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Abstract

N this work, we consider the Cauchy problem for the spatially homogeneous and for the inho-
mogeneous Boltzmann equations with small initial data. The collision kernels considered are
respectively for Israel particles, for hard and for soft potentials. The background space-time in which
the study is done is the Bianchi type I space-time. Under certain conditions made on the scattering
kernel and on the metric, a unique global (in time) solution is obtained in a suitable weighted func-
tional space; that are for Israel particles, the hard potentials and the soft potentials. The clue of this
work is to establish the derivatives of the post-collisional momenta and their technical control in order
to overcome the problem of singularities and also to construct the energy estimates that are crucial in
the global existence theorem application. Prior to the global existence theorem we have established
the local existence theorem by taking the small initial data that enable to bound the first order deriva-
tives; this allows to extend the local-in-time solution to a global-in-time solution. To build the local
existence theorem we introduced a recursive sequence and proved that it converges and is uniformly
bounded.
Keywords : relativistic Boltzmann equation — Bianchi type I space-time — hard potentials — soft

potentials — Israel Particles — homogeneous solutions — inhomogeneous solutions — L?-stability.
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Résumé

Ans ce travail nous considérons le probleme de Cauchy pour I’equation de Boltzmann d’abord
D spatialement homogene et ensuite 1’équation de Boltzmann non homogene avec des condi-
tions initiales petites. L’espace-temps dans lequel nous travaillons est 1’espace-temps de Bianchi
de type I. Avec des hypotheses sur le noyau de collision et sur la métrique de 1’espace-temps, une
solution unique et globale (dans le temps) est obtenue dans un espace fonctionnel a poids conven-
able; notamment pour les particules d’Israel, les potentiels durs et les potentiels mous. Le grand
enjeu dans ce travail est d’une part, le calcul des dérivées des variables d’impulsion et leurs estima-
tions selon une forme spécifique qui permettrait de surmonter les problemes générés par les singu-
larités, et d’autres parts 1’élaboration des inégalités d’énergie qui sont cruciales dans la construction
des théoremes d’existence des solutions. Pour établir les théoremes d’existence globale nous avons
commencé par établir le théoreme d’existence locale en prenant des conditions initiales petites qui
permettent de borner la solution locale et ses dérivées d’ordre 1; cela nous permet d’étendre cette
solution locale en une solution globale. Pour construire le théoreme d’existence locale nous constru-
isons une suite de solutions de I’équation linéarisée et nous démontrons qu’elle est convergence et
bornée uniformement.

Mots Clés : équation de Boltzmann relativiste — espace-temps de Bianchi de type I- potentiels
durs — potentiels mous — particules d’Israel — solutions homogenes — solutions inhomogenes — stabilité
dans L2
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Introduction

He expression "Boltzmann equation" used in a more general sense refers to any kinetic equation
T that describes the change of a macroscopic quantity in a thermodynamic system, such as energy,
charge or particle number. The equation arises not by statistical analysis of all the individual positions
and momenta of each particle in the fluid; rather by considering the probability that a number of
particles occupy a very small region of space centered at the tip of the position vector, and have
very nearly equal small changes in momenta from a momentum vector, at an instant of time. In
such situation, one assumes that the particles interact only via binary and elastic collisions. This
occurs when the mean free time is much shorter than the characteristic length time associated with
the system. The Boltzmann equation can be used to determine how physical quantities, such as heat
energy and momentum, change when a fluid is in transport. Other characteristic properties to fluids
such as viscosity, thermal conductivity, etc. can be derived.

Due to its importance in the kinetic theory, several authors have studied and proved local and
global in time existence theorems for the Boltzmann equation, in both the non-relativistic case, that
considers particles with low velocities, and the full-relativistic case, which includes the case of fast
moving particles with arbitrarily high velocities, such as, particles of ionized gas in some media at a
very high temperature like: burning reactors, solar winds, nebular galaxies.

In the non-relativistic case, the first original global result is due to T. Carleman in [7]; R. J. Diperna
and PL. Lions proved global existence and weak stability in [12]. R. Illner and M. Shinbrot proved
a global result in [23], in the case of small initial data and without symmetry assumption. For more
details in the non-relativistic Boltzmann equation, we refer to [7, 23, 12] and references therein.

In the full-relativistic case, let I}, denote the Christoffel symbols of the metric tensor ds? and
Q( f, f) denote the collisional operator, if we adopt the Einstein summation convention as indicated

below, the Boltzmann equation reads

0 , P _
p"a—i - FLVp“p”a—; = Q(f, f). (1)

In their pioner work [3], Daniel Bancel and Yvonne Choquet Bruhat defined the concept of 1 — N
regularity on the collision kernel. A cross-section S which appears in (1.16) and (1.17) below is n— N
regular if z%@ is a bounded quadratic form in a suitable weighted Sobolev space. More precisely, it

exists a constant C such that

1 ~
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General introduction

where H*" is a convenient Sobolev space of order N. Under assumptions of y — N regularity,
several authors proved local existence theorems. This was done considering this equation alone, as
K. Bichteler in [6], D. Bancel in [2], or coupling it to other fields equations as D. Bancel and Y.
Choquet-Bruhat did in [3].

With Bianchi type 1 space-time as background and under assumption close to ¢ — IV regularity,
N. Noutchegueme, E. Takou and D. Dongo proved in [31] the existence of solutions for the rela-
tivistic Boltzmann equation with arbitrarily large initial data. About the coupled Einstein-Boltzmann
equation, N. Noutchegueme and E. Takou [37] proved a global in time existence theorem with pos-
itive cosmological constant and arbitrarily large initial data in the spatially homogeneous case in a
Robertson-Walker space-time; N. N. Noutchegueme and D. Dongo [30] proved a global in time exis-
tence theorem for arbitrarily large initial data, in the spatially homogeneous case in a Bianchi type 1
space-time. About the properties of solutions, E. Takou [38] proved that at late times in the future, the
solution of Einstein-Boltzmann system with positive cosmological constant for the Robertson-Walker
space time is asymptotically dust-like.

Unfortunately, the assumption of ;1 — N regularity on the collision kernel used in [31, 30, 32, 38]
is not physically well-motivated. In fact, this does not allow a good interpretation of the type of
collisions between particles. The scattering kernel is a quantity that determines the nature of collisions
between particles. The scattering cross-section depends strongly on the kind of interaction between
the molecules of the gas. In the non-relativistic (Newtonian mechanics) case, several different types of
scattering kernel have been found to be of interest. For instance, the inverse power law gives the best-
known types of scattering kernel, and they are further classified into hard and soft potentials cases. In
the relativistic setting, it is not very clear which types of the scattering kernel should be of interest.
But a classification of (special) relativistic called short range interactions (hard and soft potentials)
has been proposed in [14] by applying arguments similar to those used in the non-relativistic case.
This classification was recently reformulated to the full-relativistic case by R. Strain in [35]. Beside
the class of short range interactions, it exists several kinds of differential cross-sections. Below are
some examples:

- Mgller scattering which is used as an approximation of electron-electron scattering. In this case
photon-photon scattering is often neglected because the size of the cross-section is "negligible".

- Compton scattering which is an approximation of photon-electron scattering.

- Neutrino gas for which the differential cross-section is independent of the scattering angle.

- The Israel particles which is one of the scattering kernel used in the present work, [24] are the
analogue of the "Maxwell molecules" cross-section in the Newtonian theory. With this cross-section,
Israel derives eigenfunctions for the linearized relativistic Boltzmann collision operator. Note that it
converges to the Maxwell molecules cross-section in the Newtonian limit.

In this work, we consider separately the collision kernels for the class of short range interactions
(hard potentials and soft potentials) and collision kernel generated by Israel particles.

As in the non-relativistic case, the scattering kernel depends only on the relative momentum and

the scattering the angle of two colliding particles. The generalisation of these two concepts (relative

PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time Tchuengue Kamdem Emmanuel © UY1 2020



General introduction

momentum and scattering angle) in general relativity was done by Glassey in [16]. This will be
specified in chapter 1.

For the homogeneous relativistic Boltzmann equation and with the scattering kernel formulated in
[14, 35], H. Lee proved [25, 27], a global existence of solution in the Robertson-Walker space-time
(FRW) with near vacuum initial data.

For the inhomogeneous relativistic case, several authors studied this problem by taking the Minkowski
space-time as background. Most of results available concern the study of mild solutions. A mild so-
lution to the initial-value problem associated to the Boltzmann equation is a continuous function f
such that the function denoted f# defined in (4.53) satisfies the time-integrated form of the Boltz-
mann equation. Even though the Boltzmann equation is an integro-differential equation, with the
differential part being described by a first order partial differential operator, for the mild solutions the
differentiability in each variable is not required. Glassey [16] studied for some appropriate classes
of scattering cross-section a global mild solution to the Cauchy problem for the relativistic Boltz-
mann equation with small data. E. Takou and F. L. Ciake Ciake extended in [42] the Glassey’s result
to the Robertson-Walker (FRW) space-time. E. Takou and F. L. Ciake Ciake later also proved in
[43] the existence of mild solution of the relativistic Boltzmann equation on a spherically symmetric
gravitational field.

Now for classical solutions, one of the most interesting aspect while working in the Minkowski
space-time is the existence of an equilibrium solution. The steady state of this model is the well known
Jiittner solution, also known as the relativistic Maxwellian. This allows to define the perturbation of
the distribution function to the relativistic Maxwellian. Using this splitting, Strain [35] proved that in
the case of special relativity, unique classical solutions to the relativistic Boltzmann equation exists
for all time and decay with any polynomial rate towards their steady state. This result was carried out
in the case of a spatially periodic box and with collision kernel for soft potentials. The main technique
in [35] is to study the linearized equation and then the equation.

One interesting question when dealing with the relativistic Boltzmann equation is the possibility
of finding analytic solutions. Such solutions are possible only under very restrictive assumptions of
relaxation time approximation (RTA); the total distribution function is then split into one symmetric
term (which is generally large) and one asymmetric term (which is small). Recently, analytic solutions
of the RTA Boltzmann equation for a system with Gubser flow; i.e a flow pattern that combines boost-
invariant longitudinal expansion with fast azimuthally symmetric transverse flow were presented in
(4,5, 13, 22].

Unlike FRW space-time which has the same scale factor for each of the three spatial direc-
tions, Bianchi Type I space-time has different scale factor in each direction, thereby introducing an
anisotropy to the system. It is natural to try to see what happens in the relativistic Boltzmann equation
when this metric is taken into account.

The purpose of this thesis is to obtain analogous results of [25, 42, 43, 40, 41] in the Bianchi type
1 space-time in which the metric generalizes that of Robertson-Walker. One of the most important

point to note here is the form of parametrization of the post-collisional momenta. The presence of
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a second factor in the metric imposes another formulations and proofs of several estimates used in
[25, 42,43, 40, 41]. The aim of this work is then to establish an existence theorem for classical solu-
tions for the Boltmann equation in the Bianchi type I space-time for short range interactions and for

a collision kernel generated by Israel particles.

So in this thesis, we use Bianchi type 1 space-time as back ground. Firstly, we consider the
homogeneous relativistic Boltzmann equation and we look for the L> and L2-solutions . For the
L°°-solution, we use the fixed point theorem in an appropriate framework and for the L?-solution, we
formulate energy estimates which allow us to construct an appropriate sequence which converges to
the solution of the problem. Secondly, we study the inhomogeneous Boltzmann equation in the same
space-time. To our knowledge nothing is known in the literature about the inhomogeneous equation
in the Bianchi type 1 space-time; we start by obtaining an unique global (in time) mild solution in a
suitable weighted space. This is done using the fixed point theorem. Next unique global (with respect
to the direction of time corresponding to the expansion of the universe) classical solution is obtained.
All of the results of the present thesis are obtained by taking separately the collision kernel for hard
potentials, soft potentials or generated by the Israel particles.

The thesis is organized as follows:

- In chapter 1, we introduce some notations, the relativistic Boltzmann equation, the three pa-
rameterizations of the post-collisional momenta and we describe the three forms of scattering
kernel used in this work . The clue of this part is the change of variables that enable us to take

up the covariant variables and to get the reduced form of the relativistic Boltzmann equation.

- In chapter 2, we firstly establish some fundamental results that are useful in the sequel, sec-
ondly we control the derivatives of the post-collisional momenta and at the end we establish
the L°°-existence theorem for classical solutions of the homogeneous equation, in the cases of
Israel particles, hard potentials and soft potentials. The computation of the derivatives and their
estimations are difficult and crucial to handle. We are then forced to use two parameterizations

to overcome such difficulties.

- In chapter 3, we establish the energy estimates and the L?2-existence theorem for classical solu-
tion of the homogeneous equation, in the cases of Israel particles, hard potentials and soft po-
tentials. The energy estimates are technically obtained both by the use of the Cauchy-Schwartz
inequality and the specific properties on the momentum variables. At the end of this part, we
establish the L?-stability of the solutions.

- In chapter 4, we establish some fundamental results on the differential characteristic system.
This allows us to prove the existence of mild solutions for the inhomogeneous equation, in the
cases of Israel particles, hard potentials and soft potentials. Here we extend the results on some

crucial estimates in the Robertson-Walker space-time.
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- In chapter 5, we establish some fundamental results both on the scattering kernel and the post-
collisional momenta. We then prove L°°-existence theorem for classical solutions of the inho-
mogeneous equation, in the cases of Israel particles, hard potentials and soft potentials. We first

establish the energy estimates.
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CHAPTER ONE

THE EQUATION AND SPECIFICATION OF

THE COLLISION OPERATOR
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IN this chapter we introduce some notations, the relativistic Boltzmann equation, the three param-

eterizations of the post-collisional momenta and we describe the three forms of scattering kernel

used in this work.

1.1 Choice of the space-time and notations

In this section, we collect some notations which are used in this work. Unless otherwise specified,

Greek indices run from 0 to 3 while Latin indices run from 1 to 3. The spatial variable x denotes a

four-vector, while the momentum variable p denotes a three-dimensional vector. That is

T = (wo,xl,xz,x?’) = (t,xl,xz,xS) and p= (p17p2,p3).

6



1.1. Choice of the space-time and notations

We also adopt the Einstein summation convention a,b* = » | a,b*.
As indicated in the introduction, we consider the spatially Bianchi type I space-time where the metric
is defined by

ds® = —dt* + a*(t)(dz)* + b*(t) [(dy)* + (dz)?] (1.2)

where a and b are two positive real numbers, z, y and z the variables of space.
Throughout this thesis, the speed of light and the mass of the particles are assume to be unity. Hence

the momentum p® = (p°, p) lies on a hyper surface defined by the equation

Gasp" P’ = —1 (1.3)

which is called the mass shell condition. Due to the mass shell condition, p° reads

P = V1T @0+ R+ ). (14)

Henceforward, due to the form of the metric and for certain conveniences, for a three vector (dl, d?, d3),

we sometimes let
d= (dQ, d3) and \cﬂ =/ (d?)? + (d?)2. (1.5)
Unless otherwise specified, we use the euclidian norm in R”, that is

forp = (p',....,p") € R"

(1.6)

We denote by . the usual inner product in R", that is for p, ¢ € R"

pqg=p'q" +..+p"q" (1.7)

a denotes the derivative of a with respect to .

We consider the collisional evolution of a kind of uncharged particles in the time-oriented curved
space-time (R?, ds?). An essential tool to describe the dynamic of such particles is their distribution
function that we denote by f, and that is a non-negative real-valued function of both the position x®,

the 4-momentum p* = (p°, p) = (p°, p*, p?, p*) of the particles. More precisely, we have
f:TRY 2R xR* = R,; (2%p%) — f(z% p). (1.8)

We let C, and sometimes ¢ denote generic positive inessential constants whose values may change

from line to line.

The notation A < B will imply that a positive constant exists such that A < C'B holds uni-
formly over the range of parameters which are present in the inequality and moreover that the precise

magnitude of the constant is unimportant.
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1.2. The relativistic Boltzmann equation in the Bianchi type I space-time

1.2 The relativistic Boltzmann equation in the Bianchi type I space-
time

In this section, we present the relativistic Boltzmann equation in the Bianchi type I space-time.

Let p* = (p°, p', p?, p*) such that p® satisfies
(") + () (") + V()P = -

We denote by T 5 the Christoffel symbols defined by

1
Top = 59” 020 gus + Oup Gap — OpnGas] (1.9)

and we consider the vector field X = (p®, —T'Y, p*pv).
If we denote by L f the Lie derivative of f along the vector field X, the relativistic Boltzmann

equation reads

Lxf=Q(f. f) (1.10)
that is 5 5
P~ T ok = QL)

where @( f, f) stands for the collision operator that will be specified soon.

With the Bianchi type I space-time, the Christoffel symbols were computed in [30]. All of them

Y, = aa
. (1.11)
I = I§y=10b

vanish except

and

Fgo = F(2)2 = FB0 = F03 =

Taking into account (1.11) and (1.12) the Lie derivative of f is given by

00f 1O 5 0f 8f_02_f§23_f b ;0f
Laf =P+ P gtV gm0 a2 | P ot 5 g T 5P 59 |-

Here with the Bianchi type I space-time, (1.10) reduces as follows

Of (L (20F | 20f | sOF\ 4 0f boOf b0 15
ot " ( 90t TP TP gas | T2l o T2 g 2P g = QUL ).
In the sequel, we let .
and the relativistic Boltzmann equation reduces to
OF (L (2 0F [ 20f | wOF\ a0 0f b ,0f b Of
ot (p ort TP o TV g ) T pr o 2P g — QU 1Y)
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1.3. Collision operator

1.3 Collision operator

In the instantaneous, binary and elastic scheme due to Lichnerowicz and Chernikov [29], we consider
that at a given point (¢, z), only two particles collide instantaneously without destroying each other.
The collision affects only the momenta of the two particles that change after the collision; only the

sum of the two momenta is preserved.
/ \
L o

Collision between two particles.

Let’s suppose p® and ¢ stand for the momenta of two particles before their collision, p'® and ¢'*

stand for their momenta after the collision. By the energy-momentum conservation principle, we have

pa +qa :p/a _'_q/a' (114)

The expressions of the post-collisional momenta p'* and ¢'* in function of the pre-collisional momenta
p™ and ¢® will be specified later. The collision operator @ that acts only on the momentum variable,
is defined by

QU 1) = Qgain(f, 1) = Quoss (£, ). (1.15)
In the definition (1.15) of @, @gain and @loss represent respectively the gain and the loss term. They
are defined by
1
Quaten) = [ [ stepae ooy e
and

1
|det(gap)|?
—qo

@gain(fy h)(t,p) = /]R3 /52 S(t,p,q,w)f(t,p)h(t, ¢ )dw dq. (1.17)

In (1.16) and (1.17)
® —go = gooq’ = ¢".
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1.3. Collision operator

o |det(gap)|2, easily computed is ab?.

e S(t,p,q,w) is called the collision cross-section and is a non-negative function. It is defined by

S(t.p.q,w) = gv/s0. (1.18)
In (1.18), the terms g, s and ¢ are defined as follows

Definition 1.1.

9=90"q") = V{0 — ¢*)(Pa — qa), (1.19)
and
=5(p",¢%) = —(p* + ¢%)(Pa + o) (1.20)

s 1s called energy in the center of momentum system and g is called relative momentum.

Definition 1.2. 0 = o(g,0) is called the scattering kernel. It measures interaction effects between
particles and determines their nature. ¢ depends on the relative momentum ¢ defined by (1.19) and

on the scattering angle 6.

Definition 1.3. The scattering angle in the case of the relativistic Boltzmann equation is defined by

(1.21)

cosf =

(p* — q*)(p,, — 4.,)
g? '

For more details, we refer interested readers to [17].

Remark 1.1. Note that the scattering angle 6 and the parameter w along the unit sphere are linked
through the relation (1.14).

Definition 1.4. As usual in the relativistic Boltzmann equation, we define the Mgller velocity ¥4 for

two colliding particles by

gv's

With the above notations, the relativistic Boltzmann in the Bianchi type I space-time reads

of LOf  ,0f L Of Y ,Of b Lof
E—F— ( Dl +p? 9 +p 8:)35) - aplap 2529 %—251930—})3 =Q(f, f)(t,p)
with
QU )(t,,p) = ab? / / D40(9,0) [F(0) F(d) = F)F(0)] ddlq (1.23)
Rr3 J 52

where for simplicity we abbreviate f(¢,x,p), f(t,x,q), f(t,z,p’) and f(t,x,q") by f(p), f(q), f(P)
and f(q’) respectively.

Remark 1.2. Since the scattering angle 6 and the parameter w along the unit sphere of R? are linked,

we will note 0 = (g, w) in the sequel instead of o (g, 0).

10 ‘ Tchuengue Kamdem Emmanuel © UY1 2020
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1.4. Parametrization of the post-collisional momenta

1.4 Parametrization of the post-collisional momenta

One of the main problem while dealing with the relativistic Boltzmann equation is the choice of
the parametrization of the post-collisional momenta. In fact our main goal in this work is to obtain
classical solutions. So the derivatives of post-collisional momenta are not trivial to compute and to
control. Sometimes their dependence on the relative momentum provides singularities and sometimes
leads to some integrals which are not trivial to estimate. To circumvent such difficulties we will work

with the following three kinds of parametrization.

1.4.1 First parametrization

We consider a parametrization of post-collisional momenta introduced in [26].

Suppose that p* and ¢* are given, and consider the following four-vectors
n® =p* +q¢* and t* = (nw',n'w), (we S?). (1.24)

p'® and ¢’“ can be parameterized by

pr+q* g t°

e Z 1.25
D 5 + 2 i (1.25)

o PP+ qr g t®
o = — = . 1.26
2 2 tﬂtﬁ ( )

This parametrization has an advantage that it looks like the usual parametrization in classical Boltz-
mann equation.

From (1.25) and (1.26), we express easily p’° and ¢’° as a function of p° and ¢ as

0 _ p0+‘10+ga2n1wl+b2n2w2+b2n3w3
2

pe= 2 /tst?

10 pO_,’_qO B g_]a2n1w1+b2n2w2+b2n3w3

q = 2 2 /tBtﬂ

1.4.2 Second parametrization

Y

(1.27)

By using the Minkowski space-time, Strain has found in [35] the following parametrization of post-
collisional momenta: denoting by V' and U the pre-collisional momenta and by V' and U’ the post-

collisional momenta, we obain

V=g (w0 - D). (1.28)
U’:#—g(w—l—( —1)%1?"5’), w e S? .
where v = (VO + U%)//s.
In this work, we adapt it to the Bianchi type I space-time by setting
vl = ot U = a%¢, (1.29)
Vi o= b3, U’ = b, fori=2,3. (1.30)

11 Tchuengue Kamdem Emmanuel © UY1 2020
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1.4. Parametrization of the post-collisional momenta

V/l _ a2p/1’ U’1:a2q'1, (131)
Ve = vt UM =0, fori=2,3 (1.32)

We easily express p'® and ¢’* in function of p® and ¢* as follows

1 0 2,1 b27
ot +i(w1+(”——1>—(a”’ ”)'”), (1.33)

2 g2 Vs [(a?nt, b2m)?
p,k:pk;qu+2§2 (w +(\/0_ 1)M), for k=23, (1.34)
q,k:pk_qu_%@u(%_l)%), for k=2.3. (1.36)

1.4.3 Third parametrization

Suppose that p® and ¢* are given. Let us define the following four-vectors
n® = p* +q¢° and t* = (nw', —now), for we S% (1.37)
Lemma 1.1. The vectors t* and n® defined by (1.37) are orthogonal.

Proof. Using the metric (g,s3), one has

ton® = gaﬂtﬂna
= gootono + gijtinj
= goot"n’ + gij(—now’)n’
= goono(niwi) - nOQijnjwi
= nonw’ — nonw’

=0.

Lemma 1.2. The post-collisional momenta p’® and ¢’ are parameterized by

2p°¢°n° [ 2(pt — ¢! + bz@—@-@}
_pl _ I (1.38)
(pO + q0)2 [a2<wl) + b?|w|2] _ [a2(p1 + ql)wl + b2(p _ (])W]

p =D = (P° + ¢°)2 [a2(w')? + b2|@|2] a2t + ¢D)wl 1 02(p — Q). ]w . (1.39)

€l

12 Tchuengue Kamdem Emmanuel © UY1 2020
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1.4. Parametrization of the post-collisional momenta

o 20 [aX(p! = ') + 2 — 7)) 1
/

=g + .
q q (po T q0)2 [a2(w1)2 + 52|<I)|2] _ [az(pl + ql)wl + 1)2(15 —_ q)_@]w

Fori=2,3

2000 [0 — )t + (5 — )]
(0 + PP (@ + PIaP] = @+ ¢ )’ + P — 3).6]

w',

¢ =g +

Wherepi = p_; (Z = 17273)’ qz - 3_; (Z = 17273)’5: pﬂo’and/q_\: q%'

hS]

Proof. Using the relation t,n* = 0, we have by the energy-momentum conservation law

ts(p’ — q°) tsq”
/o (e ﬁ « (e ﬁ o
= pr— B L e — oy 2P g

P b 151 LW

qla = ¢ — tﬁ(qﬁ — pﬁ)ta =q¢* - QthBta

tgtP tgth
Recalling that
S (nz‘wi, —goonow)
= (nw',n"w)

we have

tal® = gast’t®
= goo(t°)? + gijt't’
= —(nw')® +a®(t")* + 0% [(1*)* + (t*)?]
= —(gyn'w’)? +a®(t')* + b [(£°)* + (£°)7]
= — [a?n'w! +b2ﬁ.®}2 a2 + )2 (W) + B (p° + ¢°)2|o?
= — [a’n'w' + b2ﬁ.@}2 + (p° + ¢")2(a*(wh)? + b*|@?).

Using the same computation as above, we have

taqa = gaﬁtﬁqa
= goot’q" + git'q’
— _qoniwi + a/2t1q1 + b2 (t2u)2 + t?)w?))
— [a2n1w1 4 b2ﬁ.w] I a2(p0 X qo)wlql X b2(p0 X qo)@_q
=—¢° [a2p1w1 + b2p.az} 4 [a2q1w1 i bQQ.@}
1 — 1 _
00 |/.2P 1 2P 24 1 2q _
=-—pq |[(a"=w +b0"—.w)— (a"=w —l—b—.w]
{( p° P° )~ q° q° )
=—p’¢ [(anAlwl +0%5.0) — (a®giw' + bﬁ.@)}
where ,
pl

V:ﬁ’ ¢ =

¢

5 fori=1,2,3.

Q

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)
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1.5. The relativistic Boltzmann equation in covariant variables

Using (1.42), (1.44) and (1.45) we have

o 2040 |a(p! — @)t + B35 — §) 5] 1
po=p = (P° + ¢°)2 [a2(w")? + 02|@]?] — [a2(p" + ¢")w! + b2(p — q)‘w]w 5

and for: = 2,3
o 2°4°n° [?(p! — )t + 025 — 7). |
ot w'.
p p (pO + qO)Q [(12((4)1)2 + b2|w|2] _ [a2(p1 + ql)wl + bQ(p _ q)w]

Using (1.43), (1.44) and (1.45) we have

o 2°°n° [ (p! = gt + V(5 — 7)) 1
/

= + )
q q (po 4 C]O)2 [az(w1>2 + b2|@|2] _ [a2(p1 + ql)wl + b2(]§ _ q)_@]w

and for: = 2,3

o 204" [a2(p! — gt + (5 - 7) 5 |
17 N _|_ Z.
q q (po 4 q0)2 [a2<w1)2 + bQ‘(DP] _ [a2(p1 + ql)wl + b2(]5 _ q—)'@]w

]

Remark 1.3. The second and third parametrization are very similar to those of the non-relativistic

case.

1.5 The relativistic Boltzmann equation in covariant variables

Now we are going to introduce a change of variables so that the relativistic Boltzmann equation in
the Bianchi type I space-time is written in a simple form. In our context (where we use the Bianchi
type I space-time), the relativistic Boltzmann equation is written in a simple form if we use covariant
variables. So, the distribution function f will be considered as a function of ¢, z = (2!, 2%, ) and

v=(v',v?,v®) = (v',v) where

ot = b1 = glipi = azpl,
v = D2 = 92z‘pi = 27 (1.46)
v} = p3=gsp’ = b*p’.
We also observe that if we set
v? = \/1+a2(v!)? + b-2|0]2 (1.47)
we obtain
v = pl. (1.48)

Using the variables ¢, x, v, we change the unknown function as

f(t,z,v) = f(t,z,p). (1.49)

14 Tchuengue Kamdem Emmanuel © UY1 2020
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1.6. Parametrization of the post-collisional momenta in new variables

In order to have a good description of the relativistic Boltzmann equation in the new variables, it is
necessary to express the collision operator in term of new variables.

If we let v = (a®p', b?p) and u = (a?q", b*q) the momenta of the incoming particles, we may write

1)/1 — an’l u/l — a2q/1
/U/i = 62 ,i’ fOT 1 = 2’ 3 and uli = b2 /i, fO?n 1= 2, 3 (150)
U/O — pIO u/O — q/()

in the similar way the post-collisional momenta. So, the collision operator becomes

Qf, Nt z,v)

o [ 9 otg.) [F@) Fla) — o) Flw)]
52 RS
anin(faf)(t7xav)_Qloss(faf)(t7$7v)7 (151)

where for the sake of simplicity we have abbreviated f(t,z,v'), f(t,z,u'), f(t,z,v) and f(¢,z,u)

by f(v’ ), f(«), f(v) and f(u) respectively.
About the left-hand side of the relativistic Boltzmann equation, we have

Oyif =0, f,  fori=123, (1.52)

and

of of _,a . 0f b ,0f 2638f

o = o oy WU op U o
of i, df . b,of _bof
= =L _2- — 2P 2o 1.
ot “al apt T b a2 T Thops (1.53)

The left-hand side of the relativistic Boltzmann equation becomes

1ot . ~ 102 ~ 103 ~

In the sequel, by abuse of notation we will write f instead of f So the equation in new variables
writes
1ot 1 v? 13

Of + =5 50nf + 5500 f + 550w f = Q(f, /)¢, z,v). (1.54)

1.6 Parametrization of the post-collisional momenta in new vari-

ables

To complete the description of the equation in term of new variables, we may write the parametrization
of post-collisional momenta with the new variables. With the new variables defined in (1.50), the first

parametrization given by (1.25)-(1.26)-(1.27) is stated as follows:

o V+u g n.w

22 e @R - PP

(1.55)
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1.6. Parametrization of the post-collisional momenta in new variables

n v +ut g nOw! 156
ve= 2 +§_ 2 0)2(,2(1)2 L p2[5[2) (1.56)
V= (nw)? + (n0)2(a?(wh)? + b2[w]?)
ko ok 0,k
s nw . k=23, (1.57)
2 2/ —(nw)?+ (n°)?(a?(wh)? + b*[w]?)
u,():vo—l—uo_g n.w (158)
2 2/=(nw)? + (n9)2(a?(w)? + B[w[?)
g vtul g nw? (1.59)
2 2/=(n.w)? + (n0)2(a?(w)? + b?[w]?) '
ko ok 0k
w_ v tU 9 nw . k=23 (1.60)
2 2 \/=(n.w)?+ (n°)2(a?(w!)? + b*[w]?)

With the new variables defined in (1.50), the second parametrization defined by (1.33), (1.34), (1.35)
and (1.36) is stated as follows:
for the parameter w € S2, if we let

(a™'n* b7 n)w _ n® (a7 'nt 07 'n)w

O — (w0 — 1.1 R ¢
W @ e ) Elee rEt
we obtain
1 1
n v+ U ag
_ %90 1.61
v 5 + 5 (L.el)
k k
b
o= Y ;r“ +3ng, k=23 (1.62)
1 1
W U %o (1.63)
2 2
k k b
ut = 7 ;u —Egﬂ’f, k=23 (1.64)

With the new variables defined in (1.50), the third parametrization defined by (1.38), (1.39), (1.40)
and (1.41) is stated as follows:
2av%u%n® [(vAl —uhw' + (T — ﬁ)w}

T+ w02 (2w )2 + 2@ — (0] + ul)w! + (0 — a)@]

20209 n? [(171 — ’L/L\l)wl + (0 — a)@] )
- k=23 (1.66
! ! (V9 4+ u0)? [a?(wh)? + b?|@|?] — [(v! + ul)w! + (0 — a)‘w]w , ;3 (1.66)

o 2av%u%n® [(171 —uhw' + (T — ﬁ)&)} X
n_ 1.67
U R P @) 1 PRl - [0 F e+ o wa O

. 20°v0u%n’ [(vAl —uhw' + (T — a)@] .
= k=2 3. 1.68
T P @+ PP — [0 T e + (0= W] o 169
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1.7. Specification of scattering kernels

1.7 Specification of scattering kernels

1.7.1 Scattering kernel generated by Israel particles

One of the scattering kernel used in this work is generated by Israel particles. The Israel particles are
analogue of the Maxwell molecules cross-section in the Newtonian theory. Then (g, w) is defined

by
40’0 (w)

g4+ g%
With this scattering kernel, Israel derives eigenfunctions for the linearized relativistic Boltzmann

o(g,w) = (1.69)

collision operator. Note that it converges to the Maxwell molecule cross-section in the Newtonian
limit.
1.7.2 Scattering kernel for hard potentials

One assumes that the scattering kernel o (g, w) satisfies the following growth/decay estimates

I Poo(w) S olg,w) S (g% + gP)oo(w). (1.70)

Vs
The angular factors are such that oo(w) > 0 and o¢(w) < sin?6 with v > —2.
aand faresuchthat 0 < a <2+ ~vand 0 < 5 < min(4,4 + 7).

1.7.3 Scattering kernel for soft potentials
One assumes that the scattering kernel o (g, w) satisfies the following growth/decay estimates

9 Pog(w) < o(g,w) < g Pog(w). (1.71)

\/59
In addition to the previous angular factors defined for the hard potentials case,

we consider 0 < 8 < min(4,4 + 7).
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CHAPTER TwoO

L°°-EXISTENCE THEOREM OF THE
RELATIVISTIC BOLTZMANN EQUATION IN
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IN this chapter, we provide some L°-classical solutions for the homogeneous Boltzmann equation
in Bianchi type I space-time for a hard potential, a soft potential and with the Israel particles re-
spectively.

Homogeneity means that the unknown function in the equation, which generally depends on time,
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2.1. Estimates of the terms allowing to define the collision kernel

spatial variables and momentum variables, is restricted to depend only on time and momentum vari-
ables.
Let’s consider the set A that will be defined in the sequel, the relativistic Boltzmann equation (1.54)

in f with initial data f, € A then reads in term of variables (¢, v)

8tf(tvv) = Q(faf)(tvv)’ (21)
fOv) = fo(v). 2.2)

So, f is the solution of the homogeneous relativistic Boltzmann equation with initial data f, if f is

regular and is the solution of the following integral equation:

F(t,0) = folv) + / QUf. f)(r, v)dr. 2.3)

We assume that the coefficients a and b of the Bianchi type I metric are given increasing functions

of the time ¢ and are such that:

a(0) > 1, a<b<+V2a, tlim a(t) = oo, (2.4)
/ a ?(T)dr < oo. (2.5)
Ry

2.1 Estimates of the terms allowing to define the collision kernel

Lemma 2.1. The relative momentum and the energy in the center of momentum system enjoy the

following estimates:

s=4+9°,  2<Vs,  g<A/s, (2.6)
g < V5 < 2V00u0, 2.7)
Proof. The relative momentum and the energy in the center of momentum system are given respec-
tively by
9=VPa— )" —q*)  and 5= —(pa+q)P" + ")
Taking into account the mass shell condition p,p® = —1, we have
$ = —PaP” = @aq” — Paq” — ¢uP™ = 2 — 2paq”, (2.8)
9° = PaP” + 4aq™ = Paq™ — ap™ = —2 — 2paq”. (2.9)

Combining (2.8) and (2.9) we obtain
s =4+ g°
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2.1. Estimates of the terms allowing to define the collision kernel

This implies
s>4, /s>2 and s>y

Using (2.8) and the Bianchi type I metric, and since v° = p° and u° = ¢°, we obtain

s =2—=2[-p"¢" + a’p'q" + b°p*¢* + V*p*¢’]
— 2p0q0 + 2[1 a2p1q1 b2p2q2 - b2p3q3]
< 2p°¢° + 2[1 + a®p'[l¢*| + 0*|p?[|¢*] + b [p*[1¢° ]
= 2p°¢° + 2(1, alp'], blp?], blp°)). (1, alq'|, b\q2\ blg*|)
< 2p%° + 2¢/1 + a2(ph)2 + b2(p?)2 + b2(p?)2\/1 + a2(q")2 + b2(g2)% + b2(g3)2

— 4p0q0‘

So s < 4v%u and then /s < 2v/00u0. O
Lemma 2.2. s and g enjoy the following estimates
g < /5 < 2V, (2.10)
Proof. Let’s consider the conservation law
P+ dY =p" + ¢
We have
s = —(pa + ¢)P" +¢")

— (0, +a,) "+ ¢")
2 _ 2p/ /CM'

By Lemma 2.1, we have

/e

s=2—-12p,4q
— 2 o 2 [ /0 /0 + a2p/1q/1 + b2p/2 12 + b2p/3 /3}
_ 2p/0q/0 + 9 [1 a2p/1q/1 b2 12 /2 b2 /3 /3}

< 4p/0q/0‘
So s < 4v%u® and then /s < 2v/v"0u/0, O

Lemma 2.3. The relative momentum fulfills the estimates:

< bg and ag < |v—ul. (2.11)
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2.1. Estimates of the terms allowing to define the collision kernel

Proof. For the first inequality in (2.11), by direct computation, we have

92 — 2p0q0 _ 2[1 + a2p1q1 + b2p2q2 + b2p3q3]
= 2p"¢° — 2[1 + (ap, bp).(aq", bq)]

(p°¢°)? — [1 + (ap', bp).(aq", bg)]?
POq° + [1 + (ap', bp).(aq', bq)]

Denoting by dot the usual inner product in R?, by Cauchy-Schwartz inequality, we ontain
(r°4")* = [1 + (ap", bp).(ag", bq)]* = |(ap", bP) — (aq", b)|* = 0

and we notice that if we set A = (p°¢®)? — [1 + (ap', bp).(aq", bq)]?, We have

(2.12)

A =14 (a*(¢")? +V?[q]*) + (a®(p')* + b°|p]*) + (a®(p")? + V*[P[°) (a®(¢")? + V?|q)*) — A

)
= (a®(¢")* + 0°|q*) + (a®(p")? + b*IPI*) — 2(ap", bp).(aq", b7) + A,
> (a*(q")? +bZIQ|) (a*(p ) + °|p*) — 2(ap', bp).(aq", bq)
[(ap', bp) — (aq",bq)].[(ap’, bp) — (aq", b7)]

= |

ap',bp) — (aql,b@)!2

(
(
where A, and A, are defined by

Ay = 1+2(ap',bp)(aq',bq) + [(ap",bp)(ag", bq))?,
Ay = [(@®(P")?+ V1) (a*(¢")? + *|al*) — [(ap', bD).(aq", bq)]?).
Thus
(P°¢°)* — [1 + (ap', bp).(aq", bq)]* > |(ap", bp) — (ag", bq)|>.

By (2.12) we have

p°¢" > 1+ (ap',bp).(ag',bq)| > 1 + (ap',bp).(aq", bg)
2p°¢" > p°¢" + 1+ (ap',bp).(aq", bq).

g = 2(190@0)2 — [1+ (ap', bp).-(aq", bq)]? S [(ap", bp) — (aq", b)?
P°¢° + [1+ (ap', bp).(aq", bg)]  — 2p°¢° '
Let us observe that
lv—ul* =a*(p" — ¢")* + b'p — qf*.
Since a < b, we obtain
v —ul* <V*[a®(p' — ¢')? +V°(p* — ¢*)* + V*(p° — ¢°)?]
< | (ap", bp) — (aq", bq)|.

This leads to

1 3=\ 1 72 2
2> (ap', bp) — (aq", bq)| > v — ul
quO b2p0q0

PhD Thesis ¢+ The relativistic Boltzmann equation in a Bianchi type I space-time
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2.1. Estimates of the terms allowing to define the collision kernel

and then
v — ul

Vou0

bg >

This proves the first relation.

For the second inequality in (2.11), we have
(°)? — (u)? = a2 (vt —u)n' + 0720 —u).n
and

|(ap", bp) — (aq", bq)* — (p° — ¢°)* = |(ap", bp)|* + |(aq", bq)|* — 2(ap", bp).(aq", b7)
— (") = (") + 2p°¢°
= 2p%¢" — 2 — 2(ap", bp).(ag", bq)
=2p°¢° — 2 [1+ (ap', bp).(aq", bq))
2

Let us denote by 6 the angle between the two vectors (o' (v! —u!), b~ (v —u)) and (a~'nt, b~ (R)).

g2 — a_2(v1 . U1)2 + b_2|?7 . ﬂ|2 . (UO . uO)Q

a 2(vt —ut)nt + b2 (v — ﬂ)ﬁ} ?

=a (' —u')? + 0720 — ul* - [

VY 4+ uf
Y St et S [ 1 8 k) e )| LY
00 + 0
1.1 1—1=
— |((1_1(U1 . U1)7b_1(?7 a))|2 |:1 <‘(a nv,ob_‘_ Zz‘ COS 00 )2:| ‘ (213)
Thus
g <aP(' —u')? + 070 —al* < a”o - ul’,
O

Lemma 2.4. For the increasing functions a = a(t) and b = b(t) such that a(0) > 1 and a(t) < b(t),

the following inequalities hold

| <®  and 0 <1+ ]2 (2.14)

Proof. Since a < b, we have

<U0)2 =1 + G_Q(Ul)z + b—2(v2)2 + b_2(7)3)2
2 a72(01)2 +b72(v2)2 —0—572(1}3)2
Z b—Q(,Ul)Q + b_2(U2)2 + b—2(v3)2

> b2 ||
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2.1. Estimates of the terms allowing to define the collision kernel

Since ¢ > 1 and then b > 1, we have

(U0)2 =1+ (1_2(01)2 + b—2(v2)2 =+ b_Q(U?’)Z
S 1+ (U1)2 + (1}2)2 + (’U3)2
<1+ Jv]?

So we obtain

(W°)2 > b 2v|* and v° > b tvl,
(W) <1+ P> and v° < /14 |v]2.
]

Lemma 2.5. For the unit vector w € S2, using the adopted notation & = (w?,w?), the four vector

t* = (n;w', n°w) enjoys the estimate:

tst? > Vs(a(wh)? + b2lw)?)z. (2.15)

Proof. By using elementary algebra properties, we have

tot” = —(1°)* + a®(t")” + b7[¢]*

—(a®n'w' + b*n.w)? + (n°)?[a*(w")? + b?|w)?]
—[(an*,bn).(aw", bw))* + (n°)?[a®(w")? + b*|w|?]

> —[(an',bn)[*|(aw’, bw)[* + (n”)*[a*(w")* + b*|@]°]

> —[a*(n')* + b*[nf[a*(w')* + b*w|] + (n°)?[a* (w")* + b*|w|]

> [a*(w")? + 0[@’][(n")* — a®(n')* — b*|7 "]

> [a*(w')? + b*|w]?]s

and then the desired result. U

Lemma 2.6. The energy s defined by (1.20) enjoys the estimate

Vs > mazx (\/%, \/?) . (2.16)
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Proof. From the definition of s, we have

s= ("2 +20%° + (u°)? — a2 (v")? —a2(u")? — 2a 20t — b2 |0)? — b—2[ul* — 20 0.1
=24+ 2¢/1+a2(v1)2 +b20]2¢/1 + a=2(u!)? + b2|uf? — 2(a" 0", b7'0).(a !, b a)
> 2+ 2¢/1+ (a1, b-10)[24/1 + (e~ ul, b-1a)|2 — 2|(a o, b710) || (e ut, b a)|

L+ (a0, b o)) (1 + [ (o~ ul, b7 ) ?) — [(a™ ot b~ o) P (e~ ut, b ) 2

VAT /4 T T+ (o o 1)

L+ |(a'0t 0™ U)|2+|( tut 0l )|2

T L T o 0 + ot b a5 )
L+ [(a o' 0710) 2 + [(a b, b u)|2

VI @ b0 /L o+ [ b

(00)2 + (u0)? — 1

>2+2

>2+2

> 24

> 2+ 0
v
S (U0)2 + (U0)2 + 2’UOU0 -1
- 00
012 012 0 0
N G ol (0 C IS
v0y0 ud w0
[
, we have
v® < 2v/2u°. (2.17)
Proof. Using the relation between a and b we have
W0 = \/1 + a=2(v1)2 + b=2(v2)2 4 b2(v3)2
S T O (e R A U
< V1426722
< /14 8b72|ul?
< VBY/1+ b2ful?
< 2v/24°.
O
Lemma 2.8. The following estimate holds
v? < 2000, (2.18)

Proof. By the energy conservation law
UO _|_u0 — v/O 4 u/O

we have

o <1 a2+ b 1 ) b,
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2.1. Estimates of the terms allowing to define the collision kernel

Hence
(092 < 201 + a2 ()2 + b 20 + 1 + a2 ()2 + b 2|’
AL+ () + 0PI+ a7 (W) + 0]
= 4(0"°)?(u)?.
So we have: (v9)? < 200",

Lemma 2.9. Form € Nand £ € R?:

(L+lEm <21+ g™ and  (I+]Ef™) < (1+[g)™

Proof. The proof of this lemma is obvious.

Lemma 2.10. For m € Z:
/ (1+Ju)®)™e 1 du < co.
R3
This proof is done here because we have seen none in the literature.

Proof. Casel: m <0
Here (1 + |u|?)™ < 1 and since ( fps e *’du < o), we have

/ (1+Ju)?)™e 1 du < / e 1P du < 0.
R3 R3
Case2: m € N

According to (2.19) we have (1 + |u|*)™ < 2™(1 + |u|*™).

So we can state that
/ (1 + [u?)me P du < 2
RS

2m

1+ |u’2m \u\zdu

\,

R?)

12
e du+2m [ ulPme " du
R3 R3

\

(2.19)

(2.20)

/ ~luf? du+2m/ sin( d&/ dgp/ 2261 gy
R3 0

< 2m/ e lul? du+47r2m/ p2mt2e=r2 g
R3 0
Let the sequence (I,,,)men be defined as follows
I, = / r2m+26_r2dr, m > 0.
0
We can integrate this term as follows

& 2
I, = / r2mt2e=r gy
0

1 [ 2
= ——/ P2t (—2r)e " dr
2 /o

1 oo
— ——([7“2’”“6_’"2]80 - / r2me " dr)
2 0

1 o0
= —/ e dr.
2 Jo
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2.1. Estimates of the terms allowing to define the collision kernel

Then we have the following relation

1
I, = S lm-1, for all m > 0.
This leads to
1 1 /7
I, =—I=——.
2m 2m 4
Finally, we have
1
/ (1+ |ul)me " qu < 2m/ e 1P du + 4W2m—ﬁ
R3 R3 2m 4
< Qm/ e 1P du + m/7
RS

Lemma 2.11. For 0 < o < 3 and v € R?, we have

/ o —ul "% du < CL(1 4 |v]?)%.
R3

Proof. The complete proof is done here because we have seen none in the literature.

(2.21)

v —u| e P du = / o —u| " 1 du + / v —u| 1 du.
R? ‘”_U‘S‘L Jo—u|> Ll

2 2

Let

_ a2
I :/ v — u| e 1" du,
fo—u <5l

J = / v — u| "1’ du.
o—ul> 13!

|v
2

|v

The relation |[v — u| > |i2| leads to |[v — u|™* < (51)~® in J definition.

Then
J= /
lo—ul> L2l
< / (M)_O‘e_deu
T Szl 2

< (M) / e 1P du.
2 |v7u|2%

_ _ 2
v —ul e dy

Let’s estimate I: The relation

|v] |v]
— < — lead t > —
lv u]_z eads 0 \u]_Q
because [v] < v — u| + [u] < 2 4 |ul.
We let )
E={(zy.2) € R 0?4+ < 1
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2.1. Estimates of the terms allowing to define the collision kernel

where

u' =2 + o' and  u? =y 4+ v and  u® =z +u’.

Then

I= / v — u| "1 du
{lv—ul<lgly

2
[v]

<e 3 /(:152 +y* + 2%) 2 dadydz.
E

We use the spherical coordinates z = rsin(6)cos(p), y = rsin(f)sin(p) and z = rcos(f) where
re[0,4],0 € [0,7] and p € [0, 27).

2 T 2 Il
I < 64/ sin(@)d@/ dp/ " paqr,
0 0 0

I§47T[ !
3

For0 < a <3

|2
< Culvf~e o,

Summing up [ and J, we obtain

2
v —u| "% P du < C, o] + C’a\v|3_o‘e_%
R3

]2

< Culv|™* + Culv| vl 2

Let

22

Y(r) =2’ T, with xr € Ry

¥ (0) = 0 and ¢(x) goes to infinity as x goes to infinity.

The derivative

vanishes as x = /6.

So for a non-negative z, we have
0 < ¢(z) < P(V6).

We return to the estimate of [, [v — u| =" du. That is

lv — u]‘“e““'gdu < Cyulv| ™ + Ca|v\_a¢(\/6)

RS
< Colv[™

< Co(1 4 |v[7%)
< Co(1+ [p72))
< Co(1+ ?)5.

]
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Lemma 2.12. For 0 < 8 < 4, we have the following estimates:

Oy Pe "du < C for 0< <1, (2.22)
R3

/ Do~ e " du < Cob®~ ! for 1< <4, (2.23)
R3
where Cj is a constant that depends only on S.

Proof. The proof of this lemma is similar to that of [25] in the Robertson-Walker space-time. We
present it for the reader convenience.

Proof of the first inequality (2.22).

Let S suchthat 0 < 5 < 1:

1 1

<o [ I v,
— Jgs oy
< C/ (1°u®) 2 e 1" du

R3
< C’/ el dy

R3
<C.

Proof of the second inequality (2.23).
elet Ssuchthatl < 3 < 2:

2 1 2
[ o= | Ve 1 g,
R3

ps 000 gh—1

B—1(,,0,,0y8=1
<C/ 1 07 (0"u’) 5 o1l gy,
 Jrs 0% o —ulfl

< ! / ! ! m——
- rs [V — ulfh (0y0) %"

- rs v — ulf1

< CebP 1+ )T
< Cﬁbﬁ_l.
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e Let fsuchthat 2 < 5 < 4:

2 1 2
R3

R3 19,0 gﬁfl

1 bﬁ_l(vouo)%

r3 vV v0u0 |U - u\ﬂ—l

1
<C e’|“|2—_1(vou0)67du

<C el dy

R3 v —ul?
— 52
<o [ UHRDE D)
- RS |v — ulf1

< CpbP (L + o) T (1 + o))~ 7
< Cb? (1 + [of?) "5

2
e 1" duy

< Ogbﬂ_l.
[
Lemma 2.13. For 0 < § < 3 and m > 0, we have the following estimate:
/ 09 2 (1 + u)?)e " du < CHP (2.24)
R3
where C is a positive constant depending on 3 and m.
Proof. Let recall that v, = %%5 and by (2.11), 2 < o,
By (2.11), we have
B—1 0,,0
-8 2\m _—|ul? \/gb (UU) 2\m _—1,,12
[ peras pyreians [t VRS e
Denoting by [ the left hand side of (2.24), we obtain using (2.23)
bﬂ_l(vou())% 2\m 2
D11 + |v[2) T (1 + |ul?) T
R3 v —ul?~t
_ sr [ (L u) T e
< o1 2B42/( lul? g
<O ) [ e
g2 .
< OO T oo 4 o)
< P Y1+ [u]?) "%
< Cpb’ .
[
Lemma 2.14. For 0 < § < 3 and m > 0, we have the following estimate:
/ g (1 + [ulP)me 1 du < b (2.25)
R3
where C is a positive constant depending only on 3 and m.
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2.2. Cutoff on the unit sphere

Proof. Following the proof of (2.24), we have

2 bﬁ(vouo)g 2
1 2m—6—|u|d </1 2\m —\u\d
J R T R el
1 2\m+2 9
<vasppt [ S e,
g Jo—uff

< CHPA+[o?)i(1+[of?)5
<1+ [vP) 7

< Cv.
O]
2.2 Cutoff on the unit sphere
Let C be a positive real number, we defined a cutoff S,;, of the unit sphere S? by
o —a 1|v —ul |n x w|* + 3|n|?
S = fwesz, wlv=a 1 <C 226
b= w Gl =3 5 ewrreepr =9 (2:20)

since b*(t) goes to co as t goes to co. For fixed v and u, the restriction

_ 2 2
1|v —uf [n x w[* 4 3|n| <
2 s a?(wh)?+b?|w)? T

disappears for a large ¢. This cutoff depends on ¢ and on pre-collisional momenta v and .

We note that since a?(w')? + b?|©0|* < b

1|v—ul| |n x w|?+ 3|n|? o1 lv —ul|n x w]* + 3|n|?
2 s a2(wW)2+bw)2 T2 s b? '

In the sequel, we will use the cutoff S,;, on the angular part of the scattering kernel. Henceforth,

unless otherwise specified, the parameter w will always belong to S.

Lemma 2.15. Let v and u be given. Suppose that v' and v’ are post-collisional momenta with a

parameter w € Sg. If a® < b? < 2a?, We have:
o + |ul* = |v']* = |u']* < C. (2.27)

Proof. Welet A = |v|* + |u|* — |v'|* — |[«/|*. Using the parametrization (1.56)-(1.57)-(1.59)~(1.60),
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2.2. Cutoff on the unit sphere

we have
= [0 + uf® = [o']* = '
= [(01)? + () + ()] + [(u')? + (©?)* + (u®)’]
— [+ (%) + ()] = [(@")? + () + («)?]
= [(0)? + (%) + ()] + [(u')? + (u?)* + (u°)?]
[(vl) +2vtut + (uh)? (v + ul)(a®gnw?t) N a*g?(n%)?(w')?
! i 4,2 (?7;2 212
(v%) +21)4u + (u?) +(v +u )2(rbgnw ) +bg (ZT)Q(W)
N (v3)% + 2@1u3 + (u?)? N (v3 + u3)2(rb29n0w3) N b492(72)22(w3)2]
- [(Ul)Z +ovlul + (uh)? - (0! + ul)(a2gndw?) . atg?(n0)?(w')?
4 2r 4r2
(02)2 + 2022 + (u?)? - (02 + u2) (B2 gnw?) . b g% (n0)?(w?)?
4 2r 4r2
(032 + 20353 + (1B)2 (03 + u®)(BPgn®e®)  big2(n0)2(w?)?
i 1 il 1 i 2 ' 1 s 1] 1
— 5(1)1)2 + 5(1)2)2 + 5(’03)2 o Ulul - v2u2 v3u3 + 2( 1)2 + §(U2)2 + §(u3>2
B atg? (n°)2(w')? - b2 (n0)2(w?)? - b2 (n0)2(w?)?
212 2r2 2r2
B P 0 O e O e )
2 2r2
1 2 192(n0)2 2 1 72-3(2
§(v—u) 5 .3 [(a“w™, b"w)|*. (2.28)
Let us compute (v° — u0)2 and (n°)%g¢%.
(00 —u%)? = (\/1+a 24 b2(v2)2 + b2(v3)2 — /1 + a2(ub)? + b2(u2)? +b2(u3)2)2
_ <a2((vl)2 - (u )?) +b072(|v* — [af ))
N [(a—l(vl —u), b (0 —1)). (¢ (u' + 1), b (0 + a))] ?
_ [(a (vt —ub), b7 (0 — @) |?|(a™ (ur + 1), b7 (0 + @))|? cos?® B
(n?)? '
By the relation (2.13) of g%, we have
(g = —|(a™ (0" — '), b7 (5 — )Pl (0~ b ) P eos” By
+ (n"?|(a (v —ub), b o — )% (2.29)
By (2.28) and (2.29), we obtain
= 2%2[7’2|"U —uf? = (n°)?] (", W) [*|(a (0! — u'), 07 (0 — @)

+ [(a®w!, B*@) (e (vt — ub), b7 (v — @) *|(a" nt, b7 R) |* cos® Oy

= %[A1+|<a2w1,b2w>12|<a1(v1—u1),bl<@—a>>|2\(a Lt b7 a)|? cos? 6y).
.
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Let us set
Ay =r?lv —ul* — (n°)? (@, @) P[(a (vt —ub), b (v — w))|?.
Since
r?=—(nw)®+ (n")? (a’(w')* + V|
we have
A = [=(nw)” + () (@*(@')* + B0 | o — uf?

— (n")?|(@®w", 0’®) (0™ (v} = u'), b7 (0 — @)

= —(n.w)?*|lv — ul* + (n°)?4,
where

Az = (W) + 0[@]?) v — uf?
— (@', @) P[(a™ (v —u'), b7 (7 - a))[?
= (a®(W")? + V*|0]?) (Jo" — u' ] + | — a]?)
) )

— (a*(W")? + b1 P) (a2t — )P + 0720 — al?)

. <1 - (%)2) (@25 — af? + b (1 - (2)2) P! — u' P

If we let t = ()2, then ¢ €]0, 1. Since the parameter w € Sgp, one has

1
Ay = b? (t (1—1t) (w")?*o —al* + (1 — ¥> @]t — u1|2)
_ b21 —t [t2(w1)2|@ _ H|2 . ’@’2|U1 - u1|2}
t
1—t¢ o _
<L [l — P — oPle! — ')

<0.

Since A, < 0, we have

Thus

since
—(nw)? = |nxwf = nPw)* = |n x w* - |n]

]
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2.3. Estimates of the derivatives of the energy and the relative momentum

2.3 Estimates of the derivatives of the energy and the relative mo-

mentum

Lemma 2.16. The derivatives of v° with respect to v* fulfill the following estimates:

1
|0,10°| < - (2.30)

1
10,0 < > fori=2,3. (2.31)

Proof. Since v° = /1 + a~2(v!)2 + b~2|v[2, we have
a—?(vl)Q S (U0)2 and b—Q(Uz’)Q S (UO>2.

We compute the derivatives of v° as follows

1 )

o v v ,
O v’ = 20 and 0yiv° = g0’ fori=23.
By the mass-shell assumption
vt vt _
\w|<1 and ’bvolgl’ fori=2,3.
Thus
1 1
|0y10°] < = and 10,i0°| < B fori=23.
a
O]
Lemma 2.17. The derivatives of g and /s with respect to v! enjoy the following estimates:
2 0
09 < =, (2.32)
ag
210
Oy < —. 2.33
03l < 2 (2.33)
Proof. We split g* as
¢ =—-2+20%" -2 [a’%lul + b 20%u? + b’%gu‘g] ) (2.34)
Since 9,1 g% = 290,19, we get
0 1 1 94,0
Opg = —|— — ]  then |0ug| < .
ag av®  au ag
We split s as
s =2+ 20%° -2 [a_Qvlul + b 20%? + b_2v3u3} : (2.35)
Since 9,18 = 01 (1/5)? = 24/50,14/5, we get
u’ ol ul 2u°
0, = ——|— - — th Oy < —.
1\/g a\/g[avo auo] en ‘ 1\/5‘—a\/§
O

33 ‘ Tchuengue Kamdem Emmanuel (© UY1 2020

PhD Thesis ¢+ The relativistic Boltzmann equation in a Bianchi type I space-time



2.3. Estimates of the derivatives of the energy and the relative momentum

Lemma 2.18. The derivatives of g and /s with respect to v, i = 2, 3 enjoy the following estimates:

2 0
0,9] < 2, fori=2,3, (2.36)
bg
|6-\/§|<2—uo fori=2,3 (2.37)
VYT s - '
Proof. Using the relation (2.34)
u® ot ut 210
Oyig = — — th Oyig| < —, =2, 3.
g bg[bvo il en  |0yugl < by for i
Using the relation (2.35)
u® vt u’ 210
Oyiv/s = —=[— — — th Oyi < — =2, 3.
Vs b5 B en 105l < A

]

Lemma 2.19. If we let G := G(w, a,b) = a*(w")? + b*|w|? and t* = (n;w’, nw) w € S?, then the
derivative of r = /t,1* with respect to v! satisfies

Opir| < —4 2.38
S ey =0
Proof. After expanding r, we have
0 1 1
O = “ (U—OG(w,a, b) — (u.wo)w a)
ay/(n°)2G(w,a,b) — (n.w)? av u
v° vt (v.w)w?
+ —G(w,a,b) — a). 2.39
TG a D) a0 ) 23
It is easy to see that
a? < G(w,a,b) < b2
By (2.39), We have
O] < u (b% + ba) + o (* + ba)
T ay/(02G(w,a,b) — (nw)? ay/(n")2G(w, a,0) — (n.w)?
b2 04 .0
<(Z 4+0) u- +v .
a T /(n°)G(w,a,b) — (nw)
]
Lemma 2.20. The derivatives of r = /1,t* with respect to v* for 7 = 2, 3 satisfy
2 0 0
107 < b+ ) i =23 (2.40)

= VPG — (nwp
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2.3. Estimates of the derivatives of the energy and the relative momentum

Proof.
u’ v (ww)w'
Oyir = G(w,a,b) — b
TG0 D) G P )
VY vt (v.aw)w?
+ G(w,a,b) — b), 1=2,3
N R D DT
Using the same method as in Lemma 2.19, we obtain
0 0
|0yir| < 2b vty i=2,3

sqrt(n9)?G(w, a,b) — (n.w)?’

Lemma 2.21. The pre-collisional momenta v and u satisfy

vl ut 1 b?
g 4 201+ —
‘avo au®' — a( + az)’U ul,
v ut 1 b? ,
o ~ gl S U@l —ul i=23

Proof. 1n order to have (2.42), we can write

vl ut 1

5 = 5l = gl (v —u) +ul (W’ =) <

1
0yl o0

vou?
We now try to control [u® — Y.
One has

(W) = (W)? = [(a™ (u! —0'), b7 (@ — v)).(a” 0!, b7 0)|
< @ (' = o), b7 @ - 0))l[(a ' b )|
< a”?|u —vllu+vl.

In another hand, we easily have
00 4 > b7 (o] + Jul).

Thus

o o J@)? =" _av—ullvtul b
u’ — | < S
n’ b=t (v +[ul) T a?

vt ! u® b ul
|— — —| < |Jv —u + = :

v — ul,

2

0 2 0
i+ | < ol

00 a2 p0y0

Using the same method as in the proof of (2.42), we obtain the relation (2.43).

(v — ulu® + [ul]u® = 2°|] .

(2.41)

(2.42)

(2.43)
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2.4. Estimates of the derivatives of the scattering kernel

Lemma 2.22. The partial derivatives of ¢ and /s with respect to v* satisfy the following estimates

b b2
0ng] < =0+ —2)u°v 00, (2.44)
a a
b b?
0sVs] < =1+ =)u’Vooul. (2.45)
a a
Proof. Using (2.11)-(2.42)-(2.43), we deduce that
0 1 1 b b2
Oprg = u_[v_ - u—] and |0, g < = (1 4+ =) u’vVoouo,
ag -av®  au a? a?
0 1 1 b b2
O/ = u_[v_ — u—] and |0,v/s] < — (1 + =)u’vVooud,
ay/s av®  aud a? a?

O

Lemma 2.23. The partial derivatives of g and /s with respect to v’, i = 2, 3 satisfy the following

estimates
1 v ‘
|0yig] < 5(1 + ) )uVotul, i =2,3, (2.46)
a
1 b?
Dyiv/s| < 5(1+ —)u’Voul, i =23 (2.47)
a

Proof. Using (2.11) and (2.42)-(2.43), we deduce that

ud vl U

Oyig = @[m - W]

) 2

and |0,ig

u’ o

ui

v

1 b?
and [0,iv/s| < 5(1 + a—)UO\/vOuO, for1=2,3.

2.4 Estimates of the derivatives of the scattering kernel

2.4.1 Estimates of the derivatives of the scattering kernel generated by the

Israel particles

Lemma 2.24. : We have the following estimates

1
vOu0y/s

Proof. Fori =1, 2 or 3, a direct computation leads to

10, ( ) <2, fori=1,23. (2.48)

1 1.1 1 1.1 1 1
Uouo\/g) = &;z‘(@)uo—\/g + F&,i(ﬁ)% + Wa”i<ﬁ)
&,i (1)0) 1 1 avi <UO> aw(\/g)
B - - (2.49)
(1v9)2 u0y/s  v0/s (uY)? 19005

Oyi(
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2.4. Estimates of the derivatives of the scattering kernel

For i = 1, by (2.6)-(2.30)-(2.33) we have

1 1 1 1
B O e — < — = 1 0 e —— 1 0 I —— 1
O (2 < s O O]+ i 0 )]+ 0 (45)
1 2
a(v9)2u’/s * av’sy/s
S [
— avdy/s [v0u0 s

<2
For i = 2, 3, by (2.6)-(2.31)-(2.37) we have

)| < !

L (0 ! (0 T
(UO)QUO\/ElaUZ(U )|+ UO(UO)Q\/E‘aW(u )|+ Uouos‘am(\/gﬂ
< 1 1 N 1 2ud
> (Uo>2u0\/gb 905 b\/E

1
005 /s

< 1 1 +2
= 0/s [v0u0 s

<2

]

2.4.2 Estimates of the derivatives of the scattering kernel for hard potentials
In this part we take o = 0 in (1.70) and we make an additional assumption
05(0(g, )| S g~ Poo(w)  with B e[0,3]. (2.50)

Lemma 2.25. Under assumptions (1.70)-(2.50) on the scattering kernel, we have the following

estimate
10p1[vg0 (g, w)]| < ca tu®(1 + g_ﬁ)ag(w). (2.51)

Proof. Fori = 1,2o0r 3, adirect computation leads to
11
a’ui(ﬁqﬁa(g? w)) = aui (g\/gﬁﬁa(ga U))
11 1 1

+9v50u () 5oy w>+g¢%$aﬂ<a<g,w>>

= (g)x/E%% (9,w)
+ 90, (V3) 5 <g, )
~ 030 () iz 750 (0.9) + 0S5 ()00 (0.)
= 00022+ 0uvA) L — 0022 (g,
i(}g (00:9)(940 (g, w))- (2.52)
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2.4. Estimates of the derivatives of the scattering kernel

And so we have

00 (40 (9,0))| < 100 (9) V5550 (5. )

+010,(V3) -5 50(9,)
+g\/_|avl( )’ ) %U(g,&))

We let i = 11in (2.53).
By (2.7)-(2.30)-(2.44)-(2.45) and since u® > 1,v° > 1 and |9,(0(g,w))| < g~ Poy(w),

the derivative of ¥,0(g,w) with respect to v' is estimated as follows

ouluao(ol] < 1+ 5 | (V5 + 9o(a) + 0. S0 4 LIV o0

< (g, ) + gloyols. )

< ca '’ (1 + g7P)op(w).
O

Lemma 2.26. Under assumptions (1.70)-(2.50) on the scattering kernel, we have the following
estimates

10y: [vg0 (g, w)]| < b u’(1 + g77)op(w), fori=23. (2.54)
Proof. The relation (2.52) leads to

0, (D50(9.)) = 0955 -50(9,0))

~ [0 + 0uv3) s — 0.2 (9.

+ 9 0,0)0y010.9))

By (2.53)-(2.7)-(2.31)-(2.46)-(2.47) and since u® > 1, v° > 1 and |9,(0(g,w))| < g~ Pop(w), the

derivatives of 40 (g, w) with respect to v i = 2, 3 are estimated as follows

1 b NG 1 b? g
|0yi[vg0 (g, w)]| < 5(1 + ?)uo Uouovouoa(ng) + 5(1 + g)uo vouovouoa(g,w)

1 gVs 1. b0 gys 0
- -1 V00,0

+ b(v0)2u00(97w) + b( + ag) 51040 (g, w)|u"Vulu

0

cu

< = (0(g,w) + 9100 (g,w)])

< b (1 + g P)op(w).
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2.4. Estimates of the derivatives of the scattering kernel

2.4.3 Estimates of the derivatives of the scattering kernel for soft potentials

In this part we consider the additional assumption (2.50).

Lemma 2.27. Under assumptions (1.71)-(2.50) on the scattering kernel, we have the following result

|01 (Vp0(g,w))| < Ca 'ulgPog(w). (2.55)
Proof. By (2.52) we have

0, (%50(9,) = 0, (955 50(9,))

— (009 + v — )22 o0,

jilwm@a@,»

By (2.7)-(2.30)-(2.44)-(2.45) and since u® > 1, v > 1 and |9,(0(g,w))| < g~ Poy(w),

the derivative of 9,0 (g, w) with respect to v' is estimated as follows
b b 04/209,04/20¢,0 11 -8
|%ww@mmgga+gmwMLvu@@gmm>
b 11
+ 2V vouo—( ) VUOUOE—OQ_BOO(U))

+ 4V Oudv UOUO 1 oo(w)

()2 Og

10 50
_{_2‘/,00,&0 _0_2( ﬁ)uo ’Uouog|ag(0(gaw))‘

< Cula g Pog(w) + Cula~t g Pog(w)
+Ca™lg o) + Cula™" |0, (o (g, w))|
< Cula g Po(w).
[

Lemma 2.28. Under assumptions (1.71)-(2.50) of the scattering kernel, we have the following re-
sults

10y (V40 (g,w))| < Cb g P o (w), fori=23. (2.56)

Proof. The relation (2.52) leads to

0, (40 (9,)) = Dus(9v/55-50(0,))
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2.5. Estimates of the derivatives of the post-collisional momenta

By (2.53)-(2.7)-(2.31)-(2.46)-(2.47) and since u® > 1, v > 1 and |9,(c (g,

derivatives of J40 (g, w) with respect to v' are estimated as follows

w))| < g7 Poo(w), the

1 b? 11
|0yi (Vg0 (g,w))| < 25(1 + E)uO\/vouo vouo——og’ﬁao(w)
1
—l—QVUOuO—(l ) \/vouo——g oo(w)
+4\/v0u0\/00u0 b o )2 Og oo(w)
111
vt L4 Dy viosgla, o(g.0)
< Cu’b g Pog(w) + Culb g o (w)
+ bl g o(w) + Cu’b g|0y(0 (g, w))]
< Culb g Po(w).

2.5 Estimates of the derivatives of the post-collisional momenta

2.5.1 For the first parametrization

We consider the parametrization of post-collisional momenta (1.56)-(1.57) introduced in [26].

Let’s recall that 7 > /s5(G(w, a,b))2 and /5 > max <\/§—2, \/5—8), with

G(w,a,b) = a*(w')? + v*|w|? and r = /1, 1°.
We recall that the first coordinate of the post-collisional momentum v’ reads
o vl +ul | dPgniuw!
2 2 r

For ¢ = 1,2 or 3, straightforward computations lead to following relations

6 a?(0yig) nlw?

a’g (0wt a’gnlw

vt = — - — Oyi 2.57
T > 2 7 5z Our) (2.57)
We bound the main terms of (2.57) as follows
|a2g (O v°)w? | avvoul
2 r - r
a’g (0yiv”)w'  a?Voul
= s —— =23
r r
a*(Opg)nw!  a® b b?
v < ~\,,0 0,,0(,,0
| 5 . ]_2 5(1+3—)u"vVooul(v +u)r
O, 0,1 21 2
’a(z g)n:; |§%E(1+35)u0\/00u0(v0+u) i=2,3,
a%g nOw' a2 oo 2
LI )] < VO (P ),
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2.5. Estimates of the derivatives of the post-collisional momenta

a’g nw! 2ba?
7 2 (8Uzr)| < Fvvouo(no)z.

The second and the third coordinates of the post-collisional momentum v’ read

kg k 12400,k

e VT Hut brgniw
= — k=23).
5 T T, , ,3)

For ¢ = 1, 2 or 3, straightforward computations lead to following relations

ook = 0% POug) n%t | Py (D)t B ndut
! 2 2 r 2 r 2 2

(0yir), (k=2,3). (2.58)
We bound the main terms of (2.58) as follows

v? k b2 b b? 1
| (0u1g) e (14 3=)u’Vooul (v° + u°)=,

2 ’_2a2 a?

”
0, 21 b? 1
|—(2 ig) now* | < ——(1+3 5)u \/vouo(vo+uo);, i =2,3,
2 k 2
|b7(8vlv )w |§ b_m’
r ar
b2g (0 v”)w b
|79(vv)w|§_/_vouo’ i =23,
r r
b?g n'w” b b?
b g < U 000000 1 02
R ()| < SVlu (u” +v”) (a +b)
b29n0wk 3

2b
(Opir)| < F\/vouo(no)2 i=2,3.

In the propositions below, we are going to collect estimates on each of the following terms:

0,10, 10,0, (i =2,3), 10,0, (k= 2,3), and 0,0, (i=2,3 and k = 2,3).

Proposition 2.1. Consider the first parametrization (1.56)-(1.57). We have the following estimate:
10,10 | < Cv°(u®)? (2.59)

where C' does not depend on a or b.

Proof. The following estimates holds; thanks to (2.30)-(2.32)-(2.38),

a*(Dy1g) ndw! b b? 1 b b?
Z NI < (1 Z )0 0,,0(y0 N < (1 e 0\2/,,0 0
| 5 _a2( —|—3a2)u Voul (v —|—u)r_2a( —|—3a2)(u) (v” +u),
2 0y, 1
9 Quw, _ a < <,
2 r G(w,a,b)

2 0,,1 2 b2 1 b2 0)2
S (0n)] < SV 4 ) (4 B 4 u) - < () (W (40 4 0y

We combine the above estimates to obtain the desired result. O]
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2.5. Estimates of the derivatives of the post-collisional momenta

Proposition 2.2. Consider the first parametrization (1.56)-(1.57). We have the following estimates:

0,0 < CVO(u®)t fori=2,3 (2.60)
where C' does not depend on a or b.

Proof. The following estimates holds; thanks to (2.31)-(2.36)-(2.40),

2 i 0 1 2
g s a(ugh»@mw+ﬁ
r

]

We combine the above estimates to obtain the desired result.

Proposition 2.3. Consider the first parametrization (1.56)-(1.57). We have the following estimates:

10,0 < Cv®(u®)?, for k=23 (2.61)
where C' does not depend on a or b.

Proof. The following estimates holds; thanks to (2.30)-(2.32)-(2.38),

209, 2 2 213 (10)2 (0 3
P Oug) e 9)”‘*’ <0l vam ) < 2 Do)
2 2a 2a+/G(w,a,b) ~ 2a
b2g (0, 0°)w* v? 2
7 < —\/UOUO < ¥ < =u® <
| 2 r | a\/G(w,a,b) — @ T
b29 nowk b2 b2 b4 b3 uO 2
LI oan)) < Tvims e (E ) < (G + 5 B e
‘We combine the above estimates to obtain the desired result. O]

Proposition 2.4. Consider the first parametrization (1.56)-(1.57). We have the following estimates:

10,i0™| < Cv°(u®)?, fori=2,3 and for k=23 (2.62)
where C' does not depend on a or b.

Proof. The following estimates holds; thanks to (2.31)-(2.36)-(2.40),

V?(0yig) nPwk b2 1 b? o ol .o,
|T . |_2b(1+3 Ju \/uovo(u —i—v);gz—a(l#—SE)(u)(v +u’)
2 00
|b_gM| < \/Uouo < LUO < éuo’
2 r G(w,a,b) a
b%g nwk 208 —— 20° (u®)?
7 2 (81,17“)| S F UOUO(’UO +U0)2 S ¥T< 0 +UO)2
‘We combine the above estimates to obtain the desired result. O]
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2.5. Estimates of the derivatives of the post-collisional momenta

2.5.2 For the second parametrization

We consider the parametrization (1.61)-(1.62) of the post-collisional momenta and we respectively

compute the quantities
v’ Oy, (i=2,3), O™, (k=2,3), and  Oyv" (i=2,3; k=23)

and control each of them afterwards.

First of all, we make some helpful and obvious statements for further application.

1 w) € Sup, we have

Forw = (w
'] < |w| =1, fori=1,2,3. (2.63)
Forn = (n') = (v + u'), we have
In'| = [v" +u'| < v+ ul, fori=1,2,3. (2.64)
The following relation holds

(@ *nt, b7 ) .w| < [(a'n',07'n)||w| < a7t n| =a v + ul, fori=1,2,3. (2.65)

Since |(a™'nt,b7'n)| > b~ n|, we have

1 1
< .
|(a=tnt,b~1n)| — b1 v + ul

(2.66)

Proposition 2.5. With the parametrization (1.61)-(1.62) of v/, we have the following estimate

b? b° b%(v°)?

jo—ul Jotul o —ul?

0,10 | < O )(u®)? (2.67)

where the constants C' do not depend on a and b.

Proof. By a direct computation we have

1 a (a~'n',07"n).w n (a0’ b ) w
1 X 1 11
01t 254_5(81,19)[(10 - ((a—nt, b 17 )|2a " +%K Int b=1n )|2a n]
~1,1 -1 1
+%[_a_1(a n',b n)w_ a *ntw N (a™tnt b~ n)wQa_3(n1)2

2 OF TG ST
C%WU( !, b 7).

N RN D
n®  ainlw! n® (a7 tn',b71n).w

N R D A [ DL

We can state that

(ot b )
(8v1\/_)|< “Inl b1 )|2a

o n® (@ nt o7 n)w

Vs [(atnt b~ 1n) 2

26 (n*)* +a ].

1
010" < 5t | 1| + o] + [Js] + [Ja| + [ Js| + |Js| + |J7| + [Js| + [Jo| + [Jro| + |11
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2.5. Estimates of the derivatives of the post-collisional momenta

where

J = g(avlg)wl,
1 (ant 07 ')w,

JQ - 5(61119)’(&,1”1’6,17—1)’2(” +u )7
1 n® (a7 R)w, |

T = ?awkﬁmrmawwwﬁ’+“%
g (a™nt b7 1n).w

J4 = = — P
2 [(a=nt b=1n)|?

. ga_l(vl—i-ul)wl

T 2|(atnt, b tR)|?

(a”'nt b7 'R)w ., 1\o
J. =
T et

5 o— 99,0 (a”'n', b‘lﬁ_).w(v1 )

2 /s |(atnt,07'0)[? ’
(a 'n' b7 1n).w
(@~ tnt, b=tn)?
1

0
— 9" o,
J8—28(av\/g)

gn® a (o' +uh)w

(v +ut),

g = I
’ 24/s|(a"nt, b~ 1n)?7
n® (a7 tnt,b71n).w

T o= oM : —20 1 1)2

0 S I )
g._ 9 n® (a=tn',b71n).w
S W P

Let’s control each of the eleven terms.
Using (2.32), (2.63) and (2.11), .J; is controlled by

u®vv0ud < b0 (u®)3

lv—ul — Jv—ul

|J1] < b

Using (2.32), (2.11), (2.64),(2.65) and (2.66), .J5 is controlled by

b3 10100 - vao(u0)3

Jo| < — .
|2|_a2 v —ul T |Jv—u

Using (2.32),(2.64),(2.65), (2.66) and (2.11), J3 is controlled by
b2 (00)2 ()3

v —uf?

bt 00 (u0)2(1° + u0)
|5 < — — <4
a v — ul

Using (2.7), (2.65) and (2.66), J, is controlled by
2 /10,0 0(,,0\3
b* Vulu < \/§bv (u?)

alv+ul = ot

PARS

Using (2.7), (2.63), (2.64) and (2.66), .J5 is controlled by
2 /10,0 0(,,0\3
b* vulu < \/ﬁbv (u?)

| J5] < — < :
a v+ ul lv + ul
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2.5. Estimates of the derivatives of the post-collisional momenta

Using (2.7),(2.64), (2.65) and (2.66), Js is controlled by
4 /20,0 0(,,0)3
b_3\/vu <2\/§bv(u)

ad|v+ul — v+ u|

| J6| <

Using the relation (2.7), (2.30), (2.11), (2.64), (2.65) and (2.66), .J; is controlled by

3 0,0 0(,,0)3
|J7|<b_vu <2bv(u)

“atv—ul T |Jv—u|

Using (2.6), (2.33), (2.11), (2.64), (2.65) and (2.66), .Jy is controlled by

2 0,0(00 & 4,0 2(,,0Y2(,0)3
|<]8|<b (v+u)<4b(v)(u).
a? s v — ul?

Using (2.6), (2.63), (2.64) and (2.66), .Jy is controlled by

| < 162 0% + bv®(u®)?
V=2 utu T v+ u|

Using (2.6), (2.64), (2.65) and (2.66), .J1 is controlled by

Using (2.6), (2.65) and (2.66), J1; is controlled by

1b2vo—|—u b? (u?)3
2 lv+u| — v+ ul

In virtue of the above estimates, after some rearrangements, and the use of the fact that

leads to the desired result. L]

Proposition 2.6. With the parametrization (1.61)-(1.62) of v/, we have the following estimates

0 bUO b2(1)0)2

lo—ul fotul o —ul?

10,0 < C( )(u)?, fori=2,3 (2.68)

where the constants C' do not depend on a and b.

Proof. By a direct computation we have

n_a - (a”tnt b7 'R)w | n_o(a’lnl,b’lﬁ).w 1
P = ) A e "
+@[0_ a o ntwt N (@ tnt b71n).w 5q-1p 2n1nz+8vw0 (@ tnt, b’lf)wa_1 1
2 O [t o VF Tttt b
o (@0 W . 0% a W nlw
?@“*ﬂu T R T

a tn b7ln).w
s|(a'nt, b))

42a—1b 2.1 1]

i'i
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2.5. Estimates of the derivatives of the post-collisional momenta

‘We can state that

00" | < [Mi| + [ My + [Ms] + |My| + | Ms] + [ Ms| + [Mz| + | Ms| + | Mo

where
My = S@ug)!
1 (a™*n', 07 'n)w ,
My, = —(0, 4 1
2 2(61) g)|(a*1n1 bilﬁ)yz(v +u )7
1 TLO( 1 b 1= )
M = —(Oy 1 1
3 2( g)\/—|( _1n1 b—1q )|2(U +tu )7
g b (v + uh)w
M, = =
4 2[(a—1n1 b17)|2’
(a'n' 07 'R)w, 5 1\ (i i
My = |(a*1n1,b*1ﬁ)|4b (v +u ) (v +u'),
g 0yit® (a7t 07 Ry w, |
Mg = =
T s e T
0
gn (a'nt 07 R)w, |
M — _ i
7 9 g (81) \/—)|( —1pl b—lfﬁ)|2 (U tu )’
0
M, — gn’ b” Yo + uh)w! ’
2 /5 =l )P
0 b~ ) )
My = gn_(a ", n>'wb_2(vl+u1)(v’+u’).

Vs (@it b7 tn)[t
Let’s control each of the nine terms.
Using (2.36), (2.63) and (2.11), M is controlled by

u®v/vO0u0 < b (u®)3

M| < a < )
v — ul v — ul

Using (2.36), (2.11), (2.64),(2.65) and (2.66), M, is controlled by

2,0, /70,0 0(,,0)3
‘M2|§b_uvvu§\/§bv(u).
a |v—ul v — ul

Using (2.36), (2.11), (2.64),(2.65) and (2.66), M5 is controlled by

3 0 0 0 2(,,0\2(,,0\3
W—UP v —ul?

Using (2.7), (2.63), (2.64) and (2.66), M, is controlled by
Vuoud < b (u®)3

lv+ul = Jvtu

|My| <0

Using (2.7), (2.64), (2.65) and (2.66), M5 is controlled by
2 /70,0 0(,,0\3
b* Volu <2\/§bv(u)

M, 2— .
|Ms] < alv+u|l ~ v+ ul
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2.5. Estimates of the derivatives of the post-collisional momenta

Using (2.7), (2.11), (2.64), (2.65), (2.66) and (2.31), Mg is controlled by

2 ,.0,,0
|M6|<b vu S\/—bv()
v — ul v —u|

Using (2.6), (2.37), (2.64), (2.65) and (2.66), M7 is controlled by

M < éu (00 + ) g 2\/§b2(v0)2(u0)3
! s - lv—ul?

Using (2.6), (2.63), (2.64) and (2.66), My is controlled by

1 b(v° 4+ u° bvO (uf)?
| < ( )S (w)*
2 |v+u v + ul

Using (2.6), (2.64), (2.65) and (2.66), My is controlled by

M| < b(v° + u) < b (u)?
 Jo4ul T jutul

In virtue of the above estimates, after some rearrangements, and the use of the fact that

b2
0 > 1, u’ > 1, — <2
a2
leads to the desired result. O
Proposition 2.7. With the parametrization (1.61)-(1.62) of v/, we have the following estimates
b° bo° b%(v0)?
O, ’k<c 0)3 k=23 2.69
where the constants C' do not depend on @ and b.
Proof. By a direct computation we have
b (a™tnt b7 1n).w n® (atn',b71n).w
av k _ 7 81} k b—l k R b—l k
=50l (0, T VAR ELE
bg a b~ In¥
200 —
50 it
n (a='n',b7'n)w W =251k v’ (a”'n', b7 n)w W1,k
[(a='nt, b~ 'n )I4 f I( ‘1n1 b='n )I2
0 n' b7 0 4-1p-1p
. n—(&,ul\/g>( ) b 1 k n
O N e R e
G G b_lﬁ) Wo =2~ Lnlpk + 0.
Vs|(a=tnt,b 1n)|4
We can state that
|0,10™| < |Di| + | Da| + | Ds| + |Da| + | Ds| + | Dg| + | Dr| + | Ds| + | Dy
47 Tchuengue Kamdem Emmanuel © UY1 2020
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2.5. Estimates of the derivatives of the post-collisional momenta

where
b k
Dl — 5(61)19)11]7
1 (a™tnt,b71n).w
Dy, = =(0 ’ kb
1 n® (a 'n',b71n).w
D —_ = avl o ’ k k
3 2( g>\/§|(a_1n1,b_1ﬁ)|2(v tu )7
g a t(vF + uF)w!
Dy = So 57—
2|(a=nt, b=1n)|
(@ 'nh b 'n)w L, o h g
P = I gt Ol )
g0, (a0t bR w, .,
Dy = 2
C T Y )
0 1,1 157
gn (a'n' 0" 'n)w,
D = T 61; 5
P = OV R )
Do — g n® a t(vF + uF)w!
T 25 (et bR 2
0 (a-n! b7
Dy = "l ok 4 uby),

95 (@t b))t

Let’s control each of the nine terms.
Using (2.32), (2.11) and (2.63), D, is controlled by
b? u®v/ 0Ol b (u®)3

Dy < ————— < V2 :
a |v—ul v — ul

Using (2.32), (2.11), (2.64), (2.65) and (2.66), D- is controlled by
b? ulv o0 < 2bv0(u0)3

@ v—ul = fJo—ul"

Using (2.32), (2.11), (2.64), (2.65) and (2.66), Ds is controlled by

bt 00 (u0)2(1° + u0) b2 (002 (u0)?
D3| < — .
1Ds| < a? v — ul?

v —uf?
Using (2.7), (2.63), (2.64) and (2.66), D, is controlled by

2 /70,0 0(,,0\3
b* Volu <\/§bv (u?)

alvtul = v+ u|

|Dy| <

Using (2.7), (2.64), (2.65) and (2.66), Ds is controlled by

4 /04,0 0(,,0\3
b* Vulu <4\/§bv(u)

Ds| <2— .
1Ds| < ad|v+ul — v+ ul

Using (2.7), (2.11), (2.30), (2.64), (2.65) and (2.66), Dy is controlled by

v vOu? bvO(u®)3

lo—ul = Jo—u|

|Ds| <
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2.5. Estimates of the derivatives of the post-collisional momenta

Using (2.6), (2.11), (2.33), (2.64), (2.65) and (2.66), D7 is controlled by

b2 (,UO + UO) b2(00>2(u0)3‘

D <
D7l s lv — ul?

Using (2.6), (2.63), (2.64) and (2.66), Dy is controlled by

162 0% 4 ° bv®(u®)3

D —— .
| 8|_ a|lv4ul ~ v+ ul

Using (2.6), (2.64), (2.65) and (2.66), Dy is controlled by

bt 00 4+ 0 b (u®)3
‘ 9| = E ’1)

+u| — lv+u|

In virtue of the above estimates, after some rearrangements, and the use of the fact that
b2

pr

leads to the desired result. O]

Proposition 2.8. With the parametrization (1.61)-(1.62) of v/, we have the following estimates

0 bvo bQ(UO)Q

|v—u| lv+ul v —ul?

10,i0™ < C( )(u®)?®, fori=2,3 and for k=2,3 (2.70)

where the constants C' do not depend on a and .

Proof. By a direct computation we have

5% b (a™'nt b7 1n).w n® (atn',b71n).w

; k _ Z e ; k b 1 k b—l k
B R L T
bg[ ik (a™ ;rzll, b‘jn_).w B 7b ’“ziﬂ_ N (atn',b7'n).w W i
2 |(a=tnt b~ 1n)[2  |(a='n',b 1n)|2 |(a=tnt,b~1n)4
ﬁvmg (a™nt, b tn).w Wk (av\/_>( Lo n)aw Wt k+n_0 7b_2nk7;u ]
E |( lnl b=tn)|? |(a 1”1 b=tn)|? Vs |(a~tnt, b~n)f?

()
Vs|(a=tnt, b7'n)]

‘We can state that

L (ol b )
VE b

i iky—
421) nFn' 4 6% ]

5ik
|00 < 5t |Ar] + |Ao| + [As| + [As| + [As| + [As] + [A7| + |As| + [Ag| + [A1o] + [Au1]
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2.5. Estimates of the derivatives of the post-collisional momenta

where
b
A = 2(81)’9)
1 (™' 07)w, .
A - i
2 2(81) g)K 71711 bflﬁ)‘g(v +u )7
1 n (a”'nh b in)w, k
A= gl )¢T(—%4b1>P@ ek
_ Gakla” 'n).w
Ay = 25 (a 1n1 b 15 )|2’
4 - 9b Lwh 4+ uF)w!
T 2 el )P
a‘nt b7n).w i
Ay = gl(( S >>|4b 2(0P 4+ uF) (0" ),
g0 (a7t b ) w,
A = 2 s |(a7'nt b~ ln )|2( ),
0
gn (@ 'nt b 'R)w oo
A - @
8 28(81)\/_)|( 1n1b1 )‘2(1} +u)7
4 - g n® b (0" + uF)u
’ 2/s|(a"tnt b))’
a tn'b71n).w PR
Ay = \/_|(( —1n1 = ))|4b 2(0% + ) (0 + ),
All _ g5k ( 7b n)

Vs |(a=tnt b tn) 2
Let’s control each of the eleven terms.
Using (2.36), (2.63) and (2.11), A; is controlled by

w0/ 00 - b (u®)3

lv—wu| = |v—ul’

|A1] <b

Using (2.36), (2.11), (2.64),(2.65) and (2.66), A, is controlled by

2.0, /70,0 0(,,03
|A2’§b_uvvu§bv(u).
a |v—ul v — ul

Using (2.36), (2.11), (2.64),(2.65) and (2.66), A3 is controlled by

b3 0( 0) (UO+U0) < 2\/_ ( 0)2(u0)3‘

A<—
144 o= up o= up

Using (2.7), (2.65) and (2.66), A, is controlled by

2\ /2,07,0 0(, 013
|A4|§b_\/vu S\/ﬁbv(u)‘
a v+ ul v+ u|

Using (2.7), (2.63), (2.64) and (2.66), A5 is controlled by
Vou0 < b0 (u)3

lo+ul = |Jvtu|

|As] < b
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2.6. L*>-existence theorem of classical solutions

Using (2.7),(2.64), (2.65) and (2.66), Ag is controlled by
2 /00,0 0(,0\3
b* Volu <2\/§bv(u)

|Ag) < 2— < :
a v+ ul v + u]

Using the relation (2.7), (2.31), (2.11), (2.64), (2.65) and (2.66), A7 is controlled by

2 0,0 0(,,0\3
|A7]<b vu <\/§bv(u)

alv—ul v —ul

Using (2.6), (2.37), (2.11), (2.64), (2.65) and (2.66), Ag is controlled by
b2 (v°)2 (u0)?

o —ul?

bul (v + u?)

|Ag| < — < 2V2
a

Using (2.6), (2.63), (2.64) and (2.66), Ay is controlled by

’A|<1b(vo+u0) bv®(u®)3
T2 ot T Jotul

Using (2.6), (2.64), (2.65) and (2.66), Ay is controlled by

2,0 4,0 0(,,0)3
|A10|§b_v+u_ bv(u).
a |v+ul v+ u|

Using (2.6), (2.65) and (2.66), A1 is controlled by

16?00 + b (u®)3

2a [vtul = v+ u|

|Ay1] <

In virtue of the above estimates, after some rearrangements, and the use of the fact that
b2
PR

leads to the desired result. O]

Remark 2.1. Similar estimates on the derivatives of post-collisional momenta could be obtained
while using the third parametrization (1.65)-(1.66). We did not present it because we don’t use them

in the present thesis.

2.6 L[°-existence theorem of classical solutions

2.6.1 Functional space

We choose el*I” as weight.

We define the appropriate framework as
A ={f € C'([0,0[xR?), A(f) < o<} (2.71)

where
A(f) = Sup{e |, f(t,v)|, te 0,00 vER j=0,1, k=1,23} (272
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2.6. L*>-existence theorem of classical solutions

A is not an empty set. In fact, the function p : [0, co[xR? — R defined by p(t,v) = e~2I* belongs
to A.
For f € A, we let

LFOIF = AF)@),  fortel0,00]

with
A(f)(t) = Sup{e"|0, f(t,v)], veER®, j=0,1, k=1,2,3}
and
A1l := Supllf @)l (2.73)
teRy
|| ||| is a norm on A and (A, ||| |||) is a Banach space.

2.6.2 [*°-existence theorem for the homogeneous equation with Israel parti-

cles case
2.6.2.1 Estimates of the loss and gain terms

Proposition 2.9. For any t > 0 and f € A, there is a constant C' which does not depend on ¢, x, v
such that:

t
Quoss (> ) (7, 0)dr| < Ce |||, (2.74)
0

o ([ Q£ ) ar )

Proof. For the proof of (2.74), we recall that the loss term generated by Israel particles is given by

< CePPIIFIP, for k=1,2,3. (2.75)

4
Ques 1. 5)t0) = O00) [ [ ST (o)

We have the following control

' 40’0 |v|2
: 0 S2xR3 Uouo\/— |f(w)]| f(v)|e"" dwdu

t doo( 2 o2 e
S/Oa //52 R3vo£0\/—||\f( w) e f(v)e™ ™ dwdu

X
- 40'0 2

< I 7)d " dwd
N ”|f|H /0 ’ T//,92xR3 Uouo\/_ wau

< C|ifP / i [ i

Since 0y(w) is bounded on S?, v > 1,u® > 1 and /s > 2.
Recalling that

"U‘2 t 0SS b b d
c /0@1 (f. f)(r, v)dr

t
/ e 1" du < 0o and / a Y (7)o 2(T)dT < o0,
R3 0
then we have

P / Qo f. 1) (7. 0)dr| < CYIFII12
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2.6. L*>-existence theorem of classical solutions

We multiply the previous expression by e~ 1I° to establish (2.74).
Let’s establish the proof of (2.75).

118, (fif Quoss (f, £)(1,0)d7)]

< Jo a7 OV 2T)AT [fgo g €F 00 (2| £ (w)]] £ (0) [dewelu

+ Jo @ 2T [[go s € TR o ) ()| () | ool
<8 fo a MDD AT)AT [ [y c0(w)elF | f(w)]el| £ (w)] e dwdu
+C Jo a T)AT [ [0, 00(@)e (D ) ()|l £ (u) e dwdu

< LA
We multiply the previous expression by eI, we obtain the desired result. [
Proposition 2.10. For any ¢ > 0 and f € A, there exists a constant C' which does not depend on

t, x, v such that:

< Ce P £1113, (2.76)

gain(f7 f) (7-7 'U)dT

o (/t Qgain(f5 F)(7, v)dr)‘ < Ce P72, for k=1,2,3. (2.77)
0

Proof. For the proof of (2.76) we recall that the gain term generated by Israel particles is given by

Qain(f, f)(t,0) = a( //52 . j(ijo\/_ (') f(v")dwdu.

Here we recall (2.27) and we have

: / | / [ ;‘Zfof )1 () o

<C T)dr eI/ P =10 P+ |uf? o]
R3

|f el P L )le™ " dwdu

t
8. 2 ~1(\p=2(7)d —luf® g
<CIIF [ oo [ e tFau
< CIIfIP

|v|2/ anm f> )(T U)dT

Cb

We multiply the previous expression by e~”* to obtain the desired result.

Let’s establish the second estimate (2.77).
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2.6. L*>-existence theorem of classical solutions

1€ 0, (fi} Qgain (f+ £))(,v)dT))|

< Jo a” DTV [ fga g €00 (o) | f (0| f () | dewd

T TN [ P 2510, (L)L () s

+ Jo a7 ODAT)AT [ [0, € TR F ()] 100 (f () | derds,
By the expressions (3.18), we can state that

1€l 0, (fy Qgain(f, [) (7, v)d7)]

< Jo a7 O AN [[g g PP G (L) £ (o) || f () e deoddu

+ fo a7 O 2T)AT [ o €T R 305 (Dusv) (Ous ) ()] f () dewlu

 Jo @A) [ fa g € SERE LS () 251 (Gt (Do ) () e

Hence

‘€|U|2avi (fot anin(f7 f)(7-7 U)dT)’

< CIFNI? S a Y ()b 2(r)dr [ e du

+C f(f a Y (7)b2(7)dr fR:s e‘”|2+|u\2—|v'\2_“"'2ﬁgew2

vru

5251 10wt 51| @ Y@ f () e deodu

/‘2

O [ am (T2 (r)dr [y el HUE P

el
S

31 100111 @ £) ()| £ ()| dewdu
Since u® < /1 + |u|? and /5 > 2, we obtain

€l 0,1 fy Quain(f, £)(7,0)dr)]

< OIS fo a™ ()72 (7)dT fos e du
+ONIII? fy a ()0 2(7)dr foa(/1+ [uP)Pe " du
OIS fy a (D) 2(7)dr [ (/T + [uP)Pe " du

< CIfIP.
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2.6. L*>-existence theorem of classical solutions

We multiply this expression by e~ ”I* to obtain the desired result.

2.6.2.2 [~°-existence theorem for the Israel particles

Theorem 2.1. Consider the relativistic Boltzmann equation in the Bianchi type I space-time in
the form of (2.3). Suppose that the scattering kernel satisfies (1.69), and let the coefficients a and
b be given and satisfy (2.4)-(2.5). Let f, € A be an initial data such that it is differentiable and
satisfies || fo|| < ro for some positive constant ry. If the constant ry is sufficiently small, then there
exists a unique non-negative classical solution of the relativistic Boltzmann equation (2.3) such that

Sup||f(t)]] < C,, where C,, is some positive constant depending on 7.
teRy

Proof. Proving the main theorem is equivalent to prove the existence and uniqueness solution of the
integral equation (2.3). In order to do so, we are going to use the fixed point theorem. We define the

map Y from A by

nnwm:mm+AQMﬁ@ww 2.78)
Let
A = {f € A 11l < 7o}

A, is a closed subset of the Banach space (A, ||||||)-
Let’s suppose that ||| fol|| < 2.
For f € A,,, from (2.78) and the relation

&ﬁm@w=%h+%lQMﬂhWM

we have the following two inequalities for any (¢, v):

_lvl2 |2 _ol2T
()t o) < e Pl folll + Ce P17 < et [50+C7“3], (2.79)
|2 |2 _lol2T
DTN )| < e Pl folll + Ce P < P[5 + Crd. (2.80)
Thus, if
To

1
5 +Cry < 1o i.e rg < 20

after multiplying (2.79) and (2.80) by el’” we have

PP (f)(t )] < 1o,
10, T (f)(t, )| < 7o

Taking the supremum with respect to ¢ and v, we have

TN < 7o,
10 TNHI < 70
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2.6. L*>-existence theorem of classical solutions

So T maps A,, into itself.
On the other hand, using the bilinearity of (), we prove in such situation that Y is a contraction.
In fact, if || fo|| < % and f, g € A,,, then

Y f(t0) = Yg(t,v)| < Ce PP+ gD = glll < 2Croe " F1f = g]ll (2.81)

0 Y f(t,0) = B Yg(t,0) < Ce "IN+ gD = glll < 2Croe™ P f =gl (2.82)

The desired result is obtained if ry < %
In fact after multiplying (2.81) and (2.82) by el and taking the supremum with respect to ¢ and v,

we have:

) =TIl < lf = glll;
110,:T(f) = 8 LIl < lILf = glll

It follows that Y is a contraction.

So using the fixed point theorem, we claim that the desired result is proved. [

2.6.3 L*-existence theorem for the homogeneous equation for hard potentials

case

We assume that the coefficient b of the metric tensor enjoys the following condition

/ V3 (r)dr < oo, B €]0,3] (2.83)
Ry

2.6.3.1 Estimates of the loss and gain terms

Proposition 2.11. Under assumptions (1.70) with a = 0 and (2.50) on the scattering kernel and the
assumptions (2.4), (2.5) and (2.83) on the metric tensor, for any ¢ > 0 and f € A, there is a constant

¢ independent on ¢, x, v, for which

IA

/o Quoss(f. f) (1, v)dr ce PP, (2.84)

O ( /0 Qunl v)dr)

IN

ce P11, for k=1,2,3. (2.85)
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Proof. For the first inequality (2.84), we have

- / a2 [ vooto )@ £ e i

t
< AP / o b2dr / / 0o (g, ) duod

t
<CllflF [ a v ar [ v i [ g e an)
0 R3 R3

|U|2 t 0SS bl ] d
e /OQZ (f. )7 v)dr

t

< dIfIP / (a5 4 a0 P)dr
0

< eIfII

We multiply this previous relation by e~”° to obtain the desired result.

For the second inequality (2.85), we have

’€|”|2&,@' (/ Qloss(f, f)(TJ,U)dT) | <L+ I
0

where
L= [La~ 72 [[ |0y [vso (g, w)]|e” £(v) £ (u)dwdudr,
L= [la b2 [[ v (g, w)e |0, (f(0))] f (u)dwdudr.

The estimate of /5 is obvious. That gives

t
I < eI fIIP / (@2 + a W Ndr < c|lIf]2
0

For the estimate of /;, we separate it into two cases and we use the same argument as in the estimates
(2.51)-(2.54).
Case i = 1: From the estimate (2.51) of 0,1 [v40(g, w)], we have

L < /Ot dra=*b? // W1+ g ) oo(w)el”’ f(v) f (u)dwdu
<l [ arao? [ 14 g7 poute)VTH Pe dad
0
<l [ @7+ a2
< I £
Case i = 2, 3: From the estimate (2.54) of 0, [v40(g,w)], we have for i = 2,3
L < /0 t dra='p=3 / / u(1 + g ) oo(w)e’ f(v) f(u)dwdu
<l [ dra 7 [0+ g7 o) VI T
<ell Al [ @+ ar
0

< cllIfII*.
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2.6. L*>-existence theorem of classical solutions

Hence
L+ 1, < C|FIII”.

We multiply the previous relation by e~”I” to obtain the desired result.
]

Proposition 2.12. Under assumptions (1.70) with a = 0 and (2.50) on the scattering kernel and the
assumptions (2.4), (2.5) and (2.83) on the metric tensor, for any ¢ > 0 and f € A, there is a constant

¢ independent on ¢, x, v, for which

< e PP £, (2.86)

gain<f7 f) (7—7 U)dT

o ([ to@gmu, (e )

Proof. About the inequality (2.86), we recall (2.27) and (2.23). Let

< ce "PIIFIE, fori=1,2,3. (2.87)

Igain -

= e / Qouin ([, 1) (r,0)dr

By direct computation, we have
t
Tgain S/ dmlb2H|fH|2// Vo (g, w) el 2 ol gy
0

t
S/ dTa_lb_2H|fH|2//v¢a(g,w)e_“2dwdu
0
t
c/ dTCL_lb_2”|f|||2(/ v¢e_|“|2du—|—/ U(;,g_ﬂe_‘“'Qdu)
0 R3 R3

t

<cllFIP [ @ s
0

<clifIP

As expected, the derivatives of the gain term is much more difficult to handle.

Al Qo ) ojir)

where J; and .J, are defined as:

First, we have

< Ji+Jo

. / ara 07 [ [ 1ouloaot. o)) F4) 1

Jy = /dm 1h=2 //v¢a g,w)e’ |8, [f (') f ()] | dwdu.

We recall (2.51)-(2.54) and the estimate of .J; is done easily, following the estimate of ‘ fot Qgain(f, f)(T,0)dT].

About the estimate of J5, we recall (3.18) to observe that

0, f = Z V)W) + F@)Y(0u™) (00 ) ().
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We let
5ot = a2 [ [vaot. )6 o £ ! d
and we fix a momentum v.
We recall that a(t) and b(¢) are increasing functions with a(0) = 1. For a fixed v there exists a finite
time ¢, such that for ¢ > ¢,, we have |v| < a(t).
We break up the estimate of j»(¢) into a number of steps.
Step 1: t > .
From the relations |v| < a(t) and (2.62) allowing the estimate of derivatives of the post-collisional

momenta, we have

10,0™ | < e/1+ a=2(01)2 + 0-2[02 ()

<cy/ 14 a2?vl?

< c(u®)*.

In this case, to control j,(¢) we use the same argument which allowed us to control /.. This leads
to
28] < el FONP (a7 +a077?).

Step 2: ¢t < tp and |v| < 2|u|.

In this case, by (2.17) and from the relations (2.59)-(2.60)-(2.61)-(2.62) of the first parametrization,
all the terms |0,:v'%| are controlled by ¢(u®)® and |j,(t)| is exactly controlled as in the first step.

Step 3: ¢t < tp and |v| > 2|u|.

In this case, instead of the first parametrization (1.56)-(1.57), we use the second parametrization
(1.61)-(1.62).

From the relation |v| > 2|u

, it follows that
1 1
v — u| 2§|v| and |v+ ul Z§|U|.

From the estimates (2.67)-(2.68)-(2.69)-(2.70), using the assumption a(t) < b(t) < v/2a(t), a
straightforward computation allows us to control all the terms |0,:v™%| by c(u®)3.
Finally |jo(¢)] is exactly controlled as in the first step.

To end the proof, we integrate jo(7) from 0 to ¢ and this leads to the estimate of .J5. [

2.6.3.2 [~°-existence theorem for hard potentials

Theorem 2.2. Consider the relativistic Boltzmann equation in the Bianchi type I space-time in the
form of (2.3). Suppose that the scattering kernel satisfies (1.70) with & = 0 and (2.50), and let the
coefficients a and b be given and satisfy (2.4), (2.5) and (2.83). Let fy € A be an initial data such that it
is differentiable and satisfies || fy|| < ro for some positive constant . If the constant 7 is sufficiently
small, then there exists a unique non-negative classical solution of the Boltzmann equation (2.3) such

that Sup|| f(t)|| < C,, where C,, is some positive constant depending on (.
teR4
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Proof. This proof is done exactly as in Theorem 2.1.
]

2.6.4 [~ -existence theorem for the homogeneous equation for soft potentials

case

We assume that the coefficient b of the metric tensor enjoys the condition (2.83).

2.6.4.1 Estimates of the loss and gain terms

Proposition 2.13. Under assumptions (1.71) on the collisional cross section o(g,w) and the as-
sumption on @ and b, for any ¢ > 0 and f € A, there is a constant C' not dependent on ¢, x and v for

which:

/0 Quosslf, F)(r,0)dr| < Ce Y1 £I12 2.88)

avk(/o Qs f, ) 0)dr)| < Cem P12 for k=1,2,3. (2.89)

Proof. We recall that the loss term is given by

Quowslf, ) (8, 0) = a (1)) / / D40 (g,0) £ (£, 0) f () deodlu.

S2xR3

For the first inequality (2.88) we have

el /0 Quoss (f, (7, 0)dr| < /0 o ()b 2 (r)dr //s , Poo(g,w)e I f (@)1 (w)|drdu

- b=2(7)d 9 v[? |ul? =1l gud
< [a e [ durta.) ) )l dud
<A [ a2 [ vaotg.)e dudu

CIFINP | a (r)b2(r)d Vsg~" 2dwd
<CIAIE [ o ar ([ g oelufduda

t
< Clifll / W2 (e [ 0ug-Pe dudu
0

R3
t
<Clifl [ oo ryar
0
< CIIIfII,
since .
/ a N (TP (1)dr < oo,
0

and
/ Opg eI du < CHP1.
R¥
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2.6. L*>-existence theorem of classical solutions

For the second inequality (2.89) we have

S/o a N 1)b~%(1)dr
//52 - 100t (D50 (g, )| ()] f (v) el dewddeo

€|U|28vi(/0 Qloss(fa f)(T’ U>d7_)

ta—l Vb 2(H)dr olag. w ; v u e|v|2 wd.
+/0 (M)b(r)d // (9, @)|9s (F ()] £ (w)] " dewd

Case i=1:
10 (fy Quoss(f, £)(m,0)dT)| <
C fy o= ulg~ oo (w)el’| f(v)]el’| £ (u)|e~ " dwdu
[ a2 () AT [ [ s V50 (g, w)el?’ |0 (£ (v))|el dwdu
< OIIFIP fya ™ (b2(T)dT [[go, g a™ ug Poo(w)e M dudu
+CIFIP fy @™ (M)b~2(1)dT [ [,z D9 Po0(w)e™ " duwdu
<O fy e (O 2(r)dr foaa /T + [uPg~Pe 1 du
+CIFN? fy @ ()b 2(7)dr [oaDog e du.

By (2.23) and since
/ a '\/1+ [ulPg e M du < b,
R3

we have the following estimate

|e|”|23v1(/0 Quoss(f, ) (7, v)dr)| < 0H|f|||2/0 o ()b ()dr
< CllIfI*.

We multiply the above relation by e~ *I" to have the desired result.
Case i=2,3:

€10, (fyy Quoss(f, f)(T,0)dr)| <
C [y o (M 2(T)dT [fgn, g b g P00 (w)el | £ (v) 7] f (u) e | dwdu

+ Jo a OB 2T [ [, 5 D50 (9, w0)e 0y (f (0)) el £ () eI deodlu.
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2.6. L*>-existence theorem of classical solutions

Taking the same argument as in the case 1, we have

t

<ClIfIP / o ()P dr
0

< ClIfIP.

28vi(/o Qloss(f: f)(Tv U)dT)

We multiply this expression with e 1" to obtain the desired result. 0

Proposition 2.14. Under the assumptions (1.71) on the collisional cross section o(g,w) and the
assumptions on a and b, for any ¢ > 0 and f € A, there is a constant C' independent on ¢, x, and v for
which:

/ Qgain(f+ f)(,0)dr| < Ce PP ||| £][12, (2.90)
0

Do ( /0 Qgain(f, [)(r,0)dr)| < Ce PP FII2 for k=1,2,3. (2.91)

Proof. We recall that the gain term is given by

Qgain(f5 f)(t,0) = a1 (£)b72(2) //32 y Yy (g, w) f(V") f(u')dwdu.

For the first inequality (2.90) we have

< ta_l Vo 2(r)dr Yy00,w [ul? f ! f ') |dwdu

_/0 ( ) ( ) //SQX s ¢ g,we | (U)H ( )|

< MNT)dT h(v', v, w g o2 f el f ! _|“‘2dwd
/0 ( ) //SQXIRS (v , U, W, ,s)e ] (v)]e | (u)\e U

< CIIfIP / - Sdr // Rgﬁwgw P G

t
<ClIfIP [ a2 [ dug e Pa
0

R3

[ol? t T, 0)dT
’ / Qu(f. 1))

< OIS [t = yir
0
< ClIFI
where h(v', 1/, w, g, 8) = D40(g, w)el?l P =P =P
and A\(7) = a *(7)b2(7).
! |2 ! |2 < (', we multiply this expressions with eI to obtain the desired

Since [v|* + |u]? — |V'|? — |u

result.

For the second inequality (2.91), let

T = el /0 Quain(f. F)(7,0)d7)]

Then we have
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t

1< Joa X (Mb2(1)dr [[g, 0 Ot (950(g,0))el"F| f (o) f ()| dewdu
+ Jo a OB [ [, €050 (g, 0) (51 [0k (0703 (£) (01 f ()]

+ 320 10k (W)|0ur; () (W) £ (o)) dewrdlu.
Case k=1:

I1<C f(f a ' (T)b2(7)dT [[go, ps a0 g Pog(w)e vl el Hlul =l Pl oo £ (o) el P| £ () | dwdu
 Jy NI [ Do (g ) (e 535 o (09 e 0, () (01) e £ ()|
el B ST 0,0 ()0, () (el £ () o
< AP Jy a2 (1)dT [ [, s ™ ulg Pao(w)e " dwdu
FelllF 1P fo ™ (b2(T)dT [fga, s D50 (g, w)e™ M (325, 100 (07)] + 325, 1001 (') dewdu.

We recall that a is an increasing function and a(0) = 1. For a fixed v there exists a finite time ¢, such

that for ¢ > ¢, we have |v| < a(t).

So we can state that

001 (v7)] < C°(u)! < CV1+ a2 (u”)" < Cuf)™.

Hence,
L OFIP fya (P> ()dr fo 0™ ugPe[uldu
OISR fy a™ (M (1)dr fos 9og~? () e du
< CIAIP fy a (Db (1)dr foea /T [ulPe ™ g du
FOIFIP fy a™ (O (1)dr foo (VT [uP) e 059~ du
< ISP fy o (o2 (r)dr
< CIfIP.

We multiply this expression by e~I*I* to obtain the desired result.

For t < ty, allowing |v| > a(t), we will consider two cases:

o] < 2lu|l and |v| > 2|ul.
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Case 1:
o] > a(t) and |v] < 2|ul.

In this case, by (2.17) we have

10,0 (V)] < C°(u®)* < OV/1 4 a2[v]2(u°)* < Cu®)?,

t
1< C’|||f|||2/ CL_l(T)b_Q(T)dT/ a '\/1+ |u|2e_|“|29_5du
0 R3
t
ClifIP / (1) (1) dr / (VI T JalP)e "9 9 P du.
0

R3
Case 2:
lv| > a(t) and [v] > 2|ul.

It follows that

o—ul> 2l and  [otul> 2ol

v—ul 2 g an vt ul 2 gl
and then

bu® b? b?(v°)?

101 (v7)] < ( ) < Cul)’.

lv—u|  |Jv4ul |v—ul?
So we can state that
t

<P [ o opnar [ o VI TP g P
0 R3
t
+CIAIF [ o r2ndr [ (VTFTPYP e 0, du
0 R3

< CIlIfII

We multiply this expression by e~1"I” to obtain the desired result.
Case k=2,3:

I< C’fot b= (T)0 2 (7)dT [[go, s au0g P og(w)e vl el PHulP = Pl el | £ () el 1P| £ (0 |dwdu
H Jy M [ Va9, e (el HOP R 530 10,0 (0) el P10, (1) (@) el P ()
el PP 10,4 () €0, (1) () el £ ()] o
< AU Jy @™ ()b 2(T)dr [ [, b~ g P o(w)e M dwdu
el fy a™ (DO (1)dT [ [, Do0 (g, w)e ™ (3251 100 (09)] + 307 10, (u”)) deodlu.

We recall that a is an increasing function and a(0) = 1. For a fixed v there exists a finite time ¢, such

that for ¢ > ¢, we have |v| < a(t).

So we can state that

10,1 (v7)] < CVO(u®)? < C/1 + a 2|u2(u®)* < C(u°).
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2.6. L*>-existence theorem of classical solutions

Hence,
L< OIS fya (m)b2(r)dr oo b ulg~ e—[ul?du
+CIFIN? fy a™ (D) 2(7)dT fpa Vog™ () e  du
< CWIFIP fy a (m)b2(r)dr foo b1 /T+ [ufe 4 g~fdu
+CIFIN? fy a™ (P 2(7)dT foo (/T + [ul?) e g~  du
< CIFIP fy e ()73 (r)dr

< ClIAP.
We multiply this expression by e 1*I* to obtain the desired result.

For t < to, meaning |v| > a(t), we will consider two cases:

lv| < 2lu| and |v| > 2|ul.

Case 1:
lv| > a(t) and |v| < 2|ul.

In this case, by (2.17) we have
10,1 (v7)] < CVO(u®)? < C/1 + a=2|u2(u®)* < C(u°).
L< IR fy a™ ()b 2(r)dr foa b~ /T + [ulPe " g~ du

O fo a™ (b2 (7)dr fos (V1 [ul?)>e " 09~  du.
Case 2:
lv| > a(t) and lv| > 2|ul.

It follows that
p-ul> 2l and  |otul> 2ol
v—ul > =|v an v+ul > =v

- 2 pu— 2 M
and then

bu® b? b?(v°)?

lv—u|  |o4ul |v—ul?

) < Cu’)”.

So we can state that

t

I< C’H]f]||2/ a_l(T)b_2(T)dT/ b_1\/1—|— ]uPe"“'Qg_deu
0 R3
t
ek / () (1) dr / (VI T JalP)e 0, Pdu
0 R3

< CIIIFII*.
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2.6. L*>-existence theorem of classical solutions

We multiply this expression by e~ ”I* to obtain the desired result.

2.6.4.2 L~-existence theorem for soft potentials

Theorem 2.3. Consider the relativistic Boltzmann equation in the Bianchi type I space-time in the
form of (2.3). Suppose that the scattering kernel satisfies (1.71)-(2.50), and let the coefficients a and
b be given and satisfy (2.4), (2.5) and (2.83). Let fy € A be an initial data such that it is differentiable
and satisfies || fy|| < 7o for some positive constant ry. If the constant ry is sufficiently small, then
there exists a unique non-negative classical solution of the Boltzmann equation (2.3) such

that Sup|| f(t)|| < C,, where C,, is some positive constant depending on 7.
teR4

Proof. This proof is done exactly as in Theorem 2.1.
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CHAPTER THREE

L?-EXISTENCE THEOREM OF THE
HOMOGENEOUS RELATIVISTIC
BOLTZMANN EQUATION IN THE BIANCHI
TYPE I SPACE-TIME

Contents

3.1 Thefunctionalspace . . . . . ... o i i ittt it vt v o eeeenennas 68
3.2 L’-energy estimates of the homogeneous equation . . .............. 68
3.2.1 L?-energy estimates of the homogeneous equation with Israel particles . . 69
3.2.2 L?-energy estimates of the homogeneous equation for hard potentials . . . 74
3.2.3 L?-energy estimates of the homogeneous equation for soft potentials . . . . 83
3.3 L2-global existence theorem for homogeneous equation . . ........... 90

3.3.1 L?-global existence theorem for Israel particles in the case of the homoge-
NEOUS eqUAtiON . . . . . . . . . ... e 90

3.3.2 L?-global existence theorem for hard potentials in the case of the homoge-
NEOUS €qUALION . . . . .+ . v vt e e e e e e e e e 95

3.3.3  L?-global existence theorem for soft potentials in the case of the homoge-
NEOUS €qUALION . . . .+ . v v v it e e e e e e e e e e e e 101
3.4 [?-stability for homogeneous solutions . . .................... 106
3.4.1 L?-stability for Israel particles in the case of homogeneous solutions . . . . 106
3.4.2  L?-stability for hard potentials in the case of homogeneous solutions . . . . 113
3.4.3  L?-stability for soft potentials in the case of homogeneous solutions . . . . 122

IN this chapter, we study the L?-existence theorem as well as the L?-stability of solution of the
relativistic Boltzmann equation. In order to do so, we carry the study of uniqueness existence of

solution with some L2-weighted norm rather than L°°-norm.
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3.1. The functional space

Let’s consider the set Li(t), t € [0, oo[ that we will define in the sequel, the Cauchy problem of the

homogeneous relativistic Boltzmann equation in f with initial data fy € L3(¢), t € [0, 00| reads in

term of variables (¢, x, v)

O f(t,v) = QUf )t v),
f(O,v) = fO(”)'

3.1
(3.2)

We assume that the coefficients a and b of the Bianchi type I metric are given increasing functions

of the time ¢ and are such that:

a(0) > 1, a<b<V2a, lima(t)= oo,

- t—s00

/ a ?(T)dr < 0.
Ry

3.1 The functional space
The space in which we will look for the existence of solutions is
L= {f:]0,00[xR* — R,/e|“|2\f(t,v)\2dv < oo,/e”|2|8mf(t, v)|dv < 00
Vi=1,2,3 and Vt € [0, 00}

L? is not an empty set. In fact p(¢,v) = e~2I* belong to L2.

For ¢ € [0, oo, we let
L) = {f € L [ e|s(t.0) o < o).

We endow L?(t) with the norm defined by

1@l = (/}R e|”|2\f(t,v)\2dv> ’

With this norm, L?(t) is a Banach space.
We define the norm of L3(t) by

ILFONE = PO+ D 10 F@)IE-

k=1

3.2 L’-energy estimates of the homogeneous equation

(3.3)

(3.4)

(3.5)

(3.6)

3.7

(3.8)

Remark 3.1. For the sake of simplicity, we will sometimes denote by [ the integral over R? x Sy

and by [[/ the integral over R* x R?® X Sg,. In this section we study the energy estimates for the

equation by using the weigh function ezlvl’,
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3.2. L*-energy estimates of the homogeneous equation

3.2.1 L’-energy estimates of the homogeneous equation with Israel particles
Lemma 3.1. Let f be a solution to the Cauchy problem (3.1)-(3.2). Then f satisfies
LA < IFO)Z + C Sup ([ f(s)]2) (3.9)

s€[0,¢]

for some constant C' which does not depend on ¢.

Proof. 'We multiply the equation (3.1) by 2f(¢, v) and integrate from 0 to ¢ to obtain

f2(t,v) = £2(0,0) — 2/0 f(8,0)Qgain(f, f)(s,v)ds — 2/0 f(s,0)Qioss(f, [)(s,v)ds

We multiply this resulting equation by el’l” to obtain

e|”|2f2(t,v) = e|”|2f2(0,v)—2 /t e|”|2f(s,v)anm(f, f)(s,v)ds—2 /t e|”|2f(s, V) Quoss (f, f)(s,v)ds
0

0
Integrating the above equation with respect to v yields

LF @12 = IFO)I2 +2 f3 e b72ds [[f e f(v) 552k f () f () dwdudv

—2 [y a'v72ds [[[ f(v f(i?o\f v) f(u)dwdudv.
Since the function f is non-negative, we can ignore the loss term and have

LFOI2 = 17O +2 / a0 A(s)ds, (3.10)

/// o fij’o \/)—f(vl)f(ul)dwdudv.

By (2.27) as well as the Cauchy-Schwartz inequality, and taking into account that 9, < 4, we have
4 / I ! i
/// Shi? g v(ijo\f) SII2 ()b (1) 0P+ =0 ol ) =10 sy
<c [[[ 4 o)t feed
<c L3 b ¢
> [ UO(W)WG
1 “lul? ]2 22 1
< C(///Uo(w)vouoe el #2 (v) dwdudv) 2
1 U/2 2 u 1
X (///Uo(w)me ® 2P 2 (o) dwdudv)?
< C(/// oo(w)e el £2(v)dwdu) 2
1 v'|2 w2 1
X (//ao(w)vlouloe "2l £2 (0 dwdu' dv') 2
< C’(/ e"“'zdu/ Jo(w)dw/ e'”|2f2(v)dv)é
R3 St R3
x(/ W 2y )dv/ ao(w)dw/ el £2(u/)du' )2
R3 Sab R3

< C|If ()2, (3.11)

where

/|2 /|2

Fadyed PHP 1Pl =1l g gy

2‘“|2 2'“ f ()] dwdudv
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3.2. L*-energy estimates of the homogeneous equation

where we have used the relation
dvdu  dv'du’

000 00 (3.12)
Inserting (3.11) into (3.10) yields
t
LF@O1Z < IF )2+ CS?ézz(Hf( s)II2) /O a ' (s)b7(s)ds.
se|
The desired result is obtained because a 152 is integrable over R ;. U

Lemma 3.2. Let f be a solution to the Cauchy problem (3.1)-(3.2). Then for k£ € {1,2,,3}, f

satisfies the following estimates

10, F()IIE < 110 fO)IIZ + C Sup ([I1f()]]2) (3.13)

s€[0,¢]

for some constant C' which does not depend on ¢.

Proof. We take the partial derivative of the Boltzmann equation (3.1) with respect to v*

ataka(ta U) = akagain(fa f) (tv U) - av’“QZOSS(fa f) (tv U)'

We multiply the above equation by 20, f (¢, v) and integrate from O to ¢ to obtain
(0 00:0) = 01 0.0)2 [ 975,000 Quun )02 [ 006,00 Qus 1))
We multiply this resulting equation by el’l” to obtain

el (0 £ (1, 0) = € (D £)*(0,0) = 2 [ €10, f (5,0) 000 Quin( £, £) (5, v)ds

-2 f[f el'P A £ (5, 0) 0y Qross (f5 f)(s,v)ds

Integrating the above equation with respect to v yields
10 FOIIZ < 110 FO)E + Juk(t) + o (t) + Tsu(t) + Jue(t) (3.14)

where Jyx(t), Jox(t), J3x(t) and Jyi(t) are defined as follows

Jlk(t):/ 2~ 1b~ 2ds/// ol £ j‘(ijof)(a £)2(v)dvdudew,
Jou(t) = /0 a b st/// P () £ ()]0 £ ()0, (40"00(})165 dudw,
>AE%%ﬂWW>ﬂ}mmwwwmm
) =

/ 20 st/// UszlfijO\/_ e F(0) 0 [f (V) f ()] | dvdudew.

Sz

(t
Jar(t
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3.2. L*-energy estimates of the homogeneous equation

Let’s estimate Jy5 (), Jor(t), J3x(t) and Jyux(t) for k € {1, 2, 3}.
Estimate of .J;;(¢): For any k£ € {1,2,3} we have

Jie(t) < C / t 200" %ds / / / el F(u) oo (w) (O )2 (v) dvdudw
<C/2a1b2ds/R3 W1 (8, £)2( dv//ao u)dwdu

< C/o 2071072 | O f (5)||2ds // Voo w)e 2 exl? | foo (W) f(u)dwdu

<o [ arti st ff e ae)” ( f e an)
= C/Ot 2070720, f (s)l|2ds (/R 6_|“|2du/sab ao(cu)dw>é
X (/RS el“P (f(u))?du /sab 00(w>dw)é

< C Sup (|0w £ () 21£(5) ) / a'b2ds, (3.15)

s€[0,t]

Estimate of Jo;(t): By (2.48)

Jogs(t) < (J/ 2a~'b" 2ds/// WE o (w) £ (w) £ (0) [0 f (v)]| dvdudw

1|u‘2 3lol? Voo(w)f(u )]dvdudw

<C /0 2a~1b~2ds / / / e‘”‘an(w)(avk F(0) e dududin)
[ e on(e) 20 20 dudud!

=C /0 20 s /R (D f(0)) v /R oMy /S o0(w)deo)
X ( /R ) el 12 (u)du /R 3 ell” £2(v)dv /S : oo (w)dw) 2

< CSUP(IIf9 e f(s )IIeIIf(S)Hﬁ)/0 a 'b~"ds. (3.16)

set

N =

Estimate of J3;(t): By (2.48), (2.18), (2.20), (3.12) and (2.27) as well as the Cauchy-Schwartz
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3.2. L*-energy estimates of the homogeneous equation

inequality
Ju(t) < C / 20 b 2ds / / / e\v\an(w)ka F)f @) f (W) dwdudv
/ 201b2ds W)edl l2|ak F)]3 P £ )P F (Yo 3P duodud
< / 2 2ds/// 7o(w ‘*‘“'2 ez"19,0 £ (v)]
x| <w>¢%e”v “F)ex '2f<u’> ~2 ] dwdudy

< C/ 2a"1b2ds( // _0—0 ‘ul?év‘?(3ka(v))2dwdudp)%
X / / / Uouo%(w)e‘“ P02 (A () dowdudv)
< C/t Qa_lb_st(/ e (0,0 f (v))2dv /Rs(l + |u|2)§€—\u|2du /Sab Uo(w)dw)%

/// V0’0 oo(w ‘U |2<f( )%e i |2(f(u/))2dwdu’dvl)%
< € Sup (19w £ ()] ()IP) / o 1b2ds, 317

s€[0,t]

Estimate of ./, (¢): Let us observe that
Oy pn] = F ()0 (f(0) + f(0)O (f (1))
() Z O (V) Durs (F(V)) + S () Y D) Durs (f ()
Z O ()0 )W) + F() D0,

By (3.18), (2.62) and since |9,:u'*| < CvO(u®)* i=1,2,3 and k = 1,2,3, we deduce

k() (D f) (). (3.18)

3

3
Oty ] < COOOH F W) Y10 @) + F(@) D10 ) (! (3.19)
7=1

j=1

e = [ 27t %as [ 28D o, g0 164 £ dodud

Taking into account (3.19) and knowing that (x + y + 2)? < 3(2* + y* + 2?) and

Va+b+c < ya+ b+ /¢ we control Jy(t) exactly as we have done for Js(t).
We have

Ju(t) < Zi(t) + Zo(t) (3.20)

where

w

Zy(t) = /Qaleds/// O)3el o (w) [ Dpe f(0) £ (1) Y (0 £)(v') | dewdud,

J=1
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3.2. L*-energy estimates of the homogeneous equation

Zy(t) = /Qa—lb st/// 03l oo (w) D f (V)] f (v 23:|6va | dwdudv.
e

We now estimate 7 (t) and Z(t).

t) < C'/OtQa_lb_2d5///(uo 5 V00U
i (@ F) () duodud
/ 2t d/// PV aofw)e i eH 0, £ (0)]

x| UO(W)\/\ﬁj;UO 2P f el Z| Dyi )(V")|]dwduduv

<cf 2“_”’_”3(/// (o0 ()e P (0 () P
] e 0 S )

<c / 20 1bds( / P (0,f (1) /Sab%(w)dw /RS“ e !
/// ool (] 2'”‘2Z|0 ) ) Pdodeldv')

< O/ 2070720 £ (5) || ds
0

([ s [ oo [ o (3 1O D)

J=1

/|2

ao(w)e "0, f(v) ez f(u')e2!?

<c / 20120, £ () ]| £ (5) edls
(X [ @) )

t
<c / 201720, £ () ]| £(5) edls

-

([ e (0 nwyPan}

1

3 t
_CSE[%(Hﬁka(S)Her(S)He;Hﬁmf(S)He)/O a”b~ds.

<.
Il

With the same steps as we estimate 7, (), we have

Zo(t) < C Sup (10, £ (5) ]| £ (s ||Z||amf I [ a2

s€[0,t]
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3.2. L*-energy estimates of the homogeneous equation

By (3.20), it follows that

t
e < O Sup(0 1 5)c 11 HZHamf Moy [ a~toas @21

sEt

By (3.15), (3.16), (3.17) and (3.21) we obtain

104 7O < 10 FO)Z + € Sup (0 FENS ()] / a b ds

s€[0,t

+ C Sup (|0, £(3) 1 F ()12 / a6 2ds + C Sup ([0, £(5)]. ]| £(5)]2) / a b 2ds

s€[0,t] s€[0,t]

+CSup (|0, )]s HZHM Mo [ atnas

sEt

< 10, F(O)12 + C Sup (Il £(s )|||§)/0 a”'b*ds

s€[0,t]

+CSup(IF I [ a b 2ds +CSupIF IR [ atbds

s€[0,t] s€[0,t]

=CsuplIFEIY [ abas

s€[0,t]

< [|0ur £ (0 )||2+05up(|||f( MIE).

s€[0,t]
O
3.2.2 L’-energy estimates of the homogeneous equation for hard potentials
In this part we take o = 0 in (1.70) and we work on the additional assumption (2.50).
We also consider that the coefficient b of the metric tensor satisfies
: 3
/ Vo2(r)dr < oo, B eE[0,2] (3.22)
Ry 2
Lemma 3.3. Let f be a solution to the Cauchy problem (3.1)-(3.2). Then f satisfies
LF@NZ < 1£O)Z + C Sup (| f()]I2) (3.23)

s€[0,t]

for some constant C' which does not depend on ¢.

Proof. 'We multiply the equation (3.1) by 2 (¢, v) and integrate from 0 to ¢ to obtain

fA(t,v) = f2(0,0) — 2/0 f(8,0)Qgain(f, f)(s,v)ds — 2/0 f(s,0)Quoss(f, [)(s,v)ds

We multiply this resulting equation by e”” to obtain

6|”|2f2(t,v) = e'”'zfz(o,v)—Q /te|”|2f(s,v)anm(f, f(s,v)ds—2 /te|”|2f(5,v)Qloss(f, f)(s,v)ds.
0 0

74 Tchuengue Kamdem Emmanuel © UY1 2020

PhD Thesis ¢+ The relativistic Boltzmann equation in a Bianchi type I space-time



3.2. L*-energy estimates of the homogeneous equation

Integrating the above equation with respect to v yields
LFONZ = 1£O)2 +2 [y a'b2ds [[[ € f(v)ds0(g,w) () f(u')dwdudv

—2 fo a~ v 2ds [[[ f(v)9s0(g,w)f(v)f(u)dwdudo.

Since the function f is non-negative, we can ignore the loss term and have

LFOI2 = 17O +2 / a0 A(s)ds, (3.24)

)= [[[ ¥ oo ) 0 dwduds.

By (2.43), (2.18), (2.7), (2.23), (3.12) and (2.27) as well as the Cauchy-Schwartz inequality, and since

where

0, < 4, we can state that
:///€;|v|2f(v>19¢0<g,w)e;m‘zf@/)e;u'|2f( 1) BT =1 P 2) =3P sy
<C///62 U f ()0 g~ P (w)e P F (0 )3 f (Y b U HIE R 2) g 30 gy
+C///eg|v| F0)0g00(@)e3 TP £(0)e3 W f ()R U HE =P 2) =310 sy
< [[[1972\foao@re 10 Fo)y fosa)ed”” F0) M f(u dodude
€ [[[1foso)e el p)(y osm)et” F0) AP pul ddudo

< O / / / 972V 400(w)e 1 e £2(v) dwdudv)
x / / / 9y00(w)el”” f2(0)elF £2(u) dwdudv)
+ O / / Dy00(w)e e’ 12 (v)dwdudv)
x ( / / / Dy00(w)el P F2(0)el? £2 (1)) dwdudv)z
<c([[[ g #osmie e 2 o)dodu?

+ O / / / Dyo0(w)e el £2(v)dwdu)

P20 el P20 ) dwdid do' ).

N

[NIES

NI
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3.2. L*-energy estimates of the homogeneous equation

Then we have

A(s) < C(/ gQﬁﬁ¢e|“|2du/ ao(w)dw/ e|”|2f2(v)dv)%
R3 Sab

[v'[2 g2,/ / [u!|? g2, .1 ni
><(/R3e f(v)dv/sabao(w)dw/Rge fo(u)du')

X (/R3 e|v’|2f2(v’)dv’/ Jo(w)dw/ €|u/|2f2(u’)du’)%

Sab
<CUEI [ g0 aw)}
R3
OIS [ e du)?
R3

< OVP2 | f(s)|2+ ClLF ()P
< C(1+b°2). (3.25)

Inserting (3.25) into (3.24) yields

IF @) < CSup(Hf(S)HZ’)/O (a7 (5)b7%(s) + @™ ()67 2 (s)) ds.

s€[0,t]
The desired result is obtained because a~'b=2 + a=1b%~3 is integrable over R .. O

Lemma 3.4. Let f be a solution to Cauchy problem (3.1)-(3.2). Then for k£ € {1,2,,3}, f satisfies

the following estimate

10, FOIIE < 10+ FO)IZ + CSup](H!f(S)H!ﬁ) (3.26)

s€(0,t

for some constant C' which does not depend on ¢.

Proof. We take the partial derivative of the Boltzmann equation (3.1) with respect to v*

8taka(t7 U) = akagain(fa f) (ta U) - 811’“Ql088(f7 f) (t7 U)'

We multiply the above equation by 20, f (¢, v) and integrate from 0 to ¢ to obtain
(O P0:0) = (0 1)0.0)-2 [ 015010 Qunl . (5,152 [ 0 (5,000, Qu( 1. )5, ).
We multiply this resulting equation by e’ to obtain

el (O [ (t,0) = €0, £)2(0,0) = 2 [ el 0,0 f (5,0) 00 Qgain (. £) (5, v)ds

=2 Jy €0y £ (5,0)0, Quoss (£, £ (5, v) s,

Integrating the above equation with respect to v yields

18k F V12 < 10w FOIZ + Jun(8) + Jon(t) + Ta(t) + Jus(t) (3.27)
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3.2. L*-energy estimates of the homogeneous equation

where Jy1(t), Jox (), J3x(t) and Jyx(t) are defined as follows:

Jik(t) = /Ot 2a" b %ds /// e|”|2f(u)19¢0(g,w)(@ka)Q(v)dvdudw,

Jor(t /0 2a"'b"2ds /// ol V)| Oyk f (V)0 (V0 (g, w)) |dvdudw,

Juult / 20 s [ e 10wtvaota.cnon fo)l ) s dodude

Tu(t) = / 20724 [ [ [ €7 040(0.0)/00 00 10 () deduds,

Let’s estimate Jyx(t), Jor (1), J3x(t) and Jyx(t) for k € {1, 2, 3}.
Estimate of .J;;(¢): For any k € {1,2, 3} and knowing that J,, < 4, we have

Ju(t) < C /0 Coa1h-2ds / / / el f ()59 P o0(w) (O f)?(v)dvdudew

+C /O 20 1 %ds / / / el £ (1) 9500(w) (O )2 (v) dvdudw

<C /0 201 2ds /R 3 (B, )2 (v)dv / / 970 400(w) f (u)dwdu

+C / 20~ 1b2ds / (O f)? / / 9500(w) f (u)dwdu
/ 2077201 0) s [[ g B\/%T Je B 9,00 (0) f(u)deod
/Qa—lb 2118, £ ()2 ds// Vioro(w)e 3 e [9,00(w) f (u) dwdu
/ o o s [ [ g P 0sow)e M dudu) b [ [ duou(e)(sl) e doduy}
wef

270720, £ () 2ds( / / Dyo0(w)e ™ dwdu) ( / / Dy00(w)(f (u)2e!’ dwdu)?

<C / o206 s g s P | oufwde
0 R3 Sab

x ( /R 3 Dol (f (u))2du /5 o0 (w)dw)?
C tz 157210, 2d Dye M d d
0 [ 2o p o) sl | s /sab“‘)(“’) )

< o ) o))

ol

D=

t t
< CSup (10w s GO a v Eas+ [ b as) (328
s€[0,t] 0 0
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3.2. L*-energy estimates of the homogeneous equation

Estimate of J,;(t): For k = 1, by (2.55) we have

In(t) < C /0 "2a-22ds / / / 9 0~ (w) £ (1) £ (0)]Oon £ (0) | dvodudes

+C /0 ' 2a~2b%ds / / / el w000 (w) f (1) f (v) |01 f (V)| dvdudw

: C/ s ff / 3 (@) 0 f ()
ezl e3P\ fao(w) £ (u) f (v)] dvdudw

+C / 20-2b2ds / / / e300\ /5o(w) 01 £ (0) |31

ezl 31\ /o () f (u) £ (v)]dvdudw
<C /0 2a~2b2ds( / / / e'”'Q(UO)QQ_QBUO(w)(8U1 Fo)2e P dvdudw)?
<[] e a2 ) dvduds)
+C/ 2a~2b2ds( /// P W) (01 f(0))2e™ " dvdudw)?
x ( / / / el el oo (w) £2(w) f2(v) dvdudw) 2
<C /0 t 20 2b2ds( /R 3 el (9,1 f (v))2dv /R 1+ lu?)g~2Pe 1’ du /S : oo(w)dw)
x /]R ) el £2(u)du /R 3 e’ £2(v)dv /S ) o0 (w)dw)?

t
L <C / 20-2b2ds( / eV (0,0 () 2du / (1 + Juf2)eP dy / 7o () )
0 R3 R3 S

x( /R . el £2(u)du /R 3 e’ 2 (v)dv /S : oo (w)dw)?

< ¢ Sup (10 SIS 12 / a2 s + / a2 %ds) (3.29)

s€[0,t]

[N

N

For k = 2 or 3, by (2.56) and as we have done above

t t
Jor(t) < C Sup (|0 f(s )||6||f(s)\|§)(/ a—1b5—3ds+/ a~'b3ds). (3.30)
0 0

s€[0,t]

The result holds since a=2b°~3 is integrable over R_.
Estimate of J3;(¢): For k = 1, by (2.55), (2.18), (2.27), (2.25) and (3.12) as well as the Cauchy-
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3.2. L*-energy estimates of the homogeneous equation

Schwartz inequality

Ja(t) < C / t 2a"%b"2ds / / / P10 (1 4 g7 oo (w)|0p1 f (0)| f (V) f (1) dwduduv

0 0 11,12 1,12 1,712 1 2
/ 270" st/// \hvouo Tog(w)ez!" |9, f(v) 2T f(0)e2 T f(u')em 2 dwdudy
VU
+C/ 2 22ds [0V 0 0) B0 0, 0P 0
v

/2a_2b st/// [WOVu0 g7 \/op(w)e 1|“|2€%|v|2|3v1f(v)]

“_m]e“’ et

+C /0 C2ab-2ds / / / [WOVu0\/ao(w)e 21" e21°P |8, f(v)]

x [Voo(w) *r —ci"F f()ex

< C/ 2a2b2ds( /// e 1P el (9, f (v ))dedudv)%

U ) 2P (2 () 2dwdud) 2

+C / 2a‘2b_2ds( / / / (10)3oq(w)e P el (9,1 f (v))2dwdudv)?

LT (S () dwdudo)

=¢ / 207207 ds( / )P [ (1 )i e | o))

X / / / ,go,oao(w)e'”"z(f(v’))26|U"2( F) dwdi/dv')?

v [t [ o [ 0Bt [ o)?
[ oo e oty P

Fu)e 2" dwdudv

‘ 2

X [v/oo(w) F e 2 dwdudu

‘ 2

F)e 2P dwdudv

N

t t
< CSup(Ius @IS a2+ [ a2ds), (3.31)
s€[0,t] 0 0
For & = 2 or 3 by (2.56) and as we have done before
t t
Jai(t) < C Sup (|0 f (s )Heuf(s)uz)(/ a P 3ds +/ a~'b3ds). (3.32)
s€[0,t] 0 0

Since a~'b°~? is integrable over R, the result holds.
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3.2. L*-energy estimates of the homogeneous equation

Estimate of J,;(t):Let us observe that with the relation (3.18)
Ao faury = f ()0, k(f(vl)) + (V)0 (f(u'))

Za
Zak ) (O f)

We notice that Jy(¢) is more difficult to handle due to the presence of derivatives of the post-

e(u?)0us (£ (u'))

3
(W) + ()0,
j=1
3
(v) + F() Y 0o (u) (D0 ) ().
j=1
collisional momenta which produce some singularities.
We fix a momentum v and note that since a(t) and b(t) are increasing functions with a(0) = 1, then

it exists a finite time ¢, such that
t >ty «— |v| < af(t).

For k € {1,2,3} and j € {1,2, 3} we break up the estimate of 9, (v") into a number of steps.

Step 1: ¢ > t,.

The relations |v| < a(t) and a(t) < b(t) allow the estimate of the derivatives of the post-collisional
momenta with the first parametrization (1.56)-(1.57. From the relations (2.59), (2.60), (2.61) and
(2.62), we have

O (V7)) < C/1 4 a~2(v1)2 + b~2[5]2(u®)* < C/1 4 a=2|]?( )

Step 2: ¢t < ¢ and |v| < 2|u|.

In this case we recall (2.17). With the first parametrization (1.56)-(1.57 and the relations (2.59),
(2.60), (2.61) and (2.62), the terms |0, (v"7)| are controlled by C'(u°)®.

Step 3: ¢ < {p and |v| > 2]u|.

Here we are going to use the second parametrization (1.61)-(1.62). There are singularities in this

region. To circumvent the difficulty, we remark that from the relation |v| > 2|ul, it follows that
lv—u| > 3|v|and |v + u| > 3|v].

Then, from the estimates (2.67), (2.68), (2.69) and (2.70), using the assumption a < b < V2a,
straightforward computations allow us to control all the terms |J,x (v"7)| by C(u®)3.

To summarize, since u’ > 1 we can estimate all the terms |0,x(v")| and |0« (u”7)] like this
|0y (V)] < C(u?)? and 0,k (u?)] < C(u®). (3.33)

From the relation (3.18) we can deduce that

3

Oueson )] < COPLFW) Y (00 W) + F@)D (0 ()], (3.34)

Jj=1 Jj=1

Taking into account (3.34) and knowing that (x + y + 2)? < 3(2? + y* + 22) and
Va+b+c < a+ Vb + /¢, we can estimate J;(t) exactly as we have done the estimation of
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3.2. L*-energy estimates of the homogeneous equation

Ja(t).
We have
Ju(t) < Zy(t) + Zo(t)

where

w

Zi(t) = /za-lb 2ds [[[ @2 o,1+ g2 )ow)low F)l5w) S0

Jj=1

and

(3.35)

dwdudv

Zy(t) = C’/O 20" b %ds ///(u0)56|”219¢(1 + g ) a0(W)| 0k f (V)| f (V) Z(@vjf)(u’)dwdudv.

j=1

Since ¥4 < 4 and following the steps of the estimation of J3;(f) we have:

) < C [y 2077 2ds [[[(u®)> YR8 g~ Py (w)erl P9 f(v)]ex T f(u!)es !

) Vo9

X Y51 (0 1) (0)e 8P dwdudy
0 fy 2a71b72ds [ () P on(w)er |0, f (v) ez £ (w)er

X 328 (9 £)(v')e 21 dwdudv

< C 20 b 2ds [ [0V g foo@)e e [0, ()]

x| ag(w)\/\/%e%\u’ﬁf(u) 3V B3 (00 ) (V)] dwdudy

vrv

+C [y 2077 2ds [[[[(u°)VuO\/og(w)e 2 2|0, £ (v)]
x[V/oo(w) ozl f(u)es P 372 (0,0 ) (v dwdudy

< C’fo 20707 2ds([[[ (u®) g op(w Yelul el (8, f (v))2dwdudv) 2

w)el P (f (u)2e T (35 (0 f) (v')) 2dwvdudv)

+C fot 200 2ds([[ [ (u®) M og(w)e P el (8, f (v ))2dwdudv)?

< ([[[ oo(w)el™ T (f ()2 (33 (0, ) (v')) 2dwdudv)

< C Jy 2070725 fpa € (0 £ (0))* [, 00(@)dw [oa(1+ [ul?) 7 g~ e du)
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3.2. L*-energy estimates of the homogeneous equation

<([[] semoo(w)e (f(u))2el? (320 (0, f) (V) dwdu/dv') 2

+C fg 20707 2ds( [gs P (D f (v))? f 5., O0(w)dw Jes (14 Jul? )2 el du)2

X([J smoo(@)e P (f (u)2el (325 (9, f) (V) 2dwdu'dv’) 2
< C [ 207077 2)| 0 f(3)]]eds
X(Jps € ()20 [ o0(@)dw [ € (554 (01 £)(0) ) 2
+C [y 2a7072 0, f ()] ds
X(fps € ()20 [ o0(@)dw [ € (554 (00 £)(0)) )2
< C fy 20720y f(5) ]l £(5)]|ods
(521 S € (00 1) (v))2de)
< C fy 20720y f(5) ]l £(5)]|ods
X 33 (Ja € (01 ) ()2
+C [y 2070720, f(5)]| £ ()]s
(521 S € (00 ) (v))2d0)
< C fy 207020y f(5) ]l £(5)]|ods
X 0 (Jos € P (0 ) (v))2d0)
+C [y 207720, F(5)]| £ ()l s
31 (o € (01 ) (1)) 20)
< CSup ([0 F ()| F ()l S5y 10w F(5)]1e) fy @167 2ds

s€[0,t]

+C Sup (10, f ()l F($)lle Y51 100 f($)]e) Jy o167 2ds

s€[0,¢]

PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time ‘ 82 ‘ Tchuengue Kamdem Emmanuel © UY1 2020



3.2. L*-energy estimates of the homogeneous equation

< O Sup (|0 f($)llell £ ()l S5y 100 f(5)lle) (Jy a0 2ds + [y a™'b~2ds).

s€[0,t]
Taking the same steps as we estimate Z;(¢), we have

Zo(t) < C Sup (10,6 £(5) el £ (5 HZII&J ) ></ a2 + / a1 2ds).

s€[0,¢]

By (3.35), it follows that

t t
i < C Sup (||0ye f(3)|e]lf(5)]]e ZH&,J /a—lbﬁ—2d5+/ a~'b2ds). (3.36)
0

s€[0,¢]

By (3.28), (3.29), (3.30), (3.31), (3.32) and (3.36), we obtain

t

10, L)1 < 118, FO)]2 + C Sup (18,0 £(5) 2] ()11 ) / e / a1b2ds)
s€[0,¢] 0

0

+CSup ([0 f(s )||e|!f(8)|!§)(/0 s+ | b7ds)

s€0,t]

J
/

+cg%uraka(s)neuf(s)Hi)( s [
~1;8-2 ! —1;-2
+ O Sup (10 S Znawf I ></ v [ ot

< 8 FO)IP + C Sup (£ / a b Sds + / a1b-2ds)
s€[0,t] 0 0

Lo Sup (17N / s / " b2ds)

s€[0,t]

O Sup (£ / b %ds 1 / b ds)

s€[0,¢]

Lo Sup (17N / a2 ds / " b 2ds)

s€[0,¢]

< [|9y £ (0 )\!2+05up(!Hf( IS

s€[0,t]
]
3.2.3 L’-energy estimates of the homogeneous equation for soft potentials
In this part we consider the additional assumption (2.50) on the scattering kernel.
We also consider the condition (3.22) on the metric tensor.
Lemma 3.5. Let f be a solution to the Cauchy problem (3.1)-(3.2). Then f satisfies
LFONZ < IFO)2 + C Sup (1| £(s)]12) (3.37)

s€[0,t]

for some constant C' not depending on t.
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3.2. L*-energy estimates of the homogeneous equation

Proof. 'We multiply the equation (3.1) by 2f (¢, v) and integrate from 0 to ¢ to obtain

t t
f2(tv) = £2(0,v) — 2/ f(5,0)Qgain(f, f)(s,v)ds — 2/ f(5,0)Quoss(f, f)(s,v)ds
0 0
We multiply this resulting equation by el’l” to obtain

el’f £2(t,0) = e £2(0,v)—2 / t el £(5,0)Qgain (f, £)(5,v)ds—2 / t P £(5,0)Quoss(f, £)(s, v)ds.

0 0

Integrating the above equation with respect to v yields
LFONZ = PO +2 fy a='b72ds [[[ e f(0)050(g,w) f (') f (u)dwdudv

-2 fo a v 2ds [[[ f(v)9s0(g,w)f(v)f(u)dwdudo.

Since the function f is non-negative, we can ignore the loss term and have

LF @2 = ||f(0)||2+2/0 a”'b"*A(s)ds (3.38)

)= [[[ ¥ rwsoto.00 ) ) iy

By (2.43), (2.18), (2.7), (2.23), (3.12) and (2.27) as well as the Cauchy-Schwartz inequality we can
state that

) :///6§|W|2f(v>73¢0< W)EAT (0 3I0 F(y)eb Pl =1 Pl 2) =31l g
<c///62 U f ()0 g~ P (w)e P (0 )ed P f (Y b U+ Pt 2) =3P gy
: C///[g_ﬁ Dooo(w)e 2 ezt £ (0)][ /9s00(w)e2” f(v')ex" f(u')|dwdudy

<c([[[ g vl M P ) dudude)}
x ( / / / Dy00(w)el P F2(0)el? £2 (1) dwdudv)z
<c([[[ g osmwie e 2 o)dodu?
L ou()el (e 2l o
< O /R 3 g 29471 qu /S ) oo(w)dw /R 3 el £2(v)dv)z

X (/R3 el 2 (") dv' /Sab oo (w)dw /}R3 17 120yl

< CIF)I / g9 " du)
R3
< OV 3| £(s)|2. (3.39)

where

PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time m Tchuengue Kamdem Emmanuel © UY1 2020



3.2. L*-energy estimates of the homogeneous equation

Inserting (3.39) into (3.38) yields

s€[0,¢]

IFOIZ < CSup([If(s )Ili’)/O a ()67 73 (s)ds.

The desired result is obtained because a~'b%~3 is integrable over R, . [

Lemma 3.6. Let f be a solution to the Cauchy problem (3.1)-(3.2). Then for k£ € {1,2,,3}, f

satisfies the following estimate

10, F()IIE < 1101 F(O)IIZ + C Sup ([I1f()]]7) (3.40)

s€[0,¢]

for some constant C' not depending on t.

Proof. We take the partial derivative of the Boltzmann equation (3.1) with respect to v*
OOy f(t,0) = O Qgain(f, ) (t,0) = Ot Quoss (f, f) (¢, ).

We multiply the above equation by 20, f (¢, v) and integrate from O to ¢ to obtain

(0 00:0) = 010002 [ 975,000 Quun ) 0052 [ 006,008 Qusl 1))

We multiply this resulting equation by e/*l” to obtain
el (0 )2 (t,v) = elF (D0 £)2(0,v) — 2 [ €Dy £ (5,0) Dt Qgain (f, ) (5, v)ds

-2 fot el Ay £ (5, 0) 0 Qross (f5 f)(s,v)ds

Integrating the above equation with respect to v yields
10 F )2 < 10 FO)Ie + Tun(t) + Tan(t) + Ju(t) + Jue(t) (3.41)

where Ji(t), Jox(t), J3r(t) and Jy(t) are defined as follows:

Jun(t) = / 90 s // / PP ()50 (g, ) (D )2 (0)dvdudo,

Ta(t) = [ 2072 [ [ €% )0 100000 0.0 o,
i) = [ tz s [[[ o 10, 0u0 (0,00 I S0 vt
Jult) = / 72 [[[ € 0,000,100 £0)04170/) 50 deduds

PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time m Tchuengue Kamdem Emmanuel © UY1 2020



3.2. L*-energy estimates of the homogeneous equation

Let’s estimate Jy5 (), Jor(t), J3x(t) and Jyux(t) for k € {1, 2, 3}.
Estimate of .J,(¢): For any k£ € {1, 2,3} and knowing that J, < 4, we have

Ju(t) < C /0 t 20 b 2ds / / / el F ()59 P00 (w) (O f)? (v) dvdudw
<C /OtQa_lb_st / o / / B y00(w) f(u)dwdu
¢ [ 2o o) s / / P\ Baoafe)eH I fi () ()
<c / 20520, f)Eas( [ [ g Dsa)e o)t ([ [ D)) P dodu?

t
< C/ Qa_lb_2||aka(s)||gds(/ g_2579¢e_|“2du/ ao(w)dw)%
0 R3 Sab

x ( / Dol (f (u))2du /5 oo (w)dw)?
RS ab

< C Sup (10, £ )21 £(3)]le) / o s, (3.42)
s€[0,t] 0

| /\

Estimate of Jy,

(2)
Jn(t) <C /0 t 20720 %ds / / / PE U0 g P oo (w) f(w) f(0) |01 f (v)|dvdudw
< O/t 2a~2b"2ds ///[eélvizuog5@\&}#(@)\6é'“Q}
x 3l 31 /oo () £ (u) f(v)]dvdudw

<o [arnas[f[ e'v""<u0>29—2%o<w><avlf<v>>%—'ul2dvdudw>%
X ( / / / el el oo (W) 2 (u) f2(v) dvdudw) ?
= C/Ot 2‘1_25_2658(43 " (@, f (0))*dv /Rs(1+ [uf?)g =2 eI du /Sab o0(w)dw)

([t pwan [ P | i)

t
< CSUP(H@vlf(8)||er(S)||§)/ a0’ ds. (3.43)
0

s€[0,t]

t): For k =1, by (2.55)

N =

For & = 2 or 3, by (2.56) and as we have done above

Jok(t) < C Sup ([0 f(s )I\ellf(S)llﬁ)/ a0 ds. (3.44)
0

s€[0,t]

The result holds since a=2b°~3 is integrable over R .
Estimate of J3;.(¢): For k = 1, by (2.55), (2.18), (2.27), (2.25) and (3.12), and as well as the Cauchy-
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3.2. L*-energy estimates of the homogeneous equation

Schwartz inequality

Ju(t) < C /tza—%—%zs [ g s wlon 1)) fa dadude

C/ 270" ds /// ¢—Z g (w)ed 0, f ()] £(0)edF fu)e 2P dwdudv
C/ 2a72b~ 2d5// (VU0 g7 /oo (w)e™ 3lu |262|“|2\8v1f(v)]

X o(w \/_el‘”|2 v)ezl
[Von(e) oot ()

< C/ 2a"2b2ds( /// 1B ag(w)e *|“‘26|”‘2(8v1f(v))2dwdudv)%

U ) 2P (2 () 2dwdud) 2

‘ 2

F)e 2"’ dwdudv

UO

< C'/ 2a_2b_2ds(/ 6”2(8U1f(v))2dv/ (14 |u|2)§g_256_|“2du/ Jo(w)dw)%
0 R3 R3 Sab

X (/// U/Z)]uloo-o(w)elv/‘z(f(vl))2€|ul‘2(f(ul))dedu’dU’>%
< CSup (|02 £ ) [ FS)IP) / o292, (3.45)

s€[0,t]

For k = 2 or 3 by (2.56) and as we have done above

Jak(t) < C Sup ([0, f(s )Hellf(S)llﬁ)/0 a” b ds. (3.46)

s€[0,¢]

Since a~'b%~3 is integrable over R the results holds.

Estimate of J;(¢): Let us recall the relation (3.18)
Doy = J W) (f () + f(0") O (f (1))
3 3
u') Z e (V)0 (f (') + f (V) Z Oy (u) Dy (f ()

Zak avgf Zak &ﬂf( )

We notice that Jy(t) is more difficult to handle due to the presence of derivatives of post-collisional
momenta which produce singularities.

We fix a momentum v and note that since a(t) and b(t) are increasing functions with a(0) = 1, then
it exists a finite time ¢, such that

t >ty «— |v| < alt).

For k € {1,2,3} and j € {1,2, 3} we break up the estimate of 0, (v") into a number of steps.
Step 1: ¢ > t,.

The relation |v| < a(t) and a(t) < b(t) allow the estimate of the derivatives of the post-collisional
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3.2. L*-energy estimates of the homogeneous equation

momenta with the first parametrization (1.56)-(1.57). From the relations (2.59), (2.60), (2.61) and
(2.62), we have

O (V) < C/1 4 a=2(v1)2 + 02|02 (u®)* < C/1 4+ a=2|]?( 0)4,

Step 2: ¢ < ¢ and |v| < 2]u|.

In this case we recall (2.17). With the first parametrization (1.56)-(1.57) and the relations (2.59),
(2.60), (2.61) and (2.62), the terms |0, (v")] are controlled by C(u°)®.

Step 3: ¢ < ¢ and |v| > 2|u|.

Here we are going to use the second parametrization (1.61)-(1.62). There are singularities in this

region.To circumvent the difficulty, we remark that from the relation |v| >

ul > 1|v| and v + u| > 1[v].

Then, from the estimates (2.67), (2.68), (2.69) and (2.70), using the assumption a < b < V2a,
straightforward computations allow us to control all the terms |0, (v"7)| by C/(u®)3.

To summarize, since u® > 1 we can estimate all the terms |0, (v"7)| and |9, (u")| by recalling (3.33):
0u()] < CWP  and  [9u(u)| < COY.

From the relation (3.18), we can recall (3.34):

avﬁ f

Mco

3
[Out sy < CWOPLFW) D (0w F)W) + (v
j=1 J:1
Taking into account (3.34) and knowing that (z + y + 2)? < 3(2? + y> + 2% and Va+ b+ c <
Vva+ Vb + /¢, we can estimate Jy(t) exactly as we have done the estimate of Js(¢).
We have
Jup(t) < Zi(t) + Z2(2) (3.47)

where

3

Z,(t) = 0/ 2a'b™ st/// )59 00(w)| 0 f (V)] f (u Zawf Ndwdudv,

.
—_

and

3
Zy(t) = O/ 2a7'b" st/// Vel 9497 P 0(w)|0e f(0) £(0) Y (0 ) (1 )dwdudv.

=1

<.
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3.2. L*-energy estimates of the homogeneous equation

Since ¥4 < 4 and taking the same steps as we have done in the estimation of J3;,(¢),we obtain

Zy(t) < / 207 1b72ds /// Zzzz oo(w )€2Iv 10,0 f (v )|e%‘“/|2f(u/)e%‘”/|2

X Y (0w f)(v )e_%|“|2dwdudv

Mw

1

/02a 1p- st/// N)5Vu0g 2\ /ap(w)e 21 e3P0, £ (v)]]

G
00 =

< C/ 2a""b2ds( /// (w)e el (9,1 f(v)*dwdudv)?

. (/// #JG(W)GWP(f(ulnze‘vlp<Z(8wf)(0/))2dwdudv)%

Jj=1

<.
Il

)] dwdudv

x [v/oo(w)

< (J/t2a‘1b‘2ds(/ (0 f(0))? /Sab ao(w)dw43(1+|u| )3 g 2Bl g3

/// ool (f)) e Iv|2(i(avjf)(vl))dedu’dv’)5

j=1

< o/ 2016920, £(5)|].ds
0

([ A npan | aws [ oS00}

J=1

<c / 201520, £ (5) o] £ (5) |l
(X [ @) )

<c / 20 V2|0, £ ()1 £(5) s
0
3

DY U CICHZIE

j=1

< C Sup (0, (3) 1]l £ (s HZH%J‘ o) / o s,

s€[0,t]

Taking the same steps as the estimate of Z; (t), we have

()<CSUP(|I0mf( Mellf(s)lle ZH@WI’ e )/ a0’ ds.

s€[0,t]
By (3.47) it follows that
3 t
Ju(t) < C Sup (0 (5|l F()lle D 100 f(5)]]e) / a b 2ds. (3.48)
s€[0,t] =1 0
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3.3. L*-global existence theorem for homogeneous equation

By (3.42), (3.43), (3.44), (3.45), (3.46) and (3.48) we obtain
t
18, F ()12 < 110w FOO)IZ + Cngz](llaka(S)H?Hf(S)He)/0 a ' ds
se|0,

10 Sup (10w SIS / b 2ds + O Sup (10w £ ()]l F(9)I) / b2

s€[0,t] s€[0,4]

3 t
+CSup (|0 FELIFEN Y 10w 6)) [ a7t 2ds
s€[0,¢] s 0

< |y fO) |12 + CSUP(H‘f(S)H\g)/O a3 ds

s€[0,t]

+CSup(II1F(s)12) / b ~2ds + C Sup (|| £ / b ds

5€[0,2] s€[0,1]

L CSup(llF)IP) / a1 2ds

s€[0,¢]

< 10w FO)II + C Sup (11 (s)1I]2).

s€[0,t]

3.3 L’-global existence theorem for homogeneous equation

3.3.1 L>-global existence theorem for Israel particles in the case of the homo-

geneous equation

In this section, we first construct a unique global-in-time solution to the Cauchy problem (3.1)-(3.2).
The construction is based on a uniform energy estimate for a sequence of iterating approximative

solutions.

Definition 3.1. Let f; be the initial data for the Cauchy problem (3.1)-(3.2). We define recursively
the following sequence (f"),>o by:

atfn—H = anin(fna fn) - Qloss(fn+1a fn)> (349)

fn—H(O,U) = fO(U)7 fo(tvv) = f(()?U) = fO(U)' (3.50)

We note that (3.49) is a linear partial differential equation in f"*! for a given f™.

Lemma 3.7. If f is a local-in-time solution of the Cauchy problem (3.1) with initial data f;, then f

is extended to a global-in-time solution, if initial data is given such that ||| fy||| is sufficiently small.

Proof. Using the energy estimate (3.9) and (3.13), if f is a-local-in-time solution of (3.1) with initial

data fj, on a (short) time interval, we have

L@ < I O)1E+ Cg?éﬂz]!Hf(t)H!i- (3.51)
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3.3. L*-global existence theorem for homogeneous equation

Since the norm ||| f]||. contains first order derivatives with respect to v variables, (3.51) allows to
bound all the derivatives of the local solution on each short time interval when the initial data is
sufficiently small.

In fact, if [0, 7 is the maximal interval of the local solution, by (3.51), we have

Sup [[IFOIZ < NFO)Z +C gg%ﬂlf(t)lllif- (3.52)

s€[0,7

We are looking for a condition on ||| f(0)]||. such that the following inequality holds:
CO> — > +|[f(O)[|IZ>0,  for 6>0.

The relation (3.52) occurs if
1 —4C|[f(O)IZ > 0.

The relation (3.52) holds if the initial data enjoy the smallness condition

1

£ OIfe < N

This proves that the solution is extended to a global-in-time solution, if the initial data is given such
that ||| £(0)||| is sufficiently small.
O]

Now we turn to the construction of a unique local-in-time solution of the Cauchy problem.
In this section, we first construct a unique global-in-time solution to the Cauchy problem (3.1)-(3.2).
The construction is based on uniform energy estimate for a sequence of iterating approximative solu-

tions.

Proposition 3.1. The sequence (f™),>o defined by (3.49) and (3.50) is locally well-defined and
furthermore, if || fo||? < 242 and || f"(¢)||? < M, on the time interval [0, T with Mj sufficiently small,
then || f"T1(¢)]|? < My on [0, T].

Proof. It is standard from the linear theory that if we know f™, so we know f"*!. The sequence is
then locally well-defined. Our goal is to get uniform in n estimate for || f/(¢)]|?.

We multiply the first equation in (3.49) by 2¢/*I° f71(v) and then integrate from 0 to ¢ to obtain
t
6|v|2 (fn+1)2(t, U) _ 6|v|2 (fn—l—l)Z(O7 ’U) + / 2€|v\2fn+1 ('U)anin(fn, f”)(v)ds
0

- / el P 0) Quoss (F, ) (v)ds. (3.53)
0

Using the same argument as in Lemma 3.1 and integrating the above equation with respect to v we

obtain

n n ! —17— 1)24 n n(,,/ n /
IO < |If +1(0,U)||3+/0 2a'b 2d3///e| | %ﬂ(j)gf ) () (v dwdudo.
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3.3. L*-global existence theorem for homogeneous equation

Then we have

an—&-l( )”2 < an—i—l( )||2—|-C/ 2a b st/// [vouo 1|v|2fn+1(v)e—§UI2}

X [ w P ()e %|u/2f"(u’)dwdudv]

vou0

<[/ )||2+C/ 2a~'b2ds [///go el (FrH1)2 () ol dwdudv}l
W/ -500()e" (1) (el (1) (u ) dwdud dv]

< [lF )1 + CSup(Hf"“(S)!Ier”(=<>’)!|§)/0oo a™(s)b7*(s)ds.

s€[0,t]

2

Thus
LF @12 < 1 O + C Sup (17 ()17 () ) (3.54)

s€[0,t]
Next, we proceed to the estimation of the derivative of f™*! with respect to the momenta variables.
Let k € {1, 2, 3}. We take the partial derivative 0,» and multiply by 2¢l'’ 9, f71 the equation (3.49)

and obtain
26l 0, 10 (O 1) = 26" 0, 7 (0) D Qgain (7, F7) () =261, 7 (1) Dyt Quoss (£, F7) (0).
We take integration on [0, ] to have
el @ f Tt ) = e (@ f)?(0,0) + /0 2P0, 7 (0)0,e Qyn 7 1) )
= [ 200 P 00 Qul £ ) 355

Following the proof of the Lemma 3.2, we take integration of the above equation with respect to v
10, F O < 110 S HOIZ + J1k(t) + T3(8) + T () + T3 (1)

where

n(t) = / t 20107 2ds / / / e“joo;jo( \}(8 FN2 () M (u) dwdudw,

[2av s [ 0G0 )l 0

1500 = [ 2 2as [[[ 10,4 G oo 0l 200 £ e,

736 = [ 20t 2as [ 28 5 1ok 0l 0 ) e

ok (1)
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3.3. L*-global existence theorem for homogeneous equation

Following the same method as for Jy;(¢) we have

Jr() < C /0 C2a 1 2ds / / / el o (w) (B f7H ()2 £ (u) dwdudv

<0 [ a0 ) s [ tre wa]
>< [ /] ao<w>e“'2<f"<u>>2dwdu} %

< C Sup (|9 £ () 215" ()]1) / o 2ds.

s€[0,¢]

|—=

Doing the same as for Jo(f) we have

Ja(t) < C'/Ot 2a" b ?ds /// el 0 (w) Dy £ (0) | f7H (0) f7 () dwdudy

: C/ R U// evgf’o(“’)@_“2(Qﬂcf”“(v))%iwducw}é
U// e o ))26'“'2(f”(u>)2dwdudv}

< CSup(Haka”“(S)Her"“(S)Her”(S)He)/O a 'b"ds.

s€[0,t]

N[

Doing the same as or .J5;(t) we have

Jy(t) < C / s / / / el 0 (w) Dy fH (0) | f7 (V) f7 (0 dwdudy
0
< C/t 20" b %ds [/// uOUO(W)(B'U'Q(5kan+1(v))26_“Idedudv} ’
0

1

v /2 '
X |:,U/0u10 UO(“)elul (fn<ul))2€|”| (fn(v/))2dwdu/dv'}

< C Sup (|9 ()1l (6)[12) / a1 2ds,

s€[0,t]

As for Jyx(t) we now have

b < 0 [ 2 tvds [ S0 0, 100 £ 0 dduds.

Then
Ju(t) < Z7(t) + Z3(1).

where

3
ZMt) = /2a—1b st/// )3el”F o (w)] Ay F7HH (W) | 7 (u )Y 10w () |dwdudo.
7j=1

w

Zr(t) =C /2a s 2ds/// Vel o (w) |0 T W) £ (V) D 100 1) (W) dwdud.

Jj=1
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3.3. L*-global existence theorem for homogeneous equation

Then we obtain

3 t
Z1(t) SCSup(II&M’”“(S)IIeIIf”(S)IIez:||5’ua'f”(8)\|e)/O a”'b%ds,
j=1

s€[0,¢]
and
75(0) < C 5w (1047 )17 HZHM / a1 2ds.
Then

T (1) < € Sup (10,55 ()£ ||Z|rawf” ) / a~b-2ds.

set

At the end we have

10, f OIS < 1105 £ HO)IE + T (t) + T (E) + T (1) + i (2)
< [0 fH0)]1E + C%};(H\f"“(S)H HIVEOLS

+CSup (Il/ (SN ($)He) + C Sup (IS SNl (3)12)

SG[O t] sE[O,t]
+CSup (|1 /()N ($)I1]2)
s€[0,t]
< [0 fEHO)1Z + CS[%ZZ](HIJ‘”“(S)IIIzlllf”(S)Hle IS )N
se|0,
(3.56)
Summing up (3.54) and (3.56), we obtain
I ONE < M olll2 + CS[%%(HUH—H(S)H|g|||fn(8)|||e + I SN ()12
se
< (I folllZ + CSup L")+ C Sup (N SNENF (5)]e) (3.57)
s€[0,t] s€[0,t]
where we used the inequality Ap? < A\%u + p3 for non-negative A and p.
Using the fact that
M, "
IAlE < 2% I @IE < My
on the time interval [0, T'], we obtain
(1-CvV M) S[up]HIf”“( s)III2 <My C' Mo/ Mo. (3.58)
s€(0,t
The desired result is obtained for small Mj; for example with M such that M < @.
[

Theorem 3.1. Consider a Bianchi type I space-time where the metric tensor is such that a = a(t)
and b = b(t) are given and satisfy assumptions (3.3)-(3.4). Let fy = f(0,v) be the initial data of the
Cauchy problem (3.1)-(3.2). Then there exists M, > 0 such that if ||| f(0)|||> < Mo, there exists a
unique global solution to the Cauchy problem (3.1)-(3.2). Moreover

Sup |||f( 2 < Mo. (3.59)

te[0,00]
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3.3. L*-global existence theorem for homogeneous equation

Proof. Existence: Taking the limit in (3.53) as n goes to infinity, we have a local-in-time solution
such that ||| f(¢)]||*> < M, on the time interval [0, T].

Next, we prove that the solution could be extended to [0, co|.

It suffices to bound the derivatives of the local solution with respect to the momentum variable on

[0, T']. In order to do so, we combine the two energy inequalities (3.9)-(3.13) to obtain
LI < IFO)I1Z+ CS%%IIIf(S)IIIE- (3.60)
se|0,

Using Lemma 3.7, this prove that the solution is extended to a global-in-time solution, if initial data

|2 is sufficiently small.

is given such that ||| f(0)
Uniqueness: We now prove the uniqueness of the solution. We assume that there is another solution

hto (3.1)-(3.2) such that Sup |||h(t)]||? < M.
te[0,00]

The difference f — h satisfies

O(f—h)=Q(f —h, f) +Q(h, f —h). (3.61)

Next we proceed as in the proof of the energy estimate. Since f(0,v) = h(0,v) = fo(v), we obtain

11£t) = h(@)Ile < C Sup [[Ilf (s)llle + Rl 11f (s) = RN

s€[0,¢]

< 20/ Mo Sup ||| f(s) — h(s)]I|?. (3.62)

set

Since My < 5 CQ, taking the supremum in (3.62) on the time interval [0, 7’|, we obtain

Sup [[|f(s) — h(s)llle < —Sulef( ) = h(s)IIIE-

s€(0,t] se )t
Then
Sup [[[f(s) = h(s)[IZ < 5 Sup |||f( ) = h(s)|IIZ-
$€[0,00] s€[0,00
Thus f = honR,. [

3.3.2 L>-global existence theorem for hard potentials in the case of the homo-

geneous equation

In this section, we first construct a unique global-in-time solution to the Cauchy problem (3.1)-(3.2).
The construction is based on a uniform energy estimate for a sequence of iterating approximative

solutions.

Proposition 3.2. The sequence (f"),>o defined by (3.49) and (3.50) is locally well-defined. Fur-
thermore, if || fol|? < 22 and || f"(¢)||> < My on the time interval [0, 7] with Mj sufficiently small,
then || f"™1(¢)]|? < My on [0, T].

PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time m Tchuengue Kamdem Emmanuel © UY1 2020



3.3. L*-global existence theorem for homogeneous equation

Proof. It is standard from the linear theory that if we know f™, so we know f"*!. The sequence is
then locally well-defined. Our goal is to get uniform in n estimate for || f/(¢)]|?.

We multiply the first equation in (3.49) by 2elvl® f™*1(v) and then integrate from 0 to ¢ to obtain
t
e|v|2 (fn+1)2(t, U) _ e|v|2 (fn+1)2(0, U) + / 2€|v\2fn+1 (U)anm(fn, f”)(v)ds
0

— / t 2eP P (0) Quoss (f, ) (v)ds. (3.63)
0

Using the same argument as in Lemma 3.3 and integrating the above equation with respect to v we

obtain
n-+1 2 n+l( 2 t2 “1p-24 |v\219 1 —B\ gn+1 o) F () dwdudo.
)2 < NS <,v>||e+/0 a /// S+ g 7 (0) ) £ (Y deodudo
Then we have
n+1 2 ntl(( 2.0 t2 124 9 B %v|? pn+1 —1|ul?
e < 1o+ ¢ [2aas [[[ oo eit e
X [ 19(1500(@))65”/|2f"(v/)eé|“/|2f”(u’)dwdudv}

+C/Ot 2a"'b2ds /// [\/meélvl2fn+l(v)e‘5u|2]

x[ 19¢00(w)e%‘ P yezl f”(u’)dwdudv]

/|2

NI

t
<10, v) |12 + C/ 20 2ds {// 19¢Jo(w)g*25e|”|2(f"+1)2(v)e’|“‘2dwdudv

[/// asoow)el” ()2 )u/|2(fn)2(ul)dwdu’d7/]
W/ R )ullg(f”)z(U')dwdu’dv’}

< [1F0,)lI2 + C Sup ([l /(s )Ilellf"(S)Ili)/0 (a7"077% + a ') ds.

s€[0,t]

1
2

D=

Thus
L1 < 1O + € Sup (1 ()17 () 2) (3.64

s€[0,t]
Next, we proceed to the estimation of the derivative of f™*! with respect to the momenta variables.
Let k € {1,2,3}. We take the partial derivative 9, and multiply by 2¢/**9,. f**! the equation (3.49)

and obtain

2€|v|28kan+1at(akan+l> — 2€|v|28vkfn+1(v>akagain(fn7 fn)(v)_Qe\v\Qakan+1 (v)akaloss(fn+17 fn)(v)
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3.3. L*-global existence theorem for homogeneous equation

We take integration on [0, ] to have

t
elP (B, fY2 (L, v) = elF (8, 720, 0) + / 2¢O £ (1) Dk Qgain (f7, 1) (v)ds
0
t
- / 2", U (0) Dk Qross (f7, 1) (v)ds. (3.65)
0
Following the proof of the Lemma 3.4, we take integration of the above equation with respect to v

10 f™ XS < 10 OV IE + Ti(8) + Ja (1) + Tk (t) + ik (t)

where

n _ ! —17-2 |v|219 o Ok n+1\2 n

J7 (1) /0 2a7b ds///e 60 (g, w) (O ) (v) f*(u)dwduduv,
() = [ 2072 [[ [ 1o @aotanlon w7 0) £ ),
7(0) = [ 2a707as [ [ AP0, a0 g, )0 @)1 0 ddude,

B0 = [ 20072 [ AP os0t0.0)00 70 )07 1 0

Following the same idea as for .J;;(t) we have

Jh(t) < C /0 t 200" %ds / / / Y 400(w) (1 + g77) (Bye f7H (1) (w) dwdudy

< C/t 20710720 f T (5) |7 ds {// 19¢00(w)g_266_|“|2dwdu]
0

X {// 19¢00(w)6|“2(f”(u))2dwdu} ’

+ C'/t 207 072| Oy fH () ||2ds [/ 19¢00(w)e|“|2dwdu] ’
0

’ U/ Dg0o(w)el (7 (u))ZdeuF

t
< CSUP(Ilf?ka”“(S)||§||f”(8)||e)/ (a™'b773 + a7 2)ds.
[0,¢] 0

s€|0,t

Doing the same as for Jo(f) we have:
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3.3. L*-global existence theorem for homogeneous equation

Fork =1

a0 <€ [ 20 [ a0+ g ()0 L 0 ) dsdude
<0 [anas | [[[ ety e 0u 0 doduts]
<|[]] 6“'2(1‘"‘“(@))26“2(f"(U))2dwdudv] %
+C /0 2a-2-2ds { / / / el (U)o (w)e 1 (8,1 f”“(v))Zdwdudv}
[ inpentiyasn]

< CSup([|0 f" (s )Her"“(S)||e||f"(8)||e)/0 (a™20°7 + a7 ds.

s€[0,t]

=

N

Fork =2,3

Bt < C / 201704 [ [ [ a1+ g ou()|os /7 7 0 ) ddud

<0 [2wus | [[] ey o) v 0 0 doduts]
<[] e'v'%f"“(v))?e“'2<f”<u>>2dwdudv}
e o [ e
<[] e'v'2<f”“<v>>2e“'2<f"<u>>2dwdudv] :

< CE%(H@ e [ (s )Her”“(S)Her”(S)He)/0 (a7 + a™*07%)ds.

Following the same method as for .J5;(t) we have:
Fork =1

Jai(t) < C/t a b *ds /// P u0(1 4+ g8 oo(w) [0 [ ()| f7 (v) f7 (v dwdudy

<C / 20~ 2b"2ds { / / / (O fH (v ))%-ulewdudur

X L,s:b,oao(we“"2<f"(u’))2e“"2<f"(v’>)2dwdu'dv']

v [l | [ [ 0 ) oty %

x L/Z)jzxo oo(w)el” " (1™ () el f”(v’))dedu’du’] 2

< CSUP(Ha fris )||e||f"(8)||§)/0 (a6 + a0 7*)ds.

set

SIS

NI

N
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3.3. L*-global existence theorem for homogeneous equation

Fork =2,3

70 < € [ ati2ds [[[ A g oo )£ 5 0 ddude

K
C / 20703 ds [ / / / )l (0,0 f7 (0)) e‘“dedudv]

o) e ) P |

c/ 200 3ds U// Vel (@, 7 (v)) el“dwdudvr

[ o) (7 >>2e“"2<f”<v’>>2caudu'dv'}é

=

IN

[NIES

=

t
< CSUp(Ilf?ka"“(S)IIeIIf”(S)Ili)/0 (@™ + a0 ds.

s€[0,t]

As for Jy(t), we now have

Tiklt) < C/o 271 s /// e 9,00(0) (1 + gD 4 )10 (£ () () | o

Then
Ju.(t) < Z7(t) + Z3 (1)

where

z - | o0 J[[wretsoiargonrwimw)

3
Zn(t) = / 2a"'b2ds / / / Vel 9 400(w) (149D £ (W) () D 100 f7) ()| dewdud.
7=1

Then we obtain

Mw

|(Dps /™) (V") |dwdudv,

Il
—

J

Z7(t) < CSup (0 ™ () el £ (3)le leé’wf" /( P a0 ds,

s€[0,t]
and
()<CS[1(§19(||8 TS el S ()] ZHé’mf" /( a7 ds.
se|0,t
Then

n(t) < C Sup (10, 7 (5) )L £7(5) IIleé’wf” ) / (a2 4+ a2 ds.

s€[0,¢]
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3.3. L*-global existence theorem for homogeneous equation

At the end we have

10, f™ @S < 1100 £ O)IE + T (t) + J5(E) + T () + i (£)
< 0w fHO)E + C Sup ([ILF"H () IS (s)]e)

s€0,t]
+ O Sup (I SENF ($)e) + C Sup ([LF ()l ($)12)
s€[0,t] s€[0,t]
+CSup (I[£ ()Ml ()112)
s€[0,t]
< |0 fHEHO)IZ + CSfézf](ll\f”“(S)H N e + ML Sl ()11]2)-
se|0,
(3.66)
Summing up (3.64) and (3.66) we obtain
LA O < N folllZ + CS%JZ](IHf”“(S)HIiH\f”(S)H!e I SN ()12
se|0,
< folllZ2 + C Sup [ f* ()2 + C Sup (| £ ()21 £ ()]l )- (3.67)
s€[0,t] s€[0,t]
where we used the inequality A2 < A2 + 2 for non-negative A and p.
Using the fact that
0 n
IAlllZ < == " @I < Mo
on the time interval [0, T'], we obtain
M,
(1 — O/ M) Sup ||| f+(s)]||> < 70 + C' Mo/ M. (3.68)
s€[0,t]
The desired result is obtained for small M; for example with M such that M, < 1602 . L]

Theorem 3.2. Consider a Bianchi type I space-time where the metric tensor is such that a = a(t)
and b = b(t) are given and satisfy assumptions (3.3), (3.4) and (3.22). Let fo = f(0, v) be the initial
data of the Cauchy problem (3.1)-(3.2). Then there exists My > 0 such that if ||| f(0)[||> < Mo, there
exists a unique global solution to the Cauchy problem (3.1)-(3.2). Moreover

Sup [I(¢ e < Mo. (3.69)

t€[0,00]
Proof. Existence: Taking the limit in (3.63) as n goes to infinity, we have a local-in-time solution
such that ||| f(¢)]||*> < M, on the time interval [0, 7.

Next, we prove that the solution could be extended to [0, co|.

It suffices to bound the derivatives of the local solution with respect to the momentum variable on

[0, T']. In order to do so, we combine the two energy inequalities (3.23)-(3.26) to obtain
ILF@NE < NFO)IIE + CS%W(S)H\E’- (3.70)
se|0,

Using Lemma 3.7, this prove that the solution is extended to a global-in-time solution, if initial data

is given such that ||| £(0)|||? is sufficiently small.
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3.3. L*-global existence theorem for homogeneous equation

Uniqueness: We now prove the uniqueness of the solution. We assume that there is another solution
hto (3.1)-(3.2) such that Sup [||h(t)[||> < M.

te[0,00[
The difference f — h satisfies

O(f —h) =Q(f = h, f) + Q(h, f = h). (3.71)

Next we proceed as in the proof of the energy estimate. Since f(0,v) = h(0,v) = fo(v), we obtain

I1£(£) = Rl < CSup 1 )llle + TR I1E (5) = PCs)lIe

< 20\/ o Supl|[f(s) —h(s)||2. (3.72)
s€[0,t]
Since My < 1557, taking the supremum in (3.72) on the time interval [0, 7], we obtain
Sup [[|f(s) — h(s)lllz < §Sup|||f( s) — h(s)|l[Z.
s€[0,¢] s€[0,¢]
Then
Sup || f(s) = h(s)|II2 < 5 Sup |||f( ) = h(s)|l[2.
$€[0,00] s€[0,00]
Thus f =honR,. O

3.3.3 L>2-global existence theorem for soft potentials in the case of the homoge-
neous equation
In this section, we first construct a unique global-in-time solution to the Cauchy problem (3.1)-(3.2).

The construction is based on uniform energy estimate for a sequence of iterating approximative solu-

tions.

Proposition 3.3. The sequence (f"),>o defined by (3.49) and (3.50) is locally well-defined. Fur-
thermore, if || fo[|? < 4 and || f"(¢)||? < M, on the time interval [0, 7] with Mj sufficiently small,
then || fT1(¢)]|? < My on [0, T].

Proof. It is standard from the linear theory that if we know f", so we know f"™!. The sequence is

then locally well-defined. Our goal is to get uniform in n estimate for || f(¢)]|?.

We multiply the first equation in (3.49) by 2elvl® f™"(v) and then integrate from 0 to ¢ to obtain
t
6|v|2 (fn+1)2(t, U) _ 6|v|2 (fn—l—l)Q(O7 U) + / 2€|v\2fn+1 (’U)anin(fna f”)(v)ds
0

— / t 2eP P (0) Quoss (F, ) (v)ds. (3.73)
0

Using the same argument as in Lemma 3.5 and integrating the above equation with respect to v we

obtain

n+1 2 n+1() 2 t2 ~1p-2¢ |v\219 n+1 o) F () dwdudo.
@I < 1 0.0 + [ 2072 [ [ a0 0 ) 1 0 dwduds
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3.3. L*-global existence theorem for homogeneous equation

Then we have

n+1 2 n+1 0, g C t2 _1b_2d |: 9 -8 %‘U‘Q n+1 2|u2:|
LI < (17710, 0)] + / /// Iooolw)g P i (v)e

X [ 19¢ag(w)e§”,|2f"('z/)eé|“/|2f”(u’)dwdudv]
< [IfH(0,v)]I2 +0/t 24~ b "2ds [/// 0¢ao(w)g‘2ﬁe'”'2(f”“)2(v)e—'”dedudv]2

0,100 YRR ()2 () dwdad o
Sl |

< "0, )12 + O Sup ([ /" (s )Iler”(S)Hi)/OOO 0 ()67 73 (s)ds.

s€[0,t]

D=

Thus
L1 < 17 O + € Sup (17 ()L £()]2) (3.74)

s€[0,t]
Next, we proceed to the estimation of the derivative of f™*! with respect to the momenta variables.
Let k € {1,2,3}. We take the partial derivative d,» and multiply by 2¢l*’9,x f*+1 the equation (3.49)

and obtain

261 0 (D 1) = 261D 7 (1)t Qgain (™ F)(0) =26 Dy f741 (0) Dt Quoss (F7H, 1) (0):

We take integration on [0, ¢] to have

e (0, FTN2 (8, v) = e (B, f7T)2(0,0) + / t 2e!"* i fH (0) 0,k Qy (f7, f) (v)dss
0

- / t 2e!" 0 FP ()0 Qu (Y, f7) (v)ds. (3.75)
0

Following the proof of the Lemma 3.6, we take integration of the above equation with respect to v

10, f™HEE < 1100 f O e+ T () + T35 (8) + T (8) + Tk (8)

S, (1)

- 1) = [ 2a7ds [[ [ a0, 0 ) dodude
150 = [ 2a7t72ds [[ [ 47 o0 ta 1o 017440 ) uds,
750 = [ 2a7v7%as [[[ AP ouvas (o100 )]0 o e,

= [ asas [[[ @000 0l @) )i

0
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3.3. L*-global existence theorem for homogeneous equation

Following the same idea as for Jy;(¢) we have
t
D=0 [ 20 [[ [ AP osm)g 0 0 () dudude
0

t
<C [ 2o o) ds [ [[ et e o
0

[N

X [/ 19‘¢<70(w)e“2(f"(u))2dc,ualu}2
< CSUP(HakanH( )Hsz"(S)He)/O a b3 ds.

set

Doing the same as for Jox(t) we have:
Fork =1

Jai(t) < C/Ot 2a"*b"%ds /// el 10 P oo (w) D f7 (0) | f7 (0) f™ (w) dwdudy

) C/Ot S [/// el (10)2g go(w)e ™ (1 F+ (v))2dwdudy
" U// s "H(U)Ve'“2(f”(u))zolwdudv]é

SCSup(H@ulf"“(S)Her”“(S)Her”(S)He)/O a7 ds.

s€[0,¢]

[T

Fork =2,3

150) < @ [ a7t [ g oo 0740 )

<C / 20~ "b"ds [ / / / WP ()26~ g (w)e ™ (8 f7 (v)) 2dwdudy
[/// \vl2 £ ()2 \U\Q(f (u)) dwdudv} :

< CSup (10, /" )l Sl (3)]l.) / a2 ds.

s€[0,¢]

N

Following the same method as for .Js;(t) we have:
Fork =1

Ji(t) < C / 224 / / / P40 4B 0 () [Dr £ (0) | £ () ™ (o Y eodudy

< C/ 20~ 2b"2ds U// Vel (8,1 f 1 (0))2e 1 dwdudv

x L,ffz,o ao(w)el(f7 (u)) e ( f”(v'))mdu'dv']

[N

N|=

SCSUP(Haulf”“(é’)Her”(S)Hi)/0 a2 ds.

s€[0,t]
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3.3. L*-global existence theorem for homogeneous equation

Fork =2,3

Tt < C / tds [ [ ety oo )0 £ ddudo

< C/ 20~ b3 ds [/// Vel (B 7 (0)) e dwdudy

X |:U’§10L’0 O’O(w)e“/|2(fn(u/))2ev'lz(fn(vl>>2dwdu/dvlj|

[NIES

NI

< CSup(Haka”“(S)Her”(S)Hﬁ)/0 ™'V ds.

s€[0,t]

As for Jyx(t), we now have

Jiklt) < C/ot 20 72ds [ [ [ 000100 P 000 0

Then
Ju(t) < Z7(t) + Z3 (t)

where

t
= C/ 20 'b2ds ///(U0)5€|v219¢00(w)gﬁ|8kan+1 )™ (u
0 ]:1

Zy(t) = / 2a7'b"%ds / / / )2l y00(w)g )0 £ (0) | f7 (0 Z 1(8yi ™) (u') | dwdud.

Then we obtain

Z2(t) < C Sup (|0 () || (s HZHM“ / a b 2ds,

|(0yi f) (V") | dwdudv,

Mw

s€[0,1]

and
25(0) £ O Sup (107 S5l Zuaﬂfﬂ I [ s

Then

s€[0,t]

Ji(t) < CSup(Hékd’”l(s)HJIf”(s)HE]i1 10 ™ () le) /Ot a” b ds.
At the end, we have
1y S ONE < N0 f™ 0N + T35 (8) + T3, (8) + T3 (1) + Tik(1)
< |0k fH0)2 +ng[%é%(le”“(s)H|§H\f”(s)Hle)
+ O Sup ([ (S)IZNF (s)Me) + Csz[lobg](ll N ()I112)

s€[0,t]

+ CSup SNl ()11

set

< [0 fHO)Z + CAZ[%%HHf"“(S)HI3|Hf”(8)HIe LN ($)112)-
(3.76)
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3.3. L*-global existence theorem for homogeneous equation

Summing up (3.74) and (3.76) we obtain
I ONE < M olllZ + CSUP(IHf”“(S)HIile”(S)Hle F A SN )

< 1 follle + C Sup Il (s)II]Z + Ci;ézz](llIf”“(S)|||§|||f”(8)|||e)- 3.77)

s€[0,¢]

where we used the inequality A2 < A2y + i for non-negative \ and .
Using the fact that

M, n
lz <22 iz < M,
on the time interval [0, T'], we obtain
M,
(1= CV/Mo) Sup [+ (s)[|[2 < =7 + CMy/Mo. (3.78)
s€[0,t]

The desired result is obtained for small M; for example with M, such that M < L]

1
= 1602
Theorem 3.3. Consider a Bianchi type I space-time where the metric tensor is such that a = a(t)
and b = b(t) are given and satisfy assumptions (3.3), (3.4) and (3.22). Let fo = f(0,v) be the initial
data of the Cauchy problem (3.1)-(3.2). Then there exists My > 0 such that if ||| f(0)[||?> < Mo, there
exists a unique global solution to the Cauchy problem (3.1)-(3.2). Moreover

Sup [[IfOIIIF < Mo. (3.79)

te[0,00]

Proof. Existence: Taking the limit in (3.73) as n goes to infinity, we have a local-in-time solution
such that ||| f(t)]||* < M, on the time interval [0, T').

Next, we prove that the solution could be extended to [0, 0o].

It suffices to bound the derivatives of the local solution with respect to the momentum variable on

s . In order to do SO, we combine the two ener 1nequalities . -(0. to obtain
0,71]. In ord d bine th gy inequalities (3.37)-(3.40) btai
ILFONIE < NS O)IIE + CS%ZZ]IHJ“(S)IHE’- (3.80)
se|0,

Using Lemma 3.7This prove that the solution is extended to a global-in-time solution, if initial data

is given such that ||| f(0)]||? i

is sufficiently small.
Uniqueness: We now prove the uniqueness of the solution. We assume that there is another solution

h to (3.1)-(3.2) such that Sup ||| (t)]||? < Mo.

t€[0,00]

The difference f — h satisfies

O(f —h) =Q(f = h, f) + Q(h, [ = h). (3.81)

Next we proceed as in the proof of the energy estimate. Since f(0,v) = h(0,v) = fo(v), we obtain

11£t) = h@)II1E < C Sup [[Ilf (s)llle + Rl 11f (s) = R

s€[0,¢]

<20/ M, Sup\l!f — h(s)|||2. (3.82)

set
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3.4. L*-stability for homogeneous solutions

Since My < 1557, taking the supremum in (3.82) on the time interval [0, 7], we obtain
1
Sup [|f(s) = h(s)lll < 5 Sup [ £(s) = h(s)I?,
s€[0,] s€[0,1]
Then

Sup |I1f(s) — h(s)I12 < = Sup [||f(s) — h(s)|2

s€[0,00] 286[0,00]

Thus f = honR,.

3.4 L’-stability for homogeneous solutions

In this section, we compare the difference between two solutions corresponding to different initial

data.

3.4.1 L>’-stability for Israel particles in the case of homogeneous solutions

Theorem 3.4. Let the assumptions of Theorem 3.1 hold. Let fy(v) and ho(v) be two functions such
that maz{ ||| foll|?, [|Rol||?} < My for My sufficiently small. If f and & are two solutions for the ho-

mogeneous relativistic Boltzmann equation (3.1) associated to the initial data f, and hg, respectively,

then
I(f = R)Ollle < Clllfo = hollle; V¢ € [0, 00]

where C'is a constant which does not depend on ¢.

Proof. From the assumptions of the theorem, we have

8tf = Q(fa f)a
ath = Q(h7 h)7
f(0,v) = fo(v), h(0,v) = ho(v), Vv € R,

Subtracting (3.85) from (3.84), we obtain
OW(f—h)=Q(f —h,h) +Q(f, f—h).

Let us denote p = f — h.
Let us multiply (3.87) by 2¢/*F (¢, v), we have

2eI"C p(t, 0)Dp(t,v) = 26" p(t,0)Q(p, h) + 26" p(t, 0)Q(f, p).

We integrate the above equation on [0, ¢] and obtain

" ?(t,0) = €0, 0) + 26 p(t, ) Q. 1) + 26 p(t, 1) QS p).

(3.83)

(3.84)
(3.85)
(3.86)

(3.87)
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3.4. L*-stability for homogeneous solutions

We integrate the above equation with respect to v and obtain

o0 = 1o = ol + [ 2020 /// o)

x [p()h(w) = p(v)h(u) + f(V')p(u') — f(v)p(u)ldwdudo. (3.88)
Following the same idea as for Lemma 3.1, with the fact that || f(¢)]|. and ||h(¢)]|. are both bounded,
we have
o012 = 1= ol +C [ 207'5-%as / / / o) gy
x [lp(@)[h(u’) + |p(v) | h(u) + ()] + f(v)]p(u)|]dwdudv
< |lfo—holl2 + Av(t) + Az(t) + Ag(t) + Au(t)
where

Ai(t) = C /0 Ca1h-2ds / / / e o (00) | o (0) | p () [ Yooy,
Ap(t) = C /O 201 %ds / / / e o () | (0) | p(0) o (1) deodsdl,
¢ [2atv-2as [ ont ool 6 otat s,

Ay(t) = C/O 2a b 2ds /// e‘”‘2ao(w)\p(v)]f(v)\p(u)]dwdudv.
Then we have

Aty =C / 20 1 2ds / / / e | p(v)||p(v") | (') dwdudy
/2a 1y 2ds///00 )ez"P | p(v)|e2l | p(v")|e2! P h(u)e~ 2" dwdudv
<0/ 200" %ds [/// fof? 20000 (w)e 1’ dwdudv]
Sk

,Ou,oao<w>elv'2<p<v’>>2e'u/'2<h<u’>>2dwdu’dv’}
t
<C / a1 572 p(s)|[2]|h(s)]ds

t
<c / 0672 p(s)|ds.
0

As(t)

1
2
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3.4. L*-stability for homogeneous solutions

Next
Ay(t) =C / 2a~1b" st/// el oo (w)] p(v)]| p(v)| h(w) dwdudy
C/ 200" 2ds U//UO )el!l (p(v))2e 14 dwdudv}
{ / / / oo(w)el (p(v))2e ul2(h(u))2dwdudvr
<0 [ a0 ol 2
< [ ot 2.
Next

as(t) =0 [ 2a s [ [ e aeool 0ottt
<0 [ aatv2ds [ [ outre otw)ed S a1
<c /0 "0 1b-2ds [ / / / e|”|2(p(v))2u000(w)e_“|2dwdudv}é
< [[[ sammontre e oty asadas|

<c / a2 () 211 £(5) s

1
2

t
<C [ a o) s
0

Ay(t) = / 2a~1b" st/// WP g )| f(v)|p(w)|dwdudv

<C /0 20~ b "2ds [ / / / ag(w)ev2(p(v))2e_|“|2dwdudv}é

" [/ / / oo(w)e"(f (U))%'ulz(p(U))dedud“} |

<c / a2 () 211 () s

Next

t
<c / a1 572 p(5) |21 £() lods
t
<C / 0162 p(s)|2ds.
0

we obtain the estimate
t
o2 < o= ol + | Cxts)lo(o)lds (3.89)
0

where
x(s) = a” (s)b72(s).
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3.4. L*-stability for homogeneous solutions

Applying the Gronwall lemma to (3.89) leads to

t
le®IZ < Cllfo - hollﬁeﬂfp(/0 X(s)ds). (3.90)

Since  is integrable over R, we have

o2 < Cll fo — holl?. (3.91)

Next we control the terms ||0,:p(t)||? for i = 1,2,3. We apply 9, to (3.87), then we multiply the
resulting equation by 20, p(t, v) and integrate from O to ¢. After this action, we multiply the resulting

equation by el’” and then integrate with respect to v to obtain

Ayip(D)|I2 = 110 (fo — ho)||? t2d 79, 3.92
Jop(O = 100 =2+ [ 25 [ dF0,p(s) 3.92)
< 0,Q0p, 1)(5,) + QU p) s, )] (3.93)

Then we can state that

i p ()12 < 110t (fo = ho) I + Enit) + Eai(t) + Esi(t) + Eui(t)
+ E5i(t) + Eei(t) + Eri(t) + Egi(?) (3.94)

where

Bult) = [ 200 [ 6P100p0) 8 0 @) o0 e, 399

FEa(t) :/0 2a"'b"2ds /// el 10, p(v)]|8yi 4[?05\/)_)|f( )| p(u)|dwdudv, (3.96)

t
Es;(t) :/ 20 'b2ds /// e"’19,:p(v)] 4(?00(\/>_|8v1 (v)|h(u)dwdudv, (3.97)
0

Eult) = /0 201 2ds/// 910, p(v) Havz(‘*ogoo(f)m (0)|B()dewdud, (3.98)
Ba(t) = [ 200 % [ 6P100p 10 DA o e, G99)
Fai(t) = /0 20~ 1b2ds / / / W10, p(v j(i?o( f)\avl( () p(u) | dewdudo, (3.100)

a—l 2 s |v|2 400( ) / W dwduduo
Bni(t) = /2 s [ [ [ e o) (CTR RN dwdudo, (3101)

t
2 4
Exlt) = /O 2a 15 2ds / / / 10,p(0)] ;‘;0( f)|a (p(v'Yh(u))|dwdudv. (3.102)
Following the same method as for Lemma 3.2 with the fact that || f(¢)||c, ||0vi f(£)|les ||2(2)]]e. and
|0,ih(t)||. are bounded, we control Ey;(t), Eo;(t), E3i(t), Eui(t), Esi(t), Egi(t), E7;(t) and Eg;(t) as
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3.4. L*-stability for homogeneous solutions

follows:
For (3.95), we have

Eu(t) <C / a2 [ [ [ 1000000 10l p0) dduds

¢ [t [ ovort ouptie]
| [[[ ot @ e (o Patus]

t
SC/O 207167210, () lel| 0 f () lellp(s) | s

M=

t
<c / 572 |o(s) | Pds.
0

For (3.96), we have

Exi(t) < C / Coa1b-2ds / / / VP18, p(0) |00 () £ (0) | p(0) | deod
< c/ 200" %ds [///ao Vel (8, p(v))2e e dwdudv]l
« [ / / / oo (@) (F(0))2e (p(u)) dwdudvr

t
< [ 2 20up(s) LIS o)l s
t
< [ a o) s
0

For (3.97), we have

Ey(t) < C / a2 [ [ [ ¥ optolon(w) 10 p(0) ) dedudy

Lol o]

w)el" (8, p(v)) el (h(w)) dwdudv}

5

l—|

<c / 27 572)0,00(5) 2 A(5) s
<o [[a ot
0
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3.4. L*-stability for homogeneous solutions

For (3.98), we have

Eult) < C / 2ab2ds [ e ospwlonloe)pta)doduae

< C’/ 2a" b %ds {///00 )26l (8, p(v)) 2 dwdudv ;
’ U// oo(w)e (p(v)) e (h(u))*dwdudy 3

t
<c / 20621, p(5) [ (3) | ()|l
t
<c / o572 |o(s)|ds.
0

For (3.99),we have

Pu) < [ 90 s [ e oupwlone) £ ot ddudo

<c /O 20 1b-2ds l / / / elv2(avip@))?u%o<w)e—lu%zwdudu]é
<[] o (w2 ot ]

t
<c / 206259y () oL £(5) el (3) eds

=

t
<c / 572 p(s) Pds.
0

For (3.100), we have

Bult) = [ 200 [ eoun) f)| ()l ddudo

3

< C/ a b~ st/// el g (w) Z| o p) ()| dwdudy
/ 1y 2ds/// ) elvl? oo(w)|p(u/ ,Z| Dy f) (V)| dwdudv
< O/O 2a7'b7 [II%/}(S)IIJI]‘(S)H@ZIc?mp(S)l+ ||<9vz-p(8)||e|!p(8)HeZH(a if)()lle

t
< [[a ) as
0
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For (3.101), we have

Eult) < C /0 "0 1b-2ds / / / P18, p(0) |00 () | (0 (! Y deodudy
<C /O "0 1b-2ds [ / / / elv2(8Uip(v))2uoao(w)e_|“2dwdudv}%

<[] samon(re ot ) o]

t
SC/O 2a7'6772ds||0,ip(5)[lell1() el p(s) s

t
<c / a 572 o(s)| Pds.
0

For (3.4.1), we have

Balt) = [ 20 [[[ o) 4‘;( f)\amu () s
cofov ffforniomor
< /0 Lt 2ds / / / (W03l P o () (ad) Z (D £ ) ()| deodudo

Jj=1

|(Dps h) (u')| dwdudv

w
w
)—l

t

SC/O 2071077 lllé’mp(S)llellp(S)lleZIavjh(S)l+||5’mp(5)||e||h(8)llez||(3 P)(8)le| ds

j=1 Jj=3
t
< [ a o) s
0
Combining the above results with (3.94) we obtain

100 0|2 < N0 (fo — ho)lIZ + Eri(t) + Eai(t) + Esi(t) + Eui(t)
+ Esi(t) + E6i(t) + Eri(t) + Egi(t)

t
< 100 (fo — ho)[2 + C / a 572 p(s) | [2ds. (3.103)
0

Summing up (3.89) and (3.103)and obtain

t
eIz < 1 fo = Rolll? +/O Cx(s)lllo(s)llfeds (3.104)

where
x(s) = a”'(s)b7*(s).

Applying the Gronwall lemma to (3.104) leads to

t
llp(s)llle < CllIfo - hoHI?@ivp(/O X(s)ds). (3.105)

Since  is integrable over R, we have

lp(s)Iz < Clllfo = holll:-
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3.4. L*-stability for homogeneous solutions

Thus we can state that

I1£(t) = AN < Clllfo = hollle ¥t € [0,00[.

3.4.2 [>-stability for hard potentials in the case of homogeneous solutions

Theorem 3.5. Let the assumptions of Theorem 3.2 hold. Let fy(v) and hg(v) be two functions such
that maz{ ||| foll|?, [|Rol[|?} < My for My sufficiently small. If f and & are two solutions for the ho-
mogeneous relativistic Boltzmann equation (3.1) associated to the initial data f, and hg, respectively,
then

1CF = RO < Cllfo - hollle, ¥t € [0, 00] (3.106)

where (' is a constant independent on .

Proof. From the assumptions of the theorem, we have

afr = Q. ) (3.107)
oh = Q(h,h), (3.108)
f(0,0) = folv), h(0,v) = ho(v), Vv € R%. (3.109)

Subtracting (3.108) from (3.107), we obtain

O(f —h)=Q(f —h.h)+Qf, f —h). (3.110)

Let us denote p = f — h.
Let us multiply (3.110) by 2¢/*’ p(t, v), we have

2eI"C p(t, 0)Dp(t,v) = 26" p(t, 0)Q(p, h) + 26" p(t, 0)Q(f, p)-

We integrate the above equation on [0, ] and obtain

e P2 (t,0) = & p?(0,0) + 26 p(t, 0)Qp, h) + 26 (1, 0) QU ).

We integrate the above equation with respect to v and obtain

IO = llfo — hol? + / 201 2ds [ [ [ & pe)sotg.00p(0)

% [p(o")h(') = p(o)h(u) + F(0)p(u) = F(0)p(u)|dewdud. (3.111)

Following the same idea as for Lemma 3.3, with the fact that || f(¢)||. and ||h(¢)]|. are both bounded,

2o nol? +C [ 2072 "Fp(v)]v
1()I12 = [Lfo — hol? + / a1 2ds /// | o(0) 990 (g, )

x [lp(v)|h(u) 4 |p()[A(u) + ()| p(u)] 4 f(v)|p(w)]]dwdudy
< |Ifo = holl? + AL(t) + Ag(t) + As(t) + Ay(t)

we have
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3.4. L*-stability for homogeneous solutions

where

Aq(t)

c| a1 s ][ e 00+ )00l Ih(w s,

aalt) = € [ 2% [[ [ 0,0+ gl ) o,

Aslt) = C/Ot 2072 [ [ [ 70,0+ 47 )@ pla! ) dude,

- 90 s ][ e 0a0+ g7 @ lpto)l s @lptu) ddud.

Then we have

= C’/t 2a"'b?ds /// Y9, (1+ g Yoo (w)|p(0)]|p(v)) | h(u') dwdudv
<C/ 20172 [ [ 0401+ 972 )0)e " )] H o) e b e dududs

<0/ 2a~10"2ds V// Y (p(v)) 059

U// w00’ /|2<p(“/))2€|u/|2(h(u'))dedu’dfu’}
+C/ s U// " (p(0)*Dg00(w)e _|u|2dwdudvr
U// "2<p<v’>>%'u"2<h<u'>>2dwdufdvf}

<c / (@83 a2 p(s) |21 R(s) s
0
t

<c / (a7 + a2 |(s) |2ds
0

t
< C’/ (a’lbﬁf2 +a71b’2)Hp(s)Hgds.
0

oo(w)e 14’ dwdudv]

1
2

1
2
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3.4. L*-stability for homogeneous solutions

Next

Ay(t) = C / 2072 [ [ [ 70,0+ 57 )o@l lp(0) ) o

< C/ 2010 "%ds {// 959~ a0(w)e (p(v))2e TP dwdudv] '
X V / / Dgero(w)e"" (p(v)) e (h(w))? dwdudv} 5
- / e U / / ﬁd)JO(w)e'U'Q(P(U))ZG_“2dwdudv} %

| [[[ dooutre® otop e ) Pt

t
<C [ (@ a7 (o) ) uds
0
t
< [ (@ a ) olo)ds
0

¢
< C'/ (a_lbﬁ_2 + a_lb_z)Hp(s)Hgds.
0

Next
Aq(t) = © / 207 %ds [ [ [ 70401+ 47 )ou(w) (o) ) p(u) o

<C/ 2 d// o1+ g~ P)oo(w)ez"|p(v) e £ (o) e3P | p(u) =2 dwdudu

<c / 2a~1b"2ds [ [[] &> ()e_%dudv}l
W/ 70 '2<f<v’>>2e'“’2<p<u'>>2dwdu'dvf}

e / 20 1b2ds [ / / / (o)) 0ng o )e|u2dwdudv]2
<[] et 2<f<v’>>2e'“'2<p<u'>>2dwdufdvf]2

= C/O (76772 4+ a0l p(s) 11 f (5) ] ods

1
2

t
=C / (a™'b7% + a~1b2) | p(s)| 2ds
0

¢
< C'/ (a_lbﬁ_2 + a_lb_2)||p(s)|]zds.
0
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3.4. L*-stability for homogeneous solutions

Next

At = C [ 207t as [ [ [ 0,014 g ()o@l 0l ddud

< O/Ot 2a~1b2ds U// 19¢g—2500(w)6v2(p(v))26_|u|2dwdudv}2

< [[[ dooutre® (rone o) st

+ C/Ot 2a~"b2ds [/// 19¢00(w)€|v2(p(v))26_uleWdudU}%
" U// 794)“0(“)6”'2(f(v))Qe'“'Q(p(U))Zdwdudv}

s¢ / (a2 + a 1072 p(s) |21 £ (5) | ds

NI

t
<C [ (@ E e a b)) s
0
t
<C [@ W v a ) s
0
we obtain the estimate

t
112 < [1fo — holl? + / Cx(s)llo(s)|Pds (3.112)

where
x(s) = a7 (8)0°72(s) + a”(s)b2(s).

Applying the Gronwall lemma to (3.112) leads to
IO < o holiean [ x(s)ds) G113
Since Yy is integrable over R, we have
lp®11Z < Cllfo = hollz- (3.114)

Next we control the terms ||9,i,( ||Z for i = 1,2, 3. We apply 9, to (3.110), then we multiply the
resulting equation by 20, p(t,v) and integrate from 0 to ¢. After this action, we multiply the resulting

equation by el*” and then integrate with respect to v to obtain

t
102 = 194 (fo — ho)[I2 + / 2ds / e 0,p(5) (3.115)
0 R3
X [0,iQ(p, h)(s,v) + 0, Q(f, p)(s,v)]|dv. (3.116)
Then we can state that

100 p()]I2 < N0 (fo — ho)l|Z + Eri(t) + Eai(t) + Esi(t) + Eui(t)
+ E5i(t) + Eei(t) + Eri(t) + Egi(t) (3.117)
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where

Bitt) = | a1 s ][ e 1ourwlvsots.wlonswlotwdodud,

Balt) = [ 20707%ds [[[ P 0upl0u0G00 0.0 F0 ot oy,

Bu(t) = [ 2005 [ P100pt0)s0t.0)/00 00 ) e,

Bult) = | 90 ds ] sttt o)loto)lh(wdudude,
Bxi(t) = / o0 s [ e 0uptlion Gaota.)1 £ p(u)dodud,
Bult) = | o0 s [ e 10uptolaot.)ion (0ot dodude,

Bult) = [ 207t 2ds [ [[ e 0u0l10u 00 0. )l ddud,

Butt) = | a1 s [ e 10unwlis0 (0,106t ) daiuds

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)

Following the same method as for Lemma 3.4 with the fact that || f(¢)||c, |0y f(t)]les ||2(2)]]e, and
||0yih(t)||e are bounded, we control Ey;(t), Fo;(t), Esi(t), Ey(t), Esi(t), Fei(t), Er;(t) and Eg;(t) as

follows:
For (3.118), we have

Buld) < C/o a2 [ [ [ dF10p0)194(1 + g7*)o0(w) 100 0] ol dedudo

= C/ot 20 b ds [ / / / 19¢9_2500(w)6UP(@mp(v))Qe—ul?] :

< | [[[ doontore @u o) o) Pt

o /° e U// ﬁqﬁ"()(w)e”'?(avip(v))?e—ﬁ} |
" [/// 194)00(‘“)6'”'2(31)#(1)))26uIZ(P(u))dedud”]1

t
= C/ 2(a™'72 + a7 07)[[0ui p(5)[lel10ut £ (3)ellp(s) leds
0

N|=

2

t
< [@W 2 v a v )lpts) s
0
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3.4. L*-stability for homogeneous solutions

For (3.119), we have

fori =1

Ex(t

fori =23

) < C/t 2a2b2ds /// e‘”‘2|&,1p(v)]uo(1 + g oo(w) f ()| p(u)|dwdudy

1

< C/ 2a72b%ds [/// oo (w) (u®)? '”Q(avlp(v))%_'“dwdudv]2
g [/ // oo(w)e(f <”))2€U|Z(P(U))2dwdud“} 5

w0 Lot [ ol oy e

" [/ // 7o(w)e" (] <U))2€U|Q(P(U))2dwdud”} 5

< C/O 2007772 + a7 072100 p(3) el f () el p(s) ] eds

t
< [ @ e a )l s
0

Exi(t) < /za—lb 3ds/// W10, p(0)[ 1 (1 + g )0 () £ (0)| p(w) |dwdudy

IN

C/O 23 + a0, p()Le £ () el p(s) e

IN

t
c / (@2 4 a='5) ()| Pds.
0

For (3.120), we have

Bult) < C [ a7%ds [ [ [ F10up(0)10501 + 47 )ou(w) |0 p0) o) o

- C/ S [///%9 ao()e (Duup(v))e "“'}
V// Fgon(w)e!™ By p(v)) e (h(w)) dwdudv}

vo [ fff amir o]
U// Fgon()e!™ Oy pl(v)) e (h(w)) dwdudvr

<c / 21075 + a0 ) [0yep(s) |21l ods

t
<C [ (a7 ol s
0

For (3.121),we have
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3.4. L*-stability for homogeneous solutions

fori =1

E41<><c/ 202724 [ [ [ 7 10p0) i1 + g7 )o0)l o) () dodudo

< C/ . V// et (avlp(v))Qe'“'dedud”]
: U// “0(”)6'”'2(0(0))26'“Z(h(u))%dudv}2
+< c/ 2a-2b%ds U//o—o el (a“p(“))?e"“'dedudvr
" V// UO(W)e'”'Q(P(vW@'“Q(h(u))dedud’U}2

t
< C/O 2a2672 + a7207) 001 p(3) el () el p(5) s

=

<¢ [@ e a b oo s,
fori=2,3
Eu(t) < C /0 "0 13ds / / / P19, p(0) [0 (1 + g~P)o0(w) | p(v) | (w)dwsdudy
<0 [ 25+ a0l ) s

t
<c / (@2 + a=') ()| Pds.
0

For (3.122), we have

fori =1

Ea(®) < 0/ 200 ds /// 10,1 p(0) (1 + g~ 0o w) £ (0" () | deoclucy

1

[ / / [ i@ o >>2e“'2<p<u>>2dwdudv]2
w20 [ 2| [[] P upora e o]
<[] mratete 5002 o) Pt

t
= 0/ 2207 + a2 072)ds |01 p(5) [l £ (5)lell o(s) | eds
0

=

t
<C [ (@ ) o) s,
0
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3.4. L*-stability for homogeneous solutions

fort: =2.3

Esi(t / 20" 1b" 3ds/// P18, p(0)] (1 + ) uloo(w) f (") | p(u') | dwdudv
c ( T 4 a0 ds|| 0 p () |elL.f () [lellp(s) s

IA

c\\

<C ( T a0 ) [ p(s) Iz ds.

For (3.123), we have

Fui(f) < C/ 201 %ds [ [ 7100p(0)106(1 + 5700 @) 0 £ o0 ddude

3
/ a b~ st/// )2el P9, (1 + g %) oo (w) f(0') Z| i p) (') |dwduduv

J

j=1
3
/ 1y 2ds/// 5 elvl? Jy( —|—g Yoo (w)|p(u’ ’Z‘ Dy ) (V") |dwdudv

7j=1
gc/ 2(a % + a2
0

t

[HaviP(S)Her(S)HeZ 1001 p(5)] + 100 p()llellp(s)lle Y 1@ f) ()]l | dis

=3
t

<c / (@52 + a 572 |ps) || 2ds.
0

For (3.124), we have

fori =1

Fa<c | 902 ds [ e 10apte) 1+ g on(e)lp(w)bu ddud

1

<0 2 | [[] e @t P Ponwre  doduds |
< [[[ e o) ()P
N e
<[] cmaoolete olu) e et e

t
< 0/ 2(a26"72 + a7267)ds |0y p(3) ellR(s)llell p(s) | ds
0

N|=

N

t
<c / (@52 1+ a5 |o(s)l|12ds,
0

PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time Tchuengue Kamdem Emmanuel © UY1 2020



3.4. L*-stability for homogeneous solutions

fori=2,3
¢
Er(t) < / 2a"'b"ds /// 18, p(0) (1 4+ g~ uloo(w)|p(v") |h(u ) dwdudv
0
¢
< C/ 2a”"67 + a'070)ds |0y p(s)llel| () [l o(s) [ eds
0

t
<c / (@2 1 a='b) | |o(s)|| Pds.
0

For (3.125), we have

t
Eg;(t) < C/ 2a~ "0 %ds /// el"P10,i p(0) [95(1 + g o0(w)]Byi (p(v") (1)) | dwduduv
3
<C/ 1y 2d5/// 5'”‘19¢1+g Yoo(w)|p(v' |Z|amh ") |dwdudy
7=1

3
/ 1y st/// )oelo” Is(1+ g )oo(w Z| (0 fp)(V")|dwdudv
7=1

sc/ 2(a~1b95 +a b 2)
0

[H@mp(S)ller(S)lleZ 0uih(8)| + 10 p() [P (5)lle Y 1w} ()]

j=1 7j=3

t
<c / (@2 1+ a=') () | Pds.
0

Combining the above results with (3.117) we obtain
10uip()]12 < N10i (fo = ho) |2 + Evi(t) + Exi(t) + Esi(t) + Exi(t)
+ Esi(t) + Egi(t) + Eri(t) + Egi(t)
t
<10 =R+ C [ 2w Do) s G126)
0

Summing up (3.112) and (3.126) and obtain

t
Hp()IIE < (11 fo = Rolll2 +/0 Cx(s)lllp(s)ll[2ds (3.127)

where
X(s) = a7 )V (s) +a” (s)b7%(s).
Applying the Gronwall lemma to (3.127) leads to
t
lp()IZ < Clllfo— holl|§6wp(/ X(s)ds). (3.128)
0
Since  is integrable over R, we have
los)I1Z < Clllfo = Roll[2-
Thus we can state that
11/ (t) = h@Z < Clllfo = hollle, Yt €0, 00].
]
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3.4. L*-stability for homogeneous solutions

3.4.3 L>-stability for soft potentials in the case of homogeneous solutions

Theorem 3.6. Let the assumptions of Theorem 3.3 hold. Let fy(v) and hg(v) be two functions such

that mazx{||| fol||?,

IRoll|?} < My for My sufficiently small. If f and h are two solutions for the ho-

mogeneous relativistic Boltzmann equation (3.1) associated to the initial data f, and hg, respectively,

then

I(f = m)Ollle < Clllfo = hollle,  Vt € [0,00]

where C'is a constant independent on ¢.

Proof. From the assumptions of the theorem, we have

of = QU [)
ath - Q(h7 h>7
f(0,v) = fo(v), h(0,v) = ho(v), Yo € R3.

Subtracting (3.131) from (3.130), we obtain

O(f —h) =Q(f —h,h)+Qf, f —h).

Let us denote p = f — h.
Let us multiply (3.133) by 2¢l’ p(t, v), we have

2¢"F p(t, v)ip(t, v) = 26" p(t,v)Q(p, h) + 2¢I"" p(t, 0)Q(F, p).

We integrate the above equation on [0, ¢] and obtain

e p2(t,v) = (0, 0) + 26 p(t, v)Q(p, h) + 2 p(t,0)Q(F, p).

We integrate the above equation with respect to v and obtain

I = llfo — holp? + / 21 2ds /// o ()00 (g,)p(v)

X [p(v")h(u') = p(v)h(u) + f(0)p(w) — f(v)p(u)]dwdudv.

(3.129)

(3.130)
(3.131)
(3.132)

(3.133)

(3.134)

Following the same idea as for Lemma 3.5, with the fact that || f(¢)||. and ||h(¢)]|. are both bounded,

we have

where

o012 = 1o~ ol + € [ 207 d/// (o) (9,)

x [lp()[h(u) + |p()[A(u) + f(0)|p(u)] + f(v)|p(w)]]dwdudy
< |Ifo = hol? + AL (t) + As(t) +A3(t) + Ay(t)

A(t) =C /0 201 2ds / / / e, 6B o (w) | p(v)||p(v) | (e ) dwdudv,
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3.4. L*-stability for homogeneous solutions

Ay(t) = C’/Ot 2a"'b"2ds /// e|”|219¢g”800(w)|p(v)\\p(v)|h(u)dwdudv,
Ay(t) = C /0 20 1b-2ds / / / 9,0~ P 0 ()| p(0)]f () () deodud,

Aty =C /0 20~ b~ 2ds / / / Y597 oo (w)]p(v)] £ (v)]p(w) | dwdudo.

Then we have

Ai(t)

t
o [ a2 [[[ e s olot)llot et ouas
0
t
= C/ 270 ds // / 9o oo(w)ez"* | p(v)|e2" P p(v)) |2 P h(u e dududy
0

: %
< C'/ 20" b %ds {/// e|”|2(p(v))219¢g_2500(w)e_”2dwdudv]
0

« [ / / / 9V's ao(w)ew2(p(v'))zewz(h(u’))zdwdu’dv/}

U’OU’O

N|=

t
<cC / a7 3|p(s) 2|1 (s) | s
0
t
<C / a5 || p(s)|2ds
0

t
< [ a2 ots)as
0

Next

aly=c [ a1 J[[ ¢ vag oot lotw)lhtu)doduds

<0 [2v s | [[ [ v outore? o) duduae] :
g [/// %go(w)eUIZ(P(U))Q@ulQ(h(u))dedud“]2
< ¢ [ oI

t
<c / a1 | p(s)|| 2ds
0

t
<c / a2 p(s) .
0
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3.4. L*-stability for homogeneous solutions

Next

As(t)

Next

c | 2 72ds [ g oo duds
< (J/t 2a~"b2ds /// 9sg Poo(w)ez’ |p(v) |2 f (') ez | p(u!) e~ 2 dwdudv
<C / 2a~"b"2ds [ / / / P (p(0)) 20092 o0 (w )e"“'gdwdudvr
e <f<v/>>26“"2<p<u'>>2dwdu'dv']

<C / a3 p(8) 121 £ (5) | odls
t
<C / a~'67=3 | p(s) | 2ds
0
t
<c / a2 p(s) | 2ds.
0

N

e / 20772 [ [ [ € .7 o) o) S0 ot dudo

< (J/ 20~ b 2ds [/// 049 P ao(w)el” (p(v))2e 1" dwdudv}
<!/ wao(w)e“'2<f<v>>2e'u'2<p<u>>2dwdudv]
< ¢ [ o)l

NI

<c / a0 o) 211 (5) edls

t
<c / a2 p(s) | 2ds.
0

we obtain the estimate

where

t
o112 < [1fo = holl? +/0 Cx(s)llo(s)]1Zds (3.135)

X(s) = a” ()" (s).

Applying the Gronwall lemma to (3.135) leads to

t
12 < Cllfo — hollZean( / x(s)ds). (3.136)

Since x is integrable over R, we have

o2 < C|lfo — hol?- (3.137)
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3.4. L*-stability for homogeneous solutions

Next we control the terms ||||? for i = 1,2, 3. We apply 0, to (3.133), then we multiply the resulting
equation by 20,:p(t, v) and integrate from 0 to ¢. After this action, we multiply the resulting equation

by el’l” and then integrate with respect to v to obtain
t
10w P12 = 110wi (fo — Ro)lIZ + / 2ds / el d,ip(s) (3.138)
0 R
X [0, Q(p, h)(s,v) + 0, Q(f, p)(s,v)]|dv. (3.139)
Then we can state that

180 o112 < 1100 (fo — ho)[I2 + Eni(t) + Enit) + Esi(t) + Eui(t)
+ Esi(t) + Eai(t) + Eni(t) + Esi(t) (3.140)

where

Ey(t) = / 2015 %ds [ [ [ dF10,p0) 000,00, £ @) o) dodude, G.141)

Blt) = / 201 %ds [ [ [ dF10,p0)0,(0s0(g. ) Wp0)|ddudo, 3.142)
E3(1) :/o 2a~"b"ds /// el"®10,: p(0)[040 (g, w)|8yi p(v) | B(1) dwdudv, (3.143)

Eult / 2017 %ds [ [ [ d710up(0) 00 tg, ) llp(0) (w)dududv, (3144

0

/ 201 %ds [ [ [[€10,p(0)]100 Dao (g ) £ lpla!) dodude,  (3.145)

0

) =
Eyi(t) =
Eei(t) = /0 2a~'b"%ds /// el"?10,: p(0)[040 (g, w)|8i (f (") p(u)) | dwdudu, (3.146)

Balt) = [ 20025 [[ [ 100p0110Garta D llp 0 s, 3147

Egi(t) = / t 200" %ds / / / el'18,: p(0) 040 (g, w)|8 (p(v')h(1)) | dwdudv. (3.148)
Following the sarrfe method as for Lemma 3.6 with the fact that || f(¢)||e, ||Ovif(t)]]es ||R(2)]|e, and

|0, (t)||. are bounded, we control Ey;(t), Eo;(t), E3i(t), Eui(t), Esi(t), Eei(t), E7;(t) and Eg;(t) as

follows:
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3.4. L*-stability for homogeneous solutions

For (3.141), we have

Bu(t) < C / 072 [ [ [ 10,00} 109 00(w) 00 £(0) ) dduds

O/ 2a"'b"2ds [///ﬁ¢g ao(w)e"’ (B,:p(v)) e _ug]
U/ 9500(w)e (0,.f (0)) el (p(u)) dwdudvr

<c / 24107519 p() 180 £ (8) 1 1p(5) |l
t

<c / a2 ()| s,
0

For (3.142), we have

fori =1

Pa<c | 907 s [ ¢ 1ouptoluy o) fwlptu) doduds

< C/ 2a~2b2ds {/// Vel (0,1 p(v))2e 1 dwdudy
" U// o (F0)Pel ()|

< C/O 20720772101 p(5) el £ (3)[lell p(s) leds

t
<c / 652 |o(s)]|2ds,
0

o=

fori =23
t
Eny(t) < C/ 200" %ds /// I8, p(0) [ul g P oo (w) f (v)| p(w) | dwdudv
0
t
<c / 20726310, () |1 £ (5) e () s

t
<C [ a2 ot s
0

For (3.143), we have

Ey(t) < C / a2 [ [ [ 00257 00l 0npl0) ) dduds

e [ | [ oo e '“'}
{ / / / g00(w)el" (Dyip(v)) e (h(u)) dwdudvr

e / 24073 9y p(5) |21 (5) s
0

t
<c / a2 |o(s)| Pds.
0
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For (3.144), we have

fori =1

Eu(t) < C/Ot 20" b 2ds /// el 18,1 p(v)[u’g P oo (w)|p(v)| h(u)dwdudv

1

t 2
< [Fartas W/ 42 00(00) ()26 (D ()2 doduds
0

| [[[ a1t o (hwyPatue %
<c| 20272 0,10(5) | ) )l
<c| a2 (o) s,
fori =2,3
Eu(t) < C /0 "0 1 3ds / / / €21, p(0) [0 g~ (@) p (0) | (1) el
<0 [ 20006 L) o)l

0

t
<c / a2 |o(s)|Pds.
0

For (3.145), we have

fori =1

<cf 90282410y ()| £l () s
<c [ ol
fori=2,3
Bult) < [ 20 btds [ e 10upwlaulonte) @)l dwdude
o
<c| 90 V3Dl 7 (5) o) s

t
<c / a2 ()| Pds.
0
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For (3.146), we have

Bailt) < C/ 201 %ds [ [ [ 710,p(0) 1009 Po0(w) 100 () ol0 ) ddudo

3
/ a b st/// ) elvl® 19¢g oo(w Z’ i p) (W) |dwdudv
7=1
3
+< / a 'bds /// )oelv” V59 Poo(w)|p(u’ |Z! Dyi ) (V") |dwdudv
7j=1

t
SC/O 20710773 [II8 i2(s)ell f(3)]le Zlﬁmp )+ 110 p(s) el ()]l ZII

t
<c / a2 |o(s)||Pds.
0

For (3.147), we have

fori =1

t
En(t) < O/ 2a*b"%ds /// el |8,1 p(v) g~ Pul a0 (w)|p(v) ) h(u ) dwdudy

U// —oon(@)e” (p(w) el (n(u))? dwdudvr

SC/O 207262 ds| 01 p(s)lle |2 (5) [l p(5) [l eds

<c [ ol
fori=2,3
E7i(t) < /t 20" b %ds /// 18, p(v)| g~ uloo (w) | p(v") |h (v ) dwdudv
0
< 0 [ 22 ds]00 o) IG5 o) s

t
<c / a2 ||| 2ds.
0
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For (3.148), we have

Egi(t) < C/ 2a'b"ds /// el'18,: p(0) |09 P 0 (w)|8y (p(v)) h(u)) | dwdudv

/ a b %ds /// )oell Vsg Poo(w)|pv’ ]Z\ (Oyih)(u")|dwdudv

7=1

3
1< / a b st/// 5 elvl? 19¢g oo(w ]Zl| Dyi ) (V)| dwduduv
<C /O 2a7'b7"3 [Hamp(S)HeHP(S)HeZ|aujh(5)|JF||avip(3)||e||h(3)||ez||(8vip)(3>||e ds

j=1 =3
t
sc/a*WﬂW@wws
0

Combining the above results with (3.140) we obtain

100 p()]|2 < 100 (fo — ho)l|Z + Eri(t) + Eai(t) + Esi(t) + Eui(t)
+ Esi(t) + Egi(t) + Eri(t) + Esi(t)

t
Swwh—mm+0/a1MWM@Ww- (3.149)
0

Summing up (3.135) and (3.149)and obtain

t
o)z < Ml fo = Rolll? +/O Cx(s)lllo(s)llf2ds (3.150)

where
X(s) = a™(s)b"7%(s).
Applying the Gronwall lemma to (3.150) leads to
t
Ilo()IIZ < Clll fo = ho|||§696p(/0 X(s)ds). (3.151)
Since Yy is integrable over R, , we have
llp(s)IIle < Clllfo = hollle-

Thus we can state that

I1f (&) = h@IE < Clllfo = hollle,  Vt €10, 00].
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CHAPTER FOUR

MILD SOLUTIONS OF THE
INHOMOGENEOUS EQUATION

Contents
4.1 Fundamentalestimates . ... ... ... ...ttt nnneenn 131
4.2 Differential characteristic system and functionalspace. . . . . . ... ... .. 140
4.3 Global L*>°-existence theorem for mild solutions in the case of Israel particles . 142
4.3.1 Estimatesofthelossterm . .. ... ... ... ... ... ....... 142
43.2 Estimatesof the gainterm . . .. ... ... ... ............. 143
4.3.3 L*°-existence theorem for mild solutions . . . . . ... .. ... .. ... 145
4.4 Global L*°-existence theorem for mild solutions in the case of hard potentials . 146
441 Estimatesofthelossterm . ... ... ... ................ 146
442 Estimates of the gainterm . . .. ... ... ................ 147
443 [*-existence theorem for mild solutions . . . . ... ... ........ 149
4.5 Global L*°-existence theorem for mild solutions in the case of soft potentials . 149

4.5.1 Estimatesofthelossterm . . . . . . . . . . . . . ... ... ... ..., 149
45.2 Estimatesof the gainterm . . . ... ... ... ... ........... 150
4.5.3 L°-existence theorem for mild solutions . . . . . . . . ... ... .... 152

Et’s consider the set M that we will define in the sequel, the relativistic Boltzmann equation in

f with initial data fo € M then reads in term of variables (¢, z,v)

O | 22 OF v Of eV OF

() b ) o+ b0 S 25 = QUL Pk, v).

(4.1)

We assume that the coefficients a and b of the Bianchi type I metric are given increasing functions

of the time ¢ and are such that:

a(0)>1, a<b<+2a, lima(t)=o0,

- t—s00

130
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4.1. Fundamental estimates

/ a ?(T)dr < 0. (4.3)
Ry

In this chapter, we only use the third parametrization (1.65)-(1.66)-(1.67)-(1.68) of the post-collisional

momenta, because we do not study the derivatives of the solutions.

4.1 Fundamental estimates

Notation 4.1. We suppose that at a position z € R3, v and u stand for momenta of two particles
before their collision, v' and «’ for their momenta after the collision; we define the following vectors

and scalars:

by

Ay = T X Ula b, = v X 'Ula Vy = |b |7 Cy = av-b’U7 4.4)
/ / bu

a, = T Xu, b, =v X u, Vu:|b_]’ Cy = Qy.by. 4.5)

We also defined x; and x» by

T —2
xi(r) = / @_ls)ds , (4.6)
0 VIt a2(s) (0 + b 2(s)[o?
T —2
Xa(7) = / b (s)ds . 4.7)
0 VIt a ()0 + b 2(s)[o?
Remark 4.1. By (4.2), we have
1
§X1(T) < x2(7) < xa(7). (4.8)
Lemma 4.1. For the functions y; and y», the following estimates hold:
O (T)v!, xa(7)0) x V'* > (x(7))?[bu], (4.9)
O (T)v! xa(1)0) x W/ = (x(7))*[bul?, (4.10)

where in function of the domain of R} x R?, x(7) is either x2(7) or 2x1(7).

Proof. For the sake of simplicity, we note x1(7) = X1, X2(7) = x2. By a direct computation, we

have

’(lel7 X2@) % U/|2 — X%(UQU/S o 030/2)2 4 (lelvli% o X2USU/1)2 4 (X1U1U/2 o X2U2U’1)2
— X%(U2UI3 _ 03012)2 + X%(Ulvlg)Q + X%(U3U/1)2 + X%(UIUQ)Q 4 X2<U2Ul1)2

_ 2X1X2U1U/1 (UQUIQ 4 U3U/3)

PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time Tchuengue Kamdem Emmanuel © UY1 2020



4.1. Fundamental estimates

and

|U X v |2 (1121)/3 - 032}/2)2 + (U1UI3 U3U/1)2 4 ('Ul’U/2 Uzv/l)Q
(1}21),3 ?}31}/2)2 + (010/3) + (USU/1)2 + (1}11}12)2 + (U2v/1)2

— 20t (022 + ).

o If v (020 + v303) = M w0’ > 0, we use (4.8) to obtain

1
|(x1v!, x20) x V|2 > Zxﬂv x v'[%. 4.11)
o If v (0202 + v30"3) = vh .0’ < 0, we use (4.8) to obtain
|(xavt, xo0) x V'] > x3lo x o', (4.12)
For the second estimate (4.10), we have
|(X1U17X25) X u/|2 — X%(U2u,3 o U3u/2)2 + (lelu - X2 U3u/1)2 + (X Ulu/2 o X2U2Ul1)2
= Xz( u® — ) + Xl(Ululg) + XQ(USUII) + Xl(UIUQ) + x2(v ? /1)2
_2X1X2vl /1(U2UI2+’U u/S)
and
’U % u/|2 (UQU/Z& U3u/2)2 + (Ulu/3 U3u/1)2 + <U1u12 U2u11)2
(,U2u13 ,U3u/2)2 4 (vlu/S) 4 (,U:Su/l) + (Ulul2) + (U2UI1>2
— 20M M (02 + ).
o If v/t (viu? + vPu?) = v v’ > 0, we use (4.8) to obtain
1 2 < 1o /2
[(x1v7, x20) X u[* > ZX1|U x 'l (4.13)
o If v/t (v + v3u?) = v'u v’ < 0, we use (4.8) to obtain
|(x1vt, x2®) x )* > xalv x o). (4.14)
O
Lemma 4.2. For the functions y; and Y-, the following estimates hold:
(z x v').((x1v", x20) X V') > X(7)ay.by, (4.15)
(z x u').((x1v", x20) X u') > X(7T)ay.by, (4.16)
where in function of the domain of R? x R2, x(7) is either x»(7) or 1x:(7).
PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time Tchuengue Kamdem Emmanuel © UY1 2020



4.1. Fundamental estimates

Proof. The proof is done using the same steps as that of Lemma 4.1.

Gy =2 X v
(.’,UZ'UIS _ :L‘SUIQ,:LBUH o .TIU,?), :L‘IU/Q o :EQU/I)
and
(XlUI,XQU) ( 2 /3 _ ZL‘S’UQ)XQ(UQU/?) _ 1}31),2)
(.T?’U,l . xlvl3)<x2v3vll _ lelvli’))
(mlv 2 /1)(X v U —X21)2U/1)
X2($2U/3 )(U2’03 o U3’U/2)
+ X [1231)/1 3 1 1,11)/3) —U2UI1(ZE1U,2 :E2U,1)]
+x1 [UIU/Q 1 /2 x2vll) o Ulvlg(afigvll o xlv/?))]
and
ay. (v x V') = (2207 — 230?) (v*0'3 — v3?)
+ (%32}/1 _ $1’U/3)(U3?)I1 _ ’Ul’U/S)
+ (xlv& _ :L’QUd)(UlU/Q o 1)21)/1)
— (1]21)/3 _ 1331)/2)(1}2@,3 _ USU/2)
+ [U?’U/l(aj'gvll o 33‘11)/3) _ UQUll(xlva o :CQUll)]
+ [Ulv/2($1UI2 ZBQUll) - Ulv,3($31)/1 o $1U 3)]
o If
(1,21}/3 .1'31)/2)(?121)’3 o U3U/2) > 0
USU/I(:L‘S’UII o :L,IU/?)) _ 1)21)/1(.%'1’0/2 o m21)/1) > 0
’Ul’U2($1U/2 . IQU/I) . Ulvl3(l’3vll o l’l /3) > 0
thus ay.(X1V1, X20) X V' > X2a,.v X V. 4.17)
o If
(1,21}/3 - .1'31)/2)(?121)’3 o U3U/2) > 0
USU/I(:L‘S’UII o xlv/?)) _ 1)21)/1(1'1’0/2 o m21)/1) > 0
’UI’U2($1U/2 o IQU/I) . Ulvl3(l’3vll o Ilvl3) < 0
1
thus ay.(1vt, x20) X v/ §X16Lv v X, (4.18)
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o If
(5620/3 o £E3U/2)(U2U/3 o 1)31)/2) > 0
/US/U/I(ZES'UII o :L‘lvlg) _ 1221)/1(1711)/2 o :(}21)/1) < 0
U1U/2(J;1U/2 _ 1,21]/1) _ Ulvl3<I3U/1 _ xlvl3) < 0
1
thus ay.(avt, x20) x v’ > X180y x v (4.19)
o If
(1,21}/3 . .1'31}/2)(?}21),3 _ ’U3U/2) < 0
USU/1($3U,1 _ xlv/:ﬂ) _ UQUll(l'l’Ulz _ l,2,U/1) < 0
Ulvl2(x11j/2 o IQU/I) o UIUB(IP’U/I o 1,11)/3) < 0
1
thus ay. (1vt, x20) x v’ > X180y x v, (4.20)
o If
(1}21}/3 _ $3U/2)(U2U/3 _ U31)/2) > 0
U3U/1(333U,1 o 33121/3) o ’021)/1(5611)/2 o ZL“Qvll) < 0
UIU/Q(:L‘IUIQ _ IQ’U/I) _ 1)11)/3(1;31)/1 _ :(}11)/3) > 0
thus . (X101, X20) X V' > Xaay.v X V. 4.21)
oIf
(xzvl?) _ CL’3U/2)(U2U/3 _ U3U/2) < 0
030/1(1,3@/1 _ 1’10’3) _ ’U2UI1(1’1U/2 _ 1,21}/1) > 0
U1U/2(x1v/2 _ ._'L‘2'U/1) o 010/3(x30/1 _ wlv/3) > 0
thus Ay (X101, X20) X V' > X2a,.v X V. (4.22)
o If
(xZU/fi _ :L’3U,2)(U2U/3 _ U3U/2) < 0
USUll(xSU/l o xl,U/B) _ U2vll<xlvl2 o x2vll) > 0
Ulvl2($1U,2 o x2vll) o ,Ulvl?,(xf}v/l o ZL“leS) < 0
1
thus ay.(avt, x20) X v’ > X100V x V. (4.23)
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o If
([L‘21)/3 - $31)/2)(U2U/3 o 1)31)/2) < 0
USU/I(:LBUII . :L‘lvlg) _ UQUII(SL’IUQ . :(:21)/1) < 0
1111]/2(:1311}/2 _ 1}21}/1) _ vlv’B(x%’l _ xlv’B) > 0

thus . (X101, X20) X V' > X2ay.v X V.

(4.24)

We combine (4.17),(4.18), (4.19), (4.20), (4.21), (4.22), (4.23) and (4.24) to obtain the first inequality

(4.15).
The second inequality (4.16) is done in the similar way to (4.15). We have

ay = X u

13 3

—r u/?

1 3 .1

T u/? 2 /1)

(z%u 2Pt — ot — U

and

. leluli’))

1,72 2

(l’ u? = x u/l)(lelua _ XQUQU/I)

2,13 3731/2)(1}2?/3 o U3u/2)
9 v3u/1(1,3u11 o xlu/?)) _ Uzull(xlu& o :L“QUII)}

[U1u/2($1ul2 . x2u/1) _ vlu’3(x3u/1 _ xlu'?’)}

and

o If

Vv
o

(x2u’3 o $3u/2)(v2u/3 _ USU/Q)
_ Jflu/?’) _ UQU/I(:L‘IU,Q _ x2u/1)

Ulul2(1}1u/2 o $2ull) o Ulu/?’(:ligu/l _ xlu/?))

U3u/1 (x3u’1

v
o

v
o

thus . (X101, X20) X U > Xaa,.v X U

(4.25)
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o If
(IL‘QUIS _ x3u'2)(vgu'3 _ v3u'2) >
vsu’l(x3u’1 - l,lu/:%) o U2u’1(x1u’2 _ x2u/1) >
vlu’z(mlu’Q - iL‘Zu/l) o Ulu/g(ﬂi?)ull o xlu/i%) <
thus . (X 10" 17)><u’>1 Ay X U (4.26)
u-\X1V" 5 X2 = 2X1 u . .
o If
(IL‘QUIS _ x3ul2)(02u'3 _ v3u'2) 2
U3u11(x3u/1 . l,lu/?)) _ U2u/1(x1u/2 . x2u/1) <
Ulul2($1ul2 _ :czu’l) _ Ulu/:}(x?)u/l _ xlu/i’,) <
thus  ay.(vt 17)><u’>1 Ay X U (4.27)
u-\X1V" 5 X2 = 2X1 u . .
o If
(x2u’3 o $3u'2)(1)2u'3 o USUIQ) <
U3u/1(x3u/1 o .CCIU,/?)) _ U2U/1(I1u/2 . x2u/1) <
Ulul2(1}1u/2 _ x2u/1) _ Ulu/?’(:ligu/l _ xlu/?)) <
thus . (X10", X20) ><u'>1 Ay X U (4.28)
u- X1V X2 = 2X1 u- . .
o If
($2ul3 - LESUIQ)(UQUIS _ USU/Q) >
U3u/1(x3u/1 o :(,’lulg) _ UQU/I(:L‘IUQ . :L‘Qu/l) <
U1UI2(x1u12 . xzu’l) . vlu’?’(x?’u’l _ >
thus . (X101, X20) X U > Xaa,.v X U (4.29)
o If
([L’2ul3 . $3u/2)(02u/3 o UB’LL/Q) <
U3u/1($3u/1 o xlu/?)) _ UQU/I(:L‘I’LLIQ . x2u'1) >
Ulu/2(x1u/2 o x2u’1) o vlu’?’(xgu’l . xlu/3) >
thus . (X101, X20) X U/ > Xaa,.v X U (4.30)
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o If
(332u/3 o $3u/2)(1}2u/3 o USU/Q) < 0
U3u/1(x3u/1 o :(,’lulg) _ UQU/I(:L‘IUQ o :L‘Qu/l) > 0
Ulu/2(l‘1u/2 o x2u/1) o Ulu/3($3ull . .”L’lu/3) < 0
1
thus ay.(X10", X20) X U/ > X100 x . 4.31)
o If
(332UI3 o $3u/2)(1}2u/3 - USU/Q) < 0
U3u/1(x3u/1 o CCIU/?)) _ UQU/I(:L‘IU/Z o :L‘Qu/l) <0
Ulu/2(l‘1u/2 o x2u/1) o Ulu/3($3ull o .”L’lu/3) > 0
thus . (X1, X20) X U > xaa,.v X U (4.32)

We combine (4.25),(4.26), (4.27), (4.28), (4.29), (4.30), (4.31) and (4.32) to obtain the second in-
equality (4.16).

]
Proposition 4.1. Let us define the scalar D by
D = |(z + (xa(m)v', x2(m)0) x V" + (@ + O ()v!, xa(1)0)) x . (4.33)
We have
D > |w.(z x v)]? (4.34)

where w denotes the parameter along the unit sphere, and which allows to parameterize the post-

collisional momenta.

Proof. By elementary computation, we have

D= |z xv|*+ |z x u?
+2(x x v').((avh, x20) x v) + 2(z x u').((avt, x20) x ')
+ (1o, x20) x V2 4+ |(xavt, xe) x )2 (4.35)

Using the above Lemma 4.1 and Lemma 4.2 together with the notations (4.4) and (4.5), we obtain
D > ([bo|* + [bul*)x*(7) + 2(cs + cu)x(7) + (lau]* + |au]?) (4.36)

where in function of the domain of R? x R2, x(7) is either x»(7) or 1x1(7).

We denote by D the right hand side of (4.36). Disa polynomial of second order in (7). We are
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going to prove that the opposite of its discriminant A is bounded from below.
We have

—A = (1b* + [bul*) (|aol* + laul?) = (cy + cu)?
= |bv|2|av|2 + |bv|2|au|2 + |bu|2|av|2 + |bu|2|au|2 — Ci + 2¢c,cy — Ci
= [bo|?|av]* = (@p-by)* + |bul*|au]® — (ay-by)?

+ |bo P lawl® + |bul*las]® = 2¢ucy
= |ay X by|? + |ay X by|?
2 2112 2 2112 b, by,
+ |bv| [|GU| ’VU| ] + |bu| [|a1,| ’V’U| ] _2Cu|_|cv‘_‘
by by

= |a, % bl,|2 + |a, X bu|2

b, by
+ |bv|2 [|au X 1/u|2 + (au.yu)ﬂ + |bu|2 [|av X I/U|2 + (CLU.VU)Q] — 20u|b—|cv|b—

= |ay X by|* + |ay X by|?

2 (Cu>2 2 2 2 (Cv)2 2 2 by bu
+ [by | |ba |2 + [bo]"lay X vu|” + |byl 1b,2 + [bu|*|ay X vy|* — 20u’a|6v‘a‘
= |a, % bv|2 + |a, x bu]2 + \bv\zlau X yu\z + |bu\2]av X I/U]2
N <|bv|cu B \bulcv>2
|bu] b
> |ay X by|? + |ay X bu|?® + [by|*|ay X V] + [bu]?|as X vy|* (4.37)
By (4.37), we have
~ C, +c¢ 2
D = (|bu]* + [by|? T T
(bl + 0 [(xm b )
Pl Pl )~ e o)
([bu? + [by[?)?
> (|bv|2 + |bU|2)(|av|2 + |CLU|2) - (Cv - CU)2
B [bu|? + |6y |?
- |y X by)? + |ay X by|* + [by[2|aw X vu|? + [ba]?|ay X vy |?
- [bu|? + |0y |?
~ (Jaw x v + Jaw x v ) (Jbu]® + [by]?)
|bu|? + |by|?
= |ay X Vy|* 4 |ay X vy |*. (4.38)

We try to bound from below the terms |a, X v,|? and |a, X v,|?.
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‘We have

b, = v X /|
= |wllv x o]
> |w.v x|

= |w.v X (u+ Aw)]

= |w.pu| (4.39)
where for a given z, p, is defined by
Pz =UXT (4.40)
and A is a parameter given by the third parametrization.
Let’s recall the following vector identity for three vectors u, v and w
ux (vxXw)=(vw)v— (uwv)w. (4.41)
Using (4.41), we have
ay X by = (x xv") x (v x0)
= ((uxv)v")v—((z xv')v)
=— (v xv)v
=v".(v x )
= (v.p)V". (4.42)
The same arguments as above yields to
ay X by = (U .p)u’. (4.43)
In the another hand, using the parametrization (1.65)-((1.66))
by =vx v =vx (v— Aw) = Ap,,. (4.44)
This implies
|ay X b, |(V'.pa)V| V" pa|V'|
‘CL’U XV'U’: b = b = -~ |pw|
b b Al
In another hand, we have
[ > | x 0| = |w x (v = Aw)| = |w x 0] = [p],
"Dy — Aw).x ¥
0y x vy > el M= Aw)axo] (4.45)
|4 |4
Concerning a,, X v, using the relation a,, X b, = (v’ .p,)u’, we have
/
0y x vy > 1CPel. (4.46)
[l
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(4.45) and (4.46) lead to
= 2 2 2 ‘ul-Px‘z 2
D > |a, X vy]” + |ay X vy|* > |w.p|* + W > |w.pe|”. (4.47)
v
Since D > D we obtain the desired result. OJ

4.2 Differential characteristic system and functional space

Let’s consider the inhomogeneous relativistic Boltzmann equation (4.1) which is a first order partial
differential equation. For any fixed (z,v) € R, x R,, the characteristics X*(z, v) are defined by the

following relations

U (r,0) = a2 ()%,
rwn) = ()%, (4.48)
X (z,0) = b72(t)%,
X' (2,0)|i=0 = . (4.49)
From the above expressions, we have
t -2
X(z,0) = 2! + (/ a_(s)ds_ W'l (4.50)
0 V1+a2(s)(vh)?2 +072(s) ()2 + b=%(s) (v*)?
t -2
X2z, 0) = 2 + (/ b (s)ds . )02, 4.51)
0 V1+a72(s)(01)2 +b72(s) ()2 + 072(s)(v%)?
t -2
Xz, 0) = 2° + ( / b (s)ds _ Jod, (4.52)
0 V1+a2(s)(vh)?2 +072(s) ()2 + b=%(s) (v*)?
Let’s introduce the standard notation in the Boltzmann equation
[t x,v) = f(t, X (x,v),v). (4.53)
Using the above notation, we have
d of O0X"tof
— [# - 2L
ar! " BT = B T T o
Of | 5,0 Of o V2 Of o V0 Of
= — _—— —_— — 4. 4
ot o (t)v Ox! 0 <t)v0 Ox? (t)'uo Ox3 (4.54)
= Q#<f7 f)(tu (L’,’U)
where Q7 (f, f) is given by
QF(f, /)t z,v) = Q(f. ))(t, X' (z,v),v). (4.55)
By (4.1) and (4.54), the inhomogeneous relativistic Boltzmann equation in terms of f# reads
d
e w) = QF(f. )tz v). (4.56)
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The Boltzmann equation in f# with initial data f#(0,z,v) = f(0,z,v) = fo(z,v) leads to the

following integral equation
t
Pt 0) = o)+ [ QU )5z 0)ds. 457)
0

Definition 4.1. (4.57) is called the mild form of the Boltzmann equation.
The solution of (4.57) is called the mild solution.

Lemma 4.3. For s € R, v, u € R?, let us consider the vector function b = b(s, v, u) defined by

71 _ Ta¥(1) 1 Ta¥(1) 1
b (s,u,v) = (/0 o0(r) dr)v (/0 () dr)u’, (4.58)
. “b2(r) “b2(r)
2 _ 2 _ 2
b*(s,u,v) = (/0 () dr)v (/0 () dr)u’, (4.59)
. "b2(r) "b2(r)
3 _ 3_ 3
b(s,u,v) = (/0 ) dr)v (/0 () dr)u’. (4.60)
For z € R3, if we let
y=x+b(s,u,v) 4.61)
the following relation holds
Fs, X2 (@, 0),u) = f7(s,y,u). (4.62)

Proof. By (4.53) we have
f#<87 y7 u) = f<S7 Xs(y7 u)? u)'
Then the relation (4.62) holds if for all s, v and u
f(s, X%(z,v),u) = f(s, X*(y,u),u).
This is possible if X*(x,v) = X*(y,u) for all s, v and u, that is to say

Xz, v) = Xy, u),
X% (z,v) = X?(y,u),
X35(z,0) = X3(y,u).

To get these equalities, we need that

a2
yl = f UO(T) f uO(‘r)

2 2 s p—2(7) 2 5 b 2(7) 2
v = -I—( 0 UOZ(<)dT)U - (s bu02( 5 dT)u :
y3 = 2’ ( 0 bUO 7') fO uo((TT

Remark 4.2. (4.62) is the link between f to f7.
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Remark 4.3. In the remainder of this chapter, we are going to study the integro-equation (4.57) with
an unknown function f#. Since the aim of this chapter is the study of mild solutions, we are looking

for a continuous function f# satisfying (4.57).

Remark 4.4. We are looking for a continuous bounded non-negative solution for the relativistic
Boltzmann equation. Since the initial data is near vacuum, we allow f to decay exponentially in v

and x variables. For this reason, we consider the weight function p = p(x, v) defined by
p(z,v) = el HzxeR), (4.63)
The function space in which we will seek the solution is defined as

M = {f € C%([0,00] x R x R}), || f[| := Sup (p(x,v)| f(t,x,v)|) < o0} (4.64)

(t,z,v)

M is not an empty set. In fact f(t,v) = e 2** belong to M.

Remark 4.5. (M, || ||) is obviously a Banach space.

4.3 Global L°°-existence theorem for mild solutions in the case of

Israel particles

4.3.1 Estimates of the loss term

Lemma 4.4. There exists a constant C' not depending on ¢, v and x such that :

[ 10t 0.0 < 007 0l (@65
Proof. We recall that the loss term of the collision operator is expressed as follows
Qbh. D)t 0) = a0 2(0) [ dw [ ST X ), 0070 X, 0), 0
By (4.62) we have
Qs Dm0l <a o 2e) [ o [ S0 f (5,2, 0),0) L (5, X (2, 0) )

dog(
/52 /3 UO;O\/‘U# s, 2,0)|[f7 (s, y,u)|du.

From the relation (4.61), we will take y = = + g(s7 u,v), that is

1 1 s a_Q(T)
Y

2 _ 2 S b 2\T 2 S T 2
y =z +( 0 1,02(()d )U _( 0 bu02( = dT)u )
y3 = 2°+ ( 0 bvo 7') f uo((TT
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It follows that

QF 115,00 < a7 (672 / o [ TR s )£ gl

4
<o ol P [ do [ ST
4
<o ol [ a [
4
< ol P [ o [ ST S

Since v° > 1,4 > 1 and 2 < /s, we have

Q. F)(s,,0)] < Ca ()b 2(s)p™ mr|f#||2/dw/ oo(w)e M du

< Ca 6 20 @)l [ e
< Ca™ (602 s)o™ (0} £

Then by an integration from O to ¢, we have

[ 10k Dl 0)lds < Cp @I FHP [ a7 s (s)ds
0 0
< Co @l

4.3.2 Estimates of the gain term

As usual while working with the Boltzmann equation, the gain term is more difficult to handle.

Lemma 4.5. There exists a constant C' not depending on ¢, v and z such that:

/ Qo F) (5., )| ds < Cp~ (2, 0) | F#]2 (4.66)

Proof. We recall that the gain term of the collision operator is expressed as follows

QF inl s £t ,0) = a7 /5 2 /R ) L 18X 0), )8 X, ),

By (4.62) we have

@ h Do)l <o) [ o [ T8 \f (5, X (), 0) | (5, X" 0), o)

dog(w # . s o
/32 /Rs vouo\/_|f U, V7 (s, 2,4)|d

We are looking for y and 2 such that

(s, y,v") = f(s, X5(z,v),0) and (s, z,u) = f(s, X*(z,v),u).
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4.3. Global L*°-existence theorem for mild solutions in the case of Israel particles

From the relation (4.61), we can choose ¥y and z like this: y = x + E(s, v',v), meaning

2(7)

yl = ! +( OS %(T) dT)vl ( 0 v’O(T) dT)
y2 _ $2+( s b—Q(T)dT)Uz _( s b 2(r )dT)UIQ,

0 v9(7) 0 1/02(7')
s p—2(7) s b= (7
o= 2P+ 0 —ZO(T) dr)vd — ( 0 U,O((T))dT)vB,

and z = z + b(s, u/,v), that is

e - i,
22 — f UOQ(:T)) ( OS l;,j((_r)) dT)uQ,
s () s b 2(r
23 = x3 + (J, I’UOQ(T) dT)v3 —(Jy Z'O((r)) dr)u’3.
Then
< o1 #1012 400 n -1 "d
Qi 7).} < (5072 7% g f ) (2
doo( 1 1
12 o(w
=4 ( 7 / /3 UOUO\/Ee\’U'PHyXU’P e\u'|2+\z><u'|2du
doo( 1
12 o(w
SN / / UOUO\/Ee\’U'PHU'P e\yXU’|2+\Z><u’|2du
doo( 1
-1 #112 o(w
< Cam ()b ()17 / /3 UOUO\/E e|U|2+|v|2 elyx v’ 2+|zxu’|?

_ —lov|2 40’0 wl? du
< Ca @ e AP [ do [ ST e

Since v° > 1, u" > 1, 2 < /s and taking into account (2.27).
By (4.34) we obtain

Q. s, < Ce P (2 | o / oo(w)e P
< Ce P01 (5)2(s) || F£ 1 / oo (w wm?dw/ ol g,
< Ce Pl (s)b ||f#||2/ dw/ Dy00(1 4 g P)e P emloral gy
O O e
< Cp i, v)a ()02 () | FHII
We end the proof by this integration
/ Qi N )lds < Cp @)l 7P [ L (5)b X (s)ds

< Cp™ !, )|l /#]?

where C' does not depend on ¢, = or v. O
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4.3. Global L*°-existence theorem for mild solutions in the case of Israel particles

4.3.3 [*-existence theorem for mild solutions

Theorem 4.1. Define the operator T on M by

Tf# = folz,v) +/ Q*(f, f)(1,z,v)dr.
0

If we let M, = {f € M, || f#|| < r}, under assumptions (1.69) on the scattering kernel and

(4.67)

(4.2)-(4.3) on the coefficients of the metric tensor, there exists a constant ry such that if || fo|| is

sufficiently small, the integral equation Y f# = f# has an unique solution f# € M,,.

Proof. 'We remark that M, is a closed subset of the Banach space (M, ||||).
Let us take the initial data f; such that || fy|| < % for some .
For f € M,,, by (4.67)

T S#(t 2, v)] < |folv)] + / QH(f, F)(r, 2, 0)\dr
< pla, o) foll + Colar,v) | F#1?

plz,v
T
pla,v) " [5 + Orf].

IN

The second line is obtained by using the estimates of the loss and gain terms.
Thus
1

if %+C’7’§<ro i.e T0<%

after multiplying by p(z, v) and taking the supremum with respect to ¢, z and v, we have
1T £#] < 7o

Then T maps M, into itself.
More over, if || fo| < % and f, h € M,,, using the bilinearity of Q

Q(fu f) - Q(hv h) = {anin<f7 f) - anm(hu h)] + [Qloss<h7 h) - Qloss(f7 f)]

= [anin(fv f - h) - anin(f - h7 h)] + [Qloss(ha h — f) - Qloss(h - f7 f)]

we have

XS 2 0) — T (L 2,0)] = | / (Q*(f. )t 2,0) — QF(h, h)(t, 2, 0))dr |

Colw, o) (IF#I+ IR DI = 1|
2Crop(x, v) 7 || /* = nF .

IN

N

So the desired result it obtained if 2Cry < 1.

L

In fact, if ry < 56

after multiplying the relation

Tf#(t, 2, 0) = Th#(t, 2,v)| < 2Crop(z, v) 7 f# = h¥|

(4.68)
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4.4. Global L*°-existence theorem for mild solutions in the case of hard potentials

by p(z,v) and taking the supremum with respect to ¢, z and v, we obtain
1T f# = TR#|| < 2Cro|| f* — h#[| < |[f* — h*|].

So T is a contraction.

Using the fixed point theorem, we claim the desired result. [

4.4 Global L°°-existence theorem for mild solutions in the case of

hard potentials

In this part we take o = 0 in (1.70).

We assume that the coefficient b of the metric tensor enjoys the condition

/ V3 (1)dr < oo. (4.69)
R4

4.4.1 Estimates of the loss term

Lemma 4.6. There exists a constant C' not depending on ¢, v and z such that :

[ 1085060 < 07l (.70
Proof. The loss term of the collision operator is expressed as follows
QD) (t,0) = a0 [ dw [ 9u0(9.0) (0 X 0 0),0) 0, X . 0), w)
By (4.62) we have
Qb sz, <@ 70) [ o [ Daola, )l 16X 0,015, X))l
<@ ) [ o [ daota. o)l vl (s

From the relation (4.61), we will take y = = + 5(5, u,v), and this is to say

a2 4

1

Y - fO 'UO(T) fO u(;(‘r)
S 2(7 S T

y = $2 + (o Yoy d7>”2 — Uy buO((T))dT)UQ’
s p—2(7) s b 2(r

v o= 2+ (fy Samdn) vt — (Jy Sbdr)u,
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4.4. Global L*°-existence theorem for mild solutions in the case of hard potentials

It follows that
Q5 o, 7.0)| < a7 (5)b7%(s) / o [ (g )l s, 0l1 ()

< w0l [ o [ dgola) 0w
<o 2o o)l P [ e [ ﬁqso(g,w)wﬁm
<@ 2wl [ do [ duote.) S
< Ca W @l [ do [ (14 g o)
< Can 6 250 @ ol [ (170
< Can 629 @ oHE | Do duk [ o7
< Ca o2 @l e
< Ca e w0+ [ ey

< Ca™ (s)b™*(s)p™ (w, 0)[IFFIP(1 + 771

< Cp (@ )IfF (@™ ()b (s) + a™ ()07 (s))

[l gy + /3 9ogPe 10 dy)
R

Juf?

e """ du)

where we use ¥y < 4.

Integrating the above inequality from 0 to ¢ we have

[ 1085 s 0lds < O ol [ Ta 000) 4 a7 0
< Co P

]
4.4.2 Estimates of the gain term
Lemma 4.7. There exists a constant C' not depending on ¢, v and z such that:
[ 1080 1650l < O 41 @

Proof. We recall that the gain term of the collision operator is expressed as follows

Q)b .0) = a7 O 70) [ o [ 0ur(00) (X" 0,0 £ X o 0), 0 )l

By (4.62) we have
Qi s, < a7 7200) [ [ Dl )£ (5, X 0,0 (5, X 0), 1)
<67 [ do [ Daota. )|l (20
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4.4. Global L*°-existence theorem for mild solutions in the case of hard potentials

From the relation (4.61), we can choose ¥y and z like this: y = x + E(s, v',v), meaning

1

2

yS

and z = z + b(s, u/,v), that is

Then

‘anm<f7 f)(57 Z, U)| < ail(s)b

<a'(s)b

since (2.27) holds.
By (4.34) we have

|anzn(f7 f)(87 T, U)| < Ce_wza_

< Ce_‘vl2

<a'(s)b

< Ca '(s)b?

2(7)

zt + 05 CL:)(T) dr)v’ —

( 0 v’O(T) dT)

22+ (f7 p 20 dryv? — ([ 59 i )dT)U/2

0 v9(7)

2+ (fy %dﬂv?’ -

—2(7')
f vO(T
f 2(7)

R

s p— =7 3
0 (7)) o @ )

:L'3—|-(

1
PR [ do [ duole.)
52 R3 (&
2 4112 1 1
S)Hf || dw 19(150(97(‘0) clv'?

< Ca (o) <>Hf#|12/ dw/ 040(9.)

@R [ do [ 0atge

0 v'9(7)

s b 2(r
( ) U/O((T))dT)Ulg,

_ ( s a_Q(T)dT)

0 u/O

( s b~ 2( )d7_>u/2’

0 uwO(r)

— ([ D gy,

0 uw9(r)

1

2() | FA? / e / D40 (g,0)p (9,0 )p~ (2, ) du
S2 R3

Flyxv' 2 gl PHlaxu 2

du

T elyxo PP

1

1

AP [ do [ daotg.)e e Py
2 R3

a ' (s)b~2(s)|| S / dw / Dy0(g,w)e” 1 Pal* e 1uF gy
S2 R3

22 elyxo P4[zxu’|?

du

elyxv’|2+[zxu |2

< CeMPa 1 (s)b2(s)|| F2 |1 / o / 9400(w) (1 + g )P e omsl gy
5'2 R3

< Cp !

< CpH(x

Then we end the proof by this integration

0 (5)072(s) | F#1? / (14 g P)e M du
R3

v, v)a ()07 ()| f7?
WFFIP @™ (5)b7%(s) + a™ ()b (s)).

(1+07(s))

t
0

/ QE (2 (s, 2 0)lds < Co (o) | F4 / [0 (5)b2(s) + ™ ()63 (s)]ds

< Cp~'(z,0)[| f#]?

where C' does not depend on ¢,  or v.
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4.5. Global L*°-existence theorem for mild solutions in the case of soft potentials

4.4.3 [*-existence theorem for mild solutions

Theorem 4.2. Define the operator I' on M by

L f# = fo(zx,v) +/ QF(f, f)(r,z,v)dr. 4.72)
0

If welet M, = {f € M, || f#| < r}, under assumptions (1.70) with « = 0 and (2.50) on the scattering
kernel and (4.2),(4.3) and (4.69) on the coefficients of the metric tensor, there exists a constant r such

that if || f|| is sufficiently small, the integral equation ' f# = f# has an unique solution f# € M,,.

Proof. This proof is done exactly as in Theorem 4.1.

4.5 Global L°°-existence theorem for mild solutions in the case of

soft potentials

We assume that the coefficient b of the metric tensor enjoys the condition (4.69).

4.5.1 Estimates of the loss term

Lemma 4.8. There exists a constant C' not depending on ¢, v and z such that :

/0 QE () (s.2,0)] < CoM e, o) || F#] “.73)

Proof. The loss term of the collision operator is expressed as follows

Qf;s(f, H(t,z,0) =a ()b 2(t) /52 dw /R3 Vyo(g,w) f(t, X (z,v),v) f(t, X" (z,v),u)du.

By (4.62) we have
QF L ) (s 2,0)] < a ™ (s)b2(s) / i / 040 (g, 0) (5, X* (2, 0), 0)|| (5, X (2, ), w)|du

<a o) [ do [ daolg )]s w01 £# s,y

S2 R3

From the relation (4.61), we will take y = = + 5(5, u,v), and this is to say

s g—2(7) s a-2(r

yl = ! + <f0 vO(7) dT)vl - (fO uO(S'))dT)U1’
s p—2(7) s b~ 2(r

y2 = 2’ +( 0 vaQ(T) d7'>7)2 _( 0 buo((‘r))dT)U2’

s p—2(7) s b 2(r
o= 2+ (fy Samdn) et — (Jy Sdr)ud,
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4.5. Global L*°-existence theorem for mild solutions in the case of soft potentials

It follows that

Qb a0 < a7 (6720) [ dw [ durla )l om0l sl
< w0l [ o [ dsola) 0w
< @l [ do [ %o(g,me,uﬁw
<@ 2wl [ o [ daote.) S
< Ca (e @l P [ do [ g ou)tee
< Ca e w0 [ g e
< Ca 25 @ ol [ Dag e P
< Ca (@ o)l [ dag e

< Ca ()b 2(s)p™ (. 0) | F#IP / Dog e du
R3
< Ca ()b 2(s)p (@, o) | F# |6

< Cp ()| fF|Pa™ (s)b7(s)

where we use ¥y < 4.

Integrating the above inequality from 0 to ¢ we obtain

/0 QE L ) (52, 0)|ds < Co e, o) /4] / o (s)VP3(s)ds
< Cp a,0) | FHI

]
4.5.2 Estimates of the gain term
Lemma 4.9. There exists a constant C' not depending on ¢, v and z such that:
[ 1080 1650l < O 41 @74

Proof. We recall that the gain term of the collision operator is expressed as follows

Q)b .0) = a7 O 70) [ o [ 0ur(00) (X" 0,0 £ X o 0), 0 )l

By (4.62) we have
Qi s, < a7 7200) [ [ Dl )£ (5, X 0,0 (5, X 0), 1)
<67 [ do [ Daota. )|l (20
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4.5. Global L*°-existence theorem for mild solutions in the case of soft potentials

From the relation (4.61), we can choose ¥y and z like this: y = x + E(s, v',v), meaning

s q—2(7)
yl — .Z'l -+ ( 0 vo;(,r)dTﬁ]l ( 0 v’O(T) dT)
y2 = 22 +( s p=2(7) dT)U2 . ( s b 2(r )dT)UIQ,

0 v9(7) 0 1/02(7')
s p—2(7) s b= (7
o= 2P+ 0 —ZO(T) dr)vd — ( 0 U,O((T))dT)vB,

and z = z + b(s, u/,v), that is

- (7') s a_2 T
2t = f UOQ(T o ( 0 u/o( )dT)
2 _ —2() g s b~ 2( ) 2
z = f UQQ(Z_)) ( 0 ;L:(;(T) dT)u/ ,
2 = 333 + (J; bUO(T) dT)v3 —(Jy u,o((:)) dr)u”.

Then
Q. 5,20 < I [ o [ Ds0(g.0)07 0057 e
S R
1 1
1 —2 4112
<a @R [ do [ 900000) g

_ _ 1 1
< I [ o [ Doo(s.0) s

_ 1 1
< Ca IR [ o [ Ds00.9) S e
_ 71;2 —u? du
< Ca e I [ o [ ot gt
since (2.27) holds.
By (4.34) we have

Q. )(ss2,0)] < O a2 [ o [ duot)e e P
< Ce"”'Qa_l(5)6_2(3)Hf#H2 /52 dw /RS 19¢a(g,w)e_‘“'pz‘Qe_‘“Pdu
<O AP [ o [ gl e e
< Ce P P [ e g e

< Cp~H(x,v)a™ ()b~ (s) [ F#I1P07 7 (s)
< Cp~ 'z, )|l f#Pa™ ()07 (s).
Then we end the proof by this integration
[ 1@ s 0l < o w47 [ a7 o s
< Cp~ 'z, 0)|lf7)*

where C' does not depend on ¢,  or v. [
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4.5. Global L*°-existence theorem for mild solutions in the case of soft potentials

4.5.3 [*-existence theorem for mild solutions

Theorem 4.3. Define the operator W on M by

Uf# = fo(x,v) +/ QT (f, f)(r,z,v)dr (4.75)
0

If we let M, = {f € M,||f#|| < r}, under assumptions (1.71)-(2.50) on the scattering kernel and
(4.2),(4.3) and (4.69) on the coefficients of the metric tensor, there exists a constant ry such that if
| foll is sufficiently small, the integral equation ¥ f# = f# has an unique solution f# € M,

Proof. This proof is done exactly as in Theorem 4.1.
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THis part of our work provide the possibility to chose a suitable weighted framework to prove the
global existence theorem.
Let’s consider the set ) | that we will define in the sequel; the inhomogeneous relativistic Boltzmann

equation in f with initial data f, € > then reads in term of variables (¢, x, v)

of L, 0 Of L, w?df ., P Of
e Q(t)@@er Q(t)@w+b Q(t)@% = Q(f, )L, z,v). (5.1

We assume that the coefficients a and b of the Bianchi type I metric are given increasing functions

of the time ¢ and are such that:

153



5.1. Functional space

a(0) >1, a<b< V2a, tli)m a(t) = oo, (5.2)
/ a %(1)dT < c0. (5.3)
R4

5.1 Functional space

We are looking for a continuous bounded non-negative solution and we allow f to decay exponentially

in v and z. For this reason we consider the weight function p defined by

oz, v) = el +Hzxvf?)
‘We define the norms
lg@lle= sup  (p(x,v)|g(t,z,v)|) (5.4)
(z,v)ER3XR3
and ,
Ha@lle = lg®lle + D _0wg®)lle + 10mg(t)lle). (5.5)
k=1

The function space in which we seek the solution of the Boltzmann equation is

2= {f € C'([0,00[xR* x R%); [[| f(t)]e < 00; VEteER.}. (5.0)

2Jv|?

¥ is not an empty set. In fact f(¢,v) = e “"" belong to X.

5.2 Specific estimates on the derivatives of the collision kernel

5.2.1 Specific estimates for the case of Israel particles

Lemma 5.1. We have the following results:

1 Ch
1 < .
2. (vouo\/E)| ~ av¥sy/s’ 5.7)
1 Csy .
i < = .
0, (UOUO\/E>| S bosys fori=2,3 (5.8)

where C'; and C'; do not depend on a or b.
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5.2. Specific estimates on the derivatives of the collision kernel

Proof. A direct derivative leads to

1 1 0,0./3
8v1(m):_m[avl(v Vs)]
:_(00)2(1u0)23[a (V)5 + 000, (u)V/s + 0°u’ Dy (V/5)]
1 v! WO 0,,0 w vl _“_1

7_(1)0)2(u0)s[a2vo Vst \/§<av0 auo)}
1 NS 0 S (0 S

B (UO)Q(UO)QS[GQUO Vst ay/s av® ay/s auo]

1 vl 1 vl 1 ut 1

a0 a®s  auds

T oa0/st

Since | 150| < land /s < 2vu%0Y, then
1 1 4 1 1
Ot < -+ -+
| <v0u0\/§)| - (wo\/g(s P s)
< 6
~ av¥sy/s
In a similar way as above
1 1

== 2 [81)1 (UOUO\/E)]

= _m[&ﬂ(vo)uoﬁ_’_anvi(uo)\/g—i-vouoavi(\/g)]
1 v’ u° 0.0 AL _u_i

— _(UU)Q(UO) [b2 0 \/_-l-v b\/_(bvo buo)]
1 Lt (UO)Q i _M o

]

= (a0 e W+ o5 b0 s b

1 ( vt 1 v 1+u 1}
T b0y/st b0 00ud  b0s | buls

Since |1§J_0| <1, ]b“m| < land /s < 2vu%0, then

1 1 4 1 1
Oyi < -+ -4+-
| (Uouo\/g)‘ - bvo\/g(s o7 5)
6
= lsy/s
0
Lemma 5.2. The following estimate hold:
10 C o 04 :
|0, (v7)| < —v°(u”) fori=1,2,3 (5.9
a
where C' does not depend on «a or b.
Proof. We recall that
=/1+a2(v1)? +b2(v2)2 + b2(v3)2
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5.2. Specific estimates on the derivatives of the collision kernel

Then
1
Dy (V) = ﬁ(Qa_Qavi (V)™ + 20720, (V)0 + 26720, (V"))
U/l ?)/2 ,0/3
= 20 (o) + 7200 (v%) + T2 0V (v").
Hence
0 1 1 1 2 1 13
[0 (VD) < —100 (07)] 4 5100 (%) + 3100 (v7))]
1
< (100 ()] + 100 (0)] + 00 (v)])
C
< 00,04
< o)
[
Lemma 5.3. b = (b, 0%, b%) defined by (4.58)-(4.59)-(4.60) satisfies for any k = 1, 2, 3 and
i=1,2, 3
18, (0" (¢, u,0))| < C (5.10)
where C'is a constant which does not depend on ¢.
Proof. Case k = 1:
71 ' 1 1 ' 1 1
b (t = d — d
) = e = mmat
. ¢ 1 vl vt
(DM (t = 1— d
) = [ o~ e
1O (0 (£, 0))| < 2/00 LIS
v Y — o oa¥r)
Fori =2 or 3:
~ t 1 v vt
O, (b (¢ = — d
B == [ R T e
10, (5 (¢, u, 0))| < /oo ! e
o a(7)b(7)
Case k =2 or 3:
Tk ' 1 k ' 1 k
b (t = —d — ———d
00 = g ™ = ) e
~ t 1 vt vk
D1 (b (¢ =— d
o (07(2, 0, 0) /0 a(T)b(7)v0(7) a(r)vO(7) b(T)vO(7) "
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5.2. Specific estimates on the derivatives of the collision kernel

dr < 0.

ut ) < [

Fori: =2 or 3:

1 v vk

0Pt 1) = | oo = sy e

|d,

10, (B (¢, u, )| < 2/000 %dr

Lemma 5.4. b = (b, b2, b%) defined by (4.58)-(4.59)-(4.60) satisfies for any k = 1, 2, 3 and

i=1,2,3
0 (B (.07, 0))] < C + O ()’

where C'is a constant which does not depend on ¢.

Proof. Case k = 1:

71 ’ _ ! 1 ol — ' 1 o't
0,0 = (| @ = ) ey

(5.11)

Ullav1 (U/O)

T t 1 - ol ol - t 9 (v
ou o) = [ - amam e, G

~ >~ 1
L 1 ! < 0/7,,0\4 )
0, (B (1,0, 0))] < C + O /O et

For: =2 or 3:

|dT.

2P

15 (a0
V"0, (v )]dT,

(Dt 0) = — t ! v v T — 2
) =~ [ e~ e

~ < 1
Ny < 07,04 ’
|0,1 (0" (t,0",0))| < C 4+ Cv°(u) /0 QQ(T)dT

Case k =2 or 3:
Tk / _ ! 1 k ' 1 1k
Bh(t, 07, 0) = ( /O F i /0 e

k

@)

U/lcav1 (U’O)

Tt of o)) — t 1 vl v o b0 (V%)
) = | e~ e

ERIR
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5.2. Specific estimates on the derivatives of the collision kernel

1
d
2

0 (e, 0)] < O+ o) [
0

Fori: =2 or 3:

t ) k t 1k 1k 0
s B 1 w U v B Oyi (V') V"0, (V)
20,50 = || G = e e Fe * Em e
~ , 0 1
10, (b¥ (L, 0", 0))| < C + Cvo(u0)4/o bQ(T)dT.
0
Lemma 5.5. b = (b, b2, b%) defined by (4.58)-(4.59)-(4.60) satisfies for any k = 1, 2, 3 and
i=1,2 3
10, (0" (8, 0/, 0))| < C + Co°(u®)* (5.12)
where C' is a constant which does not depend on ¢.
Proof. Case k = 1:
bl t / _ ! 1 d 1 ! 1 d /1
)= ey =) e
~ K 1 vt vt o (ut) w0, (W)
1 / _ _ —
Ou (b (8, v/, ) = /0 ) alr)e0(r) alr) o) T /0 2y a2 (o T
~ , o0 1
10,1 (B! (¢, 0/, 0))] < C + Cvo(u0)4/0 az(r)dT'
Fori =2 or 3:
~ ¢ 1 v vt F Oy (u) w0 (u)
(Bl / —_ _ _
Oulb {1t v)) = /0 ()0 b(r)o(7) a(r) () /0 laryan * a2 o "
~ , o0 1
10,1 (b (¢, 4/, 0))] < C + Cvo(u0)4/0 a2(7)d7.
Case k = 2 or 3:
Fo) = ([ et — ([ iy
9=, e, s
~ ¢ 1 vt vk b Oy (u') w0 (u')
k / _ _
Ot ) == | e e, ) *
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5.2. Specific estimates on the derivatives of the collision kernel

1
d
eon

o @t 0) < €+ 0y |
0

Fori: =2 or 3:

T o)) = ¢ 1 i vt vk o b 0 (u®) u*0,i (u”°) .
2000 = [t = e | e * e

1

Tk op, v [
10, (B (1, 0))] < C + CoO () /0 el
O]
5.2.2 Specific estimates for the cases of hard and soft potentials
We split the integration domain into three integration domains:
Ag={lvl <a},  Av={p[2a [o| <2fu}  and  Az={[v| > a, o[> 2Jul}
(5.13)

Lemma 5.6. For a fix finite time ¢, the derivatives of the post-collisional momenta are estimated as

follows:
On the set Ay

10,0 | < (u®)*, fori=1,2,3and k=1,2,3. (5.14)
On the set A;

10,0 | < (u°)?, fori=1,2,3and k=1,2,3. (5.15)
On the set A,

10,0 | < (u°)3, fori=1,2,3and k=1,2,3. (5.16)

Proof.  On the set Ag:
We have

UO — \/1 +a—2(vl>2 +b_2(1)2)2 —l—b_2(1}3)2
< V1+a 2
<V2.

Using the first parametrization, by (2.59)-(2.60)-(2.61)-(2.62)
we have: |0,:v™%| < CvO(u®)™

Then [9,:0™%| < (u®)%.

On the set A;:
By (2.17) we have: v° < 2v/2u°.
Using the first parametrization, by (2.59)-(2.60)-(2.61)-(2.62)
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5.2. Specific estimates on the derivatives of the collision kernel

we have: |9,:v™*| < CvO(u®)%.
Then |0,:0™%| < (u)5.

On the set A,:
Using the second parametrization, by (2.67)-(2.68)-(2.69)-(2.70)
we have
O b 0 b2 0)\2
19,0™| < O( Y Oy 2123 and k=123 (5.17)
|v ul - fotul fu—uf?

Let us observe that on A,

1 1
pl=lv—utu <lo—ul+fuf <o—ul+5l]  — Sl |v—ul
1 1
ol =lv+tu—ul<ltul+uf <fotul+gl]  — Sl <[otul
By (5.17) we have
0,0 < ( n° b® b2 (v°)? J(u0)?
A (e N
bv° bvo ()%, ous
Sy *r e
< (uf)%.
[
Lemma 5.7. We have the following estimate:
/0 ¢ 0\5 ;
0, (W) < =@, fori=1,2,3 (5.18)
a
where v" is parameterized either by the first or the second parametrization
Proof. We recall that
= V1+a2(v)2 +b2(v2)2+ b2 + (v3)2.
The derivative of v"° with respect to v’ leads to
1
Dyi (V") = 570 —— (24720, (V0™ + 26720, (V)0 + 26720, (VP)0?)
v/l " U/2 o U/S 3
= Waﬂl (?J )+ BN Oyi (U )+ 200 Oyi (’U )
Hence
10 1 /1 1 2 1 13
‘8111'(1) )‘ < _|aui(v )’ + _|a”ui(v )| + _|avi(v )|
a b b
3
< (10 (V)] + [0 ()] + [0 (v)])
C
< 2 (0)5
< =)
[
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5.2. Specific estimates on the derivatives of the collision kernel

Lemma 5.8. b = (b', b2, b%) defined by (4.58)-(4.59)-(4.60) satisfies for any k = 1, 2, 3 and
i=1,2 3
10, (0" (¢, u,v))| < C (5.19)

where C' is a constant which does not depend on ¢.

Proof. Case k = 1:

Tt o)) — ¢ 1 B vl vl _
00t = [ s s e
10,1 (L (¢, 1w, 0))| < 2/000 a2ir dr.
Forv =2 or 3:
71 _ ! 1 v’ vl .
a0 = - | T
|@Ui(gl(t7u,v))| < /000 CL(T)lb(T)dT < 00.

Case k = 2 or 3:

O (BF (1w, 0))] < /OOO mm < 0.

For: =2 or 3:

V(L v)) = ' 1 ik
00,00 = [ gt o™ - i o)

10, (B (¢, u,0))] < 2 / L,
0

b3(7)
O
Lemma 5.9. b = (b', b2, b) defined by (4.58)-(4.59)-(4.60) satisfies for any k = 1, 2, 3 and
i=1,2,3:
10, (b (¢, 0, v))] < C + C(u°)® (5.20)

where C'is a constant which does not depend on ¢.
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5.2. Specific estimates on the derivatives of the collision kernel

Proof. Case k = 1:

1 1

bl (t, v v) = (/0 Wdr)vl — (/0 W{h)v’l,

~1 Vo)) = ! 1 B Ul Ul T — ' 61)1 (Ud) Ullavl (U/O) T
O (b(t, v, v)) /0 a?(7)v0(7) 1 a(T)v0(T) a(T)UO(T)]d /0 [GQ(T)U'O + az(T)(v’0)2]d ’
10, (0 (£, 0", 0))| < C + C(u)° /000 ﬁdr
Fori =2 or 3:
o)) — ¢ 1 v vt o FOu(v) 010, (v0) .
Ou(b' {80/, v)) /0 ()0 W) (r) alr) () /0 2 T e T

10 (B (0, 0))] < C + C(u)? /0 h %dr.

Case k = 2 or 3:

Tk / _ ! 1 k ' 1 1k
b (t,U,U)—(/O WdT)'U —(A WdT)U s

~ Lo — t 1 ! Uk - t avl(v/k) Ulkavl(v/O) .
Our (B°(t, v/, ) = /0 a(T)b(1)v(7) a(T)v0(7) b(T)UO(T)d /0 [bQ(T)U'O(T) + b2(7)(v’0)2]d ’
10,1 (07 (¢, 0/, 0))] < C + C(u°)? /OOO WlT)dr.

Fori: =2 or 3:
R v — t 1 i vt vk o b0, (v') V%0, (v"°) .
a4, = | s 0 = sy w e By *
10 (BF (2,0, )| < C + C(u)? /000 b2(7')d7—.

]

Lemma 5.10. b = (b', 0%, b%) defined by (4.58)-(4.59)-(4.60) satisfies for any k = 1, 2, 3 and
i=1,2 3
10, (0 (t, 0/, v))| < C + C(u0)° (5.21)

where C'is a constant which does not depend on ¢.

PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time Tchuengue Kamdem Emmanuel © UY1 2020



5.3. L"°-energy estimates

Proof. Case k = 1:

71 / _ ! 1 ol — ' 1 !
) = ([ G =)

~ u/ o)) — t 1 B 1)1 1)1 o tavl(ull) u/lavl(uIO) .
000t = [ sl = vy a4~ ) e e

1

10, (B (¢, ', )] < C + C () /0 h et
Fori: =2 or 3:
(Mt o)) = t 1 V' vl - FOyi(u) w0y (u) _
Oui (b7(t, ', 0) /0 a(7)b(7)v0(7) b(T)v°(T) a(T)UO(T)d /0 [a2(7')u’0 + az(T)(u’O)z]d ’

~ <1
1 1 / < 0Y5 .
0 (B (1, 0))| < C + C(u?) /0 T
Casek =2 or 3:

Tk / _ ! 1 B ! 1 'k
(00) = || ey =) ey

o oy — t 1 vl vk o b Op (u'®) w0 (u') .
200 = - | e e * e
\801(gk(t,u’,v))] <O+ C@P) /OOO b2(17)dT

Fori: =2 or 3:

,~k o)) — t 1 i v Uk . t avi (u/k) u/kavi(u/O) .
a0, = | iy 0 = sy s, ety *

10, (0 (¢, 0/, v))| < C + Cu°)? /000 Wlﬂdr.

O
5.3 L -energy estimates
By (5.1) and (4.54), the Boltzmann equation in f# with initial data
f#(0,2,v) = f(0,2,v) = fo(x,v) reduces to the following integral equation
t
fE(t,z,v) = fo(z,v) —|—/ Q7 (f, f)(s,z,v)ds. (5.22)
0
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5.3. L"°-energy estimates

5.3.1 L°°-energy estimates for Israel particles

Lemma 5.11. Let f# be a solution of the inhomogeneous relativistic Boltzmann equation (5.1) with

initial data f,. Then
1 @®)lle < [l folle +C S%Pﬂ(fﬂf#(ﬂmg)- (5.23)
T€|0,

where C' does not depend on ¢.

Proof. Let’s consider the Boltzmann equation
Pt = ol + [ QU A )t
= fo(z,v) + /OtQ(f, ), X7 (z,v),v)dr. (5.24)
We multiply (5.24) by p(x, v) to get
Plo0)F4(8,.0) = oMol 0) + [ )7 5 X700, )l
— [ 6100 Qul £ X (), )i

Now we are making our estimation like this

pla, v) f#(t, z,0) < || f(0)[le + Sy + S (5.25)

where .
S1= [ ol 0)@uun . 7. X (a.0),0)dr (5.26)

0

and ,
Sy = /O (2, 0)Quoss f, ) (7, X7 (2, 0), v)dr- (5.27)

For (5.26), we have

S — /0 a2 / /S e )f(i?o( \[)anm( £ ) X7 (2, 0), v)duwdu

< /Ot a v 2dr //52xR3 p(x,v)izo—o(\/)gf(ﬂ X7(z,0),0") f(r, X7 (x,v),u)dwdu

S/Ota_lb_2d7—//52><]1§3 p(x, )3$0(\/)_f#(7' z+ b(r, 0 ), V) [ (7, @+ b, v), ) dwdu

t
< / a2 A(r)dr (5.28)
0

where

T) = ff5‘2><]R3 p(x;v)j(ifo\[f#@- x + b(T U U) )f#(Ta x +Z(T7 U’,U), ul)deU"

‘We have
40’0(w) eV P+ (@+b(@,v’ ) xo' |2
ffSQ R3p Z, U vOu0\/s ofv’ |24|(z+b(z,v’ v)) x v’ \2f <T x+b(7— v’ U) U)
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5.3. L"°-energy estimates

|u\ «H(z«H)(zu v))xu f
elw! 12+ |(z+b(z,u’ ,v)) xu’|2

(1,2 + b(r, /', v), v ) dwdu

4o ul2+v|?) ,—(|(z 7o' v V|2 x Tu' v u
< IF#()I ffsastPl’UO—(f) —([ulP+1012) o= (470" ) xv! P+ (+b(ru 1)) x

0040
By (4.34), we know that D > |w.(x X v)|%
By (2.27), we have
4
# 2 [v[?+|axv|?
A S IFFEIE [ o

Since v° > 1, 4" > 1 and /s > 2 we have

A S IO [ P

— 2 2y _ 2
(P +[ol?) g~ 2ol gy,

< F#)
So
S; < ta_lTb_QT #(r ng
N/O (b2 ()| 7# (7))
< Sup (/7)) / o (1627 dr.
T€[0,t] 0
Since

t [e’s)
/ a_l(T)b_2(T)dT S/ a_l(T)b_Q(T)dT < 00.
0 0
we can state that
Sy < C Sup (|| f#(7)]2).

T€[0,t]
For (5.27), we have

Sy = / p(x,0)Quoss (f, f)(1, X (x,v),v)dT

IN

vOudy/s

o

~1p-24r z, doo(w) p Tz ) FE(T 2+ b(T.u. v
bd//g2><R3p( ) f( 7)f(7 +b(77)7

</ )
/ @ (P17 edr // 48700 e|“|2+|(x+'6(ruv))xu|2

0 g3 VOUO\/S elul+|(z+b(r,u,w)) xul?

x f7(

IN

=Fk

7,2+ b(7, u, v), u)dwdu

IN

IN

40’0 2
Sup (|| f7 (7 ﬁ/a dT// 1 dwdu
Te[o,t}(H (k) 0 S2xR3 UOUO\/_

< C Sup (I /#()|1) / a2 (r)dr / ey

T7€[0,t]

<Csup (IR [ a e [ e

T€[0,t]

< C Sup ([lF*(7)]2)-

T€[0,t]

[t ([ ot S X w0000 X ),

40’ 2 7 2
#1247 o(w —lulP=|(@+b(ruv)xul? g a0,
/0 “ Hf H //2>< 3 UOUO\/_

) dwdu.

w)dwdu

w)dwdu
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5.3. L"°-energy estimates

By (5.25), we have
p(a,v) f7(t, z,0) < |[f(O0)]]e + C Sup (| f#(7)]12).

T€[0,t]

Taking the supremum with respect to x and v, we have

Sup  (p(z,v) f*(t,2,0)) < [|f(0)]lc + C Sup (|| f#(7)]?).
(z,0)ET3xR3 T€[0,t]

Then
1f@)lle < 1£(O)]le + C Sup (|l f#(7)]I2.

T€[0,t]

]

Lemma 5.12. Let f# be a solution of the inhomogeneous relativistic Boltzmann equation (5.1) with

initial data f,. Then

10ui 7 (B)lle < 110w folle + C sup (IIFF(DIE),  for  i=1,2,3 (5.29)

T€[0,t]

where C' does not depend on t.

Proof. The Boltzmannn equation is written as
t
(o0 = FO20) + [ QLN o)dr
0

— F(0,2,0) + / QU f)(r, X7 (2, 0), v)dr.

We take 0, to this equation

Oy 7 (t, 2,v) = 0y f(0, 7, v) + /t 0 Q(f, f)(1, X" (x,v),v)dr. (5.30)
0

We multiply (5.30) by p(x, v) and obtain

o, )0 [ (1, 0) = plie, )0y £(0,2,0) + [ p(,0)0Q, )(r, X (), v)dr
Then

p(, )0y F4 (2, 0) S 100 FO,2,0)le + Ji plar, 0)Du QU £)(r, X7 (), v)dr
So

p(a,0)0yi [H#(t,2,0) S 1|0 £(0,2,0)||c + [ p(x,v)0v;

71b 2 ffS2><]R3 quf()(ijf f(Tv XT(w,U)7'l}/)f<7‘, XT(x,v),u’)—f(T, XT($,U),U)f(T, XT(xav)a u))deU]dT

S 10w f O, 2, 0) et fy a™ 072d7[ [ fga s p(2,0) 00 |50 ] £ (7, X7 (2, 0),0) f (7, X7 (2, v), 0/ )dwelu

+ [ o ps P(,0) =5 ug\)[&)z[f(ﬂ X7 (z,0),0") f(1, X7 (x,v),u)]dwdu

— [[sage (@, 0) 00 [FHZ f (7, X7 (2, 0),0) f (7, X7 (2, 0), w) dwdu
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5.3. L"°-energy estimates

— [Ssega p(2,0) 52800 [ (7, X7 (2, 0),0) f (7, X7 (2, v), u) | duwdlu].
We organize the previous expression like this:

pla,v) 0y f#(t,2,0) S ||avif(07x7U)He+/0 a ()02 () [ (1) + o (7) + (1) + Ja(7)]dr (5.31)

where

- //52 e P(maU)‘avi[vgzgcz/)g]|f(7',)(7(x,v),v)f(T,XT(x,U),u)dwdu,

O -
//Sszg v)|0ui L0 0\/—]|f<7' X" (z,v),0") f(1, X" (x,v), v )dwdu,

oo(w) . ,
//S?><R3 UOUO\/_ vl[ (T’X <:U’U)’U)f(7—aX (x,v),u)]\dwdu,

(1) , |
//S'QX]RJ Uouo\/_ Uz[ (T X (l‘ U) )f(T X7 ( ) U )]|dwdu

Now we control each of the four terms.
For (5.32), we have

oo(w) . .
//Sszg, QI 20 o\/—“f(T X"(z,v),v) f(7, X" (2,v), u)dwdu
Na/IR p(,v)——~= 0 \/— f(r, X" (z,v),v)f(1, X (z,v),u)du

%Hf#(T)He/ Wf(ﬂ X" (z,v),u)du

1 e|u|2+| ac—i—b(7'uv))><u\2 .
HICT = £, X7 (2, 0), u)du

a s elul?+|( (z4b(7u,v)) xul2

1 2
Z|| 2 —lul® g
IR [ e
1 lal?
—||f#(7)l|§/ o g
a R3

Lt

a

N

N

AN YA

AN

(5.32)

(5.33)

(5.34)

(5.35)
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For (5.33), by (4.34) we have

70(w) . . :
//SQXRS |8“1[0—0\/—]|f(7 X7 (x,0),0") f(7, X" (2,v),u)dwdu

0'0(&]) - , i )
//SZXRS p(w,v)vos\/gf(T,X (2,0),0") f(1, X7 (x,v),u)dwdu

1 [/ 24| (@4b(,0"v)) x v’ |2
S Fr. X7 (@,0).0)
S2xR3

954/ elv'|2+|(z+b(r,0" ) x ' |2
|u 24| (z+b(T,u ) xu'|?

u,|2f(7 X7 (z,v),u)dwdu

X €|u’|2+|(r+b (o

w wl?2+lvl2) —
—Hf# HQ//S ) UOS\/)EB P+ o=D g
X

Ool\W —(|u v — [T XV
IO | p(m)ﬂe () X

Wsy/s

R I

IR [ e
I

S

@IH@I»—‘@I»— Q|

=
=H:

For (5.34), we notice that
Ol (7, X7 (2,0), 0) (7, X7 (w,0),0)] = By | [#(m,,0) fH(m, 0 4+ B, w,v), )|
= 0y (f#(7, 2, 0)) f# (7, + b(T,u, V), u)
+ f#(T, x,v) Z 8vi(gk(r,u,v))8xi <f#(7', T —FE(T,U, v),u)) )
k=1

(5.36)

With (5.36), we obtain

() #TZ"U #T[E T,U,V),U
05[] o) S0 A )+ 0))

w

+ (1, 2,0) Y 100 (B (7, w, 0))] 0 (7 (7, 2 + b7, 1, 0))) || dwdu

k=1

5 //52 g5 p(x’U>chzga\J/)g|avi(f#(T’x’U)f#(Tax+Z(T,U,U),u))|dwdu

x,v %o(w) #(r,x,0 3 (7, u, v c(fF (2 + b(r,u, v wdu
+//52><]R3p( ’ )UOUD\/Ef (’ ’ );’av (b(7 ) ))Haa: (f (, "‘b(, , )))Hd d

< # |u\2+|(x+b(‘ruv))><u|2 2 g diod
los(r @l [ ﬁewﬂ(mﬁw)w|f (ro -+ by, 0), )| dd

# e\u|2+|(a:+b(’ruv))><u|2 5 ,5 dod
) ) ) w u'
PO [ T 2o 0 B0
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5.3. L"°-energy estimates

Then we have

3s(r) < 10w SNl / e 1 du)

1

rs V0u0/s

3 L
IO 0T Ol e )
< 110 PO / e g

RS

> 2

+ ||f#(f>||ez 1056 £#(7)] . / R

<Z|I0vzf# Ml F# ()l + 11F#(7) IIZH@kf#

w

SO YU AT e + 110u: f#(7)]e).

k=1
For (5.35), we recall that

j4 ff52xR3 |p Z U)ng(:)/am [f(7_7 XT(xa U), Ul)f(7_7 XT(xv U)v ul>]|deu
First remark.

B [ (1, X7 (,0), ) f (7, X7 (2, 0), )] = By | [H#(7, 2 + b(7, 0", 0), ') f#(7, 2 + b(7, o/, v), )

= Oy [F#(r, 0+ 57,0, 0), )] S (w4 Bl o), 0) + FH (7 @+ B, 0),0)

Xy | [#(r, 4 (o, 0), )|

= (2221 Dyt (0F (7,0, 0)) 0o (fH (7, 4 D7, 0, 0), 1)) + 3oy Dot (0) D (f# (7, + D7, 0/, 0), v’)))
X f#(r, 2 + (7, + b(r, ', v), u'))

Ff# (T, + BT, 0, 0), )

X (Zi:l Oy (gk(T, ', 0)) 0k (f7 (T, +E(T, o', v),u')) + Zi:1 Oy (WF) O (f7# (7, +E(T, u',v), u’))) )
Then

0l (7. X (@, 0), ) (7, X7, 0), )] S 0!
% S (100 (P47 4 B!, o), ) (7, 4 B ) )

+| Oy (f# (1, —|—Z(T, v ), V)| (T, —1—3(7', ', v),u)
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5.3. L"°-energy estimates

(T, 24 b(7, 0, 0), )0 (f# (7, 2 + (T, 0, v), )]

A7, 4 BT 0),0) O (f# (7,2 + Bl v), )
So we can recall that
j4 :S Hl(T)+H2(T)+H3(T)+H4(T) (537)

where

Hl(T) = ff5’2><R3 P(%U)voigwf ( ) Zk 1 |ax’“( (7_7 J]—I—E(T, Ulvv)vvl))|f#(7_7 x+g<77 ulvv>’u,)d"‘}dua

T) = ff52xR3 vgngif ( ) Zk 1 ’a ”“( (T7 m_'_g(T’ U’,U),U/))’f#(T, ]:—|—g(7', u,>v)’ ul)dwdua

ffs2 xR3 vozgu\)f ( 0)4f#(7—7 x_’:g(Ta vl7 U)v U/) Zi:l |ax’“ (f#(7—7 x—}—B(ﬁ ula U)’ u/)) |deuv
= [z szt (W) f# (7 ab(7, 0" 0),0') gy 10 (F# (ry ab(m, ' 0), ) dowdu.

Let’s control the term H (7).
Since v° > 1, u" > 1 and /s > 2, we have

x f#(7, 2+ b(r, v, v), u)dwdu

2+ |(z b(T’UU)X’U|2 3
B Uo(w) 0/ 0 €| [*+1(z+
= /\/S2><R3 P(ZL’,U>UOUO\/§U (U ) olt/ 2+ |(z+b(1,0 ) X' |2 g

e\u’F—f—\(m—i—E(T,u’,v)) xu/|?

(1, +E(T, v, v),0"))

FE(r, @+ b(r, !, v), 1) dwdu

X =
e\u’|2+\(m+b(7 uw))xu’|?

<Z||akf# Ml FEEe //S } (f} 00yt~ =D g
<Z||5’kf# LILF# () ||/ W0yl dy

S Z ||axkf#(7_)||€||f#(7-)||e /Rs(l + |U|2)3€_Iu|2du

<Z|I5’kf# MelLF# ().

Let’s control the term Hy (7).

PhD Thesis : The relativistic Boltzmann equation in a Bianchi type I space-time Tchuengue Kamdem Emmanuel © UY1 2020



5.3. L"°-energy estimates

Since v° > 1, u" > 1 and /s > 2, we have

//SQ 55 Uouo\/— i Oy (f7 (T, x—l—&r,v/,v),v’))‘

k=
x fH(r,x + b(T,u ,v),u)dwdu

[ [P+ (z+b(r,0 ) xv! |2 3
()4 3
$2xR3 U UO\/_ elv/ 2+ (z+b(r0" w)) xv'|2 k

O (f7 (1,20 +E(T, v, v),v"))

|u 124( x—i—b(Tu ) xu! |2

f#(r, o+ b(r, v), v )dwdu

X
€|u’|2+\(x+b(7 u/,v))xu’|?

<ZH<9kf# el F£()le // <“} (Yt (W) oD gy
<ZH3kf# el )l / WOl

S Z 0w FHDIILFH )l / (1t e

<ZH3kf# el 7 (7).

Let’s control the term H3(7).
Since v° > 1, 4 > 1 and /s > 2, we have

3
7) = //52 s v(gzg)u\]/)gvo(uoylf#(ﬂaﬁ +E(T, v’ v), )

k=1

0 \v |2+\(:c+b(rv )X’ |2 " . . /
U T, o+ b(T,v,v),v
//SQX]RS vOuW‘ aCol R ————el ( ( ) V)

|u 12+ (z+b(r,u’ ) xu' |2

Ok (F#(7, 2 + b(r 4/, v), u'))| dwdu

Z Ot (f7 (1,2 +E(T, u',v), u'))‘ dwdu

el 12+| (z+b(,u! ) xu! |2 —

< I ZH@kf# 1 // . “} 0 () e YD) D oty
< |IF#(r) ||Z||3kf# Ml / O du

s ”f#(T)”eZ ||3xkf#(7)||e/f (1+ Ju?)?e ™" du
k=1 R3

3
SIS Y N0k f#(7)
k=1

Let’s control the term H, (7).
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Since v° > 1, u" > 1 and /s > 2, we have

3
7) = //32 - nggoi}gvo<uo)4f#(7,x —1—3(7, v v),0")

k=1
0 |v'|2-i-|(iv-i-z(ﬂv',v))Xv'l2 4 ~
u = 7,2+ b(1, 0", v),1
//Swg vOuO\/' o)’ e|v’|2+|<x+b<mav>>xv'|2f ( ( )

\u [2+|(z+b(ru! ,v)) xu! |2

A (f# (7, + b(r, ', v), u')) | dwdu

O (f# (7, + b(7, ! v),u'))‘ dwdu

\u’|2+\(m+b(7 u/ ) xu’|?
k=1

< IOl Znakf# . // 0 00 e 4P

< [17#(r) I|Z\|3kf# e / W) dy

SO W0 e [ (14 e
k=1 R3

3
S Y 100 f#(7)
k=1

By (5.37), we can assume that

3

Ga(r) SUFEEe D (10 FHT) e + 10w F#()]|e).

k=1
From the previous estimates, we obtain
. . . . 1 1
J1(7) + Ja(7) + Ja(7) + ja(7) S allf#(T)llﬁ + allf#(T) 12

2

) YN0 f# (e + 100 F# (7))

k=1

+ X U8k f# ()l + 10 S# () ()]
k=1

S Sup[\lf#( MeClF# ()l +Z U0 S () lell D f# () )]

TE

By (5.31), we have

ol 0)0 # (1,2, 0) S 1|0 fO)]|e + Sup (K (7)) / o ()b 2 (r)dr

T€[0,¢]
with

K(r) = [l ()] +Z (0 f#(P)lle + 10 £7 (7))

Taking the supremum with respect to x and v, we have

Sup [p(:)?, v)&ﬂf#] < ||av1f<0)||e + CSUp (K(T>>

(z,0)€T3xR3 T€[0,t]
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‘We conclude at the end that

100 * (0)]]e < 110 £ (O)]|e + C Sup (1177 ()IIZ)-

T€[0,¢]

]

Lemma 5.13. Let f# be a solution of the inhomogeneous relativistic Boltzmann equation (5.1) with

initial data fy. Then
102 f#(O)le < 11z folle + CS?[iP](H\f#(T)HEa for =123
te[0,t

where C' does not depend on .

Proof. The Boltzmann equation is written as
Pt = F0.0.0+ [ QU A )in
= f(0,z,v) + /OtQ(f, N, X7 (x,0),v)dr.
We take 0, to (5.39) and get

Oyi f7(t, ,v) = O f(0, 2, v) + /Ot 0. Q(f, )1, X" (z,v),v)dr.

We multiply (5.40) by p(x,v) and obtain

p(,0) Dy [ (t, 1, 0) = pla, 0)0i £(0,2,0) + [y pla,0)0pQ(f, £)(7, X7 (x,0), v)dr.
Then

p(,0)|0,: f7 (8, 2, 0)] < 110, f(O)]]e + /Ot a (1)o7 (7) [Ki(7) + Ka(7)] dr

where
400( ) , , . /
//52 ><]R3 Uouo\/—lazl[ (T’ X (‘T’ U)7 v )f(7_> X (.CE, U), u )Hdwdu
and \
//SQ><R3 U(Zjﬂ(\/)_‘azl[ (T’ XT(‘x’ U)? U>f<77 XT(-T, U), U)] |dwdu.
We remark at first that:

ami[f(77 XT($,U),U/)f(T, XT(a:,v),u’)] = axi[f(7—7 XT(JZ,U),’U,)]f(T, XT(.%,U),U,)

+f(7_7 XT(I7 U)? U/)axi [f(T7 XT(xv U)a u/>]

and

aaci[f<77 XT(I7U>7U>JC(T> XT<JJ,U),U,)] = axl[f(Tv XT(SC,U),U)]f(T, XT<JJ,1)),U,)

(5.38)

(5.39)

(5.40)

(5.41)
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+ (7, X7 (2,v),0) 0 f (1, X7 (x,v),u)].
Let’s control the terms K (7) and K(7).

KQ(T) S ffs2><R3 p(xav);m;o\[qaﬂ[ (7—7 XT(a:,v),v)Hf(T, XT('I’U)7U)

+f(7, X" (2,0),0)|0u:[f (1, X" (z,v),u)]|)dwdu

oo(w) elul?+1(@+b(ruv)) xul? Y
0w fH(T) e [[gams pla, v) oL et FE(r,x + b(1,u,v), u)dwdu

UOUO\/E e\u\2+\(z+b(‘r,u,v))><u\2

Oy [f# (7, + b(7, u, v), u)]|dwdu

4 ]2+ (z+b(T,u,v)) xul
+Hf# H ffs2 R5IO Z,v v()o-io(}Z\u|2+|(x+b(7uU))Xu\z
S Ou SOl ()] e fo €71 )

S0 fE @l f# () e-

We also have

Ei(7) S [[saygs p(2,0) a0 (|00 (7, X7 (2, 0),0)]| f (7, X7 (2, 0), )
+f (7, X7 (2, 0),)|0p [f (7, X7 (2, v),0)]]) dwdu

SN0z (O F# (e [ [ gs P, 0) ”0(“1)[6 ([P +10) =D o du
el f#()]e [[g2 g p(x, 0 %} ~(uP+1e) e =D deydu

SN f# (N1 F# (7)o fs €7 du

S0 fE@el 1 F# () e-
Finally, by (5.41) we can state that

p(a,0)] 0 [7(t, 2, 0)] < (10 f(O)]le + |Iaxz'f#(ﬂlIellf#(f)l\e(/0 a~(r)b~*(r)dr)
3
<10 £(0)]]e + Cllf#(f)llez 100 F#(7)
< 10 (0 )||e+CSup 1F#(7)le le%f#
<10 £(0)]]e + Ci}é};(lllf#(f)llle)-

Then
Sup  (p(w,0)[0p [T (t, 2, 0)]) < |04 f(0)]] +05up(|l|f#( Z).-

(z,0)€T3 xR3 T€[0,t]
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So
10 f7 ()] < 110 F(O)]]e + C Sup ([ F#()I[2).

T€[0,t]

5.3.2 L*-energy estimates for hard potentials

In this part we take o = 0 in (1.70) and we have been working on the additional assumption (2.50).

We also assume that the coefficient b of the metric tensor enjoys the condition
/ V3 (r)dr < oo. (5.42)
R4

Lemma 5.14. Let f# be a solution of the inhomogeneous relativistic Boltzmann equation (5.1) with
initial data fy. Then

LF#ONe < I folle +C s%{gpﬂ(”f#(ﬂHg) (5.43)
T7€|0,
where C' does not depend on .

Proof. Let’s consider the integral form of the Boltzmann equation
Pt = e+ [ QKA )i
=l + [ QUL X (w0 (5.44)
We multiply (5.44) by p(x, v) and get

p(ﬂ?, U)f#(t7$v U) = p(:);,v)fo(x, U) + /0 p(lE, 'U)anin(f, f)(T, XT(x>U)7 U)dT (545)

t
— / p(x,0)Quoss (f, [) (7, X7 (x,v),v)dr. (5.46)
0
So we are organizing our estimation like this:
plx, ) f#(t,z,v) < ||f(0)||e + S+ So (5.47)
where .
S = / p(2,0)Qgain(f, [)(1, X" (z,v),v)dr (5.48)
0
and .
S = [ pla,0)Quel . (7 X (w,0) o) (5.49)
0

Let’s control the expression (5.48).
Since ¥4 < 4 and g, el du < 0o

we have
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Sl - f[; ,0(5177 U)anin(fa f)(Ta XT(xv U)v U)dT

= fg a0 72dr [ me p(x,0)040 (g, w) f (7, X7 (2,0),0") f (1, X7 (x,v), ) dwdu

< f(f a0 2dr [[g, g p(x,0)040 (g, w) f7 (1,2 + b(7, 0, 0), V) fE(7, x4 b7, o, v), o) dwdu

t 1, [0/ 12+ (2B (z 0 0) x o' |2
< fo a~tb~2dr ff52><]R3 p(x=U)‘%"U(g’w>Z|v'|2+|<z+€<z,v',v>>iv’P

)e\u\ +(z+b(z,u v))xu
elu! 12 4| (z4b(z,u! ,v)) xu

X f# (7,2 + b(r, v, v),v (T e+ b(r, o', v), o) dwdu

<(C f(f a2 f#(7)||2dT ffsng3 pz,v)04(1 + g_ﬁ)ao(w)e_(‘“/|2+‘”/|2)e_dedu

< C [y a 0| fH)| 2T [ [ s o, 0)04(1 + g P)og(w)e (PP e=P dudu

< CSup (IF#TR) fy @727 [ o =0, (14 P w)e e b0 o

T€[0,¢]

<[ FO)le + C Sup (I f#()I2) fy a™072(fas Vo™ du + [po Vo9 e du)dr

T€[0,t]
<CSup (LF#IZ) fola= (1)b72(r) + = (7)b =3 (7)dr
< CSup ([|f#(0)2) [y a (1) + a”H(T)P () dr
T€[0,t]

Let’s control the expression (5.49).
Since ¥, < 4 and g, e 1P duy < 0o

we have
= Jy (@, 0)Quoss(f. £) (7, X7 (), v)dr
= Jo a7 0727 [ [ pe pl,0)000 (g, w) (7, X7 (2,0),0) (7, X7 (2, 0), u)dwdu
= Jo a7 0727 [ [ e o3, 00000 (g, w) (7,2, 0) f#(7, 2+ B(7, 0, 0), w)dwdu

t 1, [ul?+|(z+b(z,u,v)) xu|?
< foa 'b 2||f#(7)”ed7 ff52st P(xaU)%U(QaW)Z\:\uui@(::,z)):l?

X (7, 2 + b(T,u,v), u)dwdu
< L a2 AT [ P00 (g, )<

< C foa 02T [ [, pl,0)06(1 + g7 )o0(w)e " dwdu
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< CSup(|[f#(r)I2) fy oo 2(f Dy M+ oy Vo9 e du ) dr

T7€[0,]

<CSup}||f# 12 Jola™ (Db 2(r) +a (1)o7 (7)]dr
T€(0,t

<CSUP U2 Jy la (1) + a”H(T)b3 ()] dr.

Then by (5 47) we obtain
pla, ) f7 (t,2,0) < [ £(0)lle + CS%%(HJ‘#(T)H?)-
7€|0,
Taking the supremum with respect to x and v, we have

Sup  (p(x,v)f*(t,2,0)) < [IF(O)]le +C Sup (ILF*(7)]7).

(z,v)ER3XR3 T€[0,t]

Finally
1Ol < 1F Ol + Ci%g](!!f#(ﬂ!!?)-

]

Lemma 5.15. Let f# be a solution of the inhomogeneous relativistic Boltzmann equation. The
following estimate for 9,: f# holds for a fixed i € {1,2,3} :

10, F# (t)lle < 100 folle+C sup [ILF#(T)lle(ILF# ()] +Z (100 [ (I + 100 7 (7)]1e))] (5.50)

T€[0,¢]
for a constant C' which does not depend on ¢.

Proof. The Boltzmannn equation is written as
t
(. w0) = $020) + [ QLA o)dr
0

— F(0,2,0) + / QUf. f)(r, X7 (., 0), v)dr.

We take 0, to this equation to obtain

Byi fH#(t, ,0) = Dy f(0,2,0) + [ 0 Q(f, £) (1, X7 (w,0), v)dr.
We multiply by p(z, v) to have

o, 0)0 FE(E2,0) = plo, 0)0u (0,2, 0) + [} ple, )0 Q(f, ) (7, X7 (2, v), )
Then
p(x,0)0u 7 (t, 2,0v) < ||0yi £(0, 2,0)]]e —i—fo z,0)0,: Q(f, f)(7, X7 (z,v),v)dr.
So
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p(x,0)0y f7 (¢, 2,0) S (100 (0, z,0)]|c
+ Jo (@, 0)8u[a71072 [ o 20 990 (9, W) (f (7, X7 (w,0),0) f (7, X7 (2, 0), )
—f(1, X" (z,v),v) f(1, X" (z,v),u))dwdudr
S0 f (0.2, )|+ fy ™' 0727 [ o s (s 0)OV [P0 (9, w)] (7, X7 (2, 0),0/) f (7, X7 (2, 0), ') dewodu
+ [ g2 ms (2, 0)050 (9, w0) 00 [f (7, X7 (2,0),0') f (7, X7 (2, 0), )] dwelu
= [ s2ms p(2,0) 00 [0 (g,0)] f (7, X7 (2, 0), 0) f (7, X7 (2, v), w) dwdu

— [z ms P(2,0) 060 (g, w) Oy [f(7, X7 (z,0),0) f(7, X7 (2, v), u)] dwdu).
We can organize the previous expression a follows:

p(,0) 0y [ (8, 2,0) S 1100 £(0,2,0)||e + /Ot a ()b 7(7) [ja(7) + Ga(7) + Js(7) + ja(7)] dr
(5.51)

where

Ji(T) = //52xR3 p(z,0)|0yi [Dp0 (g, w)] | f(7, X (x,v),v) f(7, X" (2, v), u)dwdu, (5.52)

Jo(T) = //52 y p(z,0)|0yi [Fg0 (g, w)] | f (T, XT (2, 0),0") f(, X (2,v),u)dwdu, (5.53)
i) = [ Il 0)00t0.0)00 X7 (@), 007 X ) )] e, (554)

Ja(T) = //32 y |p(@,0)050(g,w) Dy [f (T, X7 (@, 0),0") f (7, X7 (x,0), )] |dwdu. (5.55)

Now we are going to control each of the four terms.
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For the expression (5.52) we have

Ja(7)

= //32 y p(,0)|0,:[950 (g, )| f (1, X7 (2, 0),0) f (1, X7 (2, v), u)dwdu
S é//g2 e p(z, 0)u’ (1 + g7 oo(w) f(r, X7 (2,v),v) f (1, X" (x,v), u)dwdu

AN

@ [ g ) £ X))

<Ly 0 _ g el Hl@rbru) xul? -
S @ / W) e s O X v), u)du
1
S —IIf#(T)Hi/ W01+ g~ F)e M du
a R3
1
S U @I e [ g e
a R3 R3
1
S a\lf#(T)HQ(l + )
1

<G+ IR

For the expression (5.53) we have

//s 2@ 0)0ulPe0 g, )l (7, X7 (@,0),0)f (7, X7 (2,0), )
1

SJ a //SQXR3 p(l’,U)u()(l —I—g’ﬂ>o'0<w)f(7—7 XT($,U),U/)f(T, XT(x,U),u’)dwdu

€|Ul|2+|($+b(7',’u/,’u))><1)/|2

1 0 5 elv' P+I(@+b(rv'v)) xv' |2 /
So [ o g o) ~ Fr X7 0),0)
a S2ZxR3

|u'\2+|(x+’5(7 u/ w))xu!|?

f(r, X7 (z,0),u")dwdu

e|u \2+|(:1:+b (Tyu! w)) xu’|?

allf# ||2// 01+ g ) oo(w)e WPHP)e=L qudu
1 — — U2 'U2 — | 1)2

S -lrte )||§/Rgp(x,v)u0(1+g )P4 oxeP gy

1 — —|u

<Lt >||§/ (14 g e du

a R3

1

Z| £# 2 0 7|u\2d 0 -8 ,|u|2d
IO e Fau [ g e v an
1

S A+

S G+ p) IO

Q

S =
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For the expression (5.54), we recall (5.36) and we have

s(t) S p(a,0)040 (g, @) (|0 (fH (7, 2, )| [# (7,2 + b7, 0, v), w)
S2xR3

+ (1, 2,0) Y 100 (B8 (7w, 0)) [0 (f# (7, 2 + b7, u, v))) || dwdu

k=1

< // p(m,v)z%a(g,w)\@vi(f#(ﬂ z,0) f*(r,x +E(T, u,v),u))|dwdu
S2xR3

+ // p(x,v)0s0(g,w)f7 (T, 2,0 Z |0,i (0 (7, w, 0))| |0, (f (7,  + (7, u, v)))||dwdu
SZxR3

4 e|u|2+\(x+b(7'uv))><u\2 4
SO [ votaw) (2 4 (1, 0), )

elu 12+|(@+b(7,u,v)) ><u\2
# (3|1L\2-5-|(317+b(7“’U))Xu|2 ~
+ [ ()l]e //S - V0 (g R Z |00 (f7 (7, 2 4 b, u,v), u))|dwdu.

Then we have

J3(7) S |Iavz'f#(f)lIellf#(T)lle(/RS Vo0 (g,w)e " du)

UGS NCAYAICTRY TR
S P M)
) ||Z||5‘kf# NG

3

5Z||9wf# MellF# (e + [1LF# ()]l ledckf# o™

w

SO D 10w f#()le + 1100 £ (7)) e).

k=1
For the expression (5.55), we recall

Ja(T ffsszB |p(z,v)040(g,w)0 [ f (1, X7 (z,v),0") f(1, X" (x,v),u)]|dwdu.

We remark that

B [f (7, X7 (,v), V) f (7, X7 (2, 0), )] = Dy [ FE( @ 4 b0, 0), o) fE (T, @+ bl v) )
= Oyi |:f#(7',l‘+g(7', v’,v),v’)] FH(r, x4 b(r,u v), W)
+f#(r,x +E(T, V', 0),0") 0y [f#<7, x —|—5(7’, ', v), u’)]

— (3200 0 (B (7,0, )0 (F# (7, + B0 0), )

Y O (V)0 (F# (7, 4 B(7, 0/, 0),0) ) [#(r 4+ B, o+ b(r, ) v), o))
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+f#(r,x +E(T, V' v),0) (Zizl Oy (WF (7,0, v)) Oy (F7# (7, +E(T, ', v),u))

+ 22:1 O (WF)Oui (f7# (7, 0 +E(7', v, v), u’))> .
Then

|avi[f(7_v XT(J:?U)? U,)f(Tv XT(J:’U)7U/)]| S
(u®)® Zizl (]&Ek (f#(r,x —1—5(7, v ), V)N (T, —l—E(T, o' v),u)
+ |0k (f# (7, +E(T, v v), V)| (T, +E(T, ', v),u)

+f# (b7, V), V) |0 (FH (7, 2 + b7, 0, v), W)

+fﬂﬂx+aﬂum%um%4fﬂﬁx+aﬁwﬂmw»0. (5.56)
Inserting (5.56) in (5.55) we obtain
1 S Hy(r) + Hy(7) + Ha(r) + Ha(7)
where
Hi(7) = [ [0 P, 0)050(g, ) (0)® 35 105 (7 (7, 24b(7, 0, 0), )| (7, 2-b(7, ', v), o) dewodlu,
Hy (1) = [ [, 50 p(2,0)060(g,w) (0)® Yoh_ [0 (f# (7, a4b(7, 0", 0), 0) | f# (7, 2+b(7, 0, v), ' )dwdu,
H3(7) = [fgrgo p(2,0)050(g,0) (0) f#(r, 24b(r, 0", v),v') Sy [0 (f#(7, 2+b(7, 0, v), )| dewelu,

Hy(7) = [[go0 p(2,0) 050 (g, w) () [# (7, 24b(7, 0, 0),0') Yoy [0 (f# (7, 24b(7, 0, 0), ) |duwod,
Let’s control the term H (7).
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Since ¥, < 4 and by (2.20)we have

//SQX]Rd (z,0)050(g,w) i f#Tx—i-b(Tv v)v))‘

k=

x f# (1,2 + b(r, v, v), v dwdu

IV 2H (@A B ) <o |2 3 -
[, sw0teotow e S [0 (r# e B! 0),01)
S2xR3

€|v’\2+|(az+b(7,v’,v)) ><v/|2

ol Pl (B ) _
(24 b(r, ', v), v )dwdu

6\u/|2+|(x+’5(7 u ) xu/|?
<ZH<9kf# MA@ [[ olaodafi +g o))’

<2H0kf# LIF# () ||/ 30,(1 4+ g )e 1 du

<2H0kf# MA@ Faut [ @059 )

R3
<Z|If9kf# MellF#()lle(X + 7).

Let’s control the term Hy (7).
Since ¥4 < 4 and and by (2.20)we have

D= [ sty

x f#(r,z + b(r, o', v), v )dwdu

s € v’ 24| (z+b(r0" w))xv' |23
= U
//52><R3 p(l‘,’l)) ¢0-(g,w>(u ) elv'12+( T+b(T v ) X0’ |2 2::

el P+ (@+b(ru’ w)) xu/ |2

Oue(f# (7, +b(r, o/, ), v))

e (fF (2 + b(7, 0, v), )

FH(r, 2+ b7, v), ) dwdu

e\u/|2+\(z+3(r u ) xu!|2

<Z|!3kf# MA@ [ ol 0pte1+ 97 ) 0)

(1l _
X e (|“| oI e =D duodu

<Z!!8kf# eIl f#(7) H/ Py(1+ g~ e du

S ZH@kf# el lF# ()]l /R%(uofweluﬁdw / (W) 59~ e du)

R3

<Z!!3kf# el A#(Dlle( +0771).
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Let’s control the term H3(7).
Since ¥4 < 4 and and by (2.20)we have

=[] sl ) W £ B, )

W(fF (T, —i—g(T, u',v), u'))’ dwdu

9 0 5@‘” [2+|(z+b(T,0 ) xv'|? 4 ’1‘)’ / /
N ’ ’ bl ’ + s Y )
//92xR3 p(z,v)d40(g,w)(u’) ‘U/|2+‘(x+b(7,v’,’u))XU"Qf (1,2 (1,v",v),0")

el P+ (@+b(ru’ w) xu/ |2 3
x 2 [0
e\u/|2+\(x+b Tl w))xu’|2

S Hf#<T>HeZ 102 £l / / (g ) ()

x ¢ (ul+vP) dedu

3
PO Y10l [ 0,0 g7
k=1

(1,2 + b(,u',v), )| dwdu

SO Y 10 PO @000t [ (@0)00g e )

3
SO D 110u f#(Dle(1 + 0771,
k=1

Let’s control the term H, (7).
Since ¥4 < 4 and and by (2.20), we have

= //SQ y p(a, V)00 (g, w) (W) f# (7, 2 + b(r, v', v), ')

(7 (T2 +g(7, u',v), u'))‘ dwdu

el @R o
— [] . saoalg.)w) s P+ Bl 0),v)
52 xR?

elv' P4l (@+b(rv" v)) xv'|?

ol 2+ (z+b(r ! ) xu' 2 3

O (f# (1,2 + 5(7', u',v),u))| dwdu

el [2+ | (z+b(r,u’ ) xu! |2

S I HZH@M# e [ ple.0ytet+ g7 )l

_ 2 _
x e (ulP+lvP) g dedu.
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Then we have

3
Hy(r) ST Y ||aka#(7)||e/ (u?)?04(1 + g %)e " du
k=1 R3
3
< e Oyi f7 . 059, o=l g 0V59 o —Be—lul® g
SO X 1101 <T>||</W<u> e u+/RS(u) P )

SO D 110w f# ()] (1+677).
k=1

Summing up the above terms we obtain

3

Ga(r) S AN Y (18 f# (e + 10w F#(T)]e) -

k=1

So we can state that
)+ 02(7) + Gs(r) +a(7) S 7 V) IFFOIE + 71+ 07 LI
FOPHF e imy (N0 S#(Dle + (180 7 (7))
L4077 2y (10 S# () + 180 F# (D)) 11F# ()]

S (L6771 Sup [[1F#(0)(# (Dl + oy (10 f#(7)]e + 110u f#()1]e)] -

T€[0,¢]

Then by (5.51) we have

pla,0)0u f*(t,2,0) S 110 OVl + Sup (K (D) | fy(a™ (7)o72(r) + 7 (=) |
with

E() = |1/#(7)lle [Hf# e +Z 10 7 (T)le + 1100 f# (7 )|Ie)].

Then

Sup  [p(x, v)0y f#(t, 2,0)] < |05 f(0)]e + C Sup (K(7)).
(z,v)€T3 xR3 T€[0,t]
Finally we can conclude that

10w f#(O)lle < 110 F(0)]e + C Sup (K(7)).

T€[0,t]

]

Lemma 5.16. Let f# be a solution of the inhomogeneous relativistic Boltzmann equation (5.1) with
initial data fy. Then

10 F* ()l < 1|at folle +C87[«319](Hf#(T)HeH@wif#(T)He), for i=1,2,3  (557)
tel0,t
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where C' does not depend on ¢.

Proof. The Boltzmann equation is written as
FH(ta0) = 10.20)+ [ QLD o)ir
= 10,20+ [ QU X @) 0)dr

We take 0, to (5.58) and get

Opi f7(t,2,0) = 0 f(0, 2, v) + /t 0 Q(f, /)7, X7 (x,v),v)dr.
0

We multiply (5.59) by p(x, v) to obtain

p(xav)gxif#(t’ 35,2)) = p(x7v)axif<0’ 33,21) + fot p(a?, U)aer(ﬁ f)(Ta XT(;L’, ’U),U)dT.

Then
P00 460 < 0 SO)+ [ a7 (80 () + Kot e
where
Ka(r) = [ ol 0)daote. )0 F(r X7 0).0) (7 X 0), )
and

Ky(T) = // p(z,v)0s0(g,w)|0p [ f (1, X (z,0),v) f(1, X" (z,v),u)]|dwdu.
S2xR3
‘We remark at first that

aaci [f(Ta XT(x7U)7U/)f(T7 XT<J;7U>7U’,)] = a$Z [f(Tv XT(:U"U),'U/)] f(Tv XT<x7U>7U,)

+f(T’ XT("L‘/U)v U/)axi [f(Tv XT(xvv)aul)]

and
8a:i [f(Tv XT(I,U),U)f(T, XT(I7U)7U>] - ax’ [f<7—7 XT(:E7U>’U)] f(7-7 XT(.I‘7U),U)
+ (7, X7 (2,0),0)0, [f(1, X" (x,v),u)].

Let’s control the terms K (7) and K(7).

For the expression (5.62) we have
KQ(T) 5 ffS2><IR{3 p(l‘, U)Q9¢O-(gv CU) (Iaﬂcl [f(7_7 XT('I’ U), U)“f(Ta XT(xv U)v U’)

+ (7, XT(2,0),0)|04 [f (1, X7 (2, 0),u)]|) dwdu

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)
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elu \ +(z+b(T,u 'u))><u|

5 ||ax’f#(7_)||€ ffSQXR3 p(il?, U)ﬁ@b(l + g_ﬂ)o—o( ) elul2+(z+b(T,u,v))xul? f (/7—73j +,5(7_7 u,v),u)dwdu

+| |f#(7_)‘|6 ff82><R3 IO<$7 U)79¢(1+g_ﬁ>0-0< )Zr :QI:EZIZEZZ:j;;i;IQ |axl[ (T, {L’—FE(T’ u, U), u)] ’dwdu
<10 FE e o o1+ g2 )

SN0 fHO [l f# () le(1+771).

For the expression (5.61) we have
Ki(7) S [[oms P, 0)050(g,0) (|0 [f (7, X7 (2, 0), V)] f (7, X7 (2, 0),u)

+f (7, X7 (@,0),0)|0u: [f (7, X7 (2, 0), w)]]) dwdu
SO SO (Dle [ g5 P, 0)06(1+ g7 )0 (w)e P P ddu
FNFEO el 10w F#()]e [ fgo s P2, 0)06(1 + g8 ) (w)e™ MDD duwdu
S0 F# Ol F# (e fas 9o (1 + g7 )e ) du

<110 FAD LA D1(1 + 51).
Finally by (5.60) we have
(2, 0)[ 0 F# (1,2, 0)] S 1100 FO)e + 1100 SO el FEO e
< / (@ ()2(r) + 0~ (PP 3(r))dr]
0

S 10u f(O)]e + Sup (1100 /7 (DIlelLF#(7)]]e)-

T7€[0,t]

Then

Sup  (p(x,0)|00: f7(t, ,0)]) < 1|05 f(0)]le +CSup (0w fEE L () -

(z,v)€T3xR3 T€[0,t]

So
100 f7 (0)l]e < 1D f(O)|]e + C Sup (1|0 f7 ()|l S7 (7)) -

T€[0,t]

5.3.3 L°°-energy estimates for soft potentials

In this part we consider the additional assumption (2.50).

We also assume that the coefficient b of the metric tensor enjoys the condition (5.42).
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5.3. L"°-energy estimates

Lemma 5.17. Let f# be a solution of the inhomogeneous relativistic Boltzmann equation (5.1) with

initial data f,. Then

LF#®le < llfolle +C sez[gpﬂ(Hf#(T)H?)

where C' does not depend on ¢.

Proof. Let’s consider the Boltzmann equation

f#<t7$7v):f0(mvv)+/0 Q#(f,f)(T,$,U)dT

:fo(i’?,v)—l-/o Qf, (1, X (x,v),v)dr.

We multiply (5.64) by p(x, v) and get

pla, o) f#(t,2,0) = p(x,v) fo(w,v) + 5 p(@,0)Quain(f, [) (7, X7 (z,0),v)dr

_fo T,v Qloss f f)(T XT(QJ U) U>d

So we organize our estimation like this:
p(xv U)f#(t,l', U) S ||f(0>||e + Sl + 52

where .
S1= [ ol 0)@uunt . 7. X (2.0),0)dr
0
and

Sy = / p(.0)Quons ., ) (7, X7 (2, 0), 0)dr.
0

For the expression (5.66) we have

= Jo P(2,0)Qqain(f, ) (7, X" (x,v), v)dr

S fo a'b72dT [ [ me p(2,0)040 (g, w) f(7, X7 (2, 0),0) f (1, X7 (2, 0), o/

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

< a2 [fgn, o Pl 0)00(g, ) FH (T, 4+ D7, 0, 0), ) f (7,2 + (7, o, 0), ' daodlu

1y [o/ 12+ (@ +B(z,0" w) x o' |2
< fga 1y Zdef52xR3 p(z,v)0y0(g,w)< Btk -

elv' 12 +|(z+b(z v’ ) xv' |2

Xf#(Ta T +g(77 1),, U)

elu 124 |(z+b(z,ul ,v)) X2

< C’f(f a 02| f7(7)|*dT ffSQX]R?, p(x,v)ﬁd)g*ﬁ(jo(w)e*(‘“qu‘”/'?)e*dedu

< C fy a 02| f#(7)|2d7 [[gayps p(w,0)00g Pog(w)e” MR e dwdu

v )e\u\ +(z+b(z,u’, v))Xu/|2f (T T+ b(T u U) )d(.Udu
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< C Sup (|| f#(7)]? )f 17247 [ op(w)e™ @y [ el vy gfem vl dy

T7€[0,t]

< CSup (|fHM)2) fy ab72dr fou Dog e du

T€[0,¢]

< O Sup (IIF#(7)I2) fy a  (T)bP3(1)dr

T7€[0,t]

< CSup ([F#(DIZ) Jy~ o™ (M) (r)dr

T€[0,]

< C Sup (|[F#(7)]2).

T€[0,t]
For the expression (5.67) we have

fo z,0)Quoss (f, f) (1, X7 (x,v),v)dr
< fg a 07T [ [ g p(2,0)040 (g, w) f(7, X7 (z,v),0) f(1, X7 (x,v), u)dwdu
< fot a0 72dr [[g2 pe p(x,0)040 (g, w) f# (T, 2, 0) f#(T, 2 + b(7, u, ), w)dwdu

< Jy a7 02 ()] edT [[go, om0 Vo0 (g, w) S f# (7, 2 + b7, u,v), u)dwdu

elulZ ] (@+b(z,u,0)) xul?

< C [5a 2| fHE()PAT [[g s Vog P oo(w)e P~ Ietb@umxul® gy dy

< CSup (| F#()]12) fy a0 %dr [fsn,iga o~ "o0(w)e P dwdu

T7€[0,t]

< C Sup (| fH(T)I2) fy a 0727 [ Dog e du

T€[0,t]

< CSup (IFH(DP) fy a (r)bP=3(r)dr

T€[0,t]

< CSup ([F#(DIZ) Jy~ ™ (M) (r)dr

T€[0,t]

< C Sup ([ f#(7)12)-

T€[0,t]

Then by (5.65)
p(z,0) f#(t,2,0) < || fO)lle + C Sup (| f#(7)]2)-

T€[0,]
Taking the supremum with respect to = and v, we have
Sup  (p(z,v)f*(t,2,0)) < [[f(0)]]c + C Sup (|[fF()I[2)-
(z,v)ER3XR3 T€[0,1]
So
1F#®)lle < 11£O)e + C Sup ([f#(D)]2).

T€[0,t]

]
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Lemma 5.18. Let f# be a solution of the inhomaogeneous relativistic Boltzmann equation (5.1).
The following estimate for 0, f# holds for a fixed i € {1,2,3} :

3
10, fF (D)l < [10u: folle+C 8%p}[|‘f#(7-)HE(Hf#(T)"6+Z(|’avif#(7—)|’e+Ha:v’“f#h—)He))] (5.68)
7€(0,t k=1

where C' does not depend on ¢.

Proof. The Boltzmannn equation is written as
t
Pt o0) = FO20) + [ QUL Do v)dr
0

:f(O,x,v)+/0 QUf, /(r, X" (z,v),v)dr.

We take 0, to this equation to obtain

Oy FE(t, 2, 0) = O F(0, 2, v) + /0 0, QUf F)(r X7 (2, v), v)dr.

We multiply by p(x,v) and get

plar, ) D [ (8,2, v) = plar, 0) 0 (0, 2, v) + / o, 0)0, Q. f)(r, X" (2, v), v)dr.
Then
t
p(a, )y f7(t,2,0) S ||5vif(0,ﬂfav)|le+/0 p(z,0)0,: Q(f, f)(1, X" (z,v),v)dr.

So
p(x,0)0p fH(t, 2, 0) S 10 (0, 2,0) e
+ Jo (2, 0)0 671072 [[ga s Vo0 (9,0) (f (7, X7 (w,0),0) f (7, X7 (w, v), )
—f (7, X7 (2, 0),0) f (7, X" (2, v), u))dwdu] dT
S 110 £(0,2,0)[ o+ fy @™ 02T ([ [0, s p(,0) Dot [D60 (9, w)] (7, X7 (,0), o) f (7, X7 (,0), /) dwdlu
F [ o ps P&, 0)050(g, )i [f (7, X7 (2, 0), ') f (1, X7 (2, v), u')] dwdu
= [fs2m9 P, 0) 001 [P0 (g, )] f (7, X7 (2, 0), 0) (7, X7 (2, ), u)dwdu

— [ ms P(2,0) 060 (g, w) Dy [f (7, X7 (z,0),0) f (7, X7 (2, v), u)] dwdu).
We can organize the previous expression as follows:

p(z,0)0, f#(t,2,0) ||3Uif(0,fcav)!\e+/0 a ()0 (1) [j1(7) +52(7) + (1) +ja(7)]dT (5.69)
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where

- // Pl 0)l0u oo (g W) 1F (r, X7, 0), 0)f (1, X7 (3, 0), w)deod,

_ / /5 bl a9, X0, X o), s
= / /S s |p(,v)050 (g, w)Dyi [f (1, X (,0),0) f (1, X (,v), u)] |dwdu,

= //52 . |p(x, )40 (g, w)Dyi [f (T, X7 (x,0),0") f(7, X7 (x,0),u)] |dwdu.

Now we control each of the four terms.

For the expression (5.70), we have
B //52 R3 p(x,0)]0si [Jy0 (g, )| f (T, X7 (2, v),v) f (7, X7 (2, 0), u)dwdu
1 0,6 . .
< . //52XR3 p(z, v)ulg Pog(w) f(r, X (x,v),v) f(1, X (x,v), u)dwdu
S le#(T)He / ulg P f (7, X7 (2,v), u)du

—_

s}

e\U\2+|(x+Z(T,u,v))xu|2
_Hf# H / 0 *,3 _ f(T, XT(.T,’U),U)du

elul?+|(z4+b(ru,v)) xu|?

<Lt >\|§/R WOg~Se 1 gy

Q| =

1
< 2|1 f#(r >||§/ug ol gy
a R3
1
< Z # 266
< IR

1
S IR,

(5.70)

(5.71)

(5.72)

(5.73)
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For the expression (5.71), we have

- / /S i, p(,0)|0yi [0 (g, )| f (7, X7 (2, 0), ') f (1, X7 (2, v), v )dwdu

! // plz, 0)ul g Pog(w) f(r, X (z,v),0) f(r, X (z,v), u)dwdu
a 52 xR3

1 o 5 el P (@+b(rv v)) <o’ v /
- T,0)u oo(w — 7, X (z,v),v
=L oty ) S i X ), )

A

A

|u’\2+|(x+’5(7 u/ ) xu/|?

X f(r, X" (z,v),u)dwdu

e|u 12+ (z+b(T,u! ) xu! |2

S _Hf# )2 // plx,v)u’(g BJO((,u)e_(|“/‘2+|”/|2)e_dedu
a S2><R5
1

S —Hf#(T)Hg/ pla, v)ulg=Pe= (P HVR e=lexel gy
a RS

1
—||f#(7)||3/ ulg~Pe "  duy
a R3

LI

1
< || f# 2

N

A

For the expression (5.72), we recall (5.36) and obtain

t) S //52 . P(xaU)%U(gaw)ﬂam(f#(ﬂx,v))]f#(r,:c+Z(T,ujv)7u)

w

+ (1 2,0) Y 100 (B8 (7w, 0)) [0, (F# (7, 2 + b(7, u, 0)) || dwdu

k=1

S [[ s 0)0aotg.0)10u (47,00 £ (o + Bl 0), )
S2xR3

+ //S y plx, v)40(g,w) 7 (T, 2,0) Z 18, (0" (7, w, O[O (f# (7, 2 + b(T, u, v)))|]dwdu

" e|u|2—|—\(av—|—b(7—uv))><u\2 4
St el [[ | virtaw) (7, 4+ B, ) )
2x

|u|2+\(x+b(7' u,v)) ><u\2

# elu\2+|(ﬂf+b(7uv))XUI2 ~
PO ] o) Xupzm #(r.2 4+ B, v), ) ldodu
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Then we have
B S 10 PO Dot w)e
* Hf#(f)llei 0l | Dar(g)e )
<1l )\I_Hf#( (")

+I1/#(7) HZHakf# (")

ZHé’wf# el Al + 1LF7 ()] leé’kf# ey’

w

ST D U0 S (7)lle + 110u #(7)]]e).

k=1

For the expression (5.73), we recall that

//SZXJRB 2, 0)060 (g, )0y [f (7, X7 (2, 0), ') f (7, X7 (2, 0), )] | dwdu.

Inserting (5.56) in (5.73), we obtain
Ja S Hi(T) + Ho(T) + H3(7) + Hy(7) (5.74)

where
Hi(7) = [fgorp5 (@, 0)050(9,0) (1) S5y 10 (F# (7, a4b(r, 0/, 0), )| f# (7, a4b(r, o, v), ' )duwdu,
Hy(7) = [ oo £, 0)050(9,0) (00)> 3y |0 (f# (7, 24b(r, 0/, 0), o)) | H (7, 4D, o ), o' Y duwods,
Hy(r) = [[go s (2, 0)050 (9, w) () F# (r, 24b(r, 0/, v), ) S0, 00 (F# (7, ab(r, ' v) o)) [ dwdu,

Hi(7) = [[on m5 p(,0)050 (g, w) (uC) f# (1, 24b(1, 0/, 0),0") S0 _ |8 (F# (7, 24b(T, ', 0), ")) | dwdlu.
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Let’s control the term Hy (7).

N[ ety

x fH#(r,z + b(r, v, v), v ) dwdu

; R A P R
= //Szx]RS P(ZE,U) ¢a(g,w)(u ) e|v’\2+|(z+g(7',v',v))><7)’|2 Z

O (fH (7.2 + (.0, 0),0)|

O (f7 (1,2 —I—E(T, v v),0")

ol P+ (@+b(ru’ w)) xu'|?

e‘u'|2+|(r+3(7 u’ ) xu'|? f# (T’ T+ b(T’ ul7 U), u/)deU

<Z|\3mkf# MllF#e // (2, 0)90g P00 (w) (W)

X e_(‘“|2+|“‘ )e=Pdwdu

3
S0 PHOIIFD [ @) 207 e
k=1
3
10 F# ()]l £# ()] b”
k=1

Let’s control the term Hy (7).

// p(z,v)040(g,w) Z i (FF (7, @+ b7, v)v))’
S2xR3 e

x f#(r,z + b(r, o', v), W) dwdu

05 \v 24| (z+b(r0 w))xv' |23
— //5sz3 p(x,v)d40(g,w)(u’) pE e Z

el P+ (@+b(ru’ w)) xu/ |2

ok (f7 (7, +E(T, v, v),v"))

FH(r, 2+ b7, v), v ) dwdu

el 2+ (z+b(r,u’ ) xu/ 2

SN0 @I [ ol o))

*(|“|2+\U| e L dwdu
3
2

S S 10O [ (0P0g e
k=1

3
S O I

k=1
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Let’s control the term H3(7).

// o, )57 (g,00) (W) (7,0 + B, 0), 0)
SQXR3

W(fF (1,2 —I—Z(T, u',v), u'))‘ dwdu

ov5 €Y b ) x]? 4 ~ )
-/ 3p<x,vw¢a<g,w><u> - FH(r,a+b{r, ! 0),v)
S2xR

elv'P+(z+b(rv" ) xv' |2

el P+ (@+b(ru’ w) xu/ |2 3
x 2 [0
e\u’|2+\(x+b Tul ) xu!|?

SG HZH@J# i // Pl ) 0() (0

% e~ (lul+v[?) dedu

S I*) HZHakf# e [ (00097

(7,2 + b(r, v/, v), )| dwdu

S )l ZH@kf# b
Let’s control the term H, (7).

- //52 - p(a:,v)19¢a(g,w)(u0)5f#(7-,m+g<7-7 v v),0")

(F#(r, & + b(r, /) v), u’))‘ dwdu

g el AT P o
= [ rle (o) - FH(r + B0/, 0), )
xR

elv'P+(z+b(rv" ) xv' |2

el P+ (@+b(ru’ w)) xu/ |2

A (f# (7, + b7,/ v), )| dwdu

el 2+ (z+b(r,u’ ) xu/ |2
k=1

S !\leakf# e [ plao)ag P an(e) w0y

x e~ (Ul +P) dedu

S HZH@kf# M [ (0097 du

S 1)l ZH@kf# )b

By (5.74), we sum up the terms like this
3

Ga(r) SETFAE e D (10 f#(D)]le + 10 f# (7)) -

k=1

Now we can state that
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5.3. L"°-energy estimates

J1(T) 4 2(7) + (1) + Ja(T) SV (7)][2

O f(7)]]2

FOPHF e Xmy (N0 f#(Dle + (80 7 (7))
70y (100 (e + [0 f# (1) [1LF#()]e

SO Sup (|| (IF# e + i (U0 f#(Dlle + (18 F#(7)]]0))] -

T€[0,t]
Now we state that

p(aj, U)avif#(t7 T, U) f§ ||av1f(0)||6 + Sup (K<T>) [f(]t a—1(7)55—3(7-)d7—]

T€[0,t]
with

E(r) =IOl ()] +Z (O f#(T)le + 1100e £# (7))
Then
Sup [p(xﬂv)avif#(taxvvﬂ < Havlf(O)He‘i‘CSUp (K(T))

(z,0)ET3xR3 T€[0,t]

Finally we conclude that

10 f* @)lle < 110 f(0)]|e + C Sup (K(7)).

T€[0,t]

]

Lemma 5.19. Let f# be a solution of the inhomogeneous relativistic Boltzmann equation (5.1) with

initial data fy. Then
100 f#(E)]e < (100 fol | + CS%p]ﬂ|f#(7—)||e||a:pif#(7—)||e)v fori=1,2,3  (575)
te[o,t

where C' does not depend on .

Proof. The Boltzmann equation is written as follows
Pt = F0a0)+ [ QU A )dr
= f(0,z,v) + /OtQ(f, N, X (z,v),v)dr. (5.76)
We take 8, to (5.76) and get
Oyi f#(t, ,v) = O f(0, 2, v) + /Ot 0 Q(f, f)(r, X" (z,v),v)dr. (5.77)

We multiply (5.77) by p(z, v) to obtain

p(l’,U)axif#(t, I?”) = ,O(ZE, U)axlf(oa I?”) + /0 p(I>U)axiQ(f7 f)(Tv XT<I>U)7U)dT'
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5.3. L"°-energy estimates

Then

t

p(x,0) |0y f7 (£, 2, 0)| < |04 £(0)]]e +/ a N ()2 (T)[Ky(7) + Ko(7)]dT (5.78)
0
where
Ki(1) = // p(z,v)0450(g,w)|0u[f (1, X (z,v),0") f(1, X (z,v),u)]|dvdu (5.79)
S2xR3
and
Ky(r) = // p(z,0)0s0(g,w)|0p [ f (1, X (z,0),v) f(1, X" (z,v),u)]|dwdu. (5.80)
S2xR3
Let’s remark that

aaci [f(T7 XT((E,U),UI)f(T, XT(QJ,U),UI)] = aa:i [f(T7 XT(xav)uvl)] f(Ta XT<:E7/U)7U/)
+ f(T’ XT(IE,’U), Ul)axi [f(Tv XT(:L" ’U),U,)]

and also that

Opi [f (1, X7 (x,v),0) f(1, X" (x,0),u)] = O [f(7, X" (x,v),v)] f(1, X" (x,v),u)
+ f(7, X" (2,0),0)0 [f (1, X7 (x,v),u)].

Let’s control the terms K (7) and K5(7).

For the expression (5.80) we have
KQ(T) 5 ffS2><R3 p(x, U>?9¢0-<97 w)<|axl [f(T7 XT(xa U)v U)} |f(7_7 XT<I7 U)7 u)
+ (7, X7 (2,0),0)|0ps [ f (7, X7 (2, v), w)]| ) dwdu

S0 f# ()l [z zs p(2, )09~ 00(w)

elul? 41 (@ +b(r,u,v)) xu|?
elul2+|(z+b(,u,v)) xu|2

fH(r, @ +5(T, u, v), u)dwdu

HIF e [[go s P2, 0)Vgg™ o0 (w)

elul? 41 (z+b(r,u,v)) xu|?
elul2+](z+b(T,u,v)) xul?

|0, [f# (7, & + b(T, u, v), u)]|dwdu

SN POl F# () (fos Vg~ e du)

S0 [ LF# ()]
For the expression (5.79) we have
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5.4. Global L°°-existence theorem

Ki(7) S [Js2 s p(@,0)060 (g, 0) (100 [ f (7, X7 (w, v), V)] f (7, X7 (2, 0), )
+f (7, X7 (2, 0),0)| 0t [f (7, X7 (2, 0), w/)]|) dwdu

SN fH (Ol FH(T) e [ fs2 s P, 0)009 a0 (w)e MR e P dwdu
HILHF Ol e [fg2 rs P, 0)059 a0(w)e MR P dwdu

SN f# (Ol LF# () fos Vg~ Pe ) du

SO f#(O el f# ()b
By (5.78) we state that

p,0) 00 f7 (t, 2, 0)] < 1|00 f(O)]|e + |’axif#<7)||€||f#(7)||e[/o ™ (1)o7 (7)dr]

S 10u fO)l]e + Sup (110 f# (DIlelLF# (7)]]e)-

T€[0,t]

Then

Sup (p(x,v)|8xif#(t,x,v)|) S ||8x1f(0)||6 + C'Sup] (||ax’f#(7_)||e||f#(7—)||6) .

(z,0)€T3XR3 T€[0,¢

Finally we obtain

102 f*(O)l]e < 1105 f(O)]e + C Sup (10u f# (DIl F# (7)) -

T€[0,t]

5.4 Global L°°-existence theorem

5.4.1 Global L*°-existence theorem for Israel particles

Lemma 5.20. If f# is a local-in-time solution of the inhomogeneous relativistic Boltzmann equation
(5.1) with initial data f, then f# is extended to a global-in-time solution, if initial data is given such
that ||| f(0)]||. is sufficiently small.

Proof. Using the energy estimates (5.23), (5.29) and (5.38), if f is a local-in-time solution of (5.1)
g gy

with initial data fj, on a (short) time interval we have

A7 @)l < WSO e+ sup (L7 ()] (5.81)

7€[0,t]

Since the norm ||| f|||. contains all first order derivatives with respect to = and v variables, (5.81)

allows us to bound all the derivatives of the local solution on each short time interval when the initial
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5.4. Global L°°-existence theorem

data is sufficiently small. In fact if [0, 7] is the maximal interval of the local solution, by (5.81) we
have
Sup [|f#(lle < NFO)le +C Sup ||| f*|[2. (5.82)

T€[0,T] T7€[0,T]
The relation (5.82) occurs if 1 — 4C||f(0)]||c > 0, that is with initial data which enjoy the littleness
condition || f(0)||lc < ;5. This proves that the solution is extended to a global-in-time solution, if

initial data is given such that ||| f(0)|||. is sufficiently small. O

Theorem 5.1. Consider a Bianchi type 1 space-time where the metric tensor is such that a =
a(t) and b = b(t) are given and satisfy (5.2) and (5.3). Let fo = f(0,x,v) be the initial data
of the Boltzmann equation (5.1), that is differentiable. Suppose that the scatteing kernel o satisfies
(1.69). Then there exists M, > 0 such that if ||| £(0)||c < 2, there exists a unique global (in time)
classical solution to the Boltzmann equation (5.1). Moreover

t;{gg[(H!f#(T)H!e < M. (5.83)
Proof. Due to the Lemma 5.20, it suffices to prove a unique local existence theorem. The rest of the

proof will be divided into two steps.

First step: Local existence theorem.
Let f, be the initial data for the Boltzmann equation (5.1). We recall the sequence (f),>o defined
by

atf# = anin(ffa f#) - Qloss(fi‘,—la ff)? (584)
f;::—l(o’ l’,?]) = f(oa x,v), (585)
f3(0,2,0) = £(0,2,v). (5.86)

We note that for a given f7#, (5.84) is a linear differential equation with ff 11 as unknown and f, as
initial data. It is standard for the linear theory on the partial differential equation that (5.84) with
initial data f, has an unique solution. So the sequence (f7),,>¢ is well defined.
Our main goal is to get an uniform in n estimate for ||| f7|||.. More precisely, we look for some small
M, such that

vneN,  [IfFOlll < Mo (5.87)

on the local-in-time interval.
We are going to do it by induction.

We multiply (5.84) by p(x, v) and integrate from 0 to ¢ to obtain

p(xvv)fj:-l = p(a:,v)fo +/ p(x,U)Qj;m(fn,fn)(T,[E,’U)dT

0

—/ p(x,v)QZﬁss(an,fn)(T,x,v)dT. (5.88)
0
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5.4. Global L°°-existence theorem

The same argument as in Lemma 5.11 allows us to obtain

1 Flle < Lfo®)lle + Ck‘z[@ézz](HIffH(T)HIeHIff(T)IHe + AT (5.89)

Next, we proceed to the estimate of the derivatives of ff +1 with respect to the momenta variables. Let
i € 1,2,3. We take 0,:-derivatives to (5.84) and multiply it by p(z,v). To the obtained equation, we

integrate over [0, ¢] to have

p(x,v)@vifﬁrl(t,x,v) = p(xav)(avifo)(xvv) +/0 p(xvv)avinim(fnafn)(Tava)dT

t
~ [ 0100 Q s, o), 0)r (5.90)
0
Following the proof of Lemma 5.12, we obtain the following estimate
10,7 @ < 100 oll+ € Sup (LML + NIENE)- (5:91)
T7€|0,7

Next, we proceed to the estimate of the derivatives of f:fE v, with respect to the x -variables. Let
i € {1,2,3}. We take 0,: to (5.84) and we multiply by p(x,v). To the obtained equation, we take

integration on [0, ¢] to have
t
Pl 0)0 1 (8,2,0) = )00 foli0) + [ pla 0000 Qo ) 7, )
0

t
_/ p('r?v)aIiQZﬁss<fn+l7fn)(T,x,U)dT. (592)
0

Following the proof of LemmaS5.13, we obtain the following estimate

190 sl <10 folle+ € Sup (WAL + 1NN (5.93)
7€]0,
Summing up (5.89), (5.91) and (5.93) we obtain

175l < ol +€ S (RO + DI - 6599

Suppose now that there exists a positive My such that || fo|lc < 22 and || f#||. < M, on the local-
in-time interval [0, 7], then we obtain the desired result, that is ||| f7,,(t)||lc < M, for t € [0,T7,
provided M sufficiently small; for example with M, such that M, < %

Finally, taking limit in (5.84) as n goes to infinity, we have a local-in-time solution such that

I f@®)lle < My on the local-in-time interval [0, 7]. Lemma 5.20 proves that if ||| fo||| is sufficiently

small, then the solution exists globally in time.

Second step: Uniqueness.
We now prove the uniqueness of the solution. We assume that there is another solution A to (5.1) with

the same initial data f; such that Sup |||h¥|||. < M. The difference f — h satisfies
te[0,00]

O(f* —h*)=Q*(f —h, )+ Q% (h, f — h). (5.95)
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We proceed as in the proof of the energy estimate. Since f(0,z,v) = h(0, x,v)

11F7 (@) = h*@)llle < € Sup (17 ()lle + RF()le) 1F7(7) = 2F()]lle

T€[0,00[

< 20My Sup ||| (1) = h*(7)]]. (5.96)

T€[0,00]

Since M, < %, taking the supremum in (5.96) on the interval [0, co[, we obtain

Sup [17#(1) ~ W* Ol < 5 Sup [[I7#(r) — b ().

te[0,00] T€[0,00]

So f# = h* on R..

5.4.2 Global L*>-existence theorem for hard potentials

Lemma 5.21. If f# is a local-in-time solution of the inhomogeneous relativistic Boltzmann equation
(5.1) with initial data f,, then f# is extended to a global-in-time solution,if initial data is given such
that ||| f(0)]||. is sufficiently small.

Proof. The proof is similar to that of Lemma 5.20. [

Theorem 5.2. Consider a Bianchi type 1 space-time where the metric tensor is such that a =
a(t) and b = b(t) are given and satisfy (5.2), (5.3) and (5.42). Let fo = f(0,x,v) be the initial
data of the Boltzmann equation (5.1), that is differentiable. Suppose that the scattering kernel o satis-
fies (1.70) with a = 0 and (2.50). Then there exists My > 0 such that if ||| f(0)|||. < 242, there exists

a unique global (in time) classical solution to the Boltzmann equation (5.1). Moreover

sup (||[F#(7)]]]e < Mo. (5.97)

te[0,00]

Proof. Due to the Lemma 5.21, it suffices to prove a unique local existence theorem. The rest of the

proof will be divided into two steps.

First step: Local existence theorem.
Let fy be the initial data for the Boltzmann equation (5.1). We recall the sequence ( ff)nzg defined
by (5.84), (5.85) and (5.86).
Our main goal is to get an uniform in n estimate for ||| f7(¢)||]..

Precisely, we look for some small M such that
vneN,  [IfF@lll < Mo (5.98)

on the local-in-time interval.

We are going to do it by induction.
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We multiply (5.84) by p(x, v) and integrate from 0 to ¢ to obtain

plx,v) fi :P(ﬂcav)fo+/0 p(z,0)Ql s (fu, ) (7,2, v)dT
_A p(x7U>Ql#oss<fn+1afn)(T>x7U>dT' (599)

The same argument as in Lemma 5.14 allows us to obtain

£ Elle < 1 fo(®)]le + C‘2%%(”|ff+1(7-)|||e|||ff(7_)”|e +IAFIE)- (5.100)

Next, we proceed to the estimate of the derivatives of ff .1 with respect to the momenta variables. Let
i € 1,2,3. We take 0,i-derivatives to (5.84) and multiply it by p(z,v). To the obtained equation, we

integrate over [0, t] to have

p(xvv>aviff+l(tax’v) = p(xvv)(avif())(xvv) +/0 p(xvv)aviQ;im(fmfn)(T’xav)dT

t
= [ e )0uQh s S o, ) (5.101)
0
Following the proof of Lemma 5.15, we obtain the following estimate
100 (Ol < 10 foll +-C S (FElINAE e+ NFEIE). (5.102)
7€|0,7

Next, we proceed to the estimate of the derivatives of ff v, with respect to the x -variables. Let
i € {1,2,3}. We take 0, to (5.84) and we multiply by p(x,v). To the obtained equation, we take

integration on [0, ¢] to have

P, 0) 0 £ (8, 7,0) = pla,0)0y fol, v) + /0 P 0@ ) )
— /Ot P, 0) 00 Qo (Frirs f) (7,7, v)dr (5.103)
Following the proof of Lemma5.16, we obtain the following estimate
102 £l < W0usfoll + € Sup (IEAMLNFEL -+ NELNE)- (5.104)
Summing up (5.100), (5.102) and (5.104) we obtain

£ lle < Ml follle + Ci%zz] (Hlffﬂ(T)H|e|||ff(T)IHe + H!ff(T)HIE) : (5.105)

Suppose now that there exists a positive My such that || fo|lc < %2 and || f#]|. < M, on the local-

in-time interval [0, 7], then we obtain the desired result, that is ||| f7 , (t)|||. < M, for t € [0,77,

L
4C

Finally, taking limit in (5.84) as n goes to infinity, we have a local-in-time solution such that

provided M, sufficiently small; for example with M such that M, <

Il f(@®)]||le < Mg on the local-in time-interval [0, 7']. Lemma 5.21 proves that if ||| f|||. is sufficiently
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small, then the solution exists globally in time.

Second step: Uniqueness.
We now prove the uniqueness of the solution. We assume that there is another solution 4 to (5.1) with
the same initial data f; such that Sup |||h#]||. < M. The difference f — h satisfies
te(0,00[

OH(f* —h*)=Q*(f —h, f) + Q% (h, f — h). (5.106)

We proceed as in the proof of the energy estimate. Since f(0,x,v) = h(0, z,v)

1177 (t) = h*@)llle < € Sup (I1F(D)le + R (7)le) 177 (7) = 2# ()]lle

T€[0,00[

< 2C My Sup |||f#(1) — h#(7)]|le- (5.107)

T7€[0,00]

Since M, < %, taking the supremum in (5.107) on the interval [0, oo, we obtain

Sup [|[/#(t) = h* ()]l < % Sup [[If#(r) = B* (7).

te0,00] T€[0,00[

So f# = h* on R,.

5.4.3 Global L*-existence theorem for soft potentials

Lemma 5.22. If f# is a local-in-time solution of the inhomogeneous relativistic Boltzmann equation
(5.1) with initial data f,, then f# is extended to a global-in-time solution,if initial data is given such
that ||| f(0)]||. is sufficiently small.

Proof. The proof is similar to that of Lemma 5.20. [

Theorem 5.3. Consider a Bianchi type 1 space-time where the metric tensor is such that a =
a(t) and b = b(t) are given and satisfy (5.2), (5.3) and (5.42). Let fo, = f(0,z,v) be the initial
data of the Boltzmann equation (5.1), that is differentiable. Suppose that the scattering kernel o satis-
fies (1.71)-(2.50). Then there exists My > 0 such that if ||| f(0)|||. < %42, there exists a unique global
(in time) classical solution to the Boltzmann equation (5.1). Moreover

sup (||[F#(7)]]]e < Mo. (5.108)

te[0,00]

Proof. Due to the Lemma 5.22, it suffices to prove a unique local existence theorem. The rest of the

proof will be divided into two steps.

First step: Local existence theorem.
Let fj be the initial data for the Boltzmann equation (5.1). We recall the sequence ( f#)nzg defined
by (5.84), (5.85) and (5.86).
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Our main goal is to get an uniform in n estimate for ||| f7# (¢)|||..

Precisely, we look for some small M such that
vneN,  IfFOlll < Mo (5.109)

on the local-in-time interval.
We are going to do it by induction.

We multiply (5.84) by p(x, v) and integrate from 0 to ¢ to obtain

p(xvv)fj:-l = p(a:,v)fo +/ p(xvv)Q;im(fmfn)(Tv‘Tav)dT

0

—/ p(x,v)QZﬁss(an,fn)(T,x,v)dT. (5.110)
0

The same argument as in Lemma 5.17 allows us to obtain

1 Flle < o)l + C‘2%%(”|ff+1(7-)H|€H|fn#(T>|He +IIAFNID). (5.111)

Next, we proceed to the estimate of the derivatives of ff .1 with respect to the momenta variables. Let
i € 1,2,3. We take J,:-derivatives to (5.84) and multiply it by p(z,v). To the obtained equation, we

integrate over [0, t] to have

p(x,v)ayiffﬂ(t,x,v) = p(z,v)(0yi fo)(x,v) —l—/o p(a:,v)@viQim(fn, fo)(T,z,v)dT

t
= [ o010, Q s o), 0)r (5.112)
0
Following the proof of Lemma 5.18, we obtain the following estimate
1007 (O < 10usfolle+ € Sup (UZMNSEN+NEENE). G113)
T7€|0,7

Next, we proceed to the estimate of the derivatives of ff v, with respect to the x -variables. Let
i € {1,2,3}. We take 0,: to (5.84) and we multiply by p(x,v). To the obtained equation, we take

integration on [0, ¢] to have
t
p(ZL‘, U)amiff—&-l(t’ Z, U) = p(?L’, U)axifo(x7 U) + / p(ZL‘, U)aﬂ@jﬁun(fm fn)(7—> Z, U>d7_
0

— [ o000t s £ ) (5.114)
Following the proof of Lemma5.19, we obtain the following estimate
10 £l < W0usfoll + € Sup (LML + NELNE): (5.115)
Summing up (5.111), (5.113) and (5.115) we obtain

£ lle < Ml follle + Ci%zz] (H|ff+1(T)H|eH|ff(T)lHe + H!ff(T)HIE) : (5.116)
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Suppose now that there exists a positive My such that || fo|lc < 22 and || f#||. < M, on the local-

in-time interval [0, 7], then we obtain the desired result, that is ||| f7 , (t)|||. < M, for t € [0,T],

L
4C

Finally, taking limit in (5.84) as n goes to infinity, we have a local-in-time solution such that

provided M, sufficiently small; for example with M, such that M, <

Il f(®)]||le < M, on the local-in-time interval [0, 7']. Lemma 5.22 proves that if ||| fo|||. is sufficiently

small, then the solution exists globally in time.

Second step: Uniqueness.
We now prove the uniqueness of the solution. We assume that there is another solution A to (5.1) with

the same initial data f; such that Sup |||h#|||c < My. The difference f — h satisfies
t€[0,00[

O (f* —h*)=Q*(f —h, )+ Q% (h, f — h). (5.117)

We proceed as in the proof of the energy estimate. Since f(0,x,v) = h(0, x,v)

£ (@) = h*@)llle < € Sup (17 ()lle + IRF()le) 17 (7) = 2F()]lle

T€[0,00[

< 20My Sup ||[[f#(1) = b (T)]].. (5.118)

T€[0,00]

Since M, < %, taking the supremum in (5.118) on the interval [0, co[, we obtain

Sup[lllf#(t) = O]l < % Sup [[If#(7) = 1# (7).

te[0,00 T€[0,00]

So f#* = h* on R..
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Conclusion and Outlooks

E have studied the inhomogeneous relativistic Boltzmann equation in the spatially Bianchi
W type 1 space-time. We prove the global (with respect to the direction of time corresponding
to the expansion of the universe) existence of classical solutions for small initial data in a suitable
weighted space for some collisional kernels which fall separately the class of hard potentials, soft

potentials or generated by the so-called Israel particles. Such kernels are closer to those which natu-

rally arise in physical problems. Our result extends existing results such as the one of [35, 36] for the
Minkowsky space-time, that of [25, 26] for the spatially homogeneous case in the Robertson-Walker
space-time and also that of [42, 40, 41] for spatially inhomogeneous case in the Robertson-Walker
space-time.

In this thesis, we discussed the existence and uniqueness of both the mild and classical solutions
to relativistic Boltzmann equation with near vacuum initial data on a Bianchi type 1 space-time re-
spectively for some hard potentials, soft potentials and potentials generated by Israel particles. One
of the novelty here is the used of several parameterizations of post-collisional momenta. We follow
the approach of [35, 40] and provide estimates for the loss and gain terms from which we derived our
main result.

We used several methods to obtain our results. For the L°-existence theorem for classical so-
lutions for the homogeneous equation, we use the fixed point theorem. The same method is used
to prove the existence theorem for the mild solutions for the inhomogeneous equation. For the L2-
existence theorem for classical solutions for the homogeneous equation and for L°°-existence theorem
for classical solution for the inhomogeneous equation, we first proved energy estimates and then con-
struct a suitable sequence which converges to the solution.

Further, it is a worthwhile problem to understand how the structure of the universe affects the
asymptotic behavior of solutions. The main results of this paper allow us to claim that in the case
where the space-time is for Bianchi type 1, when initial data are small in a suitable weighted frame-
work, so does the global solution. As physical interpretation, this universe structure does not affect
the asymptotic behavior of the solutions.

In our main results, we have obtained global existence of both mild solutions and classical so-
lutions to the Boltzmann equation in transformed variable (¢, z,v). A notable remark is that if fj is
small, this implies f is small. So the solution and the initial data have the same size. We may compare

this result with the Vlasov equation, which is obtained by simply ignoring the right hand side of the
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Conclusion and perspectives

Boltzmann equation; i.e. Lxf = 0 with the solution f(¢,z,v) = fo(x,v). It is usual in the Vlasov
case to assume that initial data has a compact support in impulsion variables; i.e f, = 0 for a large v.
The smallness of the solutions allows to interpret that it converges in certain sense to the solution of
the Vlasov equation for large v.

In this thesis, for the spatially homogeneous equation, we have proved global classical results in
both the L*° and L? weighted framework. But for the spatially inhomogeneous situation, we have just
obtained global classical results in a > framework. One of our next challenge will be to obtain such
aresultin a L?-weighted framework.

As usual in the context of the Boltzmann equation, after establishing a global result, one of the
main problem is to prove the non-negativity of the solution. We think that by using the arguments of
M. Shinbrot we could resolve the problem.

The Boltzmann equation is usually coupled to the Einstein equations through the energy-momentum
tensor, and the energy-momentum tensor of the Boltzmann equation has the same form with that of
the Vlasov equation. Since existence results is known in the case of Einstein-Vlasov equation, one
interesting open question is to know whether the result of this thesis can be extended to the Einstein-
Boltzmann system when the distribution function is no longer spatially homogeneous. Another chal-

lenge could be the study of the properties of solutions.
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In this paper, we consider the Cauchy problem for the spatially homogeneous relativistic
Boltzmann equation with small initial data. The collision kernel considered here is for a hard
potentials case. The background space-time in which the study is done is the Bianchi type I
space-time. Under certain conditions made on the scattering kernel and on the metric, a uniqueness
global (in time) solution is obtained in a suitable weighted functional space.
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1. Introduction

The expression “Boltzmann equation” is used in a more general sense and refers
to any kinetic equation that describes the change of a macroscopic quantity in
a thermodynamic system, such as energy, charge or particle number. The equation
arises not by statistical analysis of all the individual positions and momenta of each
particle in the fluid; rather by considering the probability that a number of particles
occupy a very small region of space centered at the tip of the position vector, and
have very nearly equal small changes in momenta from a momentum vector, at an
instant of time. The Boltzmann equation can be used to determine how physical
quantities, such as heat energy and momentum, change when a fluid is in transport.

[87]
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Other characteristic properties to fluids such as viscosity, thermal conductivity, etc.
can be derived.

Due to its importance in the kinetic theory, several authors have studied and
proved local and global in time existence theorems for the Boltzmann equation, in
both the nonrelativistic case, that considers particles with low velocities, and the
full-relativistic case, which includes the case of fast moving particles with arbitrarily
high velocities, such as, particles of ionized gas in some media at a very high
temperature like: burning reactors, solar winds, nebular galaxies.

In the nonrelativistic case, the first original global result is due to T. Carleman
in [4]; R. J. Diperna and P. L. Lions proved global existence and weak stability in
[8]. R. Illner and M. Shinbrot proved a global result in [15], in the case of small
initial data and without symmetry assumption; an analogous result is unknown in
the full-relativistic case. For more details for the nonrelativistic Boltzmann equation
we refer to [4, 15, 8] and references therein.

In the full-relativistic case, let F,’fw denote the Christoffel symbols of the metric

tensor ds? and O( f, f) denote the collisional operator; if we adopt the Einstein
summation convention a,b® = Y a,b®, the Boltzmann equation reads

of , of
1% — T J7ANY) —
P e ~ NP P

Several authors proved local existence theorems, considering this equation alone,
e.g. K. Bichteler in [3], D. Bancel in [1], or coupling it to other fields equations,
e.g. D. Bancel and Y. Choquet-Bruhat, in [2]. The work [2] was done under
an assumption of “p — N regularity” on the collision operator (Section II [2]).
With Minkowski space-time as background, R. T. Glassey and W. Strauss obtained
a global result in [13], in the case of data near to that of an equilibrium solution
with nonzero density. With Bianchi type I space-time as background and under
assumption close to u — N regularity, N. Noutchegueme, E. Takou and D. Dongo
proved in [20] the existence of solutions for the relativistic Boltzmann equation
with arbitrarily large initial data.

Unfortunately, the assumption of pu — N regularity on scattering kernels used
in [20] is not physically well motivated. In fact, this does not allow a good
interpretation of the type of collisions between particles. The scattering kernel is
a quantity that determines the nature of collisions between particles, and in the
nonrelativistic case, several different types of scattering kernel have been found to
be of interest. For instance, the inverse power law gives the best known types
of scattering kernel, and they are further classified into hard and soft potentials
cases. In the relativistic setting, it is not very clear which types of the scattering
kernel should be of interest, but a classification of (special) relativistic (hard and
soft potentials) has been proposed in [9] by applying arguments similar to those
used in the nonrelativistic case. This classification was recently reformulated to the
full-relativistic case by R. Strain in [22]. As in the nonrelativistic case, the scattering
kernels depend only on the relative momentum and scattering angle of two colliding
particles. This will be specified in Section 2.

O(f, f). (1.1)
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With the scattering kernel formulated as in [9, 22], H. Lee proved in [16] a global
existence of solution to the relativistic Boltzmann equation in the Robertson—Walker
space-time (FRW) with near vacuum initial data. Unlike FRW space-time which
has the same scale factor for each of the three spatial directions, Bianchi type I
space-time has a different scale factors in each direction, thereby introducing an
anisotropy to the system. It is natural to try to see what happens in the relativistic
Boltzmann equation when this metric is taken into account.

The purpose of this paper is to obtain analogous result of [16] in the Bianchi
type I space-time in which the metric defined by (2.1) generalizes that of Robertson—
Walker. One of the most important point to note here is the form of parametrization
of the post-collisional momenta. The presence of the second factor in the metric
imposes another formulations and proofs of several estimates used in [16].

The rest of the paper is organized as follows: In Section 2, we give a brief
exposition of collision operator, we write the Boltzmann equation in the Bianchi
type I space-time and we specify the kinds of parametrizations of post-collisional
momenta used in this paper. We end this section by stating the main assumptions
of the paper. In Section 3, we collect some preliminary results which will allow us
to prove the existence and uniqueness theorem. In Section 4, we define the function
space and we give some estimates of the derivatives of terms allowing to define
the collision operator. The rest of Section 4 is devoted to the formulation and the
proof of our main result in an appropriate functional framework.

2. The equation and main assumptions
2.1. Notations

Greek indices vary from O to 3 and Latin indices from 1 to 3; we adopt
the Einstein summation convention a,b® = > a,b*. We consider as space-time,
a Bianchi type I space-time denoted (R*, ds?), where for x* = (x°, x%), x =1 is
the time and x = (x’) the space; ds’> stands for the metric tensor with signature
(—,+, +,+) that can be written as

ds? = —dt® + a*(t)dx® + b () (dy* + d7P). (2.1)

In (2.1), a =a(t) >0 and b = b(t) > 0 are given nonnegative regular, real-valued
functions for which we will require certain conditions. The determinant of the metric
tensor ds? is equal to a’b*.

In this work, we consider the collisional evolution of a kind of uncharged particles
in the time-oriented curved space-time (R*, ds?). An essential tool to describe the
dynamic of such particles is their distribution function that we denote by f, and
that is a nonnegative real-valued function of both the position x“, the 4-momentum
p* = (p°, p) = (p°, p', p?, p?) of the particles. More precisely, we have

fATRHYZR* xR* > R, (% p%) > f(x¥, pY). (2.2)

In this paper, we consider the usual inner product of R® with the associated norm;
ie. for p,g e R, we let p.g = p'q' + p*q*> + p’°q® and |p| = /p.p.
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For any three-vector (d',d?, d°), due to the form of the metric and certain
conveniences, we will sometimes let d = (d?, d°).

In this work, we consider massive particles with the same rest mass that can be
rescaled to m = 1. The particles are then required to move on the future sheet of
the mass-shell whose equation is — (P2 +a’(pH2 + b*|p|> = —1, or equivalently

P’ =1 +a2(ph)?+ b2 p|> (2.3)

We consider the homogeneous case for which f depends only on the time ¢ and
the impulsion p.

2.2. The collision operator

In the instantaneous, binary and elastic scheme due to A. Lichnerowicz [19],
we consider that at a given point (¢, x), only two particles collide instantaneously
without destroying each other. The collision affects only the momenta of the two
particles that change after the collision; only the sum of the two momenta is
preserved.

Let us suppose p* and ¢® stand for the momenta of the two particles before
their collision, p® and ¢'“ stand for their momenta after the collision. By the
energy-momentum conservation principle, we have

pOé +qa — p/a _i_q/()é' (2.4)

The expressions of p® and ¢* as functions of p® and g% will be specified soon.
In such case, the collision operator Q that acts only on the momentum variable, is
defined as follows: regardless for the time 7, and where f and h are two functions
on R x R3,

Q. (f, h) and QOi(f, h) represent respectively the gain term and the lost term. Taking
into account the fact that the space-time is defined by (2.1), Q.(f, h) and Q:(f, h)
are given by the following relations:

0u(f, ) (t, p) = ab’ /R 3 fS 2 Ifofoo(g, ) f(pHh(g)dwdq, 2.6)
O\, 1)(t, p) = ab? /R 3 fS 2 j,foo(g, ) f(Ph(g)dwdq. @7

In (2.6) and (2.7):

- f(p), f(q), f(p) and f(q') represent respectively abbreviations of f(z, p),
f(t,q), f@t, p") and f(t,q");

— o0(g,w) i1s called the scattering kernel. It measures interactions between particles
and determines their natures;
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— the quantities g and s are respectively called the relative momentum and
energy in the center of momentum system. They are defined by

s =s(p*, q%) = —(p* + 9 (pa + qa), (2.8)
g =2(p% g% =V (P* — ¢V (Po — qu)- (2.9)

— the quantity
_g/s

— pPq°

Vg
is called the Mg¢ller velocity.

Now, we are going to introduce a change of variables so that the Boltzmann
equation in the Bianchi type I space-time is written in a simple form. In our context
(where we consider the Bianchi type I space-time), the Boltzmann equation is written
in a simple form if we use covariant variables. So, the distribution function f will
be considered as a function of ¢ and v = (v!, v%, v?) = (v!, ¥) where

1 ' 2 1 2 ' 2.2 ' 2
v =gup =a’p, v- = gyup' =Dbp°, v =gy pl = b*pi. (2.10)
It is easy to see that dv = a’b*dp. Let us observe that if we set v° :=
V1+a2whH)2 +b2|9)2, then v° = p°.
Using these new variables and setting f(¢t,v) = f(¢, p), we can express the

collision operator in term of new variables as follows: if we let v = (azpl,bzﬁ),
U= (anl’ b2é)’ U/ — (U/l, 17) — (a2p/l’ bZﬁ/) and u/ — (I/t/l, I/_t/) — (Clqul, b2é/),

O(f, Ht,v) =a 'b7? fscgw fR du f(ﬁo(g, ) f(t, ) ft,u') — f(t,0)f(t, uw)]

= 0.(f, Ht,v) — Oi(f, )z, v). (2.11)

2.3. The equation

After computing all the Christoffel symbols and denoting by “dot” the derivative
with respect to ¢, if we let Q = #Q, (1.1) reduces to

‘ b b
o f — 2gplap1f —20p%0,0f —270°0,5f = O(f. ). (2.12)

Using the expression f (t,v) = f(t, p), it follows directly that the left-hand side of
(2.12) is equal to o, f (¢, v).
For simplicity of notation, it will cause no confusion if we use the same letter

f to designate f in the remainder of the paper. Thus the Boltzmann equation in
f with initial data f; becomes

8lf(tv v) = Qg(fv f)(tv U) - Ql(fv f)(tv U),
0, v) = fo(v).
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So, f is the solution of the Boltzmann equation with initial data fy if and only if
f 1s the solution of the following integral equation,

t
ft,v) = fo(v) +/ O(f, iz, vydr. (2.13)
0
In the remainder of this paper, the term Boltzmann equation refers to (2.13).

2.4. The post-collisional momenta

One of the main terms allowing to describe the Boltzmann equation (2.13)
is the collision operator. This operator is expressed by using the post-collisional
momenta. This section is devoted to express the post collisional momenta as
functions of the pre-collisional momenta. In the present work, we consider two
kinds of parametrization.

2.4.1. First parametrization

We consider a parametrization of post-collisional momenta introduced in [17].
Suppose that p* and g* are given, and consider the following four-vectors,

n“ =p*+q%  1*=mo, nw), eSS (2.14)
p* and ¢’ can be parametrized by
t(X

w PP at g
L 7 42 , (2.15)
p 2 2 /tﬁtﬂ
o o l,O[
g4 8 , (2.16)

2 2 tﬂtﬁ

This parametrization has an advantage that it looks like the usual parametrization
in the classical Boltzmann equation.
From (2.14) and (2.15), we express easily p™ and ¢” as functions of p° and ¢°,

o0 pO + qO g aana)l + b2n2w2 + b2n3a)3

2 2 Vigt? 2.17)
o0 pO + qO g aanwl + bZnZwZ + b2n3a)3

2 2 tpt

3

If we let 7 =v+u and 7°=n" p°, p'' and p* (k =2,3) express as functions
of v!, v? and v? as follows

~() g ﬁla)l +ﬁ2w2+ﬁ3w3
P = % + A . ) . (218)
\/_(flla)l + 202 + B3 + (10)2(a2(0")? + b2|d)?)
7! 870!
p/l n 2 (219)

— + :
2a? \/_(ﬁlwl + 202 + w?)? + (19)2(a2(0")? + b2|@[2)
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1k __ ﬁk + %ﬁowk
2b? V=o' + i2a? + B3w?)? + (19)2(a(w!)? _|_b2|5)|2)'
REMARK 2.1. In the sequel, by abuse of notation to avoid any confusion, we
write n = v +u instead of n = v + u.

p (2.20)

Using the relations v'' = a?p’!, v? = b?p?, v? = b?p"*; we have v'', v* and

v expressed as functions of v', v? and v3 as follows:

0

o0 N +g n.w 2.21)
2 2 /—(w)? + (2@ (0")? + B2|w|?) '
p_vitu  avg o , (2.22)
2 2 /=(nw)?+ (n°)2(a2(w")? + b2|w|?)
p_Vikut b el (2.23)

+ .
2 2 J=(rw)? + ()@ (0")? + b[w]?)
2.4.2. Second parametrization

By using the Minkowski space-time, R. Strain has found in [22] the following
parametrization of post-collisional momenta

, pPtqg g (p+q)o
=" —(w+(y—1)—2),
2 2 lp+4q|
+ (p+9q) (2:24)
, ptq g pP+q)w 2
=L T _°lo+@y-1H)—="], w e S?,
1 2 2( v )|p+qlz>

where y = (p° 4+ ¢%)/+/s. In this work, we generalise this parametrisation to the
Bianchi type I space-time. So, in term of new variables, after some calculations,
we have for the parameter w € S2,

v,1:n1+% wl_(a_lnl,b_lff).w 11 +n_0(a_1n1,b_1ff).w
[(a~'nt, b')|? Vs I tal, b))

>t a_lnli|, (2.25)

w_n*  bg wk_(a_lnl’b_ll?'wb_lnk +n_0(a—1n1,b—1,?),w ] k—n s,
[(a~'n', bln)|? Vs la'nl, bln)|?
(2.26)

Let us observe that this second parametrization provides singularities when v+4u = 0.
So we will avoid to use it in such region.

2 2

2.5. Assumptions of the paper

Henceforth we let C, and sometimes ¢ denote generic positive inessential constants
whose values may change from line to line. The notation A < B will imply that
a positive constant C exists such that A < CB holds uniformly over the range
of parameters which are present in the inequality and moreover that the precise
magnitude of the constant is not important.
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2.5.1. Assumption on the scattering kernel

In order to get one global existence theorem, it is necessary to put some
restrictions on the scattering kernel o. We shall make two standing assumptions on
the scattering kernel under consideration.

We first recall a brief and usual description of the scattering kernel in the
nonrelativistic Boltzmann equation. In the classical Boltzmann equation, the inverse
power law gives the best-known types of scattering kernel. The scattering kernel is
then classified into soft and hard potentials. This classification was first adapted in
the general relativity case by M. Dudynski and M. Ekiel-Jezewska in [9] and recently
reformulated by R. Strain in [22]. In this work, we suppose that the scattering kernel
falls into hard potentials; these allow to model strong shocks. In such situations, one
assumes that there exist y > —2, 0 <a <y +2 and 0 < 8 < min{4,4 + y} such
that the scattering kernel o (g, w) satisfies the following growth/decay estimates,

S _gPop(@) S (g, ) S (g% + g Poo(w). (2.27)
NG

In (2.27) oyp(w) is such that og(w) < sin” 6 where 6 stands for the scattering angle.
Note that under (2.4), the scattering angle 6 is well defined in [10] (see Lemma
3.15.3]) by relation

(Pa — qa) (P —q%)

cosf = e .
In this work, by choosing o =0, we work under the additional assumption
80 (8. )| S g~ Poo(w). (2.28)

2.5.2. Assumption on the metric tensor

On the coefficients of the metric tensor (2.1), the following assumptions will
be needed throughout the paper. We assume that the coefficients a and b of the
Bianchi’s type I metric are given as increasing functions of the time ¢ and are such
that

a(0) = 1, a<b<+2a, (2.29)
400
/ (@ 'b 2 +a WP (1)dt < +o0, (2.30)
0

B 1s the same as in (2.28).
Before studying our main result, we are going to collect some fundamental
estimates.

3. Preliminary results

The relative momentum g and the energy s in the center of momentum are two
of the most important quantities in the definition of the collision operator. We are
going to collect some fundamental estimates on them.
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LEMMA 3.1. The relative momentum and the energy in the center of momentum
of the system fulfill the following estimates:

s=4+g% 2=s g=h (3.1)
g < /s <2vv0ud. (3.2)

Proof: Our proof starts with the observation that
s=2—2p,q® and  g*=—-2-—2p.q°. (3.3)

Then we have s =4+ g and this implies /s > 2 and /s > g. Since v° = p° and

u® = qo, we obtain

=2 _ 2[—p0q0 +a2p1ql —I—b2p2q2 +b2p3q3]
— 2p0q0+2[1 _azplql . b2p2q2 _b2p3q3]
<2p%" + 21+ a®Ip'llg"1 + b*Ip*llg’| + b7 1P llg’ 1]
=2p%" +2(1,alp'], b|p*|, bIp*]).(1,alq'|, blg*|, blg’))
<2p°° + 21+ a2 (p')? + b? V1 +a2(q")? + b21g)
= 4p0q0. ]

LEMMA 3.2. The relative momentum fulfills the estimates:

v —ul
Proof: For the first inequality, by direct computation we have
@2 =2p%° —2[1 +ap'q" + b2 p*q* + 2 pPq’]
=2p°¢° =21 + (ap'. bp).(aq". b)]
_,(P"4")° — (1 + (ap'. bp).(ag', bg)1?
p%q° +[1+ (ap', bp).(aq", bq)]

< bg, ag < |v—ul. 3.4)

It is obvious to see that
(P°q")* — 1+ (ap'. bp).Caq'. by))* = |(ap'. bp) — (aq'. bq)|’
and we notice that if we set
A= (p°q")* —[1+ (ap', bp).Caq", b1,
we have
A =1+ @) +b131") + @ (p")> + b°1p1») + @ (p")* + b p1H)(a*(g")?
+b%g1") — A
= (a’(q")’ + b*|gP") + (@ (p")* + b*|pI*) — 2(ap', bp).(aq", bq) + As
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> (a*(q")* + b1 ") + (@ (p")> + b*|pI*) — 2(ap', bp).(aq', bq)
= [(ap', bp) — (aq', bd)1.l(ap", bp) — (ag", b7)]
= |(ap', bp) — (aq", bq)I*,
where A; and A; are defined by
Ay=1+2(ap'.bp)(aq'. bg) + [(ap'.bp)(ag". b)T,
Ay =[(a*(p")* + b*1p1)) (@ (g")* + b*|§1>) — [(ap', bp).(aq", bd)]*].

By the relation
(P°q")* = [1 + (ap'. bp).(aq". b)) = 0,

we have

2p°¢° = 2|11 + (ap', bp).(aq", bg)| = p°q° + 1 + (ap', bp).(aq", bq).

g2 = 2(Poqo)2 — [1+ (ap', bp).(aq', bq)T? - zl(apl, bp) — (aq', bq)|?
p°q° + [1 + (ap', bp).(ag", bq)] ~— 2pYq° '
Let us observe |v —u|*> =a*(p' —¢")? + b*|p — p|>. Since a < b, we have
lv—ul* <b’[a*(p' —q")* +b*|p — qI°1 < b*|(ap', bp) — (aq", b)I*.
This leads to L . )
2 |(ap”,bp) — (aq ", bg)| - v — ul
§ = pOg0 = p2p0go

and then
v — u|
bg >

— Juoub
For the second inequality in (3.4), after computation we have
)2 — @2 = a2 —un' + 672 — )7

=@ '@ —u"), b7 @ = ).a 'n', b 0).

Let us denote by 6, the angle between (a~'(v!—u'),b='(v —i)) and (a~'n', b~'0),
then

gz — a2 —u)? + b7 Yo —i)? — (0° — u)?
a2l —un' + b2 —w)a?
nO

=a 2 —uY + b0 —u)? - [

no

—-1,1 —1= 2
— @' @' —ul),b_l({)—ﬁ))lz[l _ (l(“ n,b ””COS@O) }

Thus
g <a ' —u? +b o —al <aHv—ul’. O
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LEMMA 3.3. For 0 < 8 <4, we have the following estimate
Byl g, < 1€ for 0= p =<1, 35
/R3v¢g ¢ ”—{Cbﬂl for 1< B <4, (3-5)
where C is a positive constant depending on pB.
Proof: The proof of this lemma is similar to that of [16]. ]

LEMMA 3.4. For the increasing functions a = a(t) and b = b(t) such that
a(0) =1 and a(t) < b(t), the following identities hold

lv| < bv°, W0 < V14 |v]2 (3.6)

Proof: The proof is obvious. [

LEMMA 3.5. For the unit vector w € §?, setting @ = (w*, ®°), if we set

r=Vial® = V=0.0) + 002 @ (@) + baP).

the quadratic vector t* = (n;ow', n°w) fulfills the estimate

118 > /s[a(0")? + b*|a]2. 3.7)
Proof: By using elementary algebra we have
tpth = —(t"* +a*(t")? + b*|1)?

= —(@’n'o' + b*n.w)* + n°?[a* (") + b*|w|*]

= —[(an', bit).(aw", b)]* + (n°)*[a* (@")* + b*||’]
—|@an', bi)*|(aw", bw)|* + (n°)*[a*(w")* + b*|w|]
—[a*(n")* + b’ | lla* (@) + b’ [’ ] + (n°)’[a*(@')* + b |w|’]
[a*(@")? + B0 ][(n°)* — a*(n')* — b*[7]*]
> [a*(0")? + b*|w|*]s,

which is the desired result. L]

v v

A%

LEMMA 3.6. The energy s enjoys the estimates

0 Juf 0 ud
/s > max — 1 — and r > as/s > a max — = 1. (3.8)
107V 0 107V 0

Proof: From the definition of s, we have
5= 420+ @)’ —a 2 () —a2WH? =2a 20 u = b 2|0 P = b2 u|*=2b" %00

=242 14a2(w")2 42|02V 1+a=2u")2+b~2|u 2 =2 "v", b~ '0).(a ', b '00)
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>242/ 14 |(@ !, b 10) 2V 1+ (@ ul, b= ') 2=2|(a" 0", b7 '0)|[(@ "ut, b~ )|
(I+1@ ', b7 o)) A +[@ul, b~ ) 1)) — (@ ! 6710 Pl(a !, b7 1) 1?
V1+I@ W b0 2/ 1+ (@, bV i) P+ (@ !, b710) || (@ tul, b1
1+ (@ !, b7 D))+ (@ ul, b~ 1)|?
V1@ !, b)) 2/ 1+ (@ 1ul, b=1i) 2+ |(a— 1!, b=10)||(a~u!, b~ 1))
o 1+|(a ' b7 ') P+ (@ u', b))
Vi+l@ !, b= 10) 2/ 14[(@ul, b~'a) 2
02 0\2 02 02 0,0 __ 02 02 0 0
22_‘_(v)—l—(u) lz(v)—l—(u)—l—Zvu 1>(v)—|—(u)>v u

>—+—. 0
0030 u® 0

>242

>242

vOyuY v0y0

4. The global existence theorem
4.1. Functional spaces

Our aim in this work is to study the relativistic Boltzmann equation in the
Bianchi type I space-time in the case of hard potentials situation near vacuum initial
data. Our goal is to establish new results concerning the existence theorem. Let
us introduce the functional framework we will work with. We choose the weight

function as e’’. For 10, +oo[xR3 — R, we let

1£ @1 = sup{le |97 fv); v e RS, j=0,1; k=1,2,3), (&I
A = {f € C([0, +oo[xR?), || f(1)]| < +00 V¥t € [0, +ool}, (4.2)
where A is the function space in which we will seek the solution. Endowed with
the norm ||| f||| := sup || f(#)||, A is a Banach space.
teRy

Let C be a positive real number, we set

1,

s == — 4.3
ool —ul] = 2 s a?(wh)? +b%w|? T (4.3)

s 5 1l — 2 2
&w:{weszk0m il _ Ly —ul | x wP+3n] <C}

REMARK 4.1. In the remainder of this paper, we will use a cutoff S,, on the
angular part of the scattering kernel. This cutoff depends on ¢ and on pre-collisional
momenta v and u. So, henceforth, unless otherwise specified, the parameter @ will
always belong to Sp.

LEMMA 4.1. Let v and u be given. Suppose that v' and u' are post-collisional
momenta with a parameter w € Syp. If a? < b* < 2a?, we have

o> + u|* — |V']* = |u']* < C. (4.4)

Proof: We let A = |v|*>+ |u|> — [v/|* — |u'|* and we recall that r = \/7,t%. Using
the parametrization (2.22)—(2.23), a straightforward computation leads to



THE RELATIVISTIC BOLTZMANN EQUATION ON BIANCHI TYPE I SPACE TIME FOR... 99

5 1 g2(n0)2

A= %w —ul =57 |(a*w!, b*®)|?, (4.5)
0 1 = @ @ —u) b G — )Pl n b )R cos? b,
(n0)?
and
(n*)?g* = —l@ ' (' —u"), b~ @ —)*l(a""'n", b~'1)|* cos® by
+ @)@ @ —uh), b7 @ — )
Let us set
Ay =r*v—ul’ — (@*(@") + b o) ()@ ' —uh)), b7 @ — )
= [~ (n.w)* + (")’ (@ (") + b |&|*)]|v — ul?
— (a*(@")? + b)) (@ ' —u')), b7 @ —w)
= —(n.w)* + (n°)*A,,
where

Ay = (@ (@) + Vo) (v —u' P+ 10 —al?)
— (a*(@") + bY@ —u' P+ 670 — al)
a\’ b\?
= a2(1 — (—) )(wl)zw —al* + b2<1 — (—) )|5)|2|u1 —u')?.

b a

Using expressions above of (v° —u")? and (n")?g?, we obtain

1 o _ - i
A= [A1+ @' ' —u")), b7 (@ — D@, B*®)*[(a”'n', b™'1)|* cos® 6] .

If we let r = (%)2, then ¢ €]0, 1[. Since the parameter w enjoys (4.3), one has
Ay =t(1 —t)(@")?v —al* + (1 - ;)|5)|2|u1 —u'l?
= ?[ﬂ(aﬂ)zw — i) — &) v" —u' ]
< ?[(wbzw — i’ —|oP|v' —u'P] < 0.
Since A, <0, we have A; < —(n.w)>. Thus

1|v—ul?
)

—yl? 4
v rzul [—(n.w)z—l— (Z) |n|2|w|2]

A< [—(n.w)? + a4 n|*b* cos? 6]

=

N = N
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1 |v—ul?
< s ———[-(.w)’ + 4jn[w|*]
2 r
1 _ 2
s—'” ol [In x w|* + 3|n|*] < C. O
2 r?

REMARK 4.2. With the parametrization (2.25)—(2.26), we have the same estimate
by following the same method.

4.2. Estimates of derivatives of g and /s

LEMMA 4.2. The derivatives of v° with respect to v' fulfill the following estimates:

fori=23. (4.6)

S| o=

and  9,0°] <

Q|

0
|0,1v7] <

Proof: Since

v = V1 4+a 22+ b2,

we have , ,
0 0 1
1\2 v iN2 v o_ Y
(v) < (;) , (W) < (E) , 3v1U = 750
and .
gt = Y for i =23
v’ b2v0 - )
It follows that .
1 vl .
a_vo S 17 bUO S 17 1= 2’ 3
Thus . .
19,10°] < —, 19,10%] < - i =2,3. O
a

LEMMA 4.3. The derivatives of g and /s with respect to v' enjoy the following
estimates:

2u” 2u” )
|0,18] < — and 10,ig| < — for i =2,3, 4.7)
ag bg
2u’ 2u®
10,14/ < ol and 10,i/5| < NG for i =2,3. (4.8)

Proof: From the relation
g2 = -2+ 20%° — 2[a_zvlu1 + b2 + b_2v3u3],
we have
—iyl g1yl

+
vY u"

2u”

Clg.

=<

5 u’ I o! u! 0 916l < u® |a
= —| — - —|, en < —
v'& aglav® au® v'& ag
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9 wlv _u th 0.:g] < 27 i —2.3
i = — - —F 1, cn i < —, 1 = 2, 0.
v'8 bg| bv°  bud vi8 bg

On the other hand

s =24+ 20%0 — 2[a_2v1u1 + b7 2% + b_2v3u3].

So
u® [ ol u! 2u’
0 = — , th 0 < ,
s as/s [avo auo] - 0,1/51 = a./s
9 iy/5 = aal B then |a-\/§|<2—”0 for i =2,3. O
N O YT S b s -0
LEMMA 4.4. If we let G := G(w,a, b) = a*(w")* + b?*|®|?, then
b2 0 0
= +b)(n 2b
|07 < G ) and 10,ir| < ) , i =2,3.
V192G — (n.w)? V192G — (n.w)?
(4.9)
Proof: After expanding r, we have
0 1 1
d1r = “ ( v ;G(w,a,b) - (u.wo)a) a)
ay/(n°)2G(w, a,b) — (n.w)? \av u
0 1 1
N v ( v G(w.a.b)— (v.wo)a) a) |
a/(n%)2G(w, a, b) — (n.w)? \av v
0 i i
dyir = “ ( ~G(w,a,b) - (”'wo)w b)
by (192G (0, a, b) — (n.w)? \bv u
+ v ( Y Gw.a b - L b) =23
w, a, — , 1 =2, 3.
b\/(HO)ZG(a), a,b) — (n.w)? b0 0

It is easy to see that a’ < G(w, a,b) < b%>. From the equalities above, we have

0 0
9,17] < & + - b + ba)
ay/(n9)2G(w,a,b) — (n.w)?  ay/(n°)2G(w, a, b) — (n.w)?

<

(b2 ) u® + 00
<|{—+b .
a V102G (w, a, b) — (n.w)?

Similarly, we have

0 0
10,i7] < 2b Ly . i=2,3. O
V(%G (w, a,b) — (n.w)?
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LEMMA 4.5. We have the following two estimates:

v! ul 1 b?

_——— 14+ — )|v—ul, (4.10)

av®  au®|— a a?

AL 1+b2 v — ul ' =2.3 @.11)
v —ul, i =2,3. )

bv° buo b

Proof: For the first inequality, we can write

vl u!

0 o

1 1
= ol —uh) + ' @ =0 < 5l —ulu® + fulu® = O],
vu vu

We now try to control |v” — u°|. One has
|02 = @) = (@ @' =), b7 @ = v)).a "', b7 7))
< a_zlu —v||lu + v|.

On the other hand, we have v° 4+ u® > b~'(Jv| + |u|). Thus
® — 0] = 0 = O] _alo—ullo+ul _ b
n? b=t (Jv| + |ul) 2

U_l_u_l <|U_u||:u_0+£ |ul :|
- v0ud g2 0y
Since u® > b~'u| and (v° > 1, these estimates lead to
1 1

|U - ula

1Y

v u u® b? u° b2
0w =T e e | = Mgl
Using the same method, we obtain the relation (4.11). L]

LEMMA 4.6. The partial derivatives of g and /s with respect to v' enjoy the
following estimates:

|81g|<a£<1—|-b2> 0/ v0u0, (4.12)
|8v,-g|§%< +b—§) 0V v0u0, i=2,3, (4.13)
|aulﬁ|§%(l+%)uo vOu0, (4.14)
19,1 4/5] < %(1 + ij)uOW, i =23 (4.15)

Proof: Using (3.4) and (4.10)—(4.11), we can deduce:
0 1 1 b b2
avlg:u_[v__u_]’ 10,18 < —2<1—|——2>u0«/v0u0,
a a

aglav® aud



THE RELATIVISTIC BOLTZMANN EQUATION ON BIANCHI TYPE I SPACE TIME FOR... 103

ul [ o u' 1 b? —
8[ - - T Al ai < - 1 sy 0 0 0’ ] :2’3,
'8 bg|:bv0 bu0:| 198l = b( +a2)u v :

1 1

0 b b2
5 = — S[ == } 19,13/5 s;(wcﬁ)uwuouo,

av®  au®

0T u' 1 b*\ o ,
dyin/s = bf[bvo bu0i|’ |0, 4/5] < E(l + Z)u Vooub, i=2,3 [
LEMMA 4.7. Under assumptions (2.27)—(2.28), we have the following estimates

10,1[vp0 (g, w)]| < ca™ u’(1 + g7F)op(w), (4.16)

19, [vp0 (g, )| <cb™'u’(1 + g Plog(w),  for i=1,2. (4.17)
Proof: By direct computation we have

S 8 8
avi[v¢0(g’ Cl))] - |:(8Ulg)% + (avl\/g)m - (avi UO)( O;/z—oi| O(g’ C())
gf

=0 5(0,18) (0,0 (8. 0)).
Using the estimate(4.12)—(4.15) of derivatives of g and ./s, we have
19,1 [vgp0 (g, w)]|

b P\[ _ u g5 gV's
s—(1+—)[W<ﬁ+g)o(g,w>+|aga<g,w>|m}+ o )

< %(a(g, ) + g18,0 (g, w)) < ca”'u(1 + g~ P)op (@),

1 b? s —
|avi[v¢0(g’ CU)]l S E (1 + Cl_z) |:I/l0 vouovo—\/b:oo_(g’ a)) + uo UOMO v()guoa(g’ w)]

1 g/s 1 8\/_ 0./0,,0

0
< C—(o(g,w>+g|a o(g. @) < cb (1 + g Pop(w), i =2,3.

4.3. Estimates of derivatives of the post-collisional momenta

LEMMA 4.8. Consider the representation for v' in (2.22)—~(2.23). We have the
following estimates
10, v% < C®@®t,  k=1,2,3. (4.18)

where C does not depend on a or b.
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Proof: Let us recall that

| 0 [0
r>+/s(G(w,a,b))?, N maX(‘/ —.1/ F)'
u

Straightforward computations lead to the following relations:

L8 a?(0,ig) new! a’g (0,iv0)0!  a’gne!

a0 =S 4 + = (@yir),

2 2 r 2 r 2
a’g (0,1 w! _ a~/vou®
2 r - ro
a’g (Bl,ivo)a)l - a?v/v0u®
2 r - br
2 9 0, .1 b
a ( Ulg) n-w (1 +3= ) /v()u (n())

2 r 2r

I /\

2 9. 0, .1 2
2 r 2br

A

g b? 02
_—(a )| < ( +b)m(n )2,
2 r? r3

a’? 2ba?
a8 )| < —5—V v0u0(n?)2,
r2 r

2
3,0 = ﬁ+ b0y 8) net + b8 Bv)et bzg et —(3,i7),
vl 2 2 r 2 r 2 vl
b2 9 0, .k b3
Gu18) e < 1—|—3 u®~v0u(n®),
2 r 2a’r
b2(9. 0,k b
Gug)m e < — 1+3 u’vv0ul(n?),
2 r 2r
2 0y, .k 2
b g (0, v”)w - b 200,
2 r ar
2 2,0y, k
b g (0,iv")w - é 200,
2 r T r
b2 k b2 b2
2gn i (0,17)| < 3( —|—b>\/v0 0(u? 4+ 09?2,
r
bZ k 2b3
2811 W @) < /00,0 0(n%)2,

k=23,

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

For the reader convenience, we consider the four cases for the rest of the proof.
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Case 1: Estimation of 8v1v’1,

2 0, .1
azg (8U1v0)0)1 <4 a 00,0 < # 0 < MO,
5 . r G(w,a,b)
| 0y2
azgn (0| < a®Vou 0(”0)< +b>(n0)1 (?yb;) ik

We combine the above estimates to obtain the desired result.
Case 2: Estimation of v i =2, 3.
The following estimate holds; thanks to (4.12)—(4.13),

281‘ 0, .1 2
¢ Qigne | _d (1+3 101000 (1° +v°) (uo)2 0,

= 57

2 r 2b

SR \_/

2 0yl 2
a°g Qv <L Vo0 < 2,0 < u®,
2 r ~ br - -
a’g n'o! 2a*b o 26 @W”*
————50,r)| < VOul(n’)y- < ———m")".
2 r3 a v

We combine the above estimates to obtain the desired result.
Case 3: Estimation of 8v1v’k

bZ 0 0, .1 b3 b3 0\2.,0 b3
Oug)me (1+3 OV 000y < 2™ w)*n’
2 r av/G(w,a,b) ~ = 243

2 0 k 2 2 2

b2 (3,10")o <b_ s DT

2 r ~ ar ~ a/G(w,a,b) T~ a?
k 2 2 4 02
—(@,11)| < b—3«/v0u0(n0)2(b— +b) < (b— + 3>(“ ) (n%)*.
r a a U

bzgn o)

2

We combine the above estimates to obtain the desired result.
Case 4: Estimation of d,v*, i =2,3.
Taking into account (4.28), we have

2 ) 0, .k
b=(9,ig) n"w £(1+3 ) VuorO(u’ —|—v0)<£(1+3 )(uo) (n%),

a?

2 r
2 0,k
b g (0,in”)w - é 00 < b W0 < éuo
2 r r JG(w,a,b) a

b2 k 2b3 2b 042
P81 | < v < 22 oy iy

We combine the above estimates to obtain the desired result. L]
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LEMMA 4.9. With the parametrization (2.25)—(2.26) of v, we have the following
estimates:

P av® av® a*(v’)? 0.3
ol O (S T D et k=123 (43)
0 0 27..0N2
0k < o 2 bu O N0y, =23 k=123
v - lv—ul |v+ul |v—ul?

(4.34)
where the constants C;, j=1,2, do not depend on a nor b.

Proof: Let us compute 9,1v", 9,iv" (i =2,3) and d,1v* ,0,0* (i =2,3),
1 a (@ 'n', b7 'n).w n® (a 'n', b 'n).w

9.0 =12 1 ) —1 1 e ’ -1 1
o 2+2(”1g)[(‘” (@ b TP 5 @t by
ag 1 (@ 'n', b 'n).w a ’n'o! (@ 'n', b~ n).w
2 |(a='n', b='n)1?  [(@ 'n',b='0)|> "~ |(a~'n', b~1h)|*
310" (a—lnl,b—lﬁ_).wa_lnl_n_O(av]ﬁ) (a_lnl,b_lﬁ).wa_lnl
Vs @ nl, b~1n)|? s I(

a 'n',b~1n)|?
0 2.1, .1 nO (Cl_ll’ll,b_ll’_l).w

+

261_3(111)2

n a ‘nw
T A @ R s @l b
_q n® (@ 'n', b~ 'n).w

Vs l@'nt, b—lﬁ)lz}’

—1,1 p—1= 0 (,—1,1 p—1=
oo = S| (o = e )+ G e ]
N ag |:_ a b~ nlw (@ 'n', b 'n).w
|(a—1n1, b—lﬁ)lz |(a—1n1, b_lﬁ)|4

a3 (nl)2

+a

27 'b 200!

2
3, @ 'm0 'myw ,, n° (a'n, b ') w |

5 e " Ty G G i
n n_0 a 'b~nlw! _n_o(a_lnl,b_lﬁ).w
Vs i@ tnt, b=In)|2 /s (@t b7 )|

—1,1 p—1= 0 (,—1,1 p—1=

it = 3000 (o4 = (s Tt )+ e e
+b_g|:_ a b~ 'nfw! (@ 'n', b7 'n).w
|(a—1n1’ b_lfl)|2 |(a—1n1’ b_lﬁ)|4

2a_]b_2n]nii| ,

2a72b" 'n'nk
2

d,10° (a_lnl’b_lﬁ)'wb‘lnk—n—o(alﬁ)(a_lnl’b_lﬁ)'w i
Vs @ nl, b7 )2 s 0 [(a='n!, b~10)|?

N n_0 a b~ nfw! _n_O(a_lnl,b_lﬁ).wza_zb_ln]nk}
Vs @ tnt, b7 n)2 s [t b~ ’
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aviv/k:ﬁ_'_é(avig)[(wk_ (a_lnl, b_li’_l_)-wb—lnk>+n_0(a_ll’ll, b_lfl—).wb_]nki|

2 (@ T, b 1) 2 5 @, b1 2
+bg|: (Slkb_l(a_lnl,b_lﬁ).w_ b~ n* o (a_lnl,b_lﬁ).wzb_3nknl
2 I(Ct‘1 Lbo~n)|? |(a—1 ! b‘ln)l2 [(a='n!, b~1R)|*
3,iv° (@ 'n', b~ n)w a'n', b7 ') w |
e R __(8“’*[) Gl b me
n° b~ n* e n® (@ 'n', b 'n).w

2b 3nknt

+— ——— -
NG I(a‘l Lb=))?2 s [(a=1nl, b~1n)|*
5k 1n (@ 'n', b7 '0).w
\/_ |(a—1 1 b 1n)|2
Let us bound these quantities. In order to do so, we will use estimates of derivatives

of g, /s and v° done in Lemma 4.3 and the fact that [v/ — u/| < |v — ul.
Estimate of 9,10,

1 bu®v/vou®  bu®voOu® a=inla="|n|

+

a v/l < _
vl = S v—u|  b2n|?
bu®~vou® o bvvO0u a=n|? a '|n| a 'in|
+ n _|_,/ 0 O—‘i"/ 0,0 "'
lv—u| ) lv—u| b=2|n|? b=2|n|? b=2|n|?
m|n|2a 3|n|2+\/—b\/v0 u a=2|n|? ol Obb«/vo 0a=2|n|?
b 4|n|4 lv—u| b=2|n|? 2 |lv—u| b72|n|?
n /—vou()n + /—uo(v S 0)1 |n|2a~ 3|n|2+ —vouonol a'in|
2b- 2 |2 2 b4 n|* 2b72|n|?
In virtue of the above estimate, after some rearrangements, the use of the fact that
b2
vozl, uozl, and —252
a

leads to the desired 1jesult.
Estimate of 010", i =2,3,

au®vvou® b2 40/ 100 N b3 00> (v + u?) b Vvoyuo

19,iv'1] <
v — ul a |v—ul a v — ul? v + ul
207 AvOu® % %O b> V0?0 + u?)
v+ u| alv—ul 2a v — u|
b AV v0ul (@ + u?) N b2 V/vO0u (@ + u?)
2 v+ u| a v+ ul '
In virtue of the above estimate, after some rearrangements, the use of the fact that
b2
W0 > 1, u > 1, — <2
a

leads to the desired result.
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Estimates of 9,1v*, k =2, 3.
First of all, we remark that the following inequalities hold:

v b v vu® u/v0ul
VS _alv—u| s 2a v —u|’
1 1

(@ 'nt, b ').w| <a v+ ul,

< .
|(a='n',b=10)12 = b2 |v 4+ ul?
We then have

1910 < b_2 %/ v0u0 Euom N 19_41)0(uo)2n0 b2 v0u0
a |v—ul a? |v—ul a? |v—ul? a |v+ul
b* VuOud b3 00 b v u®)*n?
Alvtul  alv—ul 242 |v—ul
b? VvOun®  b* VuOun®

a |v+ul a® |lv4+ul

Since

we have the desired result.
Estimate of d,v*, i =2,3, k =2,3.
Using the same arguments, we have

. 1 bu®v/oou® b2 uOvoou® B W) +u® B2 VOul
18, V'k| < =+ —— e — I
2 lv — ul a |v—ul a lv — ul? a |v+ul
b VoOu®  2p% /vOu0 b2 v0u° N b> V2?2 (v + u?)

v+ u| a |v+ ul alv—u| 2a v — u|

b A/ vOu®(v° + uo) VUO 00 4 uo) b> VvO0u®(® + u?)

2 v+ u| a v + u| 2a v+ u|

In the same way as we did earlier, we have the desired estimate.

0

REMARK 4.3. Let us observe that since a < b, we can summarise all the previous

estimates to the following relations

bO bO b2 042
|8vz-v”‘|sc( S L (“))(u0)3, i=1,23 k=123

lv—ul |v+ul |v—ul?

4.4. Estimates of the lost term and the gain term

PROPOSITION 4.1. Under the hypothesis (2.27) on the collisional cross section
o(g,w) and the assumptions (2.29)—(2.30) on a and b, for any t >0 and f € M,

there is a constant c independent on t,x,v, for which
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/0 101(f, /)@ v)ldT <ce I fII2, (4.35)

t
Ok (f |O(f, )z, v)ldf) <ce PP AP, k=1,2,3. (4.36)
0
Proof: For the inequality (4.35), using (3.5) and (2.30), we have

' [0t e vl
0 1
:/ dra~'b2 // 050 (g, w) (™ F W) ("’ fu))e "’ dwdu
0 S,

ahXR3

t
< IR / dra~'b~" f / 050 (g, wye—"dendu
0 S

abXR3

t
< cllfIIP f dra—lb—2< f voe " du + f v¢g_ﬂe_'“'2du)
0 R3 R3

t
< C|||f|||2/ dt(a”'b? +a7 D" < el £II1%.
0

In the rest of the proof and for the next lemma, [ means [/ <R3- As for the
inequality (4.36), we have

e"a,; ( f |01(f, )z, x, v>|dr) =1, + L,
0

where I = fot a b2 ff d,i[veo (g, w)]e'”'zf(v)f(u)da)dudt,
L= fot a'b™? [[vyo (g, w)e|v|2(8vi W) f(wydwdudr.

The estimate of I is obvious. It gives

1
L <cllfIl? / dr(@'b™ +a 'bP73) < |l fIII”. (4.37)
0

For the estimate of I}, we separate it into two cases and we use the same reasoning
as in the estimate (4.16)—(4.17).
The case i = 1: From the estimate (4.16) of d,1[vy0 (g, )], we have for i =1,

I < f dta’b~? / / 10(1 + g P)oo(@)e’ £ () f(u)dwdu
0
< c|||f|||2/ dra=*b™? //(1 1 6 PYop (@)1 + |uPe " dwdu
0
< cllLFIIP f @27 +a2bPNde
0

1
<c|lIfIIP f (@ 'b™ > +a b Hdr < || I
0
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The case i = 1,2: From the estimate (4.17) of 9[vgo (g, w)],

I 5/ dra b3 // 1O(1 + g P)oo(@)e’ £ () f (u)dwdu
0
< cllfIP / dea~'p? / / (1 + eP)o0(@)y/T + alPe-""deodu
0

t
< cllfII? f (@ 'b7 +a” P hHdr <l fIIP. O
0
PROPOSITION 4.2. Under the hypothesis (2.27) on the collisional cross section

o (g, w) and the assumptions (2.29)—(2.30) on a and b, for any t >0 and f € M,
there is a constant c independent on t,x,v, for which

/O 10:(f, (@ v)ldT <ce "I £12, (4.38)

1
0y ( f 10:(f Nz, v>|dr) <ce "PFIR, i=1,2,3. (4.39)
0
Proof: As for the inequality (4.38), let us remind that
/ v¢g_ﬂe_|”|2du < ChP L,
R3
So, since
WP+ [ul® = ' = W')? < C
where C is a positive constant, if we let

Ig = €|v|2v/(; |Qg(f’ f)(f’ X, U)ldta

by direct computation, we have

t
Ig S/ dra—lb—2|||f”|2 // U¢U(g, w)e|v|2+|u|2_|U/|2_|u/|26_|u|2da)du
0
t
< f dra~ b £ / / 000 (2, w)e" dodu
0
t
<c f dra™'b7?||| 1P ( / vpe " du + f veg Pe "’ du)
0 R3 R3

t
<cllfI? f (@' +a b’ )dr < ||| fIII”. (4.40)
0

As expected, the derivatives of gain term is much more difficult to handle. First,
we have

elvlzav,- (f |0:(f, (7, v)|dr> =Ji + Jo, (4.41)
0
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where J; and J, are defined as:
t
J = / dra b / / avi[v¢0(g,w)]e|”|2 F) fu)dwdu,
0

J :/ dra b2 /f v¢o(g,w)e'”'zavi[f(v’)f(u’)]da)du.
0

After bounding 9,i[vg0 (g, w)], the estimate of J; is done easily by following the

estimate of fot 10.(f, f)(z,x,v)|dT.
As for the estimate of J,, let us observe that

3 3
3, Lf (W) FW)] = )Y @0 )@ Q) + FWO)Y @™ @y W) (442)
k=1 k=1

We let
) =a b2 / / v¢0(g,a))e|v|28vi[ F) fu))dwodu

and we fix a momentum v. We notice that a(t) and b(¢) are increasing functions
with a(0) = 1. Then it exists a finite time fy such that: ¢t > 7y if and only if
lv] < a(t). We break up the estimate of j,(¢) into a number of steps.

Step 1: ¢t > #;. From the relations |v| < a(¢f) and (4.18) allowing the estimate
of derivatives of the post-collisional momenta (2.22)—(2.23), we have:

0,0 < ev/1+a2w)2 +b252w"* < ev/1+a 2 < c)*.

In this case, to control j,(#) we use the same reasoning which allowed us to
control I,. This leads to

2] < clfOIa'b™* +a 'bP). (4.43)

Step 2: ¢t <ty and |v| < 2|u|. In this case we have

VW =V14+a2wH)2+b202 < V1 +a2v)? < 2u°. (4.44)

From (2.22)—(2.23), all the term |8Uiv/k| are controlled by c®’ and |j(1)| is
exactly controlled as in the first step.

Step 3: ¢t < tp and |v| > 2|u|. In this case, instead of the parametrization
(2.22)—(2.23), we use (2.25)—(2.26). From the relation |v| > 2|u|, it follows that

1 1
v —ulz Zl v tul= Syl (4.45)

From the estimates (4.33)—(4.34), using the assumption a(t) < b(t) < ﬁa(z‘),
a straightforward computation allows us to control all the term |d,;v*| by c(u®)3.
Finally, |j,(¢)| is exactly controlled as in the first step.

Finally, we integrate j,(t) over [0, ¢]. This leads to the estimate of J,. ]
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4.5. The main result

Our main result is stated as follows.

THEOREM 4.1. Consider the relativistic Boltzmann equation in the Bianchi type 1
space-time in the form of (2.1). Suppose that the scattering kernel satisfies (2.27)—
(2.28), and let the coefficients a and b be given and satisfy (2.29)—(2.30). Let fy
be an initial data such that it is differentiable and satisfies | fo| < ro for some
positive constant ry. If ro is sufficiently small, then there exists a unique nonnegative

classical solution of the Bolizmann equation (2.13) such that sup || f(@)|| < Cy,
Z‘ER+

where C,, is some positive constant depending on ry.

Proof: Proving the main theorem is equivalent to proving the existence and
uniqueness solution of the integral equation (2.13). In order to do so, we are going
to use the fixed point theorem. We define the map Y from A by

YN, v) = fo(v) + /Ot Q(f, iz, vydr. (4.46)
If we let A,y ={f € A, |lIflll <ro}, suppose that || foll < ro/2 and f € A,,, from
(4.46) and the relation
0y T (), v) = 0y fo + 0y fot Q(f, iz, vydr,
we have the following two inequalities for any (¢, v):
T < e foll + e P £1I2 < e—'“'z[%’ + cr&} (4.47)
9, T )] < e foll + ce £ < e—'”'z[%’ + cr&]. (4.48)

Thus, if
ro n o) < e < 1
— 4cry <rp, ie rg < —,
2 "= ' = 2¢
after multiplying (4.47) and (4.48) by e 1"’ and taking the upper bounds with
respect to ¢ and v, it follows that Y is a map from A,, to itself.
On the other hand, using the bilinearity of @, we prove in such situation that
T is a contraction. In fact, if || foll <ro/2 and f, g € A,,, then

Yf (. v) =Yg, v)| < ce "CALI+ IgIDILS — gll < 2eroe FlIf — gl (4.49)

w2 w2

10, Y f (1, v) — 0, g, v)| < ce”"T(If I + IgDIf — gl < 2croe |1 f — gl
(4.50)
1
5 2c?
(4.49) and (4.50) by e "I and taking the upper bounds with respect to ¢ and v, it

The desired result is obtained if 2crg < 1. In fact, if ry < after multiplying
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follows that Y is a contraction. So, using the fixed point theorem, we claim that
the desired result is proved. [

Summary

We have studied the relativistic Boltzmann equation in a spatially homogeneous
Bianchi type I space-time. We have proved the global existence of solutions in
a suitable weighted space.
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