hybrid systems consist of the combination of two or more complementary technolo-
gies to increase the supply of energy. Energy sources such as the sun and the wind do
not deliver constant power, and their combination can lead to more significant and con-
tinuous electricity generation. Hybrid systems operate such that batteries are charged
by solar panels (during the day) and by the wind generator (when there is wind) [121].

Gergaud [122], showed the relevance of multi-source production (wind and photo-
voltaic technology) on the design of a coupled decentralized electricity generation sys-
tem network and can be autonomous. Even if the energy sources of the sources en-
visaged are less correlated than wind and sun, we hope to enjoy the same benefits in
low power energy harvesting. We present here a state of the art of systems low power

hybrids described in literature.

I.5.1 State of the Art on hybrid Systems

A prototype was developed by superimposing a photovoltaic cell on the TEG [123].
The hybridization of these two resources made it possible to reduce the size and the
overall weight of the system (Figure 29 (a)) thus to improve the power density of the

generator. This hybrid generator recovers an average power of 1 mW for a consumption
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of the EEG of about 0.8 mW. Following this first application, a new hybrid generator
(TEG + PV) integrated into the clothing and used to feed an electrocardiogram (ECG)
[124] (Figure 29 (b))is proposed. The power levels recovered by the generator and con-
sumed by the ECG are similar to those of the previous application. The association of
a TEG with a PV cell is also discussed in [125] to increase the autonomy of a laptop.
The TEG recovers the heat of the microprocessor, and the PV generator the surrounding

light.

PV cells

Thermoelectric -
modules
M~

(b)

Figure 29: (a) Wearable wireless EEG system with hybrid power supply [123], (b) Hybrid
generator for feeding an ECG [124].

Many other work on hybrid systems has been proposed. For examples, Wang et
al.[126] developed a Piezoelectric and electromagnetic hybrid energy harvester for pow-
ering wireless sensor nodes in smart grid. The authors showed that from current-
carrying conductor of 2.5 A at 50 Hz, the proposed harvester combining piezoelectric
components and electromagnetic elements can generate up to 295.3ulV. Zhenlong et al.
[69] presented a novel tunable multi-frequency hybrid energy harvester. It comes out
from their studies that the magnitude and direction of magnetic force have significant
effect on the performance of the system. Friswell et al. [127] proposed a hybrid can-
tilever beam harvester with piezoelectric and electrostatic transducers for narrow band
base excitation using an applied DC voltage as a control parameter to change the reso-
nant frequency of the harvester to ensure resonance as the excitation frequency varies.
Wacharasindhu et al. [128] proposed a micro machine energy harvester from a key-
board typing motions, using combined electromagnetic and piezoelectric conversion.

Bin et al. [129] built a hybrid energy harvester combined piezoelectric with electromag-
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netic mechanism to scavenge energy from external vibration. They explored the effect
of the relative position of the coils and magnets on the PZT cantilever end and the pol-
ing direction of magnets on the output voltage of the harvested energy. Karami et al.
[130] proposed a hybrid model using piezoelectric and electromagnetic induction effect.
They showed that electromechanical coupling has a strong impact upon the system per-
formance. Mokem et al. [131] investigated the dynamics of sandwiched buckled beam
with axial compressive force under Gaussian white noise energy harvesting system. The
authors showed the optimization of the harvested energy when the stochastic resonance

phenomenon occurs.

[.6 Aims of this thesis

In the energy harvesting research field, the main challenge is to enhance the system
performance. This thesis is organized around the two bases models whose the first is
built by Siewe et al. [132] to demonstrate chaotic motion, and the second by Wen et al.
[26] as the energy harvesting device.

In the goal to use the model built by Siewe et al [132] as a electromagnetic energy
scavenging device, we introduced a fractional inductance on the model proposed in
[132] in order to study its impact on the power generated by the system. moreover, we
consider that the magnetic field varies with time. This give rise to a parametric coupling
which could play an important role in the improvement of the output power. We explain
the behavior of this energy harvester, particularly in the chaotic regime. This study of
the system behavior allows us to bound the regions of control parameters where the sys-
tem displays desired chaotic oscillations and thus characterize the maximal harvestable
power for this particular architecture.

The second model of this thesis is based on the model firstly built by Wen et al.
[26, 27]. The aim here is to optimize the among of energy harvested by the system [26]
and consequently, extended its application field. To reach our objective, we start by

considering the nonlinear damping which was absent in original model (Ref.[26, 27]).
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Besides, By combining the determinist and random excitation, the stochastic reso-
nance phenomenon could occur and improves the harvested energy. Always in the pur-
pose to overcome some limits observed in the Wen model [26, 27], we built the hybrid
model which combines piezoelectric and electromagnetic transduction. The compari-
son between the output power generated by the harvester without magnetic energy and

hybrid model proposed could show the interest to build the hybrid system.

1.7 Conclusion

In this chapter, a detailed review of ambient energy sources and some transduction
mechanisms were presented in order to understand the concepts and techniques of en-
ergy harvesting. A lot of models to convert ambient energy to electricity have been
presented.. However, many studies have shown that several physical phenomena are
described through systems exhibiting fractional properties. A state of the art on frac-
tional physical elements has been presented. In Chapter II, we will present a modeling
of the different study models as well as the analytical and numerical methods used in

this thesis.
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CHAPTER II

METHODOLOGY: MODELING

AND NUMERICAL METHODS

1.1 Introduction

In the previous chapter, we have presented they objectifs of our thesis. This chapter is
devoted to presents electromechanical harvesters to show the vibration energy harvest-
ing of electromagnetic and piezoelectric types as well as their mathematical modelings.
Two situations are discussed in this chapter; (1) the effect of a fractional inductance on
the system as well as the impact of parametric coupling, (2) we are interested in com-
paring the performance of conversion mechanisms through a hybrid model. In the last

part, we present the analytical and numerical techniques used in this thesis.

II.2 Nonlinear Electromechanical Energy Harvesters with

Fractional Inductance

I1.2.1 Governing equations

The scheme of the investigated system is shown in Fig.30 and called electromagnetic
transducer. This transducer represents the simplest class of electromechanical system
with featuring complex dynamics, because it only records vertical component of ground
or support motion under low frequencies. Electromechanical device modeling leads

usually to nonlinear systems.
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Dashpot —— +— Monlinear spring

«— Mouwving masse (m)
Air gap
Permanent magnet

Coupling coil

Magnetic flux line

Figure 30: Schematic model with the associated electric circuit [132].

Electrical subsystem

The model shown in Figure 30 is an electrical oscillator coupled through a magnet.
The electrical part consists of a linear resistor (LR), a linear condenser (LC) and an frac-
tional inductor L, all connected in series. The voltage of the condenser is a linear function
of the instantaneous electrical charge and is expressed by

(74)

Ve =

4
C
where C is the linear value of the capacitor. The current-voltage characteristics of the

resistor is defined as

VR = Rq, (75)

where q is the instantaneous electrical charge and the dot over a quantity denotes the
time derivative (¢ = d_(t] = i, where i is the current). R is the resistance in the electrical
part, and C is the linear part of the capacitive characteristic.

Existence of ideal inductance in reality is merely a hypothesis. Inductance for real
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time application is built by conductor loops or coils. The ideal relation between the
current through and voltage across the inductor v(t) = L% does not describe the real
time inductance accurately. Several methods were proposed in the literature to model
an inductor taking into account the losses due to ohmic resistance, eddy-current and
hysteresis. In the field of mechanics the behaviour of magnetic core coils is compara-
ble to that of viscoelastic materials [15] and this motivated to use fractional calculus to
model coils. In [15] fractional derivatives are used for modelling coils and showed that
such models provide clearly more realistic description than the conventional model. the
current-voltage relation of a coil whose current-voltage characteristic has fractional or-

der has been presented in chapter I in section 1.4 (see Eq.73). Thus, the current-voltage

characteristics of the fractional inductor is used in this thesis is defined by

d”i

°2 76
Fdes’ 0)

’Uk(t) =L

Where L, is the value of the equivalent inductance, i is the harvest current, ¢ is the
time and « is the degree of derivation between 0 and 1, (x = 1 for an ideal inductor).

Fractional order inductance is extensively used in circuit design and simulation in
recent times [107]. Fractional order inductances are realized using impedance converter
circuit and a fractional element [108]. This author have been realized fractional inductor
(FI) using a two-terminal Fractional capacitor (FC) for the first time in a generalized

impedance converter (GIC) circuit.

Mechanical subsystem

The mechanical part is composed of a large suspended mass; its motion is determined
by the inherent forces of the mass-spring system and the natural forces acting on the
system. Let the time-dependent ground motion be F'(t), which is due to the motion
of the seismic wave. We make the natural assumption that damping forces (friction,
air resistance, etc.) are present, and the associated spring is nonlinear with non linear

stiffness.
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Eq.(77) reports the equation of the nonlinear spring

k(y) = ko + ky?, (77)

where kg is the linear mechanical stiffness and k; is the nonlinear stiffness that arises
due to the stretching of each springs neutral axis, which results from the boundary con-

ditions. The restoring force due to non linear spring stifness is given by

fr(y) = koy + k1y®. (78)

As pointed by Nguyen et al. [133], damping is important to the bandwidth because it
strongly affects the jump frequencies in frequency sweeps. Therefore, understanding the
behavior of damping against a variety of working conditions is needed for device per-
formance prediction. The common model with a linear damping force misses essential
physics in the device. Motivated by this, we introduce instead nonlinear damping-force

models in the form of polynomials in velocity and displacement ([133]).

falg) = e + il%(y)%“, (79)

where g is the velocity of the mass, ¢; and cy;41 are the linear and nonlinear damping
coefficients respectively.

Several studies have been made theoretically and numerically the effect of a poly-
nomial dissipation in a model of energy harvesting. Nguyem et al. [133] have exper-
imentally validated a polynomial dissipation model by showing that a high velocity
expansion could successfully replicate the experimental results. A systematic experi-
ment was set up and revealed the dependency of the effective damping coefficient on
excitation level and bias voltage. Zaitsev et al. [134] have studied experimentally a
model of nonlinear dissipation. It follows from the model that nonlinear damping plays
an important role in the dynamics of the micro-mechanical beam oscillator. they pro-

posed many methods for experimental evaluation of the contribution of the nonlinear
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damping were proposed, applicable at different experimental situations. These methods
were compared experimentally and shown to provide similar results. The experimental
values of the nonlinear damping constant are non-negligible for all the beams measured.

The nonlinear damping introduced in this system is important insofar as it has been
shown that it can improve efficiency in the context of EHS [135, 136] Moreover, it is close
to the reality because experimental studies have been done recently or it appears that
nonlinear dissipation is the one, that offers better performances in terms of optimization.
This form has been adopted from the analytic an experimental work on modeling of the
nonlinear damping in a micro-mechanical oscillator in ref [133, 134].

In the mechanical part, the Laplace force ?C = z? A ﬁ, where | is the length of the
coil winding lying in the magnetic field B with a moving rod to which a body of each
mass m is attached. Since 17 is orthogonal to § and i = ¢ we have F.(¢) = [ Bq.

In the electrical part, the Lorentz electromotive force for the expressed is derived
thanks to the Lenz law and the Faraday formula e = ——l>(§ A y?) Since (_l>, ﬁ, ) is
direct, one has e(y)=F.(y)=-1By.

To derive the equations of motion of the electromechanical device show in Fig.30,
let us use the Kirchhoff’s law for the electrical part and the second Newton’s law of
dynamics for the mechanical part. The electromechanical system obeys to the following

dimensional two coupled differential equations

my = _me(t) — fa(y) — fr(y) + Fe(q)

vk(t) + vg + vo = Fo.(9)

(80)

Here m is the mass of the oscillator, f;(y) is the damping force for the device (due,
for example, to friction, air resistance, or transduction of power)in this thesis, we took N
= 1in the equation (79). f.(y) is the restoring force for the oscillator (due, for example,
to spring-like mechanical forces and electrostatic forces) and f;(t) is the displacement of
the base of the oscillator due to vibration.

Substituting Egs.(74)-(79) into (80), we have:
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my + Cly + C3y3 + k’oy + k1y3 — qu = —mfs(t) (81)

LiDi g+ R+ % 4 1By =0

where 1is the length of the electrical wire inside the magnetic field B, ¢, is the linear
damping constant, cs is the nonlinear cubic damping constants, & is the linear spring
constant and k3 is the nonlinear cubic spring constant, y and ¢ are the displacement of
the mass and charge respectively and () = %

Some clarifications regarding Eq.(81) are in order. The term ¢, is the linear dissipa-
tion. An additional dissipation term proportional to the cubed velocity ¢33, has been
added artificially. Such term, although not easily derived using the analysis sketched
above, may be required to describe some macroscopic friction mechanisms [137, 138],
such as losses associated with nonlinear mechanical components. It will be shown be-
low that the impact of this term on the behavior of the system.

The electromagnetic energy harvester makes use of the relative motion between the
magnet and induction coil to change the vibration energy into electric power. In early
works, the electromagnetic coupling and magnetic field distribution are not often con-
cretized [72] or taken as linear electromagnetic coupling model [73]. The variation of
dynamic magnetic field is highly nonlinear with respect to the gap between the magnet
and coil. Consequently, the electromagnetic coupling is nonlinear [74, 75].

In certain circumstances, some parameters of the self-sustained electromechanical
device can vary with time because of the functioning constraints. This is particularly
the case for the parameters of the electromagnetic coupling: i.e., time variations of the
magnetic field B and the region of electromagnetic action. We assume that the time

variation is periodic with frequency 2w;. So that, B and 1 can be explained as

B(t) = Bo(1 + ycos (2wt
(t) o(1 + ycos(2wit)) (82)
[(t) = lo(1 + ycos(2wt)).
By is the highest intensity that the field B reaches and 1 is the length of the electrical

wire inside the magnetic field By. 7 is the amplitude of the parametric coupling with
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0 < v < 1. The variation of the coupling coefficients is considered for the engineering
purpose.

In the context of coupled parametrically excited systems, Yamapi et al. [139, 140]
studied recently the dynamics of the forced parametric nonlinear electromechanical sys-
tem consisting of an electrical Duffing oscillator coupled magnetically and parametri-
cally to a linear mechanical oscillator. The frequency response and stability boundaries
of harmonic oscillatory states have derived. Effects of the parametric modulation of
the coupling coefficient on frequency response-curves and stability boundaries are an-
alyzed. Various types of bifurcation structures were reported using numerical simu-
lations of the equations of motion. Our goal in this thesis is to analyze the effects of
parametric coupling on dynamics, oscillatory states and bifurcation sequences of the
nonlinear electromechanical system. It is for this reason that only one form of temporal

variation of the equation (82) is considered, Eq.(81) become

mij 4 c1 + ¢33 + koy + kiy® — 1By (147 cos (2w; t)) ¢ = —mfs(t) 83)

LeD g+ R+ % 1By (1+ycos(2wi b)) g =0

Using the following transformation of coordinates wg = —0, y=Ilr,qg=Qpz,aa =Kk+1
m

and by letting the time variable ¢t = _ the dimensionless equation is given by:
Wo

&+ g + pr3i® 4 0 + Ar® — 0 (1 + yeos(2wr)) 2 = f(7),

(84)
24 BD%2 + pez + V(1 + ycos(2wr))i =0
with
. . o w1 . C1Wp o l203w8’ . l2B0

O R

lzk}l B0w3Q0 1 w§ L

)\:—ﬁm:—o e = =0 L, =wi"L.
we2m’ ko o wORC’ﬁ R’ “o

x and z are the dimensionless displacement and current respectively. The dot, as in x and

z, will indicate differentiation with respect to time. ¥); are parameters of the coupling
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terms, ) is parameter due to nonlinear stiffness, 1; and ~. are damping coefficients, -,
is the parametric coupling amplitude and L is the conventional value of inductance in
Henry. The external ground motion is assumed to be stochastic or periodic (fs(7) =
Ey . . :

Ecas(wr)), where F, and w being respectively, the amplitude and frequency of the
harmonic excitation.

The nonlinearity observed in the spring stiffness involves a potential V' (z) expressed

as follow:

1
Vir) = §x2 - Z,u3$4,,u3 > 0, (85)
so that V(x) is monostable for ¢ > 0 (zo; = 0) and bistable for p < 0(zpy = £ —Mﬁ)
3

I1.2.2 Harmonic balance method

Harmonic balance is a method used to calculate the steady-state response of nonlin-
ear differential equations and is mostly applied to nonlinear electrical circuits. It is a
frequency domain method for calculating the steady state, as opposed to the various
time-domain steady state methods. The name “harmonic balance” is descriptive of the
method, which starts with Kirchhoff’s Current Law written in the frequency domain
and a chosen number of harmonics. A sinusoidal signal applied to a nonlinear compo-
nent in a system will generate harmonics of the fundamental frequency. Effectively the
method assumes the solution can be represented by a linear combination of sinusoids,
then balances current and voltage sinusoids to satisfy Kirchhoff’s law. The method is
commonly used to simulate circuits which include nonlinear elements, and is most ap-
plicable to systems with feedback in which limit cycles occur.

The essence of the method is to replace the nonlinear forces in the oscillating sys-
tems by specially constructed linear functions, so that the theory of linear differential
equations may be employed to find approximate solutions of the non-linear systems.

The linear functions are constructed by a special method, known as harmonic lineariza-
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tion. Let the given nonlinear function be

dx

- (86)

F(z,2)=¢f(z, @), =

where € is a small parameter. Harmonic linearization is the replacement of F'(x, &)

by the linear function

F(z, i) = oz + \Oz, (87)

where the parameters k° and \° are computed by the formulas
ko(a) = - fo% f(acos p, —aw sin @) cos pdyp,
Ta

N(a) = —% fo% f(acos p, —aw sin ) sin pdp, (88)

w=wt+0.

If = acos(wt + 0), a = const, w = const, § = const. The non-linear force F(z,z) is a
periodic function of time, and its Fourier series expansion contains, generally speaking,
an infinite number of harmonics, having the frequencies nw, n = 1,2,,, i.e. itis in the

form

F(x,1) = i F,, cos(nwt + 6,,) (89)

n=0

The term F; cos(wt + 6;) is called the fundamental harmonic of the expansion (89).
The amplitude and the phase of the linear function F; coincide with the respective char-
acteristics of the fundamental harmonic of the non—linear force. For the differential
equation

i+ wlr + F(x, 1) =0, (90)

which is typical in the theory of quasi-linear oscillations, the harmonic balance method

consists in replacing by the linear function instead of equation (90), one then considers
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the equation

&4+ Ni 4+ kle =0, (91)

where k' = w? + k. It is usual to call F; the equivalent linear force, \° the equivalent
damping coefficient and k' the equivalent elasticity coefficient. It has been proved that

if the non-linear equation (90) has a solution of the form

x = acos(wt + 0), (92)

where

a = 0(e),w = O(e), (93)

then the order of the difference between the solutions of (90) and (91) is €2. In the
harmonic balance method the frequency of the oscillation depends on the amplitude a
(through the quantities £ and A\°). The harmonic balance method is used to find pe-
riodic and quasi-periodic oscillations, periodic and quasi-periodic conditions in auto-

matic control theory, as well as stationary conditions, and in the studies of their stability

[142, 143].

I1.2.3 Amplitude equation

We use the harmonic balance method describe in the next subsection to provide the
analytical solution of the model equation. To achieve our objective, we assume that the

approximative solution of the system (Eq.(84)) is defined as follows:

x(7) = Acos (wr + 1) (a)
z(1) = Bcos (wT + ¢2) (b) (94)
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where
A= \/A?+ A2 and B=/B?+ B2 (95)

are the amplitude of the mechanical and the electrical subsystem.
It is known in the literature that, there are many definitions of the fractional deriva-
tive. In this work, we used the Caputo’s definition [141] given as:
d* 1
© _ DO(r)] = = / (1 — 5)(s)ds. (96)

dre — 7 T(1—a)
0

where 0 < k <1, while I'(.) is the gamma function.

Substituting Eq.94(b) into Eq.(96), we obtain:

D2[Bcos(wT + pa)] = D%[s1 cos(wT) — ¢ sin(wT)] 97)

with

¢ = Bcosps 5 6o = Bsinps, (98)

By using the following approximation,

z(1 — 8) = Beos(w(T — 8) + p2) = Bcos(fy — ws), (99)
with
92 = WT + Pa.
Eq.(97) becomes:
1 d T COSWS , T sinws
D*[z(1)] = Ty dr B cos Ggof - ds + Bsin ngf - ds (100)

By letting u = ws, we obtain the following expression:

D2z(7)] = F(lw—ja)[_(gljl + Goo)sinwt + (51.J2 — G J1)coswT] (101)

with J; and J; are defined as [144-147]
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T cosSUu T

Ji=[ du =T(1 — a)w* tsin(—), (102)
0 u“ 2
Jo= [ Szlaudu = T(1 — a)w! cos(();l). (103)

0
Inserting Eq.(102) and Eq.(103) into Eq.(97) we have:
D%[z(1)] = w*(Bycos(wT) + BQSiﬂ(WT))(COS(O;_ﬂ-) — sin(%)). (104)

Substituting Eq.(104) and Eq.(94) into Eq.(84) and equating the coefficients of the

terms containing only sin(w7) and cos(wT) separately to zero, we obtain the following

equations:
5 3y 42 3 342
0—Ww +Z_1>\A A1+(M1W+ZM3WA)A2+€232—E0:O,
3 3
(—pw — ZM3W3A2)A1 + (Q —w? + ZAAQ) Ay — (1B, =0,
6B +wBsy + f’f@ Ay =0, (105)
U
_CL)Bl + 532 — 194—1141 =0
where
§ = ﬁwa(cos(%) — szn(%)) + fhe,

Cl = ﬁmW(l — %), gz = 19mw(1 -+ %)

Using some mathematics tools, the solution of Eq.(105), give rise to the amplitudes equa-
tion given as:
rig A1 + 15 A%+ 15 AS 4 1y At rg A% 4y =0 (106)

and

B?=b; A"+ by A> + by (107)
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with
r10 = (W6M32 + )\2)2 ;
8
ryg = _§ MS,M?, (w6u32 + )\2) (771 — Ny — A (772 - 773)) )
e — 16 ¢ 5 A 9 2y 2 g)\ 3 _
6= 5w (771 T na+ 172773+774)M3 g v (2 +n3) (m — n4) p13
_ 1645 22 — 3
5 A (2771774 n2° —4n2n3 773),
16 128 16
Ty = _gc‘)ﬁEOQ'%Q—i_2_7w3 (1 — na) (M 14 — M27m3) N3_ﬁ)‘ (8 (m2 +m3) (m s — m2m3) +3X Eo?)
256 , o, (128 4 ., 512 256 , , 128 )
) 81771 74 —|—(27w 0 M3 81772773774 T + 81772 73 27772 0
256
= _8_1E0 (7712 + 12 ) 5

§=12 ((—771 + N4) M3w3 + 12 A+ 13 >\) A? - 16(nms —m2m3) +9 (W6M32 + >\2) A4,

_ 256(ni G5 + maG)VEER

by —
SENCEPS T
b — 384(ma A} — mw’ (3 us) V2 Eg
: @ +or) e,
L LM + DV
! (0% +w?) €202,
and
L G,
m= M1 ﬁm(52+w2)7
o GG
=T G L W)
GG
T]3_ W +Q ﬁm(52+w2),
Gl
N4 H1 ﬁm(52 n w2)'

Egs.(106) and (107) are the equations of the amplitudes of harmonic oscillatory states.

An expression for this power is derived by integrating the dimensionless form of the
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Table 5: Parameters
Parameter Value Unit

c 0.55 Ns/m
3 2.5 Ns3/m3
L 1.34 H

R 20.5 Q

m 1.082 kg

l 0.17 m

C 0.01052 F

instantaneous power P = p.(2)?. The average output power is estimated using this

formula:

&|&

T
Praa = 55 / (108)
0

where T' = 2% is the period of the excitation source and an ideal transducer with zero
internal resistance is presumed. The physical parameters used in the simulation are
given in Table 5.

In equation (84), the efficiency conversion of energies dispersed in the environment
by the energy harvesting devices such as the electromechanical systems is the one of
the fundamental elements for evaluating the systems performance. Thus, the efficiency

conversion of the scavenger is defined as follows:

N = ]f—e x 100[%] (109)

where p. and p,, are respectively, the electrical and the mechanical power effective

value. Let us notice that the power effective value is defined as:

1 .
o=\l Jy (i)t (110)

where p}"* is the instantaneous power and 7' is the time.
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II.3  Hybrid Electromagnetic and Piezoelectric Vibration
Energy Harvester with Gaussian white Noise Excita-
tion

At present, the hybridization of resources for low power applications is finally little
discussed in the literature. We therefore chose to study a multi-source system used two
energy transduction mechanism to know electromagnetic and piezoelectric. At these

two mechanisms, we will associate a storage element, here an inductance.

II.3.1 Description and modelling of the hybrid model
Call

Qs

Rp
Magnet

K

K
Piezoceramic X 0

© | | o T
__T

Figure 31: Schematic of the hybrid energy harvester

X0

The traditional PE and EM energy harvester consists of a piezoelectric element and
an electromagnetic element. In the PE element, the piezoceramic material is excited at
the vibratory mass which modifies the stress distribution of the PZT layer, there by gen-

erating the output power via the piezoelectric effect. Electromagnetic output power is
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mainly obtained by placing a coil near the magnet, due to Faraday’s law on electromag-
netic induction. In order to generate a non-linear PE and EM hybrid energy harvester,
two springs are used, located symmetrically on the PE element and the ground (see
Fig.31). Introducing of spring as a nonlinear component in a hybrid piezoelectric and
electromagnetic energy harvester will produce a linear factor o; and a nonlinear factor
a3 based on the reference [126]. The mechanical part is composed of the mass m, the

nonlinear spring and nonlinear damping.

I1.3.1.1 Static analysis of the oblique springs

This section focuses on a static analysis of the two oblique springs and shows how
the arrangement results in a negative stiffness mechanism. Figure 32 shows a possi-
ble arrangement of the mass spring-damper. It consists of two linear oblique springs
connected to a mass and a damper. Unlike a linear system, when the springs are unex-

tended, they are inclined at an angle £6 to the line x = 0. Although the springs provide

Figure 32: The force acting on the oblique spring

a linear restoring force along their axes, this particular arrangement yields a non-linear
restoring force in the x-direction. The purpose of this mechanism is to steepen the gradi-
ent of the displacement curve as a function of time so as to approximate a square wave.

The purpose of this arrangement is to aims to obtain a bistable potential that allows to
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obtain large oscillations, because it allows to harvest the maximum energy.

The total axial component of the spring force F' at any displacement x is such that

F=2fa (111)

where f4 is the axial component of each spring force. The total axial restoring force

as a function of x is given by

fa =2k(Va? + 12 —1ly)sinb (112)

where /22 + [? is the length of the spring, [, is the original length of the spring and

¢ is the inclination of the spring with respect to the origin. Referring to Fig.32,

T

Sinf = ——— (113)
x? + 2
Substituting this into (112) gives
F=2k(1— Z—O)x (114)
22+ 27

The total elastic potential energy, U(z) is given by

U(e) = 2KV T~ 1o)?) (115)

I1.3.1.2 Governing equations

The Newton’s equation in standard form describes this displacement x(t); there by, a

differential equation of second order is given by:

_dU(x(t))

M) = ==

— fa(@(t)) = T1(v(t)) — To(i(t)) — miy(t) (116)

Where;

e U(x(t)) corresponds to the non dimensionless potential given by Eq.(115),
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o f4(2(t)) corresponds to non linear dissipative force given by Eq.(79),

o I';(v(t)) corresponds to force of reaction caused by piezoelectric transduction mech-
anism expressed by I'; (v(t)) = nv(t),

e I'5(i(t)) corresponds to force of reaction caused by electromagnetic transduction
mechanism expressed by I's(i(t)) = 6,,i(t),

e m.i,(t) corresponds to the vibration force.

Using the Kirchhoff’s laws and combining the constitutive equations of electromag-

netic and piezoelectric we have,

CLot) + Riv(t) i) = 0
: (117)

Li(t) + (Re + Rp)i(t) — 0,,@(t) = 0.

So, the equations of the hybrid system of figure 32 are given by

lo

mi(t) + exdlt) + ald (O + (1~ ey

Yz (t) + nu(t) + 0,i(t) = —midy(t)

Cift) + Riv(t) () = 0

Li(t) + (Re + Rp)i(t) — 0,,i(t) = 0
(118)

where z(t) is the displacement of the mass magnet, m is the mass, k is the spring
stiffness, ¢, and c3 are the linear and nonlinear damping coefficients, [, is the original
length of the spring, [ is the distance between the center and the edge of the frame, v is
the voltage across the load resistance, C, is the capacitance of the piezoceramic, i, and
R,, are load resistance of PE and EM element respectively, 12, and L refer to the resistance
and inductance of coils, ¢,, and 7 are the PE and EM transfer factors, respectively, &, is

the base displacement. Using the following transformation of coordinate X = lf and
0

[
v = T Eq.(118) can be rewritten as:
0
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.. ol 2k 1 U o .
X+ —X+—X"+—(1- X = ——
+m + m +m( ,/X2_|_72) +l0mv+l0mZ lo
. 1 nlo <
_ Moy (119)
ot CPRPU Cp
R Onl
i LA
1+ LZ 7 0,
where (1) = 4.
The dimensionless potential energy is
2k )
UX)=—(/X?+~2-1)~ (120)
m
The equilibrium positions of the mechanical system are given by
X, =+1- ~v?{stable}, (121)
X, = —+/1 — 7*{stable}, (122)
X5 = 0{unstable}. (123)

If the amplitude of the motion is small, the system will oscillate about one of its stable

equilibrium positions depending on the initial conditions. If the amplitude is large, the

system starts to oscillate between the two stable equilibrium positions, which can also

be described as cross-well motion.

In this work, we consider the weak amplitude of vibration. In this case, the non-

linear term in Eq.(119) can be expanded into the Taylor series at equilibrium (X, 0).

Introducing the new variable X = z — X, with X, = §(v1 is the positive stable static

equilibrium position given by the Eq.(121), this term expressed as
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1 n 3 Xg
1 X% L 202X 207 XG)?
VP HEFX)? VX 3 1
(72 + X§)2 (V2 + X3)2
3 Xy 5 XS’
5 2 1 x2)2 _5 2 4 x2)3
n (72 + Xg) (1 + Xg) 34 0(24)
(42 + X3)2
(124)

substituting X, = /1 — 72, Eq.(124) is rewritten as

3
1 3 3 5 5
=1—1-7224+(1—-2)22+ (21 =72 — =(1—92)2)23 + 0(z%).
N e o V1I=722+(1=-5)7 + (Gv1i=-7" = 5(1-7%)2) (%)
(125)
Using the following transformation of coordinates
2|k|(1 — ~?
w? = W, 2= 22,1 = iop,V = VoY (126)

and by letting the time variable ¢t = ., By omitting higher order terms in the result-
w1

ing expanding expression, the dimensionless equation (Eq.(119)) is given by:

P4 GE+ G 4wz + a2t 4+ a32® + Cup + Gy = £(7)(a),
y+ Ay — 0,7 = 0(b), (127)
p + Bp - 1982 = O(C)7

where

(= LWy ¢ = (20l0)*caws _ Omlozo
PRI =92 2MkI(1 -2 L
A= ! Cm = Omio ¢ = NVo
wlOpRp’ m 220l0|k|(1 —’}/2)7 ¢ 220[0|]€|(]. —’72)’
R.+ R, nlozo 2v3(57% — 4) 327y?
B = 719;7: Q3 = ———H———, 0 = ——.
wi L voC)p 72 —1 24/1—~2
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Ty

0= =3t )

is the Gaussian white noise verifying the statistic properties:

<E(T)é(t+1") >=2D6(T),
(128)
<&(r) >=0,
where 2D is the intensity of noise and §(7), the Dirac function. The variables z, y and
p are the dimensionless displacement, voltage and current respectively. The dot in z, y
and p indicates differentiation with respect to the time. 9,, ¥, (. and (,, are parameters
of the coupling terms, « is the coefficient of quadratic nonlinearity, s is the coefficient
of cubic nonlinearity, ¢; and (3 are damping coefficients, A is the impedance of the (PE)
system, (3 is the ratio of the resistance and inductance and w; = 1.
The non-dimensionless potential U(z) is defined as
w1 1

U(z) = ?12 + gagz?’ + Za324. (129)

This potential U(z) depends on the values of the parameters a3, a; and wy.

II.3.2 Stochastic averaging method and stochastic p-bifurcation

I1.3.2.1 Stochastic averaging method

A stochastic averaging analysis involves both stochastic averaging and deterministic
averaging that can be carried out in either order. The stochastic averaging accounts for
the averaged effects of random excitations multiplied by correlated response, and phys-
ically wide-band random excitations are replaced by mathematically Gaussian white
noise excitations. Thus, the slowly varying response quantities are approximated by a
vector of diffusive Markov process and the Fokker-Planck-Kolmogorov (FPK) equation
method can be applied to them. Following [148], the original method of stochastic av-
eraging was introduced by Stratonovich [149]. It may be viewed as an extension of the

deterministic averaging procedure of Bogoliubov and Mitropolsky [143], method is ap-
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plicable to lightly damped systems with small nonlinearities under broadband random
excitations of small magnitudes.

This method, known as the classical or standard stochastic averaging (CSA) ar to
its deterministic counterpart the effects of some nonlinear inertia terms and nonlinear
stiffness terms, such as the cubic displacement terms, in the governing second order
differential equation of motion of a sdof system are absent in the approximate solutions.
The implication is that the effects of these nonlinear terms on the stochastic system can
not be studied by applying the classical stochastic averaging (CSA) method. It was
suggested (see, for examples, page 149 of Ref [150], page 125 of Ref [151], and page 191
of Ref [152]) that in order to reveal the effects of these nonlinear terms a second order
averaging is required.

A closer examination of the equations in standard form for such a system reveals that
while it is true that the influence, of the nonlinear inertia terms and nonlinear stiffness
terms, such as the cubic displacement terms of a sdof system, on the amplitude solution
is absent, the influence of these nonlinear terms is present in the phase solution. Thus,
the influence of these nonlinear terms on the response statistics is retained since the
latter are functions of both amplitude and phase.

In the following the CSA method is introduced first. The procedure of application
of the CSA method is illustrated with several examples. Consider a set of differential
equations in standard form

dz; !

= = efi(Z,t) +e2g;(Z, )& (1),

(130)

where ¢ is a small positive parameter Z is an-dimension random vector process of re-
sponse state and z; j is its j'th component; f; and g;, are deterministic nonlinear func-
tions, while ¢,(¢) is the 7’th component of the stationary random excitation vector ¢(t).

Elements of the latter vector are of zero mean and have cross correlation matrix I'(7)
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whose elements are

To(7) =< e,(t), et +7) > . (131)

If the maximum of correlation times of the random excitations is much smaller than
the minimum of the relaxation times of the mdof system, then it can be shown that [155]
the state vector Z weakly converges to a diffusive Markov vector Z(®) with transition
probability density p(Z©, t|ZéO), to) or simply p, where the subscript 0 denotes at time

to. The governing FPK equation is

% _ Oa;P) € ( ]k‘P)

- ¢ 5 , (132)
(0) (0)
ot 02" 20270z
where the drift and diffusion coefficients, a; and b;;, are given, respectively by
aj(Z( ) = Tav{<fj( ,8)) + Lav}, (133)
in which
0g;r (2
Iy = fEOO<L()>gkv(Z(O), s+ 0)&(5)E (s + 7))dT (134)
AN
and
bi(Z20) = Te{ [ 3 g2, 5 + 7)& ()60 (5 + 7))}, (135)

in which 72"{.} denotes deterministic averaging of the enclosing quantity with re-
spect to time s. That is,
av . 1 to+710o
Ty = Jlim —O{LO { }at (136)

in which the integration is performed over explicit time t. If the quantities in Egs.(133)

and (135) are periodic, with period Tj for example, then Eq. (136) becomes
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1
T — ?0{ S bt (137)

and the results are independent of ¢, . The implication of Eq.(137) is that if the func-
tion f1(Z©,s), for example, contains a periodic term, such as sin(?) its effect on the
response will be zero after the deterministic averaging. The integral Oon the right-hand-
side (RHS) of Eq.(133) is related to the Wong and Zakari (WZ) or Stratonovich (S) cor-
rection term and therefore Eqs.(132), (133) and (135) are to be interpreted in the Itd’s
sense.

The Markov vector process Z() can be described by the following set of It6 stochastic

differential equations

1
d=\" = em;(ZO)dt + £205,(Z0)dW, (1) (138)

where the unit Wiener processes are defined by
AW, (1) = & (t)dt (139)

The drift coefficients m; and diffusion coefficients o;, of the Itd equation, (138) are re-

lated to a; and b;, of the Fokker-Planck-Kolmogorov (FPK) equation, (132) by

m;(Z) = a;(Z), (140)

ajr(Z(O))akr(Z(O)) = bjk(Z(O)). (141)

In the It6 equations, (138), the diffusion matrix [¢] may not be unique though the
matrix product [¢][c]” and the diffusion matrix [b] of FPK equation, (132) are unique.
The exact response statistics of the approximate solution of the given system defined by

Eq.(130) can be obtained from either the FPK equation (132) or It6 equations (138).
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I1.3.2.2 Probability density

The fluctuating quantities considered as excitations in many mechanical systems can-
not always be adequately modeled by deterministic time functions. In fact, there are
several natural phenomena that vary in a random manner due to the effect of many un-
known factors, that fluctuate randomly over a wide band of frequencies and have to be
considered as stochastic functions of time, defined only in probabilistic terms [153]. Dy-
namic systems in such environments are subject to stochastic excitations. Then, in order
to examine their response and stability, a probabilistic approach employing the theory
of stochastic bifurcation is essential. The main purpose of this heading is to provide
the statistic response of the harvester through the Fokker -PlanckKomogorov equation
using the stochastic averaging technique developed by Stratonovich [154].

To achieve our objective, it is judicious to find the Ito stochastic differential equations
associated with the system Eq.(127). In the quasiharmonic regime, on assumption that
noise intensity is small, we introduce change of variables [153]

2(1) =a(r)cos (), (142)
2(1) = —a(r)wosin (),
where ¢ = wor + 6(7), a(r) is amplitude of mechanical subsystem. Substituting

Eq.(142) into Eq.127(b) and (c), we have:

ad,wo

y(1) = Ci(7)elA) + m(wg cos p — Asinp), (143)
0
alw .
p(1) = Cy()e =P + W&(wocosgp — [sin). (144)
0

Where the first term and the second term in the right hand are the general solution
of the associated homogeneous equation and the special solution, respectively. For the
stationary responses concerned here, however, the general solution C(7) exp™*") and

Cy(7) exp(~#7) almost has not any influence due to the exponential decay nature. The
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steady-state of Eq.(143) and Eq.(144) are given by:

y(r) = )\Zﬁioj})g (wp cos p — Asinp) (145)
and
(1) = ab o (wp cos p — [siny) (146)
p7) = g a(wocosy ).
From Eq.(145),
. Wo A .
wocosp — Asingp = /A2 + wi(————=cosp — ————sin 147
who can still put himself in the form
wocosp —Asing = /A% + wi(cos Ocosp — sin O sin @) (148)
with
Wo . A
c0sO = ——— and sin® = ——. 149
NoeE Vo (149)
Finally,
Wocosp — Asinp = /A2 + wi cos(O + o). (150)
Thus
(r) = 2050 /TR cos(p + tanL(20) (151)
Yy )2 + w% 0 ¥ Wo :
In the steady state, the amplitude of the voltage expressed as follow:
ad,wo 3 ad wy
Vo = X AN+ wi = ———— (152)

N A2+ W

VAN +ud

Similarly, Eq.(146) in the steady state, the amplitude of the steady state current is
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I, = @Dety X \/62+w2—M 153
0 — 62 +w§ 0 — \/m ( )

Substituting Fq.(145), Eq.(146) and Eq.(142) into Eq.(127) by letting wy, = wy we

obtain:

a9 sin p cos? N aza®sin pcos® o Cowgdpasin p cos p

a = —Casin® ¢ — Gwia®sin* o +

wo wo A2 + Wi

0, asin? ¢ mWoleasin o cos @ mwUeBasin? ¢ sin€(T
JR— p —_— —
A+ w3 6%+ wd B2+ wi Wo

Y

(154)

: , 5 . apacos® o aza?costo  Cwgtd,cos? @
0 = —(y cospsing — (swia” cos psin” ¢ + + 5 5
Wo Wo A%+ wg

COpAcospsing  Gnwotde cos? @ _ GnUefcospsing  cos ©&(T)
A2+ Wi B? + w? 5% + wi Woa

(155)
Thus, after applying the deterministic averaging method to Eq.(154) and (155), we
obtained the following approximated system:

C'L——§Cw2a3—1( A%61 + A6p 4 63 )a_singog(T)
TR TR )T W

(156)
g 3030”  1wo(@pCe(P” +wg) + ImGn(N +uwp))  cos pé(r)
8wy 2 (A2 4+ w2) (% + wd) awy

with

G = Cmﬁﬁe + (/62 + WS)CM
2 = (62 + wg)giﬁp?

G3 = Cmﬁﬁewg + (62“}(2) + Wé)Cl-
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By applying the stochastic averaging method [156, 149], we can obtain the following

stochastic equations for a and 0 :

3 1, Ng+de+e D D
d — - 2.3 _ - d —d
‘ ( 399 S ey @ e T 2ga) T R (D)@

~Baga® | Lwg(9pC(B + wi) + Umlm(A + wi)) D
W= T2 2+ WD) (F + o) VAT 44/ Gzaz e (1) ()

(157)

where 7,(7) and 7,(7) are two independent normalized Wiener processes. It is worth
pointing out that a and 6 are independent, allowing us further to develop a probabil-
ity density for amplitude q, rather than a joint density for . The probability density
p(a, T) of the instantaneous amplitude « satisfied the Fokker-Planck-Kolmogorov equa-
tions [157, 158]:

D

ser@.n) ==+ o )Pl + o ben()] ass)

In the context of energy harvesting systems, we are primarily interested in the long-
term system behavior. Thus, the stationary solutions of Fq.(158) of mechanical part is

obtained as:

1
———(3¢3wia*+ Koa?
p(a) = Nyaexp 16D 00, (159)

where NV, is the normalization constant expressed by

1 p—
1 K? K ’ (160)
VD exp(— —2 ) (1 —er S
with
Ky= K+ Ky + K3
and
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_ 8w (GmBUe + (8% + wi) 1)

a B a2t
K, _ BB+ wR)Cd,)
TR )W)
Ko — 8w8(§mﬁ196w8 + (52"‘10 + WO)Cl)
-

(8% + wi) (A + i)

Eq.?? can be rewritten in the potential form:

da = (—d[;fla)) n \/%dm () (a) (161)

where U(a) denote the effective potential of mechanical subsystem given by:

3 1 A2 A
U(a) 2—3—2C30J(2)a4— ( 1+ AG 1+ G3

Ja? + D ln(a).

st s (162

Through a transformation from variables (a, #) to the original variables (z, 2), an ex-

pression for the stationary density function of (z, £) can be derived from Eq.(159) as

1
) = 163
pe2) = 5 —pla) (163)
by letting a = 2* + Eq (163) becomes
(212) = S exp(— = (3G (22 + 250 + Kl + o)) (164)
p(z,2) = S exp 6D 3wy (2 o o(z 2

Thus, the expected value of the mean square voltage of the piezoelectric circuit and

electric current of the magnetic circuit can be calculated following this formula:

V2wg
<yr>=<VE> )\2+w <a®> (165)
with
<a?>= 0+°O a*p(a)da. (166)
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Substituting Eq.(166) into Eq.(165), we obtain:

w3 92V DN A
2 o_ _ P00 rtoo 9 da — p ! 167
v A2+ Wi Jy~ a*pla)da 2ym(N2+Wwd)KE (167)
Similarly
V2wl 9>/ DN A
< 2 > ef0  [+o0 2 da = e 168
P g e e = s e R (o9
with
1 K2 1 K
A= WKO\/K4exp(aD&4)(erf(g KZD) —1)+8VnDK, (169)
and
K4 = 3(30)3.

The average output power harvested by the hybrid system is estimated using this

formula:

T T

p / 2 A / 2

Phyoria = —— il _

hybrid T Y dr + oT 4 dr (170)
0 0

Using the expressions of the mean square voltage of the piezoelectric circuit and

electric current of the magnetic circuit, £¢.(170) become

Prypria = B < p> > +X < y* > . (171)

I1.3.2.3 Stochastic bifurcations

Contrarily to the determinist bifurcation, stochastic bifurcation is characterized with
a qualitative change of the stationary probability distribution (e.g. a transition from uni-
modal to bimodal and vis versa) called phenomenological (p) bifurcation, or a sudden
change of the lyapunov exponent called dinamical (D) bifurcation. It is also judicious to

notice that, D bifurcation is a dynamical concept, which is similar in nature to determin-
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Table 6: Parameters
Parameter Value Unit

c1 0.001 Ns/m
c3 4.5 Ns3/m?
k 0.05  N/m
L 10 H

R 20.5 Q

m 0.04 kg

lo 0.075 m

¢, 0.00005 F

R, 10000 €

0 0.00025 N/V
% 0.017  m

l 0.0735 m

Vo 0.1 V

istic bifurcations, while p bifurcation is a static concept. This section aims at finding the

condition for which we can observe the phenomenon of stochastic p-bifurcation of the

0
harvester. By letting $ = 0, the extrema of the distribution £¢.(159) are the roots of
a

equations:

3 Gwgat, 1 Koa?,

= 172
4 D 8D0 (172)

1

an, is the amplitude corresponding to the extremum of distribution £¢.(172) and m
is the index number of the extremum. For a suitable choice of system parameters, the
probability density function of the harvester can present one or two positive extrema

(one minimum and one maximum). By taking (3 > 0, the positive root of Eq.(172)
— Ko + /192D(3wi + K2

12 (W

has a maximum. However, by taking (5 < 0, there are two real positive roots of Eq.(172)

is

, and then the probability density function in Eq.(159)

for a convenient choice of system parameters:
1 =Ko+ /192DGuwi + K2 and 1 Ko+ /192DGuwi + K2
12 (3w 12 (3w

similar to a crater.

whose the shape is

The physical parameters used in the simulation are given in Tables 6.
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II.4 Numerical simulation techniques

The numerical simulations of the deterministic and stochastic nonlinear differential
equations are in the center of many of the advanced scientific computations. In the goal
to predict the system response of the different models proposed in this thesis, we inte-
grate numerically the mathematical models of the different physical models proposed.

This heading, present the different numerical technique used.

I1.4.1 Algorithms of the numerical simulations

I1.4.1.1 Fourth-order Runge-Kutta (RK4) algorithm for ordinary differential equations

In numerical analysis, the Runge-Kutta methods are an important family of implicit
and explicit iterative methods for the approximation of solution of ODEs. These tech-
niques were co-developed in 1901 by the German mathematicians Carl Runge and Mar-
tin Wilhelm Kutta [159] to solve ODE numerically. In the Runge-Kutta family, the most
used method is the fourth-order one, which extends the idea of the mid-point method.

Consider an initial value problem specified as follows

% = f(t,u),u(ty) = ug (173)

Here, u is an unknown function of time ¢ which we would like to approximate. To have

the quantity u at time ¢ + At (At being the time step) knowing its value at time ¢, the
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RK4 method process as follows:

1
u(t + At) = u(t) + E(Kl +2K5 + 2K5 + Ky)

At K
Ky = Atf(tw); Ky = Atf(E+ 5t 71);
(174)
At K
K3:Atf(t+7,u+72);

The RK4 presented above can be easily extended to a set of ODEs and for instance, in
this thesis, the differential equations describing the time evolution of nonlinear elec-

tromechanical energy harvester will be solved numerically in that way.

I1.4.1.2 Euler-Maruyama algorithm

Following [160], the probabilistic response of multidimensional vibration system under
noisy random excitations in general can be considered to be governed by the following

set of first-order stochastic differential equations:

X(t) = f(X(1)) + g(X(£)E(D) (175)

where X(t) is the random response vector process, f(X(t)) and g(X(t)) are determinist
function vector. £(t) is a noisy random vector.
A scale autonomous Stochastic Differential Equations (SDE) can be rewritten in the

integral form as:

t

X(0) = Xo+ [ FO0Dds+ [ g(X(s)de(s).0< < T (176)

0

Here, f and g are scalar functions and the initial condition X0 is a random variable.

The second integral on the right-hand side of Eq.(176) is to be taken with respect to
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Brownian motion, as discussed in the previous section, and we assume that the It ver-
sion is used. The solution X(t) is a random variable for each t. We do not attempt to
explain further what it means for X(t) to be a solution to Eq.(176) instead we define a
numerical method for solving Eq.(176), and we may then regard the solution X(t) as
the random variable that arises when we take the zero step size limit in the numerical

method. It is usual to rewrite Eq.(176) in differential equation form as:

dX(t) = f(X(t))dt + g(X(£))dE(), X (0) = Xo,0 <t <T (177)

This is nothing more than a compact way of saying that X(t) solves Eq.(176). To keep

with convention, we will emphasize the SDE form Eq.(177) rather than the integral

dg(t)
dt
is nowhere differentiable with probability).If ¢ = 0 and X, is constant, then the problem

form Eq.(176). (Note that we are not allowed to write , since Brownian motion

becomes deterministic, and Eq.(177) reduces to the ordinary differential equation

o X(1) (178)

with X (0) = X,. To apply a numerical method to Eq.(177) over [0, T] , we first dis-

T
cretize the interval. Let At = T for some positive integer L, and 7; = At. Our numerical
approximation to X (7;) will be denoted X; . The Euler-Maruyama (EM) method takes

the form:

Xj=Xj+ f(X; = DAL+ g(Xjo)(W(75) = W(7j-1)),5 = 1,2,..L (179)

To understand where Eq.(179) comes from, notice from the integral form Eq.(176)

that

75

X(15) = X(1j-1) + / f(X(s))ds + /g(X(s))dW(s) (180)

7j—1

Each of the three terms on the right-hand side of Eq.(179) approximates the corre-
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sponding term on the right-hand side of Eq.(180). We also note that in the deterministic
case (¢ = 0 and X, constant), Eq.(179) reduces to Euler’s method. The Euler algorithm
or more precisely the Euler-Maruyama algorithm is a generic algorithm generally used

for stochastic differential equation simulations [161].

I1.4.1.3 Box-Muller algorithm

The Box-Muller algorithm is an important tool to generate two independent standard
Wiener processes &; and &,. To do this, we consider four independent random number
between 0 and 1 with equal probability a;, as, b; and b,. Then, the two independent

standard Wiener processes are generate as

& = v/ —4AtIn(ay) cos(2mhy) and & = \/—4AtIn(ay) cos(2mhsy). (181)

I1.4.1.4 Algorithm for generating standard Wiener process

We consider a standard Wiener process (or standard Brownian motion) ¢ (¢) that de-
pends continuously on ¢ € [0,7] and satisfies the above mentioned properties. For
computational purposes, it is useful to consider discretized Brownian motion, where
Y(t) is specified at discrete ¢ values, i.e. the interval [0,T] is divided into a segments
0=ty <t <..<ty_1 <ty =T. Wethus set At = T/N for some positive integer
N and let ¥(t;) with t; = iAt, ¥y = ¥(ty) = 0. The simulation of discretized Brownian
motion over [0, 7] is as follows: (1) Generate a new random number r from the standard
normal distribution; (2) set i to i+1; (3) set ¥(t;) = ¥(ti_1) + rV/At; (4) if i < N, iterate

from steps (1).

II.4.2 Stochastic resonance phenomenon

Stochastic resonance (SR) is a counter-intuitive phenomenon where the presence of
noise in a nonlinear system is essential for optimal system performance. It cannot occur

in a linear system (linear in this sense means that the output of the system is a linear
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transformation of the input of the system). It occurs in many systems including neurons
, electronic circuits and the energy harvesting systems. Many aspects have been hotly
debated by scientists for nearly 30 years, with one of the main questions being whether
biological neurons use stochastic resonance [162]. The term stochastic resonance was
tirst used in the context of noise enhanced signal processing in 1980 by Roberto Benzi
[162], at the NATO International School of Climatology to explain the periodicity of
earths ice ages. It is well known in the literature that, the eccentricity of the orbit of the
earth varies with a periodicity of about 10° years, but according to current theories the
variation is not strong enough to cause a dramatic climate change. Stochastic resonance
(SN) is a physical phenomenon where large vibration occurs when a weak sinusoidal
force is applied to a bi-stable or tri-stable system. The phenomenon of the stochastic
resonance requires three basic ingredients: (a) an energetic activation barrier such as the
double or triple potential well of a bi-stable system or tri-stable, (b) a weak coherent
input such as a periodic signal, and (c) a source of noise that is inherent to the system.
Given these features, the response of the system undergoes resonance-like behaviors as
a function of the noise level, hence the name stochastic resonance. There are a lot of tech-
nique to characterize the SN [163] such as Signal-to-noise ratio (SNR), Mean Residence

Time (TMR) and probability distribution of residence times (P(TR)).

I1.4.3 Mathematical formula for determining the mean amplitude re-

sponse in this thesis

Most studies of vibration energy harvesters have considered either sinusoidal exci-
tations and Gaussian white noise excitations. This is the case of the study conducted
in this thesis. Stochastic averaging method is mainly due to the reduction of dimen-
sions of the FPK equation while the essential behavior of the system is retained. It is
a convenient approximation approach to predict the stationary response of nonlinear
stochastic systems. For the stochastic system described by Eq.(127) the extrema of the

probability density function are the continuation of the limit cycles of the corresponding
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deterministic system [164]. Noise can shifts the frequency of limit cycles [165], increases
the spectral bandwidth and induce a rapid decay of the limit cycle’s auto-correlation
[166]; such quasi-cycles are described by circular orbits whose radius is modulated by
an Ornstein-Uhlenbeck process [167]. Stationary states could be viewed as a formal ap-
proximation of sample paths that stay close to the limit cycle.

In this subsection we discuss the impact of the combination of the deterministic
and random signal on the system performance. The determinist excitation is expressed
as (Ey cos(wT)). It is well known in the literature that the adding of the coherent signal
to the random excitation can give rise to the stochastic resonance phenomenon which
can increase the bandwidth of the harvester and consequently, improves the system
performance [168, 169]. Let us remind that the system of equation obtained in the second
model are nonlinear and should exhibit many frequency components. For the large

value of time(7 — c0), the asymptotic solution of Eq.127(a) can be given as follows:

< (1) o= Y 2 (iQ)cos [ — () (182)

where j is the positive real number, z,,(j2) and ,,(j€2) are the mean response am-
plitude and phase lag respectively at the frequency jQ2. In this manuscript, we limit
the study in the first harmonic i.e. j = 1. The mean amplitude response is defined as

[131, 168]:

Zm(w) = /A2 + A2 (183)

where A, and A, are the sine and cosine components of the Fourier coefficients de-

tined by:

A, = iT "L 1 (r)cos(wr)dr (184)
n
2 nT .

A, = T Jo x(r)sin(wr)dr (185)
n
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2m
where n is the integer number. In this work, n = 300, while T' = — is the period of

w
the harmonic excitation. In the purpose to know the degree of optimization of the hybrid
model with respect to the piezoelectric circuit, we compute the increase rate using this

formula:

OPmaz = Phybrid — Ppiezoelectric % 100[%] (186)

Ppiezoelectric

where prypria and Dpiczociectric are the output power harvested by the hybrid system

and piezoelectric circuit. In the simulation, we took 100 realizations.

I1.4.4 Bifurcation diagram, Poincaré maps, time history and power

spectral density

The definition of bifurcation diagram is based on the sudden change of topological prop-
erties of the phase portraits. Its indicates a range where values can be found to obtain
regular or chaotic behavior. An understanding of the way in which dynamical systems
evolve in time is facilitated by considering the concepts of phase space and time series.
These concepts were developed in the late 19th century by Ludwig Boltzmann, Henri
Poincaré and Willard Gibbs [170]. Phase portraits are basically used to appreciate the
shape of trajectories in the phase space on which the system evolves in time. They may
be sufficient to state whether the dynamic is regular or not. Nevertheless, they are not
practical when the phase space is of dimension greater than two. Moreover, we cannot
easily distinguish roughly between chaotic states and some quasi-periodic ones using
only phase portraits. The power spectral density is also useful here to determine, in
particular, the aspect of the energy in the case of regular periodic motion. A broad one

shows chaotic motion.
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I1.4.5 Bifurcation diagrams

A dynamical system, in the abstract sense, consists of two things: a set of states
through which we can describe the evolution of a system, and a rule for that evolu-
tion. Although this viewpoint is very general and may be applied to almost any system
that evolves with time, often the fruitful and conclusive results are achievable when we
pose some mathematical structure on the dynamical system, for example, we often as-
sume the set of states form a linear space with nice geometric properties and the rule
of evolution has some order of regularity on that space. The prominent examples of
such dynamical systems are amply found in physics, where we use differential equa-
tions to describe the physical variables change in time. In this note, we specially focus

on dynamical systems that can be represented as

= (), (187)

where x is the state, an element of the state space S C R", and f: S — R" is a vector field
on the state space. Occasionally, we will specify some regularity conditions for f like
being smooth or a few times differentiable. We also consider dynamical systems given

by the discrete— time map

Pt =Tt t e Z (188)

where x belongs to the state space S C R", T': S — S is the dynamic map and t is the
discrete time index. Just like the continuous-time system in (187), we may need to make
some extra assumptions on T. The discrete time representation of dynamical system does
not often show up in physical systems, but we can use it to represent continuous—time
systems, for example, through discrete-time sampling. This representation also has the
benefit of being more practical because the data collected from dynamical systems al-
most always comes in discrete—time samples.

Bifurcation analysis is the study of changes in the qualitative behavior of all the tra-
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jectories due to the changes in vector field f or the map T. For example, if we add some
forcing term to the vector field £, a stable fixed point might turn unstable or a limit cycle
might appear out of the blue. A physical example is the evolution of incompressible
flows given by Navier-Stokes equations: increasing the Reynolds number may funda-
mentally change the flow solution from steady to unsteady, or from laminar to turbulent.

Here is the traditional approach to study of dynamical systems: We first discover or
construct a mo del for the system in the form of (187) or (188). Sometimes, if we are
very lucky, we can come up with analytical (or approximate) solutions and use them
to analyze the dynamics, by which, we usually mean finding the attractors, invariant
manifolds, imminent bifurcations and so on. A lot of times, this is not possible and we
have to use various estimates or approximation techniques to evaluate the qualitative
behavior of the system, for example, construct Lyapunov functions to prove the stability
of a fixed point. But most of the times, if we want a quantitative analysis or prediction,
we have to employ numerical computation and then extract information by looking at a
collection of trajectories in the state space.

This approach has contributed the most to our knowledge of dynamical and physical
systems around us, but it is falling short in treating the high-dimensional systems that
have arisen in various areas of science and technology. A set of classic examples, which
regularly arises in physics, is the set of systems that are governed by partial differential
equations. In these systems, the state space is infinite-dimensional and the numerical
models that we use may have up to billions of degrees of freedom. Some examples
of more recent interest include climate system of the earth, smart cars and buildings,
power networks, and biological systems with interacting components like neural net-
works. The first problem with the traditional approach is that simulating the evolution
of trajectories for these systems is just devastating due to the large size of the problem.
Moreover, unlike the two- or three-dimensional system, the geometric objects in the
state space are difficult to realize and utilize. The second problem is the uncertainty in
the models or even the sheer lack of a model for simulation or analysis. As a result, the

field of dynamical analysis has started shifting toward a less model—based and more
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data-driven perspective.

I1.4.6 Poincaré maps

Poincaré map section is a tool for graphical study of dynamic properties in the phase
space. So we can analyze the dynamic systems by studying their section of punched.
Making a Poincaré map section amounts to cutting the trajectory in the phase space, in
order to study the intersections of this trajectory with, for example in dimension three,
a plane. If the plane is suitably chosen, the trajectory will cross in the same direction at
a sequence of instants not necessarily constant, at points p;. We will retain, in numerical
calculus that the coordinate points p, in the plan. We then go from a dynamic system
in continuous time to a dynamic system with discrete time. This makes it possible to
reduce the size of the system by one unit, which contributes to savings in computation

time. Thus, the Poincaré map section makes it possible to distinguish.

I1.4.7 Power Spectral Density

Spectral analysis considers the problem of determining the spectral content (i.e., the
distribution of power over frequency) of a time series from a finite set of measurements,
by means of either nonparametric or parametric techniques. The power spectral den-
sity is also useful here to determine, in particular, the aspect of the energy in the case
of regular periodic motion. Spectral analysis finds applications in many diverse fields.
In vibration monitoring, the spectral content of measured signals give information on
the wear and other characteristics of mechanical parts under study. In economics, me-
teorology, astronomy and several other fields, the spectral analysis may reveal hidden
periodicity in the studied data, which are to be associated with cyclic behavior or re-
curring processes. In speech analysis, spectral models of voice signals are useful in
better understanding the speech production process, and in addition can be used for
both speech synthesis (or compression) and speech recognition. In radar and sonar sys-

tems, the spectral contents of the received signals provide information on the location
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of the sources (or targets) situated in the field of view. In medicine, spectral analysis of
various signals measured from a patient, such as electrocardiogram (ECG) or electroen-
cephalogram (EEG) signals, can provide useful material for diagnosis. In seismology;,
the spectral analysis of the signals recorded prior to and during a seismic event (such as
a volcano eruption or an earthquake) gives useful information on the ground movement
associated with such events and may help in predicting them. Seismic spectral estima-

tion is also used to predict subsurface geologic structure in gas and oil exploration.

II.4.8 phase space and time series methods

An understanding of the way in which dynamical systems evolve in time is facili-
tated by considering the concepts of phase space and time series. These concepts were
developed in the late 19th century by Ludwig Boltzmann, Henri Poincaré and Willard
Gibbs [170]. Phase space is a very efficient tool in the study of dynamical systems in
the sense that it presents the global behavior of these systems. Although time history
hardly reveals any qualitative features of the system dynamics, it provides a foundation
for the study of the qualitative behavior of the dynamics of the systems. The phase space
method is a technique for constructing and analyzing solutions of dynamical systems by
solving time-dependent differential equations. It is a space in which all possible state
of the system are represented, corresponding to one unique point in the phase space.
The method consists of first rewriting the equations as a system of differential equa-
tions that are first-order in time, by introducing additional variables. The original and
the new variables form a vector in the phase space. The solution then becomes a curve
in the phase space, parameterized by time. The curve is usually called a trajectory or
an orbit where the horizontal axis gives the position and the vertical one the velocity.
This phase-space trajectory of a dynamical system can be used as an indicator to deter-
mine whether its motion is chaotic. Beside, a time series is a sequence of data points,
measured typically at successive points in time spaced at uniform time intervals. Time

series are very frequently plotted via line charts. The horizontal axis presents the time
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while the vertical one is the position.

When we consider the possible forms trajectories can take in a two-dimensional
phase space, we see that they are very limited: we can have fixed points, curves that
end at or spiral toward or away from fixed points (without crossing each other), per-
haps closed loops (which describe periodic orbits), or simply families of curves that
neither terminate nor cross. Under suitable conditions these lead to an extremely strong
dependence on initial conditions and the resulting chaotic motion is called deterministic

chaos.

I11.4.9 The 0-1 test for chaos

Recently a new test for chaos has been developed by Gottwatd and Melbourne [171].
It is used in this work to corroborate the result given by the bifurcation diagram. Unlike
the usual method that is the calculi of the maximum exponent of Lyapunov, this method
is applied directly to the data series and there is no construction of the phase space. Most
often, the dimension at the origin of the dynamic system and the form of the equations
intervening in it are not important. In input, we have the series of the data and in exit
we have 0 and 1, depending on the case of the non-chaotic or chaotic dynamics respec-
tively. The 0-1 test is also applicable to graphs, ordinary equations, partial differential
equations. This test is general and applicable to all systems.
To quantify the results obtained, we use the 0 — 1 test for chaos detection [171,
172]. This test combines both spectral and statistical properties of the system and can
distinguish different types of dynamics of the system by computing a number K &<

{0, 1}. First of all, a change coordinates (x, ) to a new set (p, ¢1) is required

p(n) =" ijcos(je), qi(n) =Y &;sin(jc) (189)
j=1 j=1
where T = [Ty, %9, T3, T4, ....] is the discrete time series sampled from the originally

simulated x using one-fourth of excitation period, while c is a constant (¢ € [0, 7]). The

Mean Square Displacement (MSD) is defined as in ref.[173, 174]:
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, 1 L 4 L ,
MSD(e,j) = -— X {Ipi+3) = p@) + a0 +) — (@)} (190)
where j is the integer number varying as follows:

n i n
— <Jj< —
100 10

Thus, the asymptotic growth rate of MSD is given as:

Cov[j, MSD(c,j)]
V/Cov[j,4].Cov [MSD(c,j), MSD(c, j)]

K(c) = (191)

where Cov (z,u) is the covariance of the series x, u. In this thesis, we let (z = j and

u = MSD(c,j)). The covariance of x, u is defined as:

1 N
cov [ou] = 5 3 (aln) = )(u() 1) (192)
where 7 and u are the average value of x and u, N is the element number of 7 and u are

given by:

> alu). = 1 3 uln) (199

n=1 n

I1.5 Discrete schematic of the different models

I.5.1 Investigating Bifurcations and Chaos in Nonlinear electrome-

chanical energy harvesters with fractional inductance

The numerical schematic of the first model use the Runge-Kutta algorithm. By letting
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U= —pu — pzud — ox — A\ + 9, (1 4 7 cos(2wT) )v + Eg cos(wT)

(194)
z=v
. 1
U= —B(U + ptez + U (1 4 v cos(2wT) )u).
The discrete equations can be written as:
1
Tyl = T + 6([1 -+ 2[2 -+ 2[3 + l4)
1
U1 = Ug + 6(]?1 + 2p2 + 2p3 + pa)
(195)
1
Zk+1 = Rk + 6(]%‘1 -+ 2]{72 + 2]€3 -+ k4>

1
Vg1 = Uk + 6(7“1 + 219 + 215 + 14).

II.5.2 Discrete schematic of the nonlinear analysis of a Nonlinear elec-

tromechanical energy harvesters with fractional

In the goal to provide the discrete schematic of Eq.(84), it is necessary to decompose the

system (Eq.(84)) into a set of equations of lower degree:
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Dlz(1) = = By(1) — pez(T) — Ve(1 + 7y cos(2wT) )u(T)).
(196)

The Newton-Leipnikov methods are an important family of implicit and explicit it-
erative methods for the approximation of solution of (FO). From Eq.(84), the discrete

equations are given by

z(k) = x(ty-1) +u(tp-1)h (197)
Ylti) = [2(tis + 3 ()i (198)

u(ty) = [—pute—1) — ppult—1)? — 0x(tp—1) — Ar(tp—1)?®

(199)

+0 (1 4+ yeos(2w(ty—1)))z(tk) + Eocos(w(tr—1))]h + u(tp—1)

2(ty) = 2(tio1) + (—By(teer) — pez(tio1) — V(1 + vcos(2w(ty_1))))h (200)

where h is the integration step and the coefficients ¢;(® satisfy the following recursive

relations:
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1
Co(a) _ LCj(oc) — (1 — —; ) Cj—l(a)' (201)

I1.5.3 Discrete schematic of the probabilistic distribution and stochas-
tic P-bifurcation of a hybrid energy harvester under Gaussian
white noise

We also use in this model, the Euler algorithm. By introducing the new variable ¢ = u,
Eq.(127), the general form of nonlinear stochastic differential equations can be rewritten

in the form

w=—Cu— Gu® —wiz — az® — a32® — (Y — Cup + V2DE(T)

(202)
y=—\y+,u
p=—Pp+Jeu.
The discrete equations can be written as:
Znal = Zn + U AT
Un1 = Un = (Gt + (U + Wiz + a2y + azzy + (Y + Cupn) AT + u(T),
(203)

Yn+1l = Yn T+ (_)‘yn + ﬁpun>A7—a

Pn+1 = Pn T+ <_5pn + ﬁeun)Aﬂ

where ¢, is a sequence of random numbers distributed normally by the Box-Mueller
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algorithm.

I[1.6 Conclusion

In this chapter we have presented different mathematical techniques and numeri-
cal methods used to study the dynamic behavior of the Energy harvesters model pro-
posed in this thesis. We have presented some analytical and numerical methods used.
These methods are used to obtain the results presented in chapter III. we used the har-
monic balance method to approximate the analytical amplitude response of the frac-
tional model. Besides, the stochastic average method is used to build the Fokker-Planck-
Kolmogorov equation which is necessary to study the P-bifurcation phenomenon in the
hybrid model under white noise. For the numerical simulations, RK4 algorithm has
been described in the case of harmonic perturbations whereas the Euler forward pro-
cedure with Box-Muller algorithm was used in that of the stochastic disturbances. The

next chapter deals with the results and discussions.
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CHAPTER III

RESULTS AND DISCUSSION

II1.1 Introduction

In this chapter, we present and discuss the main results of our work using numer-
ical simulations. The first part examines the impact of the fractional inductance, the
non-linear damping as well as the amplitude of the parametric coupling on the output
power. Then, we deals with the effect of external white noise excitation on the non-
linear dynamics of the system through the mean square response. A second section is
dedicated to the study of stochastic bifurcation under Gaussian white noise through the
hybrid model, a comparison of the different output power generate by the system is
presented. Finally, we study the phenomenon of stochastic p-bifurcation and stochastic

resonance.

ITII.2 Nonlinear Electromechanical Energy Harvesters with

Fractional Inductance

III.2.1 Potential configuration

This potential V' (z) depends on the values of the parameters i3 and 0. We can have
a mono-stable or a bistable configuration according to the system parameters. Fig.33
shows the potential of the mechanical part under two configuration: mono-stable and
bistable for two values of linear coefficient of the stiffness. In the following, we discussed

the system performance under these two configurations.
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Figure 33: Potential of the system (84) for A = 0.1, the dot line obtained for o = 1.0 and
solid line for o = —1.0.

II1.2.2 Amplitudes of the harmonic oscillatory states

We must recall that the analytical analysis of the amplitude of harmonic oscillatory
states is described by Eqgs.(106) and (107). Our aim is to analyse the effects of the higher
nonlinearity and fractional properties on the dynamics response of the electromechani-
cal energy harvesters.

Figs.34(a) and (c) show the comparison between the results obtained from analyti-
cal and numerical investigations. From these figures we notice the agreement between
the two results. The effects of the fractional derivative x on the amplitude are depicted
in Figs.34(b) and 34(d). We notice that, the amplitude of the mechanical vibration are
almost unchanged when « increases (see Fig.34(b)). However, in Fig.34(d), we observe
that, the enhancing of the fractional order derivative leads to increase the output power
change. We displayed on Figs.35(a)-(d), the mechanical and electrical response versus
frequency w. In Figs.35(a) and 35(c), the impact of the amplitude of the parametric cou-
pling is presented. We notice in Fig.35(a) that when 7 increases, the the response of

mechanical part is not change. However, in Fig.35(c), an increase of v leads to enhance
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Figure 34: Amplitudes response-curves of the driving frequency w and Ey, = 0.5, k =
0.25 with the parameters A = 0.1, y; = 0.1, p3 = 0.018, v = 0.5, ¥,,, = 0.76, ¥, = 0.0056,
e = 0.96 and o = 1.0.
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the output charge, and consequently, an enhancing of the output power. Figs.35(c) and
35(d) show the impact of the linear (;; # 0, u3 = 0), cubic (u3 # 0,1 = 0) and poly-
nomial damping (41 # 0, u3 # 0) upon the electrical response. It emerges from these
results that, the cubic and polynomial damping induced a reducing of harvested en-
ergy. Fig.36 show the impact of x, 7, A and damping upon the output power. We notice
in Figs.36(a)-(b) that, when « and v increase, the output power increases. Similar result
is observed in Fig.36(c). When the coefficient of the cubic nonlinearly increases. How-
ever, in Fig.36(d), an increase of the degree of the damping gives rise to the small output
power.

We show in Fig.37, the comparison between the mechanical and electrical power for
three value of . We notice in Figs.37(a-c) that for a fixed value of the v, the resonance
occurs for the same value of the frequency. For v = 0.9, the real maximum electric power
is obtained at w = 1.17Hz and is about 2.7mW, for the corresponding input power(the
mechanical power) equal to 0.197. We show in Fig.37(d) the efficiency conversion of
the system. We notice that an increase of the y leads to the increase of efficiency. We also
notice in this figure that the efficiency is optimum when the resonance phenomenon
occurs (w = 1.17H z), this give rise to the maximum charge and output power (Figs.37(a)
and (c)).

Several works have been published in the field of energy harvesting using electrome-
chanical system. However, several authors have been used the standards materials
[176, 177] and other, the materials exhibiting the fractional properties. In contrarily in
the previous works [178, 115], a novelty of this present work is the introduction of the
fractional inductor in the electrical subsystem. Kwuimi et al.[115] have been showed
that for some value of amplitude of the excitation force, the voltage present the antag-
onistic phenomenon ie an increase of fractional order derivative leading to increase or
decrease the output voltage. In addition, Oumbé et al.[178] have been showed that,
Energy harvesting system with fractional order viscoelastic properties has better perfor-
mance at resonance. Indeed, small value of fractional derivative leads to large value of

the maximum output voltage. On major observation in our study reveal that, the system
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Figure 35: Amplitudes response-curves of the driving frequency w and Ey, = 0.5, k =
0.25 with the parameters A = 0.1, y; = 0.1, p3 = 0.018, v = 0.5, ¥,,, = 0.76, ¥, = 0.0056,
e = 0.96 and o = 1.0.
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Figure 36: Output electric power as function of the driving frequency with the param-
eters \ = 0.1, 4y = 0.1, ug = 0.018, v = 0.5, ¥J,,, = 0.76, ¥, = 0.0056, o = 0.96, 0 = 1,
Ey=0.5and k = 0.25.
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Figure 37: Effects on the amplitude of parametric coupling v on the amplitude response
curve B and output power with the parameters A = 0.1, 1y = 0.1, p3 = 0.018, 9,,, = 0.76,
U = 0.0056, pte = 0.96, o = 1, By = 0.5 and x = 1.0. (a) amplitude response B, (b)
mechanical input, (c) output electric power and (d) efficiency.
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performance is optimum for the high value of the fractional order derivative (see Fig.36).
However, for x € |0, 1], while the output power increase when x go up, the standards
inductor (k = 1) is better than the inductor exhibiting the fractional properties. It would
be advantageous in this research field, to use a standard inductance. The performance of
the system depends on the degree of nonlinear damping. In addition, the steady-state
solution under the same conditions except 113 = 0 (i.e., no nonlinear damping) is also
plotted in Fig.35. We notice that, the existence of non-negligible nonlinear damping has
a strong impact on the frequency response of the system, specifically on the locations
of the jump points. In particular, for the polynomial damping only the cubic term pro-
vides power harvested while the linear term is considered as a loss. When a polynomial
damping is taken into account only, the cubic term is considered as power harvested. As
shown in Figure 36(d), the polynomial damping allows us to store less energy than the
linear and the cubic damping. This is due to the fact that the linear term is loss power.
The effects of the amplitude of the parametric modulation are found in the response
curves and output power. The amplitude of the parametric coupling can contribute to
increase the harvested output voltage. The performance of the system depends also on

the degree of nonlinearity of the potential and the electrical dissipation.

III.2.3 Numerical simulation of bifurcation diagram, 0—1 test, Poincaré

maps, Times History and Power Spectral Density

This section discusses numerical simulations of an incommensurate fractional-order sys-
tem. The dynamic behaviors of the system, are analyzed by evaluating the phase por-
trait, bifurcation diagrams, power spectral density and 0 — 1 test.

The main purpose of this section is to show the qualitative behavior of the solution
of the extended electromechanical model. The system generates a complex behavior that
directly depends on the amplitude and frequency of the modulated force. We now use
the numerical simulations for examining the complicated behavior of Eq.(84). The ini-

tial conditions used in the numerical simulation are ((z(0) = 1.0, 4(0) = 0.0, z2(0) = 0.0).
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Figure 38: Bifurcation diagram (a)-(b) and asymptotic growth rate £, (c) curves for sys-
tem (84) for E, varying with the parameters A = 0.1, 1y = 0.1, 3 = 0.018, v = 0.5,
U = 0.76, ¥, = 0.0056, pre = 0.96, w = 1.0, o = —1.0 and x = 1.0.
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Figure 39: Phase portrait and times history of the bistable mechanical system for x = 1;
(a-b)Ey = 0.0911; (c-d)Ey = 0.83; (e-f)Ey = 0.92. The parameters used are : A = 0.1,
1= 0.1, g = 0.018, v = 0.5, ¥,, = 0.76, 9, = 0.0056, po = 0.96, o = —1.0 and w = 1.0.
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Figure 40: Phase portraits of the mechanical part for crossing well dynamics as function
of Ey for k = 1 and the value of Fig.38: (a)E, = 0.09, (b)Ey = 0.8, (c)Ey = 0.9, (d)Ey =
0.96, with the parameters A = 0.1, ;i3 = 0.1, ug = 0.018, v = 0.5, ¥,,, = 0.76, ¥. = 0.0056,
te =0.96, w =1.0, o = —1.0and x = 1.0.
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The fourth-order Runge-Kutta algorithm is used to check the threshold of harmonic ex-
citation amplitude for onset of possible chaos obtained for system (84). Fig.38 shows a
representative bifurcation diagram and the variation of the corresponding 0 — 1 test ver-
sus the amplitude E,, of mechanical part. A bifurcation diagram is displayed in Fig.38(a),
showing the dependence of the system response when £, increases. We observe in this
figure the regions corresponding to regular motion (E, € [0,0.78]), the region corre-
sponding to period-3 orbit ( £y, € [0.8,0.88]) and regions corresponding to the chaotic
states (Ey € [0.78,0799] U [0.88, 1]). In the goal to validate the result obtained in Fig.38(a),
the 0-1 text is provided (Fig.38(b)). The result obtained (Fig.38(b)) confirms this obtained
via the bifurcation diagram (Fig.38(a)).

The results are presented on the portraits and times series, which are generated by
sampling the system stroscopically with a fixed period as mentioned before. The por-
traits for different values of parameter F are shown in figure 39. It is seen from these
tigures that the motion of the system is periodic when E, = 0.0911 and chaotic when
Ey = 0.92. Explicitly it may be seen from figure 39 that, (1) when E; = 0.0911, the por-
trait is closed curved and as shown in figure 38(a), the systems motion is quasi-periodic.
(2) when E, = 0.83, the portrait is still a closed curve, but the curve has a double well,
and as shown in figure 38(a), the system shows a two-frequency quasi-periodic motion.
(3) when E0 = 0.92, relative to figure 38(a), the portrait is a strange attractor, and chaotic
motion takes place in the system.

The phase portrait provided in Fig.40, allow us to know the different regimes in
which the system involves. We observe a diffusive (Figs.40(c)- 40(d)) and bounded dy-
namic (Figs.40(a)-(b)) of the p(n) and ¢; (n) in the phase space (p, ¢1). Let us notice that, a
diffuse dynamic of p(n) and ¢, (n) corresponds to the chaotic motion, which increases the
bandwidth of oscillator there by allowing to enhance to output power. However, when
the dynamic of p(n) and ¢;(n) is bounded in the phase space, the motion is regular. In
such condition, the energy storage by the mechanical oscillator is concentrated within
its harmonic or super-harmonic.

We provide in Fig.41-43, the poincaré map, the time series and its corresponding
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power spectral density (PSD). We notice in Figs.41(a) and 41(c) that the regular mo-
tion. These result are confirmed in Figs.41(b) and 41(d) by plotting PSD. Only one peak
located to the dimensionless frequency (f,i. = 0.16) is observed for the mechanical sub-
system. However, in Fig.41(d) three peaks are observed. In Figs.42(a) and 42(c), the
motion of the system is quasi-period characterized by three harmonics. The agreement
between these results and those obtained in Fig.42(b) is observed. Fig.42(d) shows tree
peaks. In this condition, the energy harvested by the system is high than obtained when
the dynamic of the system is periodic. In Figs.43(b) and 43(d), the system exhibits the
chaotic motion giving rise to the large bandwidth of the frequency allowing to harvest
more energy. These latters results are confirmed in Figs.43(b) and 43(d) which present

many harmonics.

III.2.4 Numerical simulation of the system Performance under the Gaus-

sian white Noise

The harmonic excitation is used in the previous section to investigate the system re-
sponse. However, in the real environment, wave oscillations, atmospheric turbulence
and seismic shocks, the vibration source are not harmonic but exists under a random
form ref[179, 180, 182]. Thus we replace in the previous section, the harmonic excitation

by a Gaussian white noise verifying the statistic properties:

<E(T)E(t+ 1) >=2D4(T),
(204)
<&(r) >=0,
where 2D is the intensity of noise and (), the Dirac function. The impact of fractional
order derivative x and v upon the output power expressed in terms of mean square
voltage (2?) and mean displacement is presented in Figs.44(a)-(d). Let us notice that in
Figs.44(a)-(b), when z ~ 0, the system oscillates by hopping symmetrically through the

potential barrier. However, z ~ 1 indicates that the oscillating system is strapped in
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Figure 41: Poincaré maps, time history and power spectral density from system (84) for
k = 1 and E;, = 0.0911 with the parameters: A = 0.1, u; = 0.1, u3 = 0.018, v = 0.5,
Uy, = 0.76, ¥, = 0.0056, e = 0.96, 0 = —1.0 and w = 1.0.
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Figure 42: Poincaré maps, time history and power spectral density from system (84) for
k = 1 and E, = 0.8284 with the parameters: A = 0.1, u; = 0.1, u3 = 0.018, v = 0.5,
Uy, = 0.76, ¥, = 0.0056, e = 0.96, 0 = —1.0 and w = 1.0.
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Figure 43: Poincaré maps, time history and power spectral density from system (84) for
k = 1 and E;, = 0.9318 with the parameters: A = 0.1, u; = 0.1, u3 = 0.018, v = 0.5,
Uy, = 0.76, ¥, = 0.0056, e = 0.96, 0 = —1.0 and w = 1.0.
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one of the potential wells. Figs.44(c)-(d), the output power versus noise intensity for
three values of fractional order derivative x and amplitude of the parametric coupling
7. Because of the increased values of mean square current there will be enhancement of
the energy harvested. The value of the noise intensity at which the mean square current
begins to increase rapidly can be adjusted by varying the parameters « and 7. Or for
a given noise intensity the parameters x and 7 can be suitably found to maximize the

value of the harvested power.

0 0.2 0.4 0.6 0.8

<22>
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Figure 44: Means square of the system with the parameters A = 0.1, ;1 = 0.1, 3 =
0.018,4,, = 0.76, ¥, = 0.0056, . = 0.96, o = —1.0 and w = 1.0.
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II1.2.5 Discussion

The harmonic balance method (HBM) is the one of the best approximative analytical
method of the coupled dynamical system. It is advantageous for providing an efficient
analytical framework to assess steady-state dynamics. The inconvenient is inherent in
the assumption that the system response is the superposition of a number of harmonics,
and therefore the fidelity of the method is limited to the size of the truncated series. The
nonlinear damping enhances the bandwidth of the harvester by reducing the maximal
amplitude of the vibration.

The conventional models used to describe the flux linking the coil and self induc-
tance fails in accurately describing the real behaviour of such circuits. The conventional
model consisting of an inductor, an iron loss resistor and a copper resistor only provides
a satisfactory description of coils with small eddy-current and hysteresis losses. Coils
with significant losses are better described by the fractional model [15]. Currently, a
great deal of research has been reported on fractional order inductance and its applica-
tions.

The utilization of the inductance exhibiting fractional properties in the energy scav-
enging research field is a promising solution to optimize the harvested energy [115].
For the best choice of the self inductance, the energy harvested by the system can be
improved.

In contrast to the usual technique of evaluating the Maximum Lyapunov Exponent
that requires phase-space reconstruction, the 0 — 1 test is a method is applied directly to
the times series data. The input is the time series data and the output is 0 or 1 depending
on whether the dynamics is regular or chaotic.

The numerical simulation showed that the dynamical system behavior can be peri-
odic and chaotic according to the value of external loading. In the chaotic regime, the

vibration amplitude is large than this observed in regular.
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ITII.3 Numerical simulation of the probabilistic distribu-
tion and stochastic P-bifurcation of a hybrid energy

harvester with Gaussian white noise excitation

III.3.1 Potential configuration and bifurcation diagram

As we said above, the phenomenon of the stochastic resonance requires three basic in-
gredients among which an energetic activation barrier such as the double potential well
of a bi-stable system. We can have a mono-stable or a bistable configuration according
the sign of the nonlinear cubic term, the potential energy presents two configurations:

monostable and bistable several patterns of potential are shown in Fig.45.
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Figure 45: One-dimensional potential governed by Eq.(129) with parameters w; = 1,
ay = 0.72 and metastable potentials a3 = 0.13, symmetric bistable potentials o3 = 0.115
and asymmetric bistable potentials a3 = 0.097.

Here, following [181], activation energy may be denoted as the minimum energy

necessary for a specific event to occur (for example for switching between two station-
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ary states or limit cycle oscillation (LCO). The activation energy can be pictured as an
energy hill that must be overcome in order to get to the valley of stability on the other
side. Fig.46 represents the effective potential under varying, the amplitude of mechani-
cal subsystem for three values of noise intensity D. It shows a single-well potential with
an unstable equilibrium point (a,) and a stable point (a3). When the system is trapped
in the unstable equilibrium point, the effective potential U(a) moves from the left to the
right and vice-versa depending on the initial condition. We also observe that when the
intensity of Gaussian white noise D increases, the depth or the height of the barrier AU
decreases. For a suitable choice of system parameters, the probability density function
of the harvester can present one or two positive extrema(one minimum and one maxi-
mum).

Limit cycle oscillations (LCO) of an energy harvester was exploited for enhancing
piezoelectric power generation. The extremely large amplitudes characteristic of these
LCO was recorded as greatly increasing the efficacy of piezoelectric transduction. The
LCO mechanism leads to both stable and unstable states that might be useful in a piezo-
electric system designed for energy harvesting, so that large-amplitude response can be
obtained. Stable LCO of acceptable amplitude in nonlinear piezoelectric systems can
provide an important source of persistent electrical power. The goal is then to lower the
threshold condition leading to LCO, and giving the condition for living a less desirable

LCO for a more one.

1 —K 192DCwi + K2
By taking (3 > 0, the positive root of Eq.(172) is \/— 0tV G + K , and

12 Cawg
then the probability density function in £¢.(163) has a maximum (Fig.47(b)). However,

by taking (3 < 0, there are two real positive roots of Eq.(172) for a convenient choice
1 — Koy ++/192D(wi + K2 nd 1 Ko+ /192DGuwi + K2

192 Cawd 12 Cwi
whose the shape is similar to a crater, and then the probability density function P(a) pre-

of system parameters: \/

sented in Fig.47(b) has one maximum and one minimum respectively. Thus, a transition
from a craterlike distribution to the unimodal distribution observed in Fig.47(b) can be

defined as a type of P-bifurcation.
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Figure 46: Effective potential U(a) versus amplitude a for various values of noise inten-
sity
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Figure 47: (a)Bifurcation diagram of Eq.(172) in the parameter plane (us3, 1t1), (b) Station-
ary probability density of amplitude for three value of (3. The other parameters used
are given as: (; = 0.25, a; = 0.72, a3 = 0.97, (. = 0.84, A = 2.0, (;, = 0.057, ¥, = 0.38,
B =2.05wy= 10,9, =0.05and D = 0.4.
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Figure 48: (a) Amplitude response of mechanical subsystem versus ¢; for D=0.4 , (b)
Amplitude response of mechanical subsystem versus D for (5 = —0.064. The parameters
are the same as those in Fig.47.
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Figure 49: Amplitude response of mechanical subsystem versus noise intensity D for
various (a) electro-magnetic coupling coefficient ¥,, (b) impedance A. The parameters
are the same as those in Fig.47.
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We plotted in figure(47(a)), the bifurcation diagram of Fq.(172), for a fixed value
of the noise intensity D. However, in region I, two positive roots are observed and give
rise to the craterlike distribution. In region II, we have only one positive root, the distri-
bution is unimodal.

Fig.48(a)-(b) show the amplitudes of the mechanical subsystem, when varying the
noise intensity and for three fixed values of ¢; and (3. In Fig.48(a), we observe that,
an increase of (3 lead to decrease the maximum amplitude. However, an opposite phe-
nomenon is observed in Fig.48(b) when (; increase: an increase of (; leads to increase the

maximum amplitude. In Figure 49, a similar behavior to that of figure 48(a) is observed.

III.3.2 Numerical simulation of the probability density of the system

With the goal to verify the efficiency of the analytical technique used, the numerical
simulation of the system Eq.(127) is made.

In this heading, we numerically and analytically plotted in Fig.50, the probabil-
ity density of mechanical subsystem for two values of noise intensity D and electrical
impedance A\. We notice in Figs.50(a) and (b) that, when D increase, the peak of the prob-
ability density function decreases. However, when the electrical impedance ) increases,
the peak of probability density increases by shifting towards the weak amplitude val-
ues of (Figs.50(c-d)). Within this framework, when the probability density reaches his
maximum for a fixed value of electrical impedance coefficient, the amplitude a and the
accumulated energies of the ambient energy collector are higher than those received in
any oscillation. The agreement between the numerical and analytical simulation justifies
the efficiency of the analytical technique used.

In Figs.51(a) and (b), we studied the impact of a linear and nonlinear damping
coefficient ¢; and (3 on probability density function P(a). One can observe in Fig.51(a)
that, the probability distribution has only one maximum situated in the vicinity of zero
for the high value of (;. In Fig.51(b), one interesting phenomenon is observed when

we enhance (3. A transition from a craterlike distribution to an unimodal distribution
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Figure 50: Stationary probability density of mechanical subsystem for different values

of electrical impedance ). The other parameters used are given as : (; = 0.25, (5 = 0.064,

a; = 0.72, a5 = 0.97, (. = 0.84, (,, = 0.057, ¥, = 0.38, B = 2.05, wy = 1.0, ¥. = 0.05. The
dz(0)

initial conditions: (z(0), 7,3/(0),/)(0)) =(0,0,0,0).
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Figure 51: Stationary probability density function of mechanical system: (a) for different
values of linear damping with (3 = 0.064, (b) for different values of nonlinear damping
with ¢; = 0.25. The other parameters used are given as : a; = 0.72, a3 = 0.97, . = 0.84,
A =20, ¢, =0.0579,=0.38, =205 w =1.0,9. =0.05and D = 0.4.
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Figure 52: Stationary probability density function of mechanical system: (a) for different
values of noise intensity D with A = 2.0, (b) for different values of impedance A\ with
D = 0.4. The other parameters used are given as : (; = 0.25, (3 = —0.064, a; = 0.72,
asz = 0.97, (. = 0.84, ¢, = 0.057, 9, = 0.38, B = 2.05, wy = 1.0, ¥, = 0.05.
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Figure 53: Stationary probability density of the system in 3D representation for: (a) D =
0.09; (b) D= 0.2; (c) D= 0.4; (d) D=0.6. The other parameters used are given as : (; = 0.25,
(3 = —0.064, oy = 0.72, a3 = 0.97, (. = 0.84, ¢, = 0.057, 9, = 0.38, B = 2.05, wy = 1.0,
¥, = 0.05 and \ = 2.0.
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Figure 54: Stationary probability density of the system in 3D representation for: (a)
Y. = 0.01; (b) J. = 0.05; (c) ¥. = 0.1; (d) ¥, = 0.15. The other parameters used are given
as: (3 = 0.25, (3 = —0.064, oy = 0.72, a3 = 0.97, . = 0.84, ¢, = 0.057, B = 2.05, wy = 1.0,
¥, = 0.38, A = 2.0 and D=0.4.
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Figure 55: Stationary probability density of the system in 3D representation for: (a)
v, = 0.05; (b) ¥, = 0.18; (c) ¥, = 0.38; (d) ¥, = 0.5. The other parameters used are given
as: (1 = 0.25, (3 = —0.064, a; = 0.72, az = 0.97, C, = 0.84, (= 0.057, B = 2.05, wp = 1.0,
Y. = 0.05, \ = 2.0 and D=0.4.

occurs. We also observe in these figure (Fig.51(b)) that, the increasing of (3 leads to the
enhancement of the probability density function by shifting its maximum towards small
amplitude values. This means that the system energy could be optimized for the small
values of linear and non- linear damping coefficient. In Figs.52(a) and (b), we studied
the impact of a noise intensity D and impedance A on probability density function P(a)
for (5 < 0. One can observed in Fig.52(a) that, the amplitude distribution has only one
minimum situated in the vicinity of zero for the high value of D. However, beyond
the peak, the probability density function decreases when D increases. In Fig.52(b),
an enhancement of impedance ) leads to decrease, the maximum value of peak and
increases its maximum.

The joint stationary probability density (normalized p(z, #)) of the mass displace-
ment and velocity amplitudes of Eq.(164) are shown in Figs.53-(55). In Figs.53(a)-(b),
the unimodal distribution is observed. However, in Figs.53(c)-(d), the craterlike distri-
bution characterized by one maximum and one minimum is observed. From Figs.54

and 55, the influences of the coupling parameters on the the joint stationary probability
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density have been investigated. The joint stationary probability density decreases as the
values of ¥, increases as shown in Fig. 54 and and electro-magnetic coupling coefficient
Up(see figure 55). As we have seen in this study, noise can stabilize unstable equilibria
and shift bifurcations, i.e., the parameter value at which the dynamics changes qualita-
tively. Noise can also lead to transitions between coexisting deterministic stable states or
attractors such as in birhythmic or bistable system. Fokker-Planck equation allows the
analytic derivation of activation energies associated to the switching between different

attractors.

II.3.3 Mean Square Current and voltage

In this section, we use equations Eq.(165)- Eq.(168) giving respectively the expressions
of the mean square values of the voltage for the piezoelectric circuit < y* > and mean
square values of the instantaneous electrical current for the magnetic circuit < p* >. We
provided in Figs.56(a)-(b), the mean square values of the instantaneous electrical current
for the magnetic circuit < p* > and mean square voltage versus coupling coefficient of
the piezoelectric circuit 9, and the magnetic circuit 1J. for three values of the noise inten-
sity. In Fig.56(a), we observed that, the output power in terms of mean square voltage
increases when the noise intensity increases. Similar result is observed in Fig.56(b) when
the noise intensity increase. We plotted in Figs.57(a)-(b),the output power versus D for
three values of the . and ¥,. We notice in these figures that, an increase of 9. and 9,
leads to increase of the output power.

Fig.58 demonstrates the mean square electric current < p? > and mean square
(PE) voltage < y* > as function of noise intensity D for different system parameters. As
the noise intensity D increases, the mean square electric current < p* > and mean square
voltage < y* > increases monotonously. In Figs.58(a-b), the mean square electric current
< p* > and mean square (PE) voltage < y* > decreases with increases of damping
coefficient (3. The mean square electric current < p? > decrease as the values of j3

increases as shown in Fig.58(c). Finally, The mean square voltage < y* > decrease as the
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values of ) increases as shown in Fig.58(d).

Fig.59 demonstrates the total mean output power of hybrid energy harvester
Phyiria as function of noise intensity D for two coupling parameters. As the noise in-
tensity D increases, the total mean output power of hybrid energy harvester increases
monotonously. In Figs.59(a)-(b), the total mean output power harvested by the hybrid
system increases with increases of coupling coefficient ¥, and ¥J,. In Figs. 60(a-b), we
observes the similar results. the total mean output power of hybrid energy harvester
Phyiria as function of coupling parameters. the mean output power of hybrid increases
with increases of noise intensity D.

The mean square values of the current and the voltage in the piezoelectric layers
are calculated from the PDFs and are shown respectively in Figs.(56)-(57) as a function
of white noise intensity . It is seen from the figures that the mean square value of the
current and voltage with an increase in the excitation intensity. It has been shown that
this increase depends on large limit cycle oscillations (LCO) and bimodality of the PDF.
Large limit cycle oscillations (LCO) can be used for energy harvesting [183], by provid-
ing an important source of persistent electrical power [184]. Some authors have demon-
strated the advantage of energy harvesting from LCO on high-energy orbits [185]. Be-
cause of the increased values of mean square voltage there will be enhancement of the
energy harvested. The value of the noise intensity at which the mean square voltage
begins to increase rapidly can be adjusted by varying the parameters ¥, and ¥,. Or for
a given noise intensity the parameters 9J. and ¥, can be suitably found to maximize the

voltage mean square value in the piezoelectric layers.

II1.3.4 Stochastic Resonance

In the above study we have pointed out that the energy harvesting system is a bistable
system driven by a harvestable noise source. In addition, for an energy harvesting sys-
tem located in certain zone such as the industrial zones where large rotating machines

are observed as well as large cars entering and leaving the factory, the energy harvester
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Figure 56: (a) Evolution of mean square current of magnetic circuit versus ¥, for ¥, =
0.38; (b) Evolution of mean square voltage of piezoelectric circuit versus v, for J. = 0.05.
The other parameters are given as: (; = 0.25, (3 = 0.064, a; = 0.72, a3 = 0.115, {, = 0.84,
Gm = 0.057, B =2.05, wp = 1.0 and X\ = 2.0.
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Figure 57: (a) Evolution of mean square current of magnetic circuit versus noise intensity
D for 9, = 0.38; (b) Evolution of mean square voltage of piezoelectric circuit versus noise
intensity D for ¥, = 0.05. The other parameters used are given as: (; = 0.25, (3 = 0.064,
ap =0.72, a3 = 0.115, (. = 0.84, ¢, = 0.057, = 2.05, wy = 1.0 and A = 2.0.
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Figure 58: The mean square value < p® > of the electric current and mean square value
< y* > of the voltage versus noise intensity D for various (a)-(b) nonlinear damping
coefficient (3, (c) resistance and inductance ratio 3, (d) impedance of the (PE) system .
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Figure 59: Output power harvested by the hybrid system as function of the driving noise
intensity with the parameters (; = 0.25, (3 = 0.064, oy = 0.72, a3 = 0.115, (. = 0.84,
(= 0.057, B = 2.05, wo = 1.0 and \ = 2.0.
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Figure 60: (a) Evolution of output power harvested by the hybrid system versus ¥, for
v, = 0.38; (b) Evolution of output power harvested by the hybrid system versus ¥, for
¥, = 0.05. The other parameters are given as: (; = 0.25, (3 = 0.064, a; = 0.72, a3 = 0.115,
¢, = 0.84, G = 0.057, B = 2.05, wp = 1.0 and \ = 2.0.
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Figure 61: Increase rate op,,,, versus noise intensity, (a) overall view; (b) detailed view
for ¢; = 0.25, (3 = 0.064, a; = 0.72, a3 = 0.115, (. = 0.84, ;,, = 0.057, ¥, = 0.38, § = 2.05,
Y, =0.05and A = 2.0 and w = 0.35.
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Figure 62: Comparison of the output power with E, = 0.05; with the parameters ¢(; =

0.25, ¢3 = 0.064, a1 = 0.72, ag = 0.115, (. = 0.84, (,, = 0.057, ¥, = 0.38, = 2.05,
Y. = 0.05and A = 2.0 and w = 0.35.
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could be subjected to the combination of the harmonic and random excitation. In order
to improve vibrational energy harvesting, theoretical studies have clearly shown that
the phenomenon of stochastic resonance can be used to generate large-amplitude vibra-
tions [186]. Stochastic resonance applied to harvesting requires three basic ingredients:
an energetic activation barrier such as the double well potential of a bistable system, a
weak but coherent control input in the form of a periodic signal, and a source of ambient
vibration that is inherent to the system to be harvested [187, 188, 189]. In these cases,
one wants to measure the response of the system in the presence of the input £ coswr

compared to the case when the system is solely subject to a random term.

3
4
’L.’ +EO:O'05
2.5¢ - % B
E .3, EO—O.07
L o e E=0.09
2 ,: 0,./:} o L
’§ d ¢ -9 -E =01
15 e :
N
1,
05| i
o "
0

0.1 0.2 0.3 0.4

Figure 63: Mean response amplitude versus noise intensity D; with the parameters ¢; =
0.25, ¢3 = 0.064, a; = 0.72, a3 = 0.115, (. = 0.84, (,, = 0.057, ¥, = 0.38, = 2.05,
Y. =0.05and A = 2.0 and w = 0.35.

We depicted in Fig.61, the increase rate op,,,, versus D, for four values of ampli-
tudes of the harmonic excitation Ej. This figure reveals that, an increase of £, leads to
decrease the op,,.,. In addition, we also observed in this figure that, regardless of the
value of the harmonic excitation, when the noise intensity is large, op,,., decreases and

tends towards the constant value.
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Figure 64: Mean response amplitude versus noise intensity D for various (a) linear
damping ¢;, (b)nonlinear damping (3, (c) quadratic nonlinear coefficient a, and (d)
electro-magnetic coupling coefficient (..
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We provided in Figs.62 and 63, the comparison between the output power harvested
respectively in the piezoelectric circuit, the electromagnetic circuit and the overall sys-
tem and the mean amplitude response versus noise intensity D. We notice in Fig.62 that,
the energy harvested by the hybrid model is higher than that harvested by the piezo-
electric or electromagnetic circuit (Fig.62). Fig.63 show the mean amplitude response
versus noise intensity , for four values of the amplitude of the harmonic excitation Ej.
One observes that, for some values of amplitude of the noise excitation, the mean am-
plitude response presents a maximum. This maximum is a signature of the stochastic
resonance, which gives the largest oscillation amplitude for a given excitation level, and
reflects the transition in the system response from single well to double well oscillations.
In addition, we can note in this figure (Fig.63) that, the maximum amplitude response is

obtained for the highest amplitude of the harmonic excitation.

3.3.4.1 Effect of parameters on stochastic resonance

With the deduced analytical expression of the mean response amplitude in the bistable
stage of the vibrational energy harvesting system, the mean response amplitude as a
function of noise intensity D with different system parameters are shown in Figs.64.
From Figs.63 and 64, there is a maximum in the mean response amplitude. It means that
there is an optimal noise intensity D at which the mean response amplitude of the system
is maximum that identifies as characteristic of the stochastic resonance phenomenon.

An increase in the maximum of the mean response amplitude means that the stochas-
tic resonance phenomenon is enhanced, and vice versa. In Figs. 64(a)-(b), the maximum
of the mean response amplitude decreases on increasing linear damping coefficient (;
and nonlinear damping coefficient (3. Meanwhile, the positions of the maximum are
shifted to the larger value of noise intensity D. From Fig.64(c), the maximum of the mean
response amplitude increases on increasing quadratic nonlinear coefficient . The po-
sitions of the maximum are shifted to the smaller value of noise intensity D. Fig. 64(d)
shows that the impacts of electro-magnetic coupling coefficient (. on the maximum of

the mean response amplitude is very small. However the locations of the maximum
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value are shifted to the larger value of noise intensity D.

In Fig. (63) and (64), we observe the stochastic resonance phenomenon which gives
the largest oscillation amplitude for a given excitation level, and reflects the transition
in the system response from single well to double well oscillations characteristics; with
hoppings between the two potential wells. We also notice from figure 64(c)-(d) that, an
increase of the quadratic nonlinear coefficient o, and electromechanical coupling term ¢,
leads to the increases of the mean amplitude response before the stochastic resonance as
concluded from analytical study. However, the mean amplitude response is enhanced
Its maximum value slightly shifts towards the high value of noise intensity D. We also
notice from figure 64(a)-(b) that, an increase of the nonlinear damping term a ¢(; and cu-
bic damping term (3 leads to the decreases of the mean amplitude response the stochas-
tic resonance. Noise may play a very constructive role in energy harvesting. It may
enhance a system’s sensitivity to a small periodic deterministic signal by amplifying it.
Stochastic resonance is the physical phenomenon through which the throughput of en-
ergy within an oscillator excited by a modulating excitation source can be boosted by
adding a small stochastic perturbation [190]. For energy harvesting from noise, it was
confirmed that active power can be increased at stochastic resonance, in the same way
of the relationship between energy and phase at an appropriate [191]. Experiments have
validated this observation, showing that the response can indeed be amplified and indi-
cate that the available power generated under stochastic resonance is noticeably higher
than the power that can be collected under other harvesting conditions [187].

The curve of the mean output power increases with increasing noise intensity, electro-
mechanical coupling coefficient and electro-magnetic coupling coefficient. That is, these
parameters paly an active role in improving the performance of the energy harvester.
This is of great significance to energy harvesting because these parameters are impor-
tant to characterize performance of nonlinear vibration energy harvester under random
excitations. While the curve of the mean output power decreases as there damping coef-
ticients increases. For the proposed harvester, the present work opens up another possi-

ble way to increase the harvested energy from ambient environment via the exploitation
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of the stochastic resonance phenomenon. The stochastic resonance phenomenon is en-
hanced on increasing, quadratic nonlinear coefficient and coupling terms. While the
stochastic resonance phenomenon is weakened on increasing damping coefficient.

In this section, the dynamic behavior of the hybrid energy harvester under Gaus-
sian white noise using probabilistic approach is investigated. By applying a stochastic
averaging method on this system, the stochastic response is obtained. The results ob-
tained show that, the shape of the statistic response strongly depends on the coefficient
of the nonlinear damping. The impact of the system parameters is investigated with de-
tail. The obtained results show that, when the coupling coefficients and noise intensity
increase, the harvested energy is improved. In addition, the stochastic bifurcation phe-
nomenon characterized by the qualitative change of the stationary probability density
is observed and allows to obtain the best value of the bifurcation parameter for which
the harvester presents a high limit cycle. Besides, combining the harmonic force to the
random signal, the stochastic resonance phenomenon occurs and improves the system
performance. The comparison between the harvested energy by the hybrid model to
that harvested by the piezoelectric model is investigated. The impact of the amplitude
of the harmonic excitation is investigated on the system performance. The results ob-

tained in this manuscript show the interest to build the hybrid harvester.

II1.3.5 Discussion

While, most studies of vibration energy harvesters have considered sinusoidal exci-
tations. It would be judicious to consider the finite bandwidth random vibrations, i.e.,
external Gaussian white noise. Stochastic averaging could be used to study the effect of
the gaussian white noise on the performance of the nonlinear hybrid energy harvesters.
Stochastic averaging method is mainly due to the reduction of dimensions of the Fokker-
Planck-Kolmogorov equation while the essential behavior of the system is retained. It
is a convenient approximation approach to predict the stationary response of nonlinear

stochastic systems. For an energy harvesting system located in certain zone such as the

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



I11.4 Conclusion 140

industrial zones where large rotating machines are observed as well as large cars enter-
ing and leaving the factory, the energy harvester could be subjected to the combination
of the coherent (harmonic) and random excitation.

In fig.58, we observe the stochastic resonance phenomenon which gives the largest
oscillation amplitude for a given excitation level, and reflects the transition in the sys-
tem response from single well to double well oscillations characteristics; with hoppings
between the two potential wells.

Noise may play a very constructive role in energy harvesting. It may enhance a
systems sensitivity to a small periodic deterministic signal by amplifying it. Stochastic
resonance is the physical phenomenon through which the throughput of energy within
an oscillator excited by a modulating excitation source can be boosted by adding a small
stochastic perturbation. For energy harvesting from noise, it was confirmed that active
power can be increased at stochastic resonance, in the same way of the relationship
between energy and phase at an appropriate.

Experiments have validated this observation, showing that the response can indeed
be amplified and indicate that the available power generated under stochastic resonance
is noticeably higher than the power that can be collected under other harvesting condi-

tions [192].

II1.4 Conclusion

This chapter presents the results of the study of the dynamic behavior of they models
proposed in this thesis. Through the first model, the combined effect of the fractional
derivative order, the amplitude of the parametric coupling in the model, we have shown
that the model under these parameters presents some nonlinear phenomena such as the
jump phenomenon, the aperiodic phenomenon and the chaotic behavior. These results
show that fractional inductance and parametric coupling increase output power. We
also studied the influence of Gaussian white noise in our model. We got a beneficial

role from this noise. For this second model, we showed that the power harvest by the
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hybrid system was high. The combined effect of a Gaussian white noise and a periodic
excitation in our model has a beneficial role on the system performance. The harvested

energy is very significative for the high value of the amplitude of the periodic excitation.
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Main results

In this thesis, two physical models of the vibrations energy harvesters, subjected to
the periodic and stochastic excitation have been proposed in the goal to harness ambi-
ent vibration energy. A detailed review of ambient energy sources and some transduc-
tion mechanisms were presented in order to understand the concepts and techniques of
energy harvesting.

oFirstly, we investigate the impact of fractional inductance and parametric cou-
pling in the energy harvester system. The analytical investigation is carried out by using
harmonic balance method. Using the Newton-Leipnik algorithm, the analytical results
obtained are checked. The agreement between these two methods justified the efficiency
of the proposed technique. The impact of fractional inductance and parametric coupling
upon the system’s performance is discuss with detail showing the optimization of out-
put voltage and power of the system for a fixed value of the control parameter £,. We
follow our investigation by discussing the influence of the nonlinear damping (u3) on
the system response. The result obtained show a decrease of the output power for the
large values of nonlinear damping. In the numerical simulation, the presence, of chaotic
vibrations involves an enhancing of the bandwidth frequency of the harvester there by
increasing the level of harvested energy.

¢ Secondly, we investigate the probabilistic distribution and stochastic P-bifurcation
of a hybrid energy harvester under gaussian white noise. A two dimensional model
have been proposed and the main dimensionless equations governing the dynamical of

structure are derived. By applying the method of stochastic averaging based on a per-
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turbation technique, we have obtained the stationary probability density function of me-
chanical amplitude. One type of qualitative change was found namely the p-bifurcation
when certain system parameters vary. The stochastic p-bifurcation based on this quali-
tative change of the shape of probability density function is observed. We also discuss
the extrema of the distribution. The probability density which has been obtained via
the stochastic averaging method was numerically checked through the Euler algorithm.
The agreement between numerical and analytical results justifies the efficiency of the
used analytical technique.

Thereafter, we investigate hybridization of two energy harvesting transduction mech-
anisms and vibration source, in order to achieve greater power generation. The com-
parison between the output power generated by the piezoelectric circuit, electromag-
netic circuit and the hybrid model is made. As indicated, it is seen that hybrid energy
harvesters generate greater power outputs than their single harvester components, and
that the combination of noisy and periodic vibrating sources could induce high output
power. Combining the noise signal with harmonic signal, the phenomenon of stochastic
resonance is observed which gives rise to the large amplitude of vibrations and con-
sequently, optimize the output power. The results presented in this thesis can provide
a theoretical idea for the design and optimization of the systems, and allow making an
optimal choice of the environment in which the energy harvesters could function. More-
over, the results obtained show the need to use materials exhibiting fractional properties
as well as the combination of several technologies in order to make the energy harvest-

ing systems more efficient.

Perspectives

Like future work based in this thesis, we have:
eThe achievement of experimental study in order to verify the theoretical results,
eThe study by taking a higher order dissipation in the presence of a colored noise,

eThe synchronization of several energy harvesters.

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography

[1] K. A. C. Chennault, N. Thambi and A. M. Sastry, Powering MEMS portable de-
vices a review of non-regenerative and regenerative power supply systems with
special emphasis on piezoelectric energy harvesting systems, Smart Materials

and Structures, Vol. 17, 043001 (2008).

[2] S. B. Riffat and X. L. Ma, Thermoelectrics; A review of present and potential ap-
plications, Applied Thermal Engineering, Vol. 23, 913 (2003).

[3] Y. G. Deng and J. Liu, Recent advances in direct solar thermal power generation,

Journal of Renewable and Sustainable Energy, Vol. 1, 052701 (2009).

[4] S.R. Antonal and H. A. Sodano, A review of power harvesting using piezoelectric

materials (2003-2006), Smart Materials and Structures, Vol. 16, R1 (2007).

[5] C.B. Williams and R. B. Yates, Analysis of a micro-electric generator for microsys-

tems, Sensors and Actuators A: Physical, Vol. 52, 8 (1996).

[6] A. Erturk and D. J. Inman, A Distributed Parameter Electromechanical Model
for Cantilevered Piezoelectric Energy Harvesters, Journal of Vibration and

Acoustics, Vol. 130, 041002 (2008).

[7] H. A. Sodano, D. J. Inman and G. Park, A review of power harvesting from vibra-
tion using piezoelectric materials, The Shock and Vibration Digest, Vol. 36, 197
(2004).

[8] G. Sebald, H. Kuwano, D. Guyomar and B. Ducharne, Experimental Duffing
Oscillator for broadband piezoelectric energy harvesting, Smart Materials and

Structures, Vol. 20, 102001 (2011) .
144



Bibliography 145

[9] M. A. Ahmad and H. N. Alshareef, Modeling the Power Output of Piezoelectric
Energy Harvesters, Journal of Electronic Materials, Vol. 40, 1477 (2011).

[10] C.R.Saha, T. O’'Donnell, H. Loder, S. Beeby and J. Tudor, Optimization of an Elec-
tromagnetic Energy Harvesty Device, I EEE Transactions On Magnetics, Vol. 42,
3509 (2006).

[11] P. D. Mitcheson, P. Miao, B. H. Stark, E. M. Yeatman, A. S. Holmes and T. C. Green,
MEMS electrostatic micropower generator for low frequency operation, Sensors

and Actuators A Physical, Vol. 115, 523 (2004).

[12] S. Meninger, ]J. O. MurMiranda, R. Amirtharajah, A. P. Chandrakasan and J. H.
Lang, Vibration to electric energy conversion, / EEE Transactions on Very Large

Scale Integration (VLSI) Systems, Vol. 9, 64 (2001).

[13] I. Petrds, An effective numerical method and its utilization to solution of fractional
models used in bioengineering applications, Advances in Dif ference Equations,

(2011).

[14] W. C. Chen, Nonlinear dynamics and chaos in a fractional-order financial system,

Chaos, Solitons and Fractals, Vol. 36, 1305 (2008).

[15] I. Schifer and K. Kriiger, Modelling of lossy coils using fractional derivatives,

Journal of Physics D: Applied Physics, Vol. 41, 045001 (2008).

[16] S. Westerlund and L. Ekstam, Capacitor theory, I EEE Transactions on Dielectrics
and Electrical Insulation, Vol. 1, 826 (1994).

[17] L. S.Jesus and J. A. T. Machado, Development of fractional order capacitors based

on electrolyte processes, Nonlinear Dynamics, Vol. 56, 45 (2009).

[18] C. Yang and Y. Shang, Caracterisation of CMOS material, / EEE Transactions on
Electron Dewvices, Vol. 62,3012 (2015).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 146

[19] S. Westerlund and L. Ekstam, Capacitor theory, I EEE Transactions on Dielectrics

and Electrical Insulation, Vol. 1, (1984).

[20] J. Bisquert, G. Garcia-Belmonte, P. Bueno, E. Longo and L. O. S. Bulhoes,
Impedance of constant phase element (CPE)-blocked diffusion in film electrodes,

Journal of Electroanalytical Chemistry, Vol. 452, 229 (1998).

[21] P. Veeraian, U. Gandhi and U. Mangalanathan, Analysis of fractional order induc-
tive transducers, The European Physical Journal Special Topics, Vol. 226, 3851
(2018).

[22] M. E. Fouda, A. S. Elwakil, A. G. Radwan and B. J. Maundy, Fractional-Order
Two-Port Networks, Hindawi Publishing Corporation, Vol. 2016, (2016).

[23] A. T. Machado and A. M. S. E. Galhano, Fractional order inductive phenomena
based on the skin effect, Nonlinear Dynamics, Vol. 68, 107 (2012).

[24] M. C. Tripathy, D. Mondal, K. Biswas and S. Sen, Experimental studies on real-
ization of fractional inductors and fractional-order bandpass filters, International

Journal of Circuit Theory and Applications, Vol. 43, 1183 (2015).

[25] P. Veeraian, U. Gandhi and U. Mangalanathan, Fractional order Linear Vari-
able Differential Transformer: Design and analysis, International Journal of

Electronics and Communications, Vol. 79, 141 (2017).

[26] J. Wen-An and C. Li-Qun, Snap-through piezoelectric energy harvesting, Journal
of Sound and Vibration, Vol. 333, 4314 (2014).

[27] J. Wen-An and C. Li-Qun, Stochastic averaging of energy harvesting systems,
International Journal of Non-Linear Mechanics, Vol. 86,174 (2016).

[28] J. VanZwol’s, Designing battery packs for thermal extremes, Power Electronics

Technology, Vol. 2006, 40 (2006).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 147

[29] J. A. Paradiso and T. Starner, Energy Scavenging for Mobile and Wireless Electron-
ics, IEEE Pervasive Computing, Vol. 4, 18 (2005).

[30] R. Shad, D. Steingart, L. Frechette, P. Wright and J. Rabaey, Power Sources for
Wireless Sensor Networks, Springer-Verlag Berlin Heidelberg New York 2920,
Vol. 1 (2004).

[31] S. M. Mousavi, E. S. Mostafavi and P. Jiao, Next generation prediction model for
daily solar radiation on horizontal surface using a hybrid neural network and

simulated annealing method, Energy Conversion and Management, Vol. 153, 671

(2017).

[32] V. A. Milichko, A.S. Shalin, I. S. Mukhin, A. E. Kovrov, A. A. Krasilin, A. V. Vino-
gradov, P. A. Belov, and C. R. Simovski, Solar photovoltaics: current state and

trends, Physics-U spekhi, Vol. 59, 727 (2016).

[33] Wind, Global water and power—solutions for a renewable future,

http:/ / globalwaterandpower.com/wind/, site visited (2009).

[34] M. Ujihara, G. Carman and D. Lee, Thermal energy harvesting device using ferro-

magnetic materials, Applied Physics Letters, Vol. 91, 093508 (2007).

[35] G. Sebald, D. Guyomar and A. Agbossou, On thermoelectric and pyroelectric en-
ergy harvesting, Smart Materials and Structures, Vol. 18, 125006 (2009).

[36] Micropelt Energy Harvesting Thermal Generators-TE-Power Plus, http

/ /www.micropelt.com/applications/te_ power_ plus.php.

[37] M. Lallart, S. Pruvost and D. Guyomar, Electrostatic energy harvesting enhance-
ment using variable equivalent Permittivity, Physics Letters A, Vol. 375, 3921
(2011).

[38] S. P. Beeby, M. J. Tudor, and N. M. White, Energy harvesting vibration sources for
microsystems applications, Measurement science and technology, Vol. 17, R175

(2006).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 148

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

S. Roundy, K. S. ]J. Pister and P. K. Wright, Micro-electrostatic vibration-to-
electricity converters, ASME International Mechanical Engineering Congress

and Exposition, (2002).

S. Roundy, P. K. Wight and ]. Rabaey, A study of low level vibrations as a power

source for wireless sensor nodes, Computer Communications, Vol. 26, 1131 (2003).

F. Peano and T. Tambosso, Design and optimization of a mems electret-based ca-
pacitive energy scavenger, Journal of Microelectromechanical Systems, Vol.14,

429 (2005).

H. Lo and Y. Tai, Parylene-based electret power generators, Journal of

Micromechanics and Microengineering, Vol. 18, 104006 (2008).

Y. Sakane, Y. Suzuki, and N. Kasagi, The development of a high-performance
perfluorinated polymer electret and its application to micro power generation,

Journal of Micromechanics and Microengineering, Vol. 18, 104011 (2008).

R. Pierret, Semiconductor Device Fundamentals, New York: Addison-Wesley

Publishing Company, (1996).

R. Solecki and R.J. Conant, Advanced Mechanics of Materials, New York: Ox ford
University Press, (2003).

B. Gusarov, PVDF piezoelectric polymers: Characterization and application to

thermal energy harvesting, Doctorate of Philosophy, Alpes, (2015).

S. Roundy, Energy Scavenging for Wireless Sensor Nodes with a Focus on Vibra-

tion to Electricity Conversions, Doctorate of Philosophy, Berkeley, (2003).

H. F. Tiersten, Linear Piezoelectric Plate Vibrations, New York: Plenum Press,

(1969).

W. P. Mason, Piezoelectric Crystals and Their Application to Ultrasonics, New
York: Van Nostrand, (1950).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 149

[50] S. Priya, D. J. Inman, Energy Harvesting Technologies, Springer: Berlin,
Germany, (2009).

[61] C. Keawboonchuay and T. Engel, Electrical power generation characteristics of
piezoelectric generator under quasi-static and dynamic stress conditions Indus-
trial Electronics, I EEE Transactions Ultrason. Ferroelectric Freq. Control, Vol.

50, 82 (2003).

[52] A. Khaligh, P. Zeng and C. Zheng, Kinetic Energy Harvesting Using Piezoelec-
tric and Electromagnetic TechnologiesState of the Art, IEEE Transactions on

Industrial Electronics, Vol. 57, 850 (2010).

[53] L. Zhou, J. Sun, X. Zheng, S. Deng, J. Zhao, S. Peng, Y. Zhang, X. Wang and H.
Cheng, A model for the energy harvesting performance of shear mode piezoelec-

tric cantilever, Sensors and Actuators A: Physical, Vol. 179, 185 (2012).

[54] Z. Y. Wen, D. L. Li, Z. G. Shang, X. Q. Zhao, L. C. Deng and G. X. Luo, A
mems piezoelectric cantilever beam array for vibration energy harvesting, Key

Engineering Materials, Vol. 562, 1052 (2013).

[55] J. W. Cryns, B. K. Hatchell, E. S. Rojas and K. L. Silvers, Experimental analysis
of a piezoelectric energy harvesting system for harmonic, random, and sine on

random vibration, Advances in Acoustics and Vibration, (2013).

[56] J. Ajitsaria, S. Y. Choe, D. Shen and D. J. Kim, Modeling and analysis of a bi-
morph piezoelectric cantilever beam for voltage generation, Smart Materials and

Structures, Vol. 16, 447 (2007).

[57] R. Ly, M. Rguiti, S. D Astorg, A. Hajjaji, C. Courtois and A. Leriche, Modeling and
characterization of piezoelectric cantilever bending sensor for energy harvesting,

Sensors and Actuators A: Physical, Vol. 168, 95 (2011).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 150

[58] L. Zhou, J. Sun, X. J. Zheng, S. F. Deng, J. H. Zhao, S. T. Peng, Y. Zhang, X. Y.
Wang, H. B. Cheng, A model for the energy harvesting performance of shear mode

piezoelectric cantilever, Sensors and Actuators A: Physical, Vol. 179, 185 (2012).

[59] S.Roundy and P. K. Wright, A piezoelectric vibration based generator for wireless

electronics, Smart Materials and Structures, Vol. 13, 1131 (2004).

[60] X.Chen, T. Yang, W. Wang and X. Yao, Vibration energy harvesting with a clamped

piezoelectric circular diaphragm, Ceramics International, Vol. 38, S271 (2012).

[61] D. Zhu, S. Beeby, M. J. Tudor and N. R. Harris, A credit card sized self-powered

smart sensor node, Sensors and Actuators A: Physical, Vol. 169, 317 (2011).

[62] J. G. Rocha, L. M. Goncalves, P. F. Rocha, M. P. Silva and S. Lanceros-Mendez,
Energy harvesting from piezoelectric materials fully integrated in footwear, I EEE

Transactions On Industrial Electronics, Vol. 57, 813 (2010).

[63] L. Moro and D. Benasciutti, Harvested power and sensitivity analysis of vibrating
shoe mounted piezoelectric cantilevers, Smart Materials and Structures, Vol. 19,

115011 (2010).

[64] W. R. Ledoux and H. J. Hillstrom, Acceleration of the calcaneus at heel strike in

neutrally aligned and pes planus feet, Clin Biomech, Vol. 16, 608 (2001).

[65] L. Mateu and F. Moll, Appropriate charge control of the storage capacitor in a
piezoelectric energy harvesting device for discontinuous load operation, Sensors

and Actuators A: Physical, Vol. 132, 302 (2006).

[66] S. N. Shenck and J. A. Paradiso, Energy scavenging with shoe-mounted piezo-
electrics, IEEE Micro, Vol. 21, 30 (2001).

[67] D. Spreemann and Y. Manoli, Electromagnetic Vibration Energy Harvesting De-

vices, Springer Series in Advanced Microelectronics, (2012).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 151

[68] M. Shi, Energy Harvesting from Wind-Induced Vibration of Suspension Bridges,

Doctorate of Philosophy, Massachusetts Institute of Technology, (2013).

[69] Z. Xu, X. Shan, D. Chen and T. Xie, A Novel Tunable Multi-Frequency Hybrid
Vibration Energy Harvester Using Piezoelectric and Electromagnetic Conversion

Mechanisms, Applied Sciences, Vol. 6, 10 (2016).

[70] D. Spreemann, D. Hoffmann, B. Folkmer and Y. Manoli, Numerical optimization
approach for resonant electromagnetic vibration transducer designed for random

vibration, Journal of Micromechanics and Microengineering, Vol. 18 (2008).

[71] K. W. Yung, P. B. Landecker and D. D. Villani, An analytic solution for the force be-

tween two magnetic dipoles, Magnetic and Electrical Separation, Vol. 9,39 (1998).

[72] C.R. Saha, T. ODonnell, H. Loder, S. Beeby and ]. Tudor, Optimization of an elec-
tromagnetic energy harvesting device, I EEE Transactions on Magnetics, Vol. 42,

3509 (2006).

[73] Z. Wang, B. Wang, M. Wang, H. Zhang and W. Huang, Model and experimen-
tal study of permanent magnet vibration-to-electrical power generator, /EEE

Transactions on Application Supercon, Vol. 20, 1110 (2010).

[74] B. A. M. Owens and B. P. Mann, Linear and nonlinear electromagnetic coupling
models in vibration-based energy harvesting, Journal of Bifurcation and Chaos,

Vol. 331,922 (2011).

[75] A. A. G. Bernal, L. L. E. Garcia, The modelling of an electromagnetic energy har-
vesting architecture, Applied Mathematical Modelling, Vol. 36, 4728 (2011).

[76] M. El-hami, P. G. Jones, N. M. White, M. Hill, S. Beeby, E. James, A. D Brown and J.
N Ross, Design and fabrication of a new vibration-based electromechanical power

generator, Sensors and Actuators A: Physical, Vol. 92, 335 (2001).

[77] P.G.]Jones, An electromagnetic, vibration-powered generator for intelligent sensor

systems, Sensors and Actuators A: Physical, Vol. 110, 344 (2004).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 152

[78] S. P. Beeby, R. N. Torah, M. ]J. Tudor, P G. Jones, T. O’'Donnell, C. R. Saha and S.
Roy, A micro electromagnetic generator for vibration energy harvesting, Journal

of Micromechanics and Microengineering, Vol. 17, 1257 (2007).

[79] D. Zhu, S. P. Beeby, M. J. Tudor and N. R. Harris, A planar electromagnetic vibra-
tion energy harvester with a Halbach array, In Power M EMS, (2011).

[80] T. Sterken, P. Fiorini and R. Puers, Motion-based generators for industrial ap-

plications, The Symposium on Design, Test, Integration and Packaging of

MEMS/MOEMS, Stresa, Italy, (2006).

[81] C. R. Saha, T. O Donnell, N. Wang and P. McCloskey, Electromagnetic generator
for harvesting energy fromhuman motion, Sensors and Actuators A: Physical,

Vol. 47, 248 (2008).

[82] A. Rahimi, O. Zorlu, A. Muhtaroglu and H. Klah, A Compact Electromagnetic
Vibration Harvesting System with High Performance Interface Electronics, In

FEurosensors XXV, Vol. 25,215 (2011).

[83] T. Von Biiren and G. Troster, Design and optimization of a linear vibrationdriven

electromagnetic micro-power generator, Sensors and Actuators A: Physical, Vol.

135, 765 (2007).

[84] P. Wang, H. Liu, X. Dai, Z. Yang, Z. Wang and X. Zhao, Design, simulation, fabri-
cation and characterization of a micro electromagnetic vibration energy harvester

with sandwiched structure and air channel, Microelectronics Journal, Vol. 43, 154

(2012).

[85] R. L. Waters, B. Chisum, H. Jazo, M. Fralick, S. Diego and N. Warfare, Advanced
Integrated Circuits, and Costa Mesa: Development of an Electro-Magnetic Trans-
ducer for Energy Harvesting of Kinetic Energy and its Applicability to a MEMS
scale Device, In Nanopower, Vol. 1 (2008).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 153

[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

S. Kulkarni, E. Koukharenko, R. Torah, J. Tudor, S. Beeby, T. O’'Donnell and S. Roy,
Design, fabrication and test of integrated micro-scale vibration-based electromag-

netic generator, Sensors and Actuators A: Physical, Vol. 145, 336 (2008).

B. A. Owens and B. P. Mann, Linear and nonlinear electromagnetic coupling mod-
els in vibration-based energy harvesting, Journal of Sound and Vibration, Vol.

331,922 (2012).

M. Borowiec, G. Litak, M. 1. Friswell, S. F. Ali, S. Adhikari, A. W. Lees and O.
Bilgen, Energy harvesting in piezoelectric systems driven by random excitations,
International Journal of Structural Stability and Dynamics, Vol. 13, 1340006
(2013).

C. N. Dueyou Buckjohn, M. Siewe Siewe, I. S. Mokem Fokou, C. Tchawoua and T.
C. Kofane, Investigating bifurcations and chaos in magnetopiezoelastic vibrating

energy harvesters using Melnikov theory, Physica Scripta, Vol. 88, 015006 (2013).

M. Coccolo, G.Litak, M. J. Seoane and A. F. S. Miguel, Energy harvesting enhance-
ment by vibrational resonance, International Journal of Bifurcation and Chaos,

Vol. 24, 1430019 (2014).

S. M. Shahruz, Design of mechanical band-pass filters for energy scavenging,

Journal of Sound and Vibration, Vol. 292, 987 (2006).

R. Masana and M. F. Daqagq, Relative performance of a vibratory energy harvester
inmono-and bistable potentials, Journal of Sound and Vibration, Vol. 330, 6036
(2011).

Yildiz, Zhu, Pecen and Guo, Potential Ambient Energy Harvesting Systems and
Tecniques, IEEE Journal of Solid-State Circuits, Vol. 33, 687 (2007).

Infinite Power Solutions, THINERGY micro-energy cell (MEC) product

overview, Technology Representative, Vol. 6, 14 (2012).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 154

[95] J. Li and X. Wang, Research Update, Materials design of implantable nanogenera-
tors for biomechanical energy harvesting, APL Materials, Vol. 5, 073801 (2017).

[96] E. Sazonov, H. Li, D. Curry and P. Pillay, Self-powered sensors for monitoring of
highway bridges, Sensors Journal, I EEE, Vol. 9, 1422 (2009).

[97] A.M. Hedayetullah, Analysis of piezoelectric energy harvesting for bridge health
monitoring systems, Doctorate of Philosophy, University of Wales Swansea,

(2010).

[98] G. Park, T. Rosing, M. Todd, C. Farrar and W. Hodgkiss, Energy harvesting
for structural health monitoring sensor networks, Journal of Infrastructure

Systems, Vol. 14, 64 (2008).

[99] E. Romero, R. O. Warrington and M. R. Neuman, Energy scavenging sources for

biomedical sensors, Physiol Meas, Vol. 30, R35 (2009).

[100] P. Mitcheson, Energy harvesting for human wearable and implantable biosensors,

biosensors, Vol. 6, 3432 (2010).

[101] K. Miller and B. Ross, An introduction to the fractional calculus and fractional

differential Equations, John Willey Some line, New Y ork, (1993).

[102] R. Gorenflo and H. Mainardi, Essentials of fractional calculus, Preprint submitted

to MaPhySto Center, (2000).

[103] K. Oldham and J. Spanier, The fractional calculus, Academic Press, New York
London, (1974).

[104] 1. Podlubny, Fractional differential equations, Academic Press, San Diego, (1999).

[105] M. A. Moreles and R. Lainez, Mathematical modelling of fractional order circuits,

physics Class-ph, (2016).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 155

[106] L. Debnath, Recent applications of fractional calculus to science and engineering,
International Journal of Mathematics and Mathematical Sciences, Vol. 54, 3413

(2003).

[107] A.Soltan, A. G. Radwan and A. M. Soliman, Analysis of fractional order inductive
transducers, International Journal of Circuit Theory and Applications, Vol. 44, 1

(2015).

[108] M. C. Tripathy, D. Mondal, K. Biswas and S. Sen, Experimental studies on real-
ization of fractional inductors and fractional-order bandpass-filters, International

Journal of Circuit Theory and Applications, Vol. 43, 1183 (2015).

[109] R. L. Bagley and P. J. Torvik, A theoretical basis for the application of fractional

calculus to viscoelasticity, Journal of Rheology, Vol. 27,201 (1983).

[110] R.L.Bagley and P.]. Torvik, Fractional calculusa different approach to the analysis
of viscoelastically damped structures, AIAA Journal, Vol. 21, 741 (1983).

[111] R. L. Bagley and P. J. Torvik, Fractional calculus in the transient analysis of vis-

coelastically damped structures, AIAA Journal, Vol. 23, 918 (1985).

[112] C. G. Koh and ].M. Kelly, Application of fractional derivatives to seismic analy-
sis of base-isolated models, Farthquake Engineering and Structural, Vol. 19, 229
(1990).

[113] N. Makris and M. C. Constantinou, Spring-viscous damper systems for combined
seismic and vibration isolation, Farthquake Engineering and Structural, Vol. 21,

649 (1992).

[114] J. Cao, S. Zhou, D.J. Inman and Y. Chen, Chaos in the fractionally damped broad-

band piezoelectric energy generator, Nonlinear Dynamics, Vol. 80, 1705 (2014).

[115] C. A. K. Kwuimy, G. Litak and C. Nataraj, Nonlinear analysis of energy harvesting
systems with fractional order physical properties, Nonlinear Dynamics, Vol. 80,

491 (2015).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 156

[116] B. Zhang, B. Ducharne, D. Guyomar and G. Sebald, Energy harvesting based on
piezoelectric Ericsson cycles in a piezoceramic material, The European Physical

Journal Special Topics, Vol. 222,1733 (2013).

[117] G. M. Ngueuteu and P. Woafo, Dynamics and synchronization analysis of cou-
pled fractional-order nonlinear electromechanical systems, Mechanics Research

Communications, Vol. 46, 20 (2012).

[118] T. M. Atanackovic, S. Pilipovic and D. Zorica, Forced oscillations of a body at-
tached to a viscoelastic rod of fractional derivative type, International Journal of

Engineering Science, Vol. 64, 54 (2013).

[119] J. Deng, W. C. Xie and M. D. Pandey, Higher-order stochastic averaging to study
stability of a fractional viscoelastic column, Journal of Sound and Vibration, Vol.

333, 6121 (2014).

[120] S. M. Hosseini, H. Kalhori, A. Shooshtari and S. N. Mahmoodi, Analytical solu-
tion for nonlinear forced response of a viscoelastic piezoelectric cantilever beam
resting on a nonlinear elastic foundation to an external harmonic excitation,

Composites Part B: Engineering, Vol. 67, 464 (2014).

[121] E. Lorenz, G. Araujo, A. Cuevas, Solar Electricity: Engineering of Photovoltaic

Systems, Engineering Transportation, (1994).

[122] Gergaud O., Energy Modeling and Economic Optimization of a Network-
Associated Solar and Photovoltaic Generation System Associated with an Accu-

mulator, Doctorate of Philosophy, Cachan EN S, (2002).

[123] V. M. Bavel, V. Leonov, R. E. Yazicioglu, T. Torfs, C. V. Hoof, E. N. Posthuma and
R.J. M. Vullers, Wearable Battery-free Wireless 2-Channel EEG Systems Powered

by Energy Scavengers, Sensors Transducers Journal, Vol. 94, 103 (2008).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 157

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

V. Leonov, T. Torfs, C. Van Hoof and R. J. M. Vullers, Smart Wireless Sensors In-
tegrated in Clothing: An Electrocardiography System in a Shirt Powered Using
Human Body Heat, Sensors Transducers Journal, Vol. 107, 165 (2009).

A. Muhtaroglu, A. Yokochi and A. Vonjouanne, Integration of thermoelectrics
and photovoltaics as auxiliary power sources in mobile computing applications,

Journal of Power Sources, Vol. 177, 239 (2008).

C. Wang, C. Yanlong and X. Jin, Piezoelectric and electromagnetic hybrid en-
ergy harvester for powering wireless sensor nodes in smart grid, Journal of

Mechanical Science and Technology, Vol. 29, 4313 (2015).

B. H. Madinei, K. H. Haddad, S. Adhikari and M. I. Friswell, Shock Vibration,
Aircraft/ Aerospace, Energy Harvesting, Acoustics Optics, Proceedings of the 35
IMAC, Vol. 9 (2017).

T. Wacharasindhu and J. W. Kwon, A micromachined energy harvester from a key-
board using combined electromagnetic and pieoelectrique conversion, Journal of

Micromechanics and Microengineering, Vol. 18, 104016 (2008).

B. Lee and L. Wei, Hybrid energy harvester based on piezoelectric and electromag-
netic mechanisms, Journal of Micro/Nanolithography, MEMS, and MOEMS,
Vol. 9, 023002 (2010).

M. A. Karami and D. ]J. Inman, Equivalent damping and frequency change
for linear hybrid vibrational energy harvesting systems, Journal of Sound and

Vibration, Vol. 330, 5583 (2011).

E. 1.S. Mokem, D. B. C. Nono, S. M. Siewe and C. Tchawoua, Probabilistic behavior
analysis of a sandwiched buckled beam under Gaussian white noise with energy

harvesting perspectives, Chaos Solitons Fractals, Vol. 92,101 (2016).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 158

[132] M. S. Siewe, C. N. D. Buckjohn: Heteroclinic motion and energy transfer in cou-
pled oscillator with nonlinear magnetic coupling, Nonlinear Dynamics, Vol. 77,

297 (2014).

[133] C. H. Nguyen, D. S. Nguyen and E. Halvorsen, Experimental Validation of
Damping Model for a MEMS Bistable Electrostatic Energy Harvester, Journal of
Physics: Con ference Series, Vol. 557, 012114 (2014).

[134] S. Zaitsev, O. Shtempluck, E. Buks and O. Gottlieb, Nonlinear damping in a mi-

cromechanical oscillator, Nonlinear Dynamics, Vol. 67, 859 (2012) .

[135] M. G. Tehrani, L. Simeone and S. J. Elliot, Energy harvesting using nonlinear
damping, in: ENOC Con ference, Wien, (2014).

[136] M. G. Tehrani and S. J. Elliot, Extending the dynamic range of an energy harvester
using nonlinear damping, Journal of Sound and Vibration, Vol. 333, 623 (2014).

[137] B. Ravindra and A. K. Mallik, Role of nonlinear dissipation in soft Duffing oscilla-
tors, Physical Review E, Vol. 49, 4950 (1994).

[138] M. A. E Sanjuan, The effect of nonlinear damping on the universal escape oscilla-

tor, International Journal of Bifurcation and Chaos, Vol. 9,735 (1999).

[139] R. Yamapi, J. B. Chabi Orou and P. Woafo, Harmonic Dynamics and Transition
to Chaos in a Nonlinear Electromechanical System with Parametric Coupling,

Phyica Scripta, Vol. 67,269 (2003).

[140] R. Yamapi and S. Bowong, Dynamics and chaos control of the self-sustained
electromechanical device with and without discontinuity, Communications in

Nonlinear Science and Numerical Simulation, Vol. 11, 355 (2006).

[141] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional

Differential Equations, Wiley, New York, (1993).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 159

[142] N. M. Krylov and N. N. Bogolyubov, Introduction to non-linear mechanics,

Princeton University Press, (1947).

[143] N. N. Bogoliubov and Y. A. Mitropolsky, Asymptotic Methods in the Theory of
Nonlinear Oscillations, Gordon and Breach, New Y ork, (1961).

[144] L. Chen and W. Zhu, Stochastic jump and bifurcation of duffing oscillator with
fractional derivative damping under combined harmonic and white noise excita-

tions, International Journal of Non-Linear Mechanics, Vol. 46,1324 (2011).

[145] A. Leung and Z. Guo, Forward residue harmonic balance for autonomous and
non-autonomous systems with fractional derivative damping, Communications

in Nonlinear Science and Numerical Simulations, Vol. 16,2169 (2011).

[146] A.Leung, H. Yang and Z. Guo, The residue harmonic balance for fractional order

van der Pol like oscillators, Journal of Sound and Vibration, Vol. 331, 1115 (2012).

[147] M. Xiao, W. X. Zheng and J. Cao, Approximate expressions of a fractional order
van der pol oscillator by the residue harmonic balance method, Mathematics and

Computers in Simulation, Vol. 9, 1 (2013).

[148] W. S. Cho, Nonlinear random vibration analytical techniques and applications,

New York: CRC Press Taylor and Francis Group, (2012).

[149] R. L. Stratonovich, Topics in the Theory of Random Noise, vol.lI, Gordon and
Breach, New York, (1967).

[150] R. A.Ibrahim, Parametric Random Vibration, C'hapter5, John Wiley and Sons Inc,
New York, (1985).

[151] J. B. Roberts and P. D. Spanos, Stochastic averaging: An approximate method
of solving random vibration problems, International Journal of Non-Linear

Mechanics, Vol. 21, 111 (1986).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 160

[152] W. Q. Zhu, Stochastic averaging methods in random vibration, Applied Mechanics
Reviews, Vol. 41, 189 (1988).

[153] N. S. Namachchivaya, Stochastic bifurcation, Applied Mathematics and
Computers, Vol. 38, 10159 (1990).

[154] R. L. Stratonovich, Topics in the theory of random noise volume I: general theory
of random processes nonlinear transformations of signals and noise, Gordon and

Breach, New Y ork, (1963).

[155] R. Z. Khasminskii, A limit theorem for the solution of differential equations with
random right hand sides, T'heory of Probability and Its Applications, Vol. 11, 390
(1966).

[156] V. S. Anishchenko, V. Astakhov, A. Neiman, T. Vadivasova and L. Schimansky-

Geier, Tutorial and Modern Developments, Springer, Berlin, (2007).

[157] H. Risken and T. Frank, The Fokker-Planck Equation: Methods of Solution and

Applications, Springer Science Business Media, (1996).

[158] M. L. Freidlin and A. D. Wencel, Random Perturbations in Dynamical Systems,
Springer, New York, (1984).

[159] E. Hairer and G. Wanner, Solving Ordinary Differential Equations II, Springer-
Verlag, Berlin Heidelberg New York, (1991).

[160] J. H. Desmond, An Algorithmic Introduction to Numerical Simulation of Stochas-

tic Differential Equations, STAM Review, Vol. 43, 525 (2001).

[161] T. Raul and C. Pere, Stochastic Numerical Methods, An Introduction for Students

and Scientists, Wiley-VCH Verlag GmbH, W einheim, (2014).

[162] R. Benzi, A. Sutera and A. Vulpiani, The mechanism of stochastic resonance,

Journal of Physics A : Mathematical and General, Vol. 14, 1453 (1981).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 161

[163] S. Arathi, S. Rajasekar, J. Kurths, Characteristics of stochastic resonance in asym-

metric dufing oscillator, International Journal of Bifurcation and Chaos, Vol. 21,

2729 (2011).

[164] H. Crauel and M. Gundlach, Bifurcations of one-dimensional stochastic differen-

tial equations, Stochastic dynamics, New Y ork: Springer-Verlag, (1999).

[165] H. Gang, T. Ditzinger, C. Z. Ning and H. Haken, Stochastic resonance without
external periodic force, Physical Review Letters, Vol. 71, 807 (1993).

[166] G. Burgers, The El Nino stochastic oscillator, Climate Dynamics, Vol. 15, 521
(1999).

[167] G. E. Uhlenbeck and L. S. Ornstein, On the Theory of the Brownian Motion,
Physical Review E, Vol. 36, 823 (1930).

[168] J. H. Yang, M. A. F. Sanjuan, H. G. Liu, G. Litak and X. Li, Stochastic P-
bifurcation and stochastic resonance in a noisy bistable fractional-order system,

Communications in Non-linear Science and Numerical Simulation, Vol. 41, 104

(2016).

[169] R. N. Mantegna, B. Spagnolo, L. Testa and M. Trapanese, Stochastic resonance
in magnetic systems described by Preisach hysteresis model, Journal of Applied

Physics, Vol. 97, 10E519 (2005).

[170] E. Diacu, The solution of the n-body problems, The Mathematical Intelligencer,
Vol. 18, 66 (1996).

[171] G. A. Gottwald and I. Melbourne, Comment on Reliability of the 0—1 test for
chaos, Proceedings of the Royal Society of London, Series A, Vol. 460, 603 (2004).

[172] G. Litak, A. Syta, M. Budhraja, and L. M. Saha, Detection of the chaotic behaviour
of a bouncing ball by the 0—1 test, Chaos, Solitons and Fractals, Vol. 42, 1511
(2009).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 162

[173] L. Petrés, Fractional-order Nonlinear Systems, Modelling analysis and Simulation,

Higher Education Press, Beijing, (2011).

[174] G. Litak, D. Bernardini, A. Syta and A. Rysak, Analysis of chaotic non-isothermal
solutions of thermomechanical shape memory oscillators, Proceedings of the

Institution of Mechanical Engineers, Part K: Journal of Multi-body Dynamics,
Vol. 222, 1637 (2013).

[175] ]J. E. Heagy, T. L. Caroll and L. M.Pecora, Synchronous chaos in coupled oscillator
systems, Physical Review E, Vol. 50, 1874 (1994).

[176] E. B. Tchawou Tchuisseu and P. Woafo, Harvesting energy using a magnetic mass

and a sliding behaviour, Nonlinear Engineering, Vol. 3, 89 (2014).

[177] G. T. Oumbé Tékam, E. T. Tchuisseu, C. A. K. Kwuimy and P. Woafo, Analysis of
an electromechanical energy harvester system with geometric and ferroresonant

nonlinearities, Nonlinear Dynamics, Vol. 76, 1561 (2014).

[178] G. T. Oumbé Tékam, C. A. K. Kwuimy and P. Woafo, Analysis of tristable en-
ergy harvesting system having fractional order viscoelastic material, Chaos: An

Interdisciplinary Journal of Nonlinear Science, Vol. 25,013112 (2015).

[179] E. Rudiner, Tuned mass damper with fractional derivative damping, Enginering

Structures, Vol. 28, 1774 (2006).

[180] P. Kumar, S. Narayanan, S. Adhikari and M. 1. Friswell, Fokker-planck equation
analysis of randomly excited nonlinear energy harvester, Journal of Sound and

Vibration, Vol. 333, 2040 (2014).

[181] S. David, A. S. Janice, Density functional theory: A practical introduction, John
Wiley and Sons Inc : Hoboken, (2009).

[182] P. jung and F. Marchelsoni, Energetics of Stochastic resonance, chaos, Vol. 21,

047516 (2011).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 163

[183] B. Jae-Sung and J. I. Daniel, A preliminary study on piezo-aeroelastic en-
ergy harvesting using a nonlinear trailing-edge flap, International Journal of

Aeronautical and Space Sciences, Vol. 16, 407 (2015).

[184] A.Erturk, W. G. R. Vieira, C. D. J. Marqui and D. J. Inman, On the energy harvest-
ing potential of piezoaeroelastic systems, Applied Physics Letters, Vol. 96, 184103
(2010).

[185] Z. Dan and E. Evan, Energy harvesting from self-sustained aeroelastic limit cycle

oscillations of rectangular wings, Applied Physics Letters, Vol. 105, 103903 (2014).

[186] C. R. McInnes, D. G. Gorman and M. P. Cartmell, Enhanced vibrational energy
harvesting using nonlinear stochastic resonance, Journal of Sound and Vibration,

Vol. 318, 655 (2008).

[187] R.Zheng, K. Nakano, H. Hu, D. Suand M. P. Cartmell, An application of stochastic
resonance for energy harvesting in a bistable vibrating system, Journal of Sound

and Vibration, Vol. 333, 2568 (2014).

[188] L. Gammaitoni, P. Hanggi, P. Jung and F. Marchesoni, Stochastic resonance,

Reviews of Modern Physics, Vol. 70, 223 (1998).

[189] R. Ray and S. Sengupta, Stochastic resonance in under damped, bistable systems,
Physics Letters A, Vol. 353, 364 (2006).

[190] S. Herrmann, P. Imkeller, I. Pavlyukevich and D. Peithmann, Stochastic Res-
onance: A Mathematical Approach in the Small Noise Limit, American

mathematical Society, (2013).

[191] M. Kubota, T. Ryo and H. Takashi, Active and Reactive Power in Stochastic Res-
onance for Energy Harvesting, I[EICE TRANSACTIONS on Fundamentals of

Electronics, Communications and Computer Sciences, Vol. 98,1537 (2015).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



Bibliography 164

[192] Y. Zhang, R. Zheng, T. Kaizuka, D. Su, K. Nakano and M. P. Cartmell, Broad-
band vibration energy harvesting by application of stochastic resonance from ro-
tational environments, The European Physical Journal Special Topics, Vol. 224,

2687 (2015).

PhD. Thesis of Foupouapouognigni Oumarou Laboratory of Mechanics, Materials and Structures



List of Publications

1-O. Foupouapouognigni, C. Nono Dueyou Buckjohn, M. Siewe Siewe, C. Tchawoua.
Nonlinear electromechanical energy harvesters with fractional inductance. Chaos, Solitons

and Fractals 103, 12—22 (2017).

2-0O. Foupouapouognigni, C. Nono Dueyou Buckjohn, M. Siewe Siewe, C. Tchawoua.
Hybrid electromagnetic and piezoelectric vibration energy harvester with Gaussian white noise

excitation. Physica A 509, 346—360 (2018).

Other Publications

1-O. Foupouapouognigni, M. Siewe Siewe, C. Tchawoua. Parametric Resonance and
Homoclinic Chaos in a Bullard-type Dynamo. Theory, Applications and Future Directions,

Nova Science Publishers, Inc. , 183—200 (2013).

165



Chaos, Solitons and Fractals 103 (2017) 12-22

journal homepage: www.elsevier.com/locate/chaos

Contents lists available at ScienceDirect

Chaos, Solitons and Fractals

Nonlinear Science, and Nonequilibrium and Complex Phenomena

Frontiers

Nonlinear electromechanical energy harvesters with fractional

inductance

® CrossMark

0. Foupouapouognigni, C. Nono Dueyou Buckjohn, M. Siewe Siewe*, C. Tchawoua

Université de Yaoundé I, Faculté des sciences, Département de Physique, Laboratoire de Mécanique, BP: 812 Yaoundé-Cameroun,Cameroon

ARTICLE INFO ABSTRACT

Article history:

Received 9 October 2016
Revised 10 April 2017
Accepted 15 May 2017

Keywords:
Electromechanical system
Energy harvesters
Fractional inductance
Parametric coupling

0-1 test power can be improved.

In this paper, an electromechanical energy harvesting system exhibiting the fractional properties and sub-
jected to the harmonic excitation is investigated. The main objective of this paper is to discuss the system
performance with parametric coupling and fractional derivative. The dynamic of the system is presented,
plotting bifurcation diagram, poincaré map, power spectral density and phase portrait. These results are
confirmed by using 0 — 1 test. The harmonic balance method is used with the goal to provide the ana-
lytical response of the electromechanical system. The numerical simulation validates the results obtained
by this analytical technique. In addition, replacing the harmonic by the random excitation, the impact
of noise intensity, the fractional order derivatives « and the amplitude of the parametric coupling y is
investigated in detail. It points out from these results that for the best choice of D, ¥ and y, the output

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

In the past two decades, fractional calculus has attracted the
attention of scientists and engineering, resulting to the develop-
ment of many applications [1-3]. However, this field of research
did not grow until recently, largely because the underlying math-
ematics was difficult. Thanks to the many methods for approx-
imation of the fractional derivative and integral available in the
literature nowadays, this barrier is considerably eliminated. Thus,
fractional-order systems have been intensively studied in various
areas namely, in biology, physics, chemistry, traffic systems, genetic
algorithms and control systems [4-13]. Indeed, the concept of frac-
tional derivative goes back to discussing that Leibniz and I'Hospital
had over three under years ago about the half order derivatives.
The interest accorded to this term is due to the experiments in-
vestigations which had shown, fractional order derivative appears
to render real phenomena meaningful. For instance, in mechani-
cal engineering, one used it to model viscoelastic properties in the
physical system.

In physics, most particulary in the domain of energy harvest-
ing, scientific research is mainly focused on enhancing the effi-
ciency of the system. Many researchers groups [14-17] had consid-

* Corresponding author.
E-mail addresses: oumarfoupouagnigni@yahoo.fr (0. Foupouapouognigni),
bucknono@yahoo.fr (C. Nono Dueyou Buckjohn), martinsiewesiewe@yahoo.fr (M.
Siewe Siewe), ctchawoua@yahoo.fr (C. Tchawoua).

http://dx.doi.org/10.1016/j.chaos.2017.05.019
0960-0779/© 2017 Elsevier Ltd. All rights reserved.

ered nonlinear effects to reach widening the frequency bandwidth
of the system. C.Nono et al. [19] used the Melnikov theory to dis-
cuss the performance of a bistable harvester by analyzing the crit-
ical condition for homoclinic bifurcation that could induce chaos
in the system. Owens and Mann [20] discussed the effects of lin-
ear and nonlinear transduction and demonstrated that with a suit-
able design, nonlinear coupling is better than linear. Borowiec et al.
[21] proposed a beam consisted of substrate and sandwiched with
a tip mass which transduce the bending strains induced by the
random horizontal displacement into electrical charge. They ana-
lyzed the efficiency of this nonlinear device by focusing on the re-
gion of stochastic resonance where beam motion has a large am-
plitude. Coccolo et al. [22] have studied the electrical response of
a bistable system, by using a double-well Duffing oscillator, con-
nected to a circuit through piezoceramic elements and driven by
both a low and a high frequency forcing, where the high frequency
forcing is the environmental vibration, while the low frequency is
controlled by us. They showed that the response amplitude at the
low-frequency increases, reaches a maximum and then decreases
to a certain range of the high frequency forcing. They also demon-
strated in their work that by enhancing the oscillations, we can
harvest more electric energy.

Recently, a large amount of work in engineering vibrations
showed that long-memory factor exists in many practical systems,
which are difficult to be accurately described by integer-order
models [23-28]. Bagley and Torvik [29-31] pointed out that half-
order fractional derivative models can quite well describe the fre-
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quency dependence damping of viscoelastic materials. Kelly et al.
[32] have applied the fractional Kelvin model to predict the seis-
mic response of natural rubber bearings. Markris et al. [33] pre-
sented a fractional derivative Maxwell model for a viscous damper
and validated their model using experimental results. Cao et al.
[34] recently considered an energy harvesting system with frac-
tional order viscoelastic material. They showed that the fractional
order property of the material enhances high-energy chaotic mo-
tion as well as inter-well periodic oscillation. Kitio et al. [35] pro-
posed an electromechanical energy harvesting system with a frac-
tional order current voltage relation-ship for the electrical circuit
and fractional power law in the restoring force of its mechani-
cal part. They authors showed that under a single-well potential
configuration, for a small amplitude of the perturbation, as the or-
der of derivative increases, the resonant amplitude of mechanical
vibration decreases while the bending degree remains fairly con-
stant. For a large amplitude of the perturbation, the output power
increased, this is due to the hardening effects. However, under a
double-well configuration, the fractional power stiffness strongly
affects the crossing well dynamics and consequently the output
electrical power. Ducharne et al. [36] built and energy harvesting
devices based on piezoelectric Ericsson cycles in a piezoceramic
material. They showed that by coupling an electric field and me-
chanical excitation on Ericsson-based cycles, the amplitude of the
harvested energy can be highly increased, and can reach a maxi-
mum close to 100 times its initial value. Several electromechanical
models have been the subject of such study, in particular this of
Oumbé et al. [37]. In this work, the authors studied the effect of
a nonlinear inductance induced by the saturation of the magnetic
circuit. Siewe et al. [38] worked on an unsaturated magnetic circuit
where they focused on the study of dynamics of the model (study
of chaos via the Melnikov method) and the energy transfer from
the mechanical to electrical subsystem without interesting to the
impact of inductance upon system performance. The present work
is based on this model. An originality of this work comes from
the fact that we have taken into account the fractional character
of the inductance [35,39]. In this previous work, the authors as-
sume that the inductance is linear and the magnetic field through
the air-gap of the permanent magnet varies with the coil position.
In this case, the voltage through the self is defined as U = L%. Let
us notice that in the experimental investigation, the coil exhibit
the fractional properties [39]. Thus, the relationship between the
current and voltage is defined as follows [35] U, = L(‘}TK}. The one
of the purpose of this present paper is to investigate the impact of
fractional inductance on the model propose in Ref. [38].

As pointed by Yamapi et al. [40,41], in certain circumstances,
some parameters of the electromechanical device can vary with
time because of the functioning constraints. This is particularly the
case for the parameters of the electromagnetic coupling. In this
present work, we consider that the magnetic field varies with time.
This give rise to a parametric coupling which could play an impor-
tant role in the improvement of the output power. The remain of
the manuscript is organized as follows: Section 2 is devoted to the
description of the system by a system equation. In Section 3, we
evaluate analytical and numerically, the mechanical and electrical
response of the system. This section is followed by the numerical
simulation in Section 4. In Appendix, we have the conclusion.

2. The model and governing equations

As pointed by siewe et al. [38], the electromechanical device
shown in Fig. 1 is composed of two fundamental parts: The me-
chanical part is composed of the mass m, the nonlinear spring and
nonlinear damping, while the electrical subsystem is composed of
fractional inductor L, a linear capacitor C and the linear resistor R.
We particularly consider the dissipative force with nonlinear dis-

Doshpot 5 af—— Monlinsar spring

oi— Mouving massa [m)

Al gap
Panmmanant magnet

Coupling coil

3

J=tC L0 NG

Fig. 1. Schematic model with the associated electric circuit.

sipation term proportional to the power of velocity (y')3. The ex-
pressions defining damping force is as follows: [43]

fa=ay +a0). (1)

Where y’ is the velocity of the mass, ¢; and c3, the linear and
nonlinear damping coefficients. The nonlinear damping introduced
in this system is important insofar as it has been shown that it
can improve efficiency in the context of EHS [42,43] Moreover, it is
close to the reality because experimental studies have been done
recently or it appears that nonlinear dissipation is the one, that of-
fers better performances in terms of optimization. The mathemat-
ical expression of the magnetic field is defined as in Ref. [40]

B =By(1+y cosuwit)), (2)

where By is the highest intensity that the field B reaches, y is the
amplitude of the parametric coupling. The motion equation of the
system is given as follows[38]:

my” +8(y.y") —1Bo (1+y cos 2w ))q = F(t) 3)
LDf*'q+Rq + &+ 1By (1+ycos Qwit))y =0

with
80.Y) =y +c3(V)? + koy + kny?.

where (') = %, y and q are the displacement of the mass and
charge respectively, kg and k; is the linear and nonlinear stiffness
of the spring, while [ is the length of the air gap. Using the follow-
ing transformation of coordinates:
a)(z) = %O,y =Ix,q=Qyz,® = k + 1 and by letting the time vari-
able t = -, the dimensionless equation is given by:
0
R+ f(x,%) — Um(1+ ycosRwt))z =F(1),
(4)
Z+4 BDYZ + ez + V(1 + y cosRwt))x =0

with

fx, %) = p1x + w3x> + ox + Ax3

and
_ ﬂ _ C1wo _ 12C3Cz)g _ 12&
_a)o7 = ko 3= k] ’ e_QoR
12k1 BongD 1 C()SL
A In= M= grc P =R

T wem’
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X

Fig. 2. Potential of the system (4) for A = 0.1, the dot line obtained for o = 1.0 and
solid line for o = —1.0.

x and z are the dimensionless displacement and current respec-
tively. Contrary to the equations to the partial derivatives gotten in
the case of the beams, the dot, as in x and z, will indicate differ-
entiation with respect to time. 9; are parameters of the coupling
terms, A is parameter due to nonlinear stiffness, u; and y. are
damping coefficients, y. is the parametric coupling amplitude.

Throughout the paper, we consider an harmonic function with
constant amplitude which can be expressed by mathematical pre-
sentation as:

F(t) = Eg cos(wT), (5)

where Ey and w being respectively, the amplitude and frequency
of the harmonic excitation.

Fig. 2 shows the potential of the mechanical part under two
configuration: mono-stable and bistable for two values of linear
coefficient of the stiffness. In the following, we discussed the sys-
tem performance under these two configurations.

2.1. Harmonic balance method

In this section, we use the harmonic balance method [44] to
provide the analytical solution of the model equation. To achieve
our objective, we assume that the approximative solution of the
system Eq. (4) is defined as follows:

x(t) =Acos (ot + ¢1)(a)

(6)
z(t) = Bcos (wT + ¢3)(b)

where A=,/A? + A2 and B= /B2 + B2 are the amplitude of the
mechanical and the electrical subsystem.

It is known in the literature that, there are many definitions of
the fractional derivative. In this work, we used the Caputo’s defini-
tion [45-47] given as:

d*z 1 T .

— =D%z(1)] = =——— T —5)"%Z(s)ds. 7
Goo = DO = gy [ T=972) (7)
where 0 < k < 1, while I'(.) is the gamma function.

Substituting Eq. 6(b) into Eq. (7), we obtain:

D%[Bcos(wT + ¢2)] = D¥[ g1 cos(wT) — &3 sin(wT)] (8)
with
G1 = Bcosg,; 63 = Bsings,
By using the following approximation,
z(t —s) = Bcos(w(T —S) + ¢2) = Bcos(6, — ws),
with

6, =wT + @3.

Eq. (8) becomes:

D%{z(7)]
1 d T : T sin ©)
= gy ae [Beos O, [y ©525ds + Bsin6, [y S825ds]
By letting u = ws, we obtain the following expression:
D%{z(7)]
(10)

= 1= (U1 + ©2h)sineT + (61)2 — 62)1) cos o]
with J; and J, are defined as [48]:
= fO’ QO hdu =T'(1 — a)sin(%E)) + sinu 4 g(y-o-1), (11)

u* u«

b= Jy Stdy =T(1-a)cos(4)) — L+ o), (12)

u¢ ue
Taking into account Egs. (11) and (12), Eq. (8) becomes:
D%[z(7)]

(13)
= ¥ (B; cos(wT) + B, sin(wT)) (cos (%) — sin(%F)).

Substituting Eqgs. (13) and (6) into Eq. (4) and equating the co-
efficients of the terms containing only sin(wt) and cos(wt) sepa-
rately to zero, we obtain the following equations:

3 3
(g —w?+ ZAA2>A1 + (le + Zugw3A2)A2 +&By —Eg =0

3 3
(1w — Zu3w3A2)A1 + <Q —w?+ EA,A2>A2 -B1=0

Vel
Um

7
l;“ A =0 (14)

m

531+C()Bz+ A, =0

—wB; +68B; —

where
S = ﬁa)“(cos <ﬂ> —sin (E» + We,
2 2
¢ = z?ma)<1 - Z), &= ﬂmw(l + Z).
2 2
Using some mathematics tools, the solution of Eq. (14), give rise to
the amplitudes equation given as:

TwAlO-I—TgAs+T5A6+r4A4+T2A2+r1 =0 (15)
and
B2 = b4A4 + b2A2 + bo, (16)

where all the coefficients of Eqgs. (15) and (16) are defined in the
appendix. The average output power is estimated using this for-
mula:

1 [T /dz\?
Pmax: ﬁ/o (E) dt (17)

2.2. Numerical simulation

With the goal to verify the efficiency of the analytical technique
used, the numerical simulation of the system Eq. (4) is made. The
physical parameters used in the simulation are given as follows:
c; = 0.55kg/s, c3 = 2.5kg/s, kg = 25N/m, L=1.34H, | =0.17m, m =
1.082kg, R =20.5%2, ki = 90N/m, C = 0.01052. The initial condi-
tions used are (x(0) =0.0,x(0) =0.0,z(0) =0.0).
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Fig. 3. Amplitudes response-curves of the driving frequency w and Ep = 0.5, k = 0.25 with the parameters A = 0.1, p; = 0.1,

e =0.96 and o = 1.0.
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The numerical scheme used in this paper is based on the
Newton-Leipnikov algorithm [50], Eq. (4) can be rewritten as:

x(k) = x(t—1) + uty_1)h (18)
n-1
Yt) = [zt + 3 6200 [ (19)

i=1

u(ty) = [—paulty_q) — ppu(t_1)? — 0x(te_1)
=Ax(ty_1)? + Om(1 + y cos e (te_1)))z(ty)
+Eo cos(w (1)) ]h + u(te_1) (20)

z(ty) = z(ty—1) + (= By (tg_1) — ez (ty—1)
—Ue(1 4y cosCw(ty_1))))h (21)

where h is the integration step and the coefficients cj("‘) satisfy the
following recursive relations:

1
Q0@ =1,¢,@ = (1 - J;“)c,,ﬁa). (22)

u(ty) = [—paulte_q) — ppu(te_1)? — 0x(t_1)
= AX(ti_1)? + Om(1 + y cos e (ty_1)))z(ty)
+ Eq cos(w(tg_1)) [+ u(te_1) (23)

Fig. 3(a) and (c) show the comparison between the results ob-
tained from analytical and numerical investigations. From these
figures we notice the agreement between the two results. The ef-
fects of the fractional derivative x on the amplitude are depicted
in Fig. 3(b) and (d). We notice that, the amplitude of the me-
chanical vibration are almost unchanged when « increases (see
Fig. 3(b)). However, in Fig. 3(d), we observe that, the enhancing of
the fractional order derivative leads to increase the output power
change. We displayed on Fig. 4(a)-(d), the mechanical and electri-
cal response versus frequency w. In Fig. 4(a) and (c), the impact
of the amplitude of the parametric coupling is presented. We no-
tice in Fig. 4(a) that when y increases, the response of mechanical
part is not change. However, in Fig. 4(c), an increase of y leads
to enhance the output charge, and consequently, an enhancing of
the output power. Fig. 4(c) and (d) show the impact of the linear
(1 #0, u3 =0), cubic (u3 #0, 1 =0) and polynomial damping
(u1 # 0, w3 # 0) upon the electrical response. It emerges from
these results that, the cubic and polynomial damping induced a
reducing of harvested energy. Fig. 5 show the impact of «, y, A
and damping upon the output power. We notice in Fig. 5(a) and
(b) that, when « and y increase, the output power increases. Sim-
ilar result is observed in Fig. 5(c). When the coefficient of the cubic
nonlinearly increases. However, in Fig. 5(d), an increase of the de-
gree of the damping gives rise to the small output power.

We show in Fig. 6, the comparison between the mechanical and
electrical power for three value of y. We notice in Fig. 6(a)—(c) that
for a fixed value of the y, the resonance occurs for the same value
of the frequency. For y = 0.9, the real maximum electric power is
obtained at w = 1.17Hz and is about 2.7mW, for the corresponding
input power(the mechanical power) equal to 0.19W. We show in
Fig. 6(d) the efficiency conversion of the system. We notice that an
increase of the y leads to the increase of efficiency. We also notice
in this figure that the efficiency is optimum when the resonance
phenomenon occurs (w = 1.17Hz), this give rise to the maximum
charge and output power (Fig. 6(a) and (c)).

Several works have been published in the field of energy har-
vesting using electromechanical system. However, several authors

6
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Fig. 7. Bifurcation diagram (a) and asymptotic growth rate k. (b) curves for system
(4) for Ey varying with the parameters A = 0.1, iy = 0.1, u3 =0.018, y = 0.5, ¥y, =
0.76, Y. = 0.0056, e =0.96, @ =1.0, o = —1.0 and k = 1.0.

AL

have been used the standards materials [17,18] and other, the ma-
terials exhibiting the fractional properties. In contrarily in the pre-
vious works [35,37], a novelty of this present work is the introduc-
tion of the fractional inductor in the electrical subsystem. Kwimi
et al. have been showed that for some value of amplitude of the
excitation force, the voltage present the antagonistic phenomenon
ie an increase of fractional order derivative leading to increase or
decrease the output voltage. In addition, Oumbé et al. have been
showed that, Energy harvesting system with fractional order vis-
coelastic properties has better performance at resonance. Indeed,
small value of fractional derivative leads to large value of the max-
imum output voltage. On major observation in our study reveal
that, the system performance is optimum for the high value of
the fractional order derivative (see Fig. 5). However, for x < |0, 1],
while the output power increase when x go up, the standards in-
ductor (xk = 1) is better than the inductor exhibiting the fractional
properties. It would be advantageous in this research field, to use
a standard inductance. The performance of the system depends on
the degree of nonlinear damping. In addition, the steady-state so-
lution under the same conditions except p3 = 0 (i.e., no nonlinear
damping) is also plotted in Fig. 4. We notice that, the existence of
non-negligible nonlinear damping has a strong impact on the fre-
quency response of the system, specifically on the locations of the
jump points. In particular, for the polynomial damping only the cu-
bic term provides power harvested while the linear term is consid-
ered as a loss. When a polynomial damping is taken into account
only, the cubic term is considered as power harvested. As shown
in Fig. 5(d), the polynomial damping allows us to store less en-
ergy than the linear and the cubic damping. This is due to the fact
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that the linear term is loss power. The effects of the amplitude of 2.3. Description of 0-1 test and numerical study

the parametric modulation are found in the response curves and

output power. The amplitude of the parametric coupling can con- With the aim to deeply characterize the long time dynamic of
tribute to increase the harvested output voltage. The performance the system, we have used many standard indicators, namely bifur-
of the system depends also on the degree of nonlinearity of the cation diagrams, phase portraits, power spectral density and com-
potential and the electrical dissipation. putation of the 0-1 test.
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2.3.1. Description of the 0-1 text

To quantify the results obtained, we use the 0-1 test for chaos
detection [51,52]. This test combines both spectral and statistical
properties of the system and can distinguish different types of dy-
namics of the system by computing a number K € {0, 1}. First of
all, a change coordinates (x,X) to a new set (p, q;) is required

p(n) =) &jcos(jc), qi(n) = Y Xjsin(jc)

j=1 j=1

(24)

where X = [X;,%,,%3,%,,....] is the discrete time series sampled
from the originally simulated x using one-fourth of excitation pe-
riod, while c is a constant (c € [0, 7 ]). The Mean Square Displace-
ment (MSD) is defined as in Ref. [49,53]:

A = PR o .
MSD(e. j) = 7 3 {Ip(i+)) - PP +1q1G+ 1) - g1 (D}
i=1
(25)
where j is the integer number varying as follows:
n . .n
on =J =35
100 10
Thus, the asymptotic growth rate of MSD is given as:
K(c) = Cov|[j, MSD(c, j)] (26)

/Covlj, jl.Cou[MSD(c, j), MSD(c, )]

where Cov(x, u) is the covariance of the serie x, u. In this paper,
we let (x = j and u = MSD(c, j)). The covariance of X, u is defined
as:

N
covx.ul = & 3 (x(n) - X)(u(n) — i) (27)
n=1
where X and u are the average value of x and u, N is the element
number of X and u are given by:
N N
Yox(n), u=g X u(n).
n=1 n=1

X= (28)

=—

2.3.2. Numerical study

The main purpose of this section is to show the qualitative be-
havior of the solution of the extended electromechanical model.
The system generates a complex behavior that directly depends on
the amplitude and frequency of the modulated force. We now use
the numerical simulations for examining the complicated behav-
ior of Eq. (4). The initial conditions used in the numerical sim-
ulation are ((x(0) =1.0,x(0) =0.0,z(0) =0.0). The fourth-order
RungeKutta algorithm is used to check the threshold of harmonic
excitation amplitude for onset of possible chaos obtained for sys-
tem (4). Fig. 7 shows a representative bifurcation diagram and
the variation of the corresponding 0 — 1 test versus the ampli-
tude E, of mechanical part. A bifurcation diagram is displayed in
Fig. 7(a), showing the dependence of the system response when Eg
increases. We observe in this figure the regions corresponding to
regular motion (Ey € [0, 0.78]), the region corresponding to period-
3 orbit (Ey € [0.8, 0.88]) and regions corresponding to the chaotic
states (Ey € [0.78, 0799]U[0.88, 1]). In the goal to validate the re-
sult obtained in Fig. 7(a), the 0-1 text is provided (Fig. 7(b)). The
result obtained ((Fig. 7(b))) confirms this obtained via the bifur-
cation diagram (Fig. 7(a)). The phase portrait provided in Fig. 8,
allow us to know the different regimes in which the system in-
volves. We observe a diffusive (Figs. 8(c)- 8(d)) and bounded dy-
namic (Fig. 8(a) and (b)) of the p(n) and q;(n) in the phase space
(p, q1)- Let us notice that, a diffuse dynamic of p(n) and q;(n) cor-
responds to the chaotic motion, which increases the bandwidth of
oscillator there by allowing to enhance to output power. However,
when the dynamic of p(n) and g;(n) is bounded in the phase space,
the motion is regular. In such condition, the energy storage by the
mechanical oscillator is concentrated within its harmonic or super-
harmonic.

We provide in Figs. 9-11, the poincaré map, the time series
and its corresponding power spectral density (PSD). We notice in
Fig. 9(a) and (c) that the regular motion. These result are con-
firmed in Fig. 9(b) and (d) by plotting PSD. Only one peak located
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to the dimensionless frequency (fp =0.16) is observed for the
mechanical subsystem. However, in Fig. 9(d) three peaks are ob-
served. In Fig. 10(a) and (c), the motion of the system is quasi-
period characterized by three harmonics. The agreement between
these results and those obtained in Fig. 10(b) is observed. Fig. 10(d)
shows five peaks. In this condition, the energy harvested by the
system is high than obtained when the dynamic of the system
is periodic. In Fig. 11(b) and (d), the system exhibits the chaotic
motion giving rise to the large bandwidth of the frequency allow-
ing to harvest more energy. These latters results are confirmed in
Fig. 11(b) and (d) which present many harmonics.

3. Investigation of the system performance under the Gaussian
white noise

The harmonic excitation is used in the previous section to in-
vestigate the system response. However, in the real environment,
wave oscillations, atmospheric turbulence and seismic shocks, the
vibration source are not harmonic but exists under a random form
Ref. [54-56]. Thus we replace in the previous section, the harmonic
excitation by a Gaussian white noise verifying the statistic proper-
ties:

(E(T)E+1")) =2Di(7),
(§(1)) =0, (29)

where 2D is the intensity of noise and §(t), the Dirac function.
The impact of fractional order derivative ¥ and y upon the output
power expressed in terms of mean square voltage (z2) and mean
displacement is presented in Fig. 12(a)-(d). Let us notice that in
Fig. 12(a) and (b), when x ~ 0, the system oscillates by hopping
symmetrically through the potential barrier. However, x ~ 1 indi-
cates that the oscillating system is strapped in one of the potential
wells. Fig. 12(c) and (d), the output power versus noise intensity
for three values of fractional order derivative k and amplitude of
the parametric coupling y. We notice in these figures that an en-
hancing of « and y leads to increase the output power.

4. Conclusion

In summary, the analytical investigation of the system response
of the electromechanical energy harvesting system is presented.
The harmonic balance method is used in this manuscript and gives
rise to the amplitude equation. The results obtained by this ana-
lytical technique are checked numerically. The agreement between
these two methods validates the analytical technique used. The im-
pact of fractional order derivative and amplitude of the parametric
coupling is investigated with detail. It emerges from these results
that, the fractional order derivative x and amplitude of the para-
metric coupling y enhance the output power when these two pa-
rameters increase. The effect of linear cubic and polynomial damp-
ing is also investigated. We notice that a large value of the degree
of the damping reduces the output power. In addition, replacing
the harmonic excitation by the random force, the impact of noise
intensity is investigated. It appears from these results that, the out-
put power could be optimized for the best choice of the noise in-
tensity D, the fractional order derivative x and amplitude of the
parametric coupling.
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HIGHLIGHTS

e The construction of the hybrid model is essential to increase the harvested energy by the harvester.
e The study of the stochastic p-bifurcation allows to know the value of the bifurcation parameter for which the system energy is improved.
e The occurring of the stochastic resonance enhances the system performance.

ARTICLE INFO ABSTRACT

Article history: In this work, we investigated the dynamical behavior of the hybrid energy harvester under
Received 12 November 2017 Gaussian white noise using probabilistic approach. We find that under the influence of
Received in revised form 25 May 2018 this kind of noise, the dynamics of the nonlinear electromechanical system exhibited the
Available online xxxx stochastic bifurcation which is characterized by a qualitative change of the stationary
Keywords: probability distribution. A stochastic averaging method is applied in this system in the
Probability aim to build the It6 Stochastic differential equations. From these equations, the Fokker-
Stochastic p-bifurcation Planck Equations (FPE) of the electromechanical system is constructed whose the solution
Stochastic resonance at the stationary state is a probability density. By combining the harmonic excitation to

the random force, the harvested energy is improved. We also provided the optimization
rate of the hybrid system with respect to the piezoelectric system. Besides, the comparison
between the power obtained by the hybrid model, piezoelectric and electromagnetic
energy harvester shows the interest to build the hybrid model. The analytical results agree
very well with numerical simulation.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The technological advance these last years in the electronics area and the growing need to render the electronics
system autonomous drove to a renewal of the works of research on the renewable micro-energy harvesting. One of the
challenge in this research field is the replacement of the batteries in the microelectronics system by a energy harvesting
device, allowing to guarantee the energy needs in the embarked system without interruption. Several energy sources are
available in the environment and can be used to power microelectronics systems. Among these energy sources, vibrations
mechanics are the subject of the many investigation. As pointed by Williams et al. [1], three transduction mechanisms
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are commonly used to convert vibrations mechanics to electricity, namely piezoelectric [2-5], electromagnetic [6,7] and
electrostatic [8,9] transduction. However the most of the proposed harvesters are typically based on linear mechanical
principles [1,10]. Such devices give appreciable response amplitude only if the dominant ambient vibration frequency is
close to the resonance frequency of the harvester. In the goal to improve the efficiency of devices, nonlinear phenomena
have been considered. Thus, Shahruz [11] shows that a bistable configuration of the potential energy of the system can be
used to increase the output power. Coccolo et al. [ 12] have studied the electrical response of a bistable harvester driven by
both a low and a high frequency forcing. The authors showed that the response amplitude at the low-frequency increases,
reaches a maximum and then decreases to a certain range of the high frequency forcing. With a different perspective,
Masana and Daqaq [13] proposed a comparative analysis of harvesters having bistable and mono-stable configuration of
the potential energy, under harmonic excitation and demonstrated the effects of the potential shape on the performance of
the system, for some ranges of frequencies. They concluded that mono-stable potential systems perform better than double-
well systems for an excitation with a small amplitude. Considering the linear and nonlinear nature of the electromagnetic
coupling, Owens and Mann [14] showed that depending on the system parameters, nonlinear coupling can be better than
linear coupling. It is worth noting that, regardless of the type of transduction mechanism, any one exhibits advantage and
disadvantage.

In order to overcome some disadvantage met in the transduction mechanism announced above, the construction of
the hybrid model is essential. Wang et al. [15] developed a Piezoelectric and electromagnetic hybrid energy harvester for
powering wireless sensor nodes in smart grid. The authors showed that from current-carrying conductor of 2.5 A at 50 Hz,
the proposed harvester combining piezoelectric components and electromagnetic elements can generate up to 295.3 pW.
Zhenlong et al. [16] presented a novel tunable multi-frequency hybrid energy harvester. It comes from their study that
the magnitude and direction of magnetic force have significant effect on the performance of the system. Friswell et al. [17]
proposed a hybrid cantilever beam harvester with piezoelectric and electrostatic transducers for narrow band base excitation
using an applied DC voltage as a control parameter to change the resonant frequency of the harvester to ensure resonance
as the excitation frequency varies. Wacharasindhu et al. [ 18] proposed a micro machined energy harvester from a keyboard
typing motions, using combined electromagnetic and piezoelectric conversion. Bin et al. [ 19] built a hybrid energy harvester
combined piezoelectric with electromagnetic mechanism to scavenge energy from external vibration. They explored the
effect of the relative position of the coils and magnets on the PZT cantilever end and the poling direction of magnets on the
output voltage of the harvested energy. Karami et al. [20] proposed a hybrid model using piezoelectric and electromagnetic
induction effect. They showed that electromechanical coupling has a strong impact upon the system performance. This
manuscript gets an interest on the model of Wen et al. [15], where the full study of the piezoelectric energy harvester
subjected to the harmonic excitation is consider. However, in the real environment, the vibration mechanics is not harmonic
but is presented in the most of the time under the random signal. Thus, this manuscript considers that the mechanical
subsystem is subjected to the stochastic excitation. Besides, from the model built in Ref. [ 15], we construct the hybrid energy
harvester combining piezoelectric and electromagnetic mechanisms subjected to the stochastic excitation. In the order to
enhance the harvested energy by the harvester, many research groups combined a coherent and random signal, which
gives rise to the stochastic resonance phenomenon [21,22]. Mokem et al. [23] investigated the dynamics of sandwiched
buckled beam with axial compressive force under Gaussian white noise energy harvesting system. The authors showed the
optimization of the harvested energy when the stochastic resonance phenomenon occurs. Borowiec et al. [24] investigated
the effect of noise on the performance of an energy harvester. They showed that noise component of the excitation impact
on the system stability.

We extend our study in this paper by considering the dynamics of the hybrid energy harvester combining piezoelectric
and electromagnetic mechanisms under harmonic and stochastic excitation. We explore the effects the Gaussian white noise
and harmonic excitation on the system performance. The remain of paper is organized as follows: Section 2 is devoted
to the description of the system with model equation. In Section 3.1, the stochastic averaging method is theoretically
carried out to build the Fokker-Planck equation whose the solution in the stationary state is a probability density. The
stochastic bifurcations are discussed in Section 3.2. Section 4 is devoted to the numerical simulation. Finally in Section 5 we
conclude.

2. The model and governing equations

As pointed by Wen et al. [ 15], the electromechanical device shown in Fig. 1 is composed of three fundamental parts: The
mechanical part is composed of the mass m, the nonlinear spring and nonlinear damping, while the electrical subsystem
is composed of linear inductance L, a linear capacitor C and the linear resistor R. The nonlinear damping introduced in this
system is important insofar as it has been shown that it can improve efficiency in the context of EHS [25,26]. We consider
the dissipative force with nonlinear dissipation term proportional to the power of velocity x> [25]. The expressions defining
the damping force is given as follow [25]:

fa=cax+ R (1)
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Fig. 1. Schematic of the hybrid energy harvester.

where X is the velocity of the mass, ¢; and c3, the linear and nonlinear damping coefficients. The governing equations can be
derived for Newton’s law and Kirchhoff’s law [15]:

mx + ¥1(x, X) + nv + Opi = —mX,

. 1 .
G+ —v—nx=0 (2)
Ry

Li+Ri— 6% =0
with

I
70),(

x2+ 2

where m is the mass, x is the displacement of the mass, k is the spring stiffness, Iy is the original length of the spring, [ is

the distance between the center and the edge of the frame, 6,,, and n are the electromechanical coupling, v is the voltage
across the load resistance, G, is the capacitance of the piezoceramic, R, is the resistance, 6 is the inclination of the spring

Ya(x, X) = C1% + 3% + 2k(1 —

with respect to the horizontal, and X, is the base displacement. Using the following transformation of coordinate X = — and
0

y = o Eq. (2) can be rewritten as:
0
, on 6 R
X+ 92X, X))+ —v+ —i=—=
lom lom lo
1 Io -
4+ —v— % =0 (3)
GoRp G
R. Only
i x =
T Ll L
with
csl? 2k 1

. C1 . -3

X, X)=—X+—X —(1— ——=)X
VX, X) = — X+ — X"+ —( /7X2+y2)

In this work, we consider the weak amplitude of vibration. In this case, the nonlinear term in Eq. (3) can be expanded into
the Taylor series at equilibrium (Xp, 0). By omitting higher order terms in the resulting expanding expression and shifting
the origin of the coordinate by introducing the new variable X = z — Xy, with Xj is the positive stable static equilibrium

2k
position obtained by solving the non-dimensional potential U(X) = — (/X2 + y2 — 1)?. Using the following transformation
m
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Fig. 2. One-dimensional bistable potential governed by Eq. (4)(a) with parameters w; = 1, @ = 0.72 and Metastable potentials o3 = 0.13, symmetric
bistable potentials «3 = 0.115 and asymmetric bistable potentials o3 = 0.097.

21k|(1 — y?
M, Z = zoz,1 = igp, v = vgy and by letting the time variable t = i, the dimensionless

of coordinates w? =
m w1

equation is given by:
Z4+Y3(z,2) + tmi+ v =§(7)  (a),
V+Ay—0p,z=0 (b), (4)
p+Bp—10z=0 (c),

where the potential U(z) is defined as

2
w 1 1
U Z)= 712 — Z3 - 24,
(2) 3 + 3(12 + 40l3

¥3(z, z) is Eq. (4) is given by

U3z, 2) = (12 + 5327 + 07z + 0z® + a3

where
o _ (zolo)’c30} _ Onlozo
STk — P T 2k =) T Tl
1 Omi nv
)\Zisgm:_ no 2,§e=— 0 N
w1CGpRy 2z0lo]k|(1 — y#) 220lo]k|(1 — y2)
R nlozo z5y*(5y* — 4) 3z0y°
B= — 0= 22 gy = 0L Loy = .
w1l oGy y>—1 2,/1— 92
E(t)= —_71’2 is the Gaussian white noise verifying the statistic properties:
2[klo(1 = y2)
(E(r)6(t + 1)) = 2D5(7),
(5)
(@) =0,

where 2D is the intensity of noise and &(t), the Dirac function. The variables z, y and p are the dimensionless displacement,
voltage and current respectively. The dot in z, y and p indicates differentiation with respect to the time. ¥, ¥, ¢, and ¢, are
parameters of the coupling terms, «; is the coefficient of quadratic nonlinearity, o3 is the coefficient of cubic nonlinearity,
1 and ¢3 are damping coefficients, A is the ratio of the resistance and inductance and w; = 1.

The potential U(z) depends on the values of the parameters «3, @, and w;. We can have a mono-stable or a bistable

configuration according to the system parameters. Several patterns of potential are shown in Fig. 2. One can clearly observe
that the height of the right potential well goes up when a3 decreases.
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3. Stochastic averaging method and stochastic P-bifurcation
3.1. Stochastic averaging method

In this section, the objective is to study the stochastic bifurcation. To reach this objective, it is necessary to construct the
Fokker-Planck equation. Eq. (4) can be rewritten in the following form:

Z=1u
U= —@3(z,u) = Lmp — Ly + &(7),
¥ = -1y + Upu,
p=—Bp+ el
with
@3(z,u) = Gu+ 53U + iz + 0z’ + sz’

According to the principle of the stochastic averaging method, the amplitude of the oscillations vary slowly in the period
scale. For this raison, the derivative of the amplitude with respect to the time is neglected. In the quasi-harmonic regime,
we assume that noise intensity is small, we introduce a change of variables

z(t) =a(r)cos(¢),
(7)
z(t) = —a(r) wpsin(¢),

where ¢ = wot + 0(1), a(t) is amplitude of mechanical subsystem. Substituting Eq. (7) into Eq. (4)(b) and (c), we have:

av,wo
7) = Cy(7)etr) 4 —2 cos @ — Asing),
¥(z) = C(7) ol (wo cOs ¢ ®) (8)
avewo .
p(t) = C(1)eF7) + (wocosp — B sing). 9)
B + w;

The first term and the second term in the right hand are the general solution of the associated homogeneous equation and
the special solution, respectively. For the stationary responses concerned here, the terms C;(t)exp{~*") and C,(z) exp!=#?)
in Egs. (8)-(9) tends to zero when the time (7) is large. Thus, Egs. (8) and (9) can be rewritten as:

aﬂpwo .
T)= wp COS @ — A sin 10
WO = o leocosy ?) (10)
and
az?ewg .
T)= wy COSp — Bsing). 11
p(7) 5 +w5( 0COs¢ — fsing) (11)

The term (wocosp — A sin @) in Eq. (10) can be rewritten as follows:

wpCoSY — Asing =
A
F el cosp— " sing)
JA 4 of A+ 0} (12)
= /A2 + w}(cos Ocosp — sin O sin g)

cos g —

with
wo . A
0s® = ————andsin® = ——.
,/)\2—{—&)3 ,/Az—l—a)(z)
Finally,

wocosp — Asing = /A2 + w? cos(O + @). (13)

Thus
aﬂpa)o A
)= A2 4+ w? cos(¢ + tan~1(—)). 14
y(t) Az—i—wg‘/ o Cos(¢ (wo)) (14)
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In the steady state, the amplitude of the voltage is expressed as follow:

Clﬁpa)o /15 ﬂﬂpwo
VO = A + a)o (.15)
VA2 + a)O

Similarly, the amplitude of the steady state current (Eq. (11)) is given as:

aﬁewo /32 (1199(1)0

I =
0= gy P (16)

Substituting Egs. (10), (11) and (7) into Eq. (4) by letting w; = wo we obtain:
a,a? sin @ cos? ¢

a=—gasin’ ¢ — 30id’sin® ¢ +
o

N a3a’singcos’ @ Lewpdpasingcosg  LVprasin® ¢

17
@ A2+ ) A+ o] a7
+§ma)oﬁea singcosg  mU.fasin’e  singé(r)
B? + w} B? + o} wo
. _ .3 apacos’e
6 = —¢1cospsing — 3wia® cospsin® g + —————
o
a3a® cos? o, OS> ¥,A €OS @ sin
i 3 % LewoUp Y % % % (18)

o A+ o] A2+ )
CmwoDe COS2 @ LB cos@sing  cosé(T)
B2 + wh B+ o woa

Thus, after applying the deterministic averaging method to Eqgs. (17)-(18), we obtained the following approximated
system:

sin p§(7)
a=x1— )
wo
(19)
: cos p§(7)
0= x
awg
where
X __ng & _7( o1+ is+ 63 a
TR 2B )
(20)
3 053(1 lwo(ﬂpge(ﬂz + a)(z)) + ﬁmé'm()L2 + w%))
T8 2 (02 + B2 + })
and
1= mBVe + (B> + w31,
= (B> + w}3)teVp,
63 = CmBVewy + (B*wf + wp)ir.
By applying the stochastic averaging method [27,28], we can obtain the following stochastic equations for a and 6 :
D D
da=|(x1+ - )dt+ [—dn(r) (a)
2wha g
(21)

[ D
dg = deT + > zdﬂz (‘L') (b)
wo
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where 7n1(t) and ny(t) are two independent normalized Wiener processes. It is worth pointing out that a and 6 are
independent, allowing us further to develop a probability density for amplitude a, rather than a joint density for 6. The
probability density p(a, t) of the instantaneous amplitude a satisfied the Fokker-Planck-Kolmogorov equations [29,30]:

3 9 D
3P (a,7)= ——[(xl + —2>p(a, 7)]

da 2wya
(22)

In the context of energy harvesting systems, we are primarily interested in the long-term system behavior. Thus, the
stationary solutions of Eq. (22) of electrical and mechanical part respectively are obtained as:

——— (B30t +Koa?) 23
p(@=Niaexp 16D " " (23)

where Nj is the normalization constant expressed by

3VDewf
1=|M|, (24)
No
with
1 K2 Ko
No = vV/7Dexp(— —2— )1 — erf(—————)), 25
o p(192D§3a)g)( f(sﬁwg Dg3)) (25)

Ko =Ky + K + K3

and
K. — 890X (GmPe + (B + 5)t1)
! (B2 + Q)W+ @)
- Sw(z)k(ﬂz + a)(z));'ez?p
(B? + )W + o)’
Ky = Swg(fmﬂﬁewé + (.32(1)3 + a)g)é‘l)

(B + w)(A2 + wp)
Through a transformation from variables (a, 8) to the original variables (z, z), an expression for the stationary density
function of (z, Z) can be derived from Eq. (23) as
1
Zmogap
22
by letting a = z? + —» Eq. (26) becomes
)

p(z.2) = (a), (26)

N oip— (sl + o)) 4 Ko + o), (27)
21w 16D 0 wa w

p(z,z) =

Thus, the expected value of the mean square voltage of the piezoelectric circuit and electric current of the magnetic circuit
can be calculated following this formula:

2wk
2y 2y = P 0 2 28
) ={Vy) A2+wg() (28)
with
(a®) = f0+°° ap(a)da. (29)
Substituting Eq. (29) into Eq. (28), we obtain:
22 #2+/DN; A
W) = 50 [ aplada = 2 (30)

2+ T 2T+ R)KE
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Fig. 3. (a) Bifurcation diagram of Eq. (35) in the parameter plane (u3, 1¢1), (b) Stationary probability density of amplitude for three value of ¢3. The other
parameters used are given as: {; = 0.25, oy = 0.72, 3 = 0.97, ¢, = 0.84, L = 2.0, ¢, = 0.057, ¥y =0.38, 8 = 2.05, wg = 1.0, ¥, = 0.05 and D = 0.4.

Similarly
D2wd 924/DN; A
(p?) = LOZ/O”C a®p(a)da = lez (31)
B? + wj 27 (B + wi)K;
with
1 K2 1 Ko
A = wKo/Kaexp(— =2 )(erf (= — 1)+ 8+/7DK. 32
wKon/Ks p(64DK4)( f(Sm) )+ 8+/7 DKy (32)
and
Ky = 3¢305.
The average output power harvested by the hybrid system is estimated using this formula:
B / " L
Prybria = — d — dr. 33
hybrid ZTOyt—i-ZTOpr (33)

Using the expressions of the mean square voltage of the piezoelectric circuit and electric current of the magnetic circuit,
Eq. (33) become

Puybria = B(p?) + A(y%). (34)

3.2. Stochastic bifurcations

This subsection is devoted to discuss the stochastic bifurcation through qualitative changes of the stationary probability
density function (SPDF). The SPDF of prototype dynamical system Eq. (4) for amplitude a would be either unimodal or

bimodal, which implies the transitions between unimodal and bimodal distribution with the variation of certain parameters.

ap(a
Moreover, by letting % = 0, the extrema of the distribution Eq. (23) are the roots of equations:
a

3 Gwgah,  1Kod

4 D 8 D
an, is the amplitude corresponding to the extremum of distribution Eq. (35) and m is the index number of the extremum.
For a suitable choice of system parameters, the probability density function of the harvester can present one or two positive

1 —Ko+,/192D¢3005+K2

12 ng

the probability density function in Eq. (26) has a maximum (Fig. 3(b)). However, by taking ¢3 < 0, there are two real positive
1 —Ko+,/192Dg3008 k2 1 Ko+/192Dz308+K3

roots of Eq. (35) for a convenient choice of system parameters: ,/ 1 B and,/—5 —ad whose the
3% 3%

shape is similar to a crater, and then the probability density function P(a) presented in Fig. 3(b) has one maximum and one
minimum respectively. Thus, a transition from a craterlike distribution to the unimodal distribution observed in Fig. 3(b)
can be defined as a type of P-bifurcation.

=0 (35)

extrema (one minimum and one maximum). By taking ¢3 > 0, the positive root of Eq. (35) is , and then
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Fig.4. (a) Amplitude response of mechanical subsystem versus ¢; for D = 0.4, (b) Amplitude response of mechanical subsystem versus D for ¢3 = —0.064.
The parameters are the same as those in Fig. 3.

We plotted in (Fig. 3(a)), the bifurcation diagram of Eq. (35), for a fixed value of the noise intensity D. However, in region
I, two positive roots are observed and give rise to the craterlike distribution. In region II, we have only one positive root, the
distribution is unimodal.

Fig. 4(a)-(b) show the amplitudes of the mechanical subsystem, when varying the noise intensity and for three fixed
values of ¢; and ¢s. In Fig. 4(a), we observe that, an increase of ¢3 lead to decrease the maximum amplitude. However, an
opposite phenomenon is observed in Fig. 4(b) when ¢ increase: an increase of ¢; leads to increase the maximum amplitude.

4. Numerical simulations
4.1. Algorithm of numerical simulations

The numerical simulations are made by integrating Eq. (4). By introducing the new variable z = u, Eq. (4) can be rewritten
in the form

Z=1u
U= —1u — G5 — 03z — 032 — 32 — Loy — Lmp + £(7)
(36)
y=—-Ay+0pu
p=—Bp+ Deu.

The discrete equations can be written as:

Znt1 =Zn + upAt

Uni1 = Un — ($1Up + S3U3 + w%Zn + 022 + a3z

+8e¥n + Cmpn) AT + En(T), (37)
Yn+1 =Yn + (=Ayn + ﬁpun)AT»

Pn1 = P + (=B pon + Velln) A,
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Fig. 5. Stationary probability density of mechanical subsystem for different values of electrical impedance A. The other parameters used are given as

(01 = 025,75 = 0.064, 01 = 072, a3 = 097, = 0.84, & = 0.057, 9, = 0.38, = 2.05, wp

= 1.0, ¥, = 0.05. The initial conditions:

dz(0
(2(0), %,yw), p(0)) = (0,0, 0, 0.
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Fig. 6. Stationary probability density function of mechanical system: (a) for different values of linear damping with ¢; = 0.064, (b) for different values of
nonlinear damping with ¢; = 0.25. The other parameters used are given as : a; = 0.72, a3 = 0.97, {, = 0.84, A = 2.0, { = 0.057, 9, = 0.38, B = 2.05,

wo = 1.0, % = 0.05and D = 0.4.

where &, is a sequence of random numbers distributed normally by the Box-Mueller algorithm. The Box-Mueller algorithm
[31,32] is used to generate the Gaussian white noise from two random numbers a; and b; which are uniformly distributed
on the unit interval [0, 1]. Thus, for each step At, it is worth nothing that &, is defined as:

(38)

&n —4D Atlog(ay)cos(2rwby)

with a time step for numerical simulations equal to At = 0.01.

4.2. Numerical simulation of probability density

With the goal to verify the efficiency of the analytical technique used, the numerical simulation of the system Eq. (4)
is made. The physical parameters used in the simulation are given as follows: ¢; = 0.001 Ns/m, c3; = 4.5 Ns/m?,
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Fig. 7. Stationary probability density function of mechanical system: (a) for different values of noise intensity D with » = 2.0, (b) for different values of
impedance A with D = 0.4. The other parameters used are given as : {; = 0.25, {3 = —0.064, ¢y = 0.72, a3 = 0.97, £, = 0.84, {p, = 0.057, ¥, = 0.38,
B =2.05 wy = 1.0, = 0.05.
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Fig. 8. Stationary probability density of the system in 3D representation for: (a) D = 0.09; (b) D = 0.2; (c) D = 0.4; (d) D = 0.6. The other parameters
used are given as : ¢y = 0.25, {3 = —0.064, y = 0.72, a3 = 0.97, {, = 0.84, {; = 0.057, ¥, = 0.38, B = 2.05, wy = 1.0, ¥, = 0.05and A = 2.0.

k = 0.05N/m,L = 10 H, [y = 0.075m,R = 20.5 Q, m = 0.004 kg, c, = 0.00005 F, R, = 10000 €2, n = 0.00025 N/V,
I=0.0735m,zy = 0.017 mand vy = 0.1 V.

In this heading, we numerically and analytically plotted in Fig. 5, the probability density of mechanical subsystem for two
values of noise intensity D and electrical impedance A. We notice in Figs. 5(a) and (b) that, when D increase, the peak of the
probability density function decreases. However, when the electrical impedance X increases, the peak of probability density
increases by shifting towards the weak amplitude values of (Figs. 5(c-d)). Within this framework, when the probability
density reaches his maximum for a fixed value of electrical impedance coefficient, the amplitude a and the accumulated
energies of the ambient energy collector are higher than those received in any oscillation. The agreement between the
numerical and analytical simulation justifies the efficiency of the analytical technique used. In Figs. 6(a) and (b), we studied
the impact of a linear and nonlinear damping coefficient ¢; and ¢3 on probability density function P(a). One can observe in
Fig. 6(a) that, the probability distribution has only one maximum situated in the vicinity of zero for the high value of ¢;.
In Fig. 6(b), one interesting phenomenon is observed when we enhance ¢3. A transition from a craterlike distribution to an
unimodal distribution occurs. We also observe in these figure (Fig. 6(b)) that, the increasing of ¢5 leads to the enhancement
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Fig.9. (a)Evolution of mean square voltage of magnetic circuit versus o, for %, = 0.38; (b) Evolution of mean square current of piezoelectric circuit versus

¥y for ¥, = 0.05. The other parameters are given as: ¢; = 0.25, {3 = 0.064, oy = 0.72, 3 = 0.115, ¢, = 0.84, { = 0.057, B = 2.05, wp = 1.0 and
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Fig. 10. (a) Evolution of mean square voltage of magnetic circuit noise intensity D for ©#, = 0.38; (b) Evolution of mean square current of piezoelectric

circuit versus noise intensity D for ¥, = 0.05. The other parameters used are given as: {; = 0.25, 3 = 0.064,«7 = 0.72,«a3 = 0.115,¢, = 0.84, ¢, = 0.057,
B =2.05,wp = 1.0and 2 = 2.0.
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Fig. 11. Output power harvested by the hybrid system as function of the driving noise intensity with the parameters {; = 0.25, {3 = 0.064, «; = 0.72,
a3 = 0.115, ¢, = 0.84, {n = 0.057, B = 2.05, wp = 1.0 and 1 = 2.0.

of the probability density function by shifting its maximum towards small amplitude values. This means that the system
energy could be optimized for the small values of linear and nonlinear damping coefficient. In Figs. 7(a) and (b), we studied
the impact of a noise intensity D and impedance A on probability density function P(a) for {3 < 0. One can observed in
Fig. 7(a) that, the amplitude distribution has only one minimum situated in the vicinity of zero for the high value of D.
However, beyond the peak, the probability density function decreases when D increases. In Fig. 7(b), an enhancement of
impedance A leads to decrease, the maximum value of peak and increases its maximum.
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Figs. 8(a)-(d) show the probability density in 3D representation for four values of noise intensity. In Figs. 8(a)-(b), the
unimodal distribution is observed. However, in Figs. 8(c)-(d), the craterlike distribution characterized by one maximum and
one minimum is observed. A similar result was observed in Ref. [23].

4.3. Mean square electrical charge

In this section, we use equations Egs. (28)-(31) giving respectively the expressions of the mean square values of the
voltage for the piezoelectric circuit (y?) and mean square values of the instantaneous electrical current for the magnetic
circuit (p?). We provided in Figs. 9(a)-(b), the mean square values of the instantaneous electrical charge (z2) and mean
square voltage versus coupling coefficient of the piezoelectric circuit ¢, and the magnetic circuit 9. for three values of the
noise intensity. In Fig. 9(a), we observed that, the output power in terms of mean square voltage increases when the noise
intensity increases. Similar result is observed in Fig. 9(b) when the noise intensity increase.

We plotted in Figs. 10(a)-(b), the output power versus D for three values of the ¥, and ¢,. We notice in these figures that,
an increase of ¥, and ¥, leads to increase of the output power.

We also provided in Figs. 11(a)-(b), the total output harvested by the hybrid system versus the noise intensity D for three
values of the coupling coefficient ¢, and ¥,. It emerges from these figures that, when ¢, and ¢, increase, the amount of
harvested energy by the system is improved. This result obtained in previous figure (Figs. 11(a)-(b)) shows the interest to
build the hybrid model.

4.4. Stochastic resonance

In this subsection we discuss the impact of the combination of the deterministic and random signal on the system
performance. The determinist excitation is expressed as (Ey cos(wt)). It is well known in the literature that the adding of
the coherent signal to the random excitation can give rise to the stochastic resonance phenomenon which can increase the
bandwidth of the harvester and consequently, improves the system performance [33,34]. In this manuscript, the response
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amplitude z,,(w) at the frequency w is calculated using Fourier coefficients as follow [23]:

Zm(w) = /A2 + A2 (39)
where A; and A are the sine and cosine components of the Fourier coefficients defined by:

2
AC:7 nT

x(7)cos(wt )dt (40)
nT

A = % [T x(z)sin(wr)dT (41)

21
where 1 is the integer number. In this work, n = 300, while T = — is the period of the harmonic excitation. In the purpose

to know the degree of optimization of the hybrid model with respect to the piezoelectric circuit, we compute the increase
rate using this formula:

__ Phybrid — Dpiezoelectric

OPmax = x 100 [%] (42)

Dpiezoelectric
where ppypria and Ppiezoelectric are the output power harvested by the hybrid system and piezoelectric circuit. In the simulation,
we took 100 realizations.

We depicted in Fig. 12, the increase rate opmqy versus D, for four values of amplitudes of the harmonic excitation Ey. This
figure reveals that, an increase of Eq leads to decrease the opnqy. In addition, we also observed in this figure that, regardless
of the value of the harmonic excitation, when the noise intensity is large, opnqx decreases and tends towards the constant
value.

We provided in Figs. 13(a)-(b), the comparison between the output power harvested respectively in the piezoelectric
circuit, the electromagnetic circuit and the overall system and the mean amplitude response versus noise intensity D. We
notice in Fig. 13(a) that, the energy harvested by the hybrid model is higher than that harvested by the piezoelectric or
electromagnetic circuit (Fig. 13(a)). Fig. 13(b) show the mean amplitude response versus noise intensity , for four values of
the noise intensity D. One observes that, for some values of amplitude of the noise excitation, the mean amplitude response
presents a maximum. This maximum is a signature of the stochastic resonance, which gives the largest oscillation amplitude
for a given excitation level, and reflects the transition in the system response from single well to double well oscillations. In
addition, we can note in this figure (Fig. 13(b)) that, the maximum amplitude response is obtained for the highest amplitude
of the harmonic excitation.

5. Conclusion

In this manuscript, the dynamic behavior of the hybrid energy harvester under Gaussian white noise using probabilistic
approach is investigated. By applying a stochastic averaging method on this system, the stochastic response is obtained.
The results obtained show that, the shape of the statistic response strongly depends on the coefficient of the nonlinear
damping. The impact of the system parameters is investigated with detail. The obtained results show that, when the
coupling coefficients and noise intensity increase, the harvested energy is improved. In addition, the stochastic bifurcation
phenomenon characterized by the qualitative change of the stationary probability density is observed and allows to obtain
the best value of the bifurcation parameter for which the harvester presents a high limit cycle. Besides, combining the
harmonic force to the random signal, the stochastic resonance phenomenon occurs and improves the system performance.
The comparison between the harvested energy by the hybrid model to that harvested by the piezoelectric model is
investigated. The impact of the amplitude of the harmonic excitation is investigated on the system performance. It emerges
from this result that, the harvested energy is very significative for the high value of the E,. The results obtained in this
manuscript show the interest to build the hybrid harvester.
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